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Avti poAoyouv...

EuxaplotoUpe TOAU

Tnv 8leuBuvtpla Kal Tou AlamoALtiopikol fupvaciov ABrvag Ka Adadvn Fappiin ya
TNV napaywpenon tou epyaotnpiov NAnpodopikng kat tnv aoyn cuvepyacio tng,
TOUC KaBnynTEC Tou oxoAsiou TTou e poBupia pHag eMavEIANUUEVA TTOPAXWPENOAV
TOUG HaBNTEG TOUG, otov cuvtaktn Tou BiBAlou pag Ko Kwvotavtakomoulo Baociln
pe tnv aPoyn SLatlmwon Twv KAVOVWY TOU € armAd EAANVLIKA , KaBwg Kot OAOUG TOUG
HOONTEC KAl HaBNTPLEG- TWV OTolWV Ta ovopaTa avaypadovtal oTthv Mpwtn oeAida-
TIOU UE LEYAAN TtpoBupia, eviatiki SOUAELA Kot aviSLoTéEAELa adLlEpwaoay ToV
TLOAUTLUO XPOVO TOUG 0T cuyypadn Kal SLOpBwon TwV KELUEVWV.

Euxép.a(rts apXKA ouTo To BLBALo va BonBRoeL Toug nadnTég pog va
HEAETAOOUV HE HEYOAUTEPN EUKOALD TO LaBNUATIKA poll UE TIG OLKOYEVELEG TOUG

OTh OUVEXELD Vo SLEUKOAUVEL Ta madLa va tpoodelicouv ota pabnuatd toug, Nwaooa
Kot MaBnuotika,

Kol TEAOG va yivel BonBd¢ Toug, MPAKTLKOC KAl CUVALOONUATIKOG, OTO AVOLYUA VEWV
SpOUWV TIPOG TNV KAAALEPYELA TOUG KOBWG KOl OTN METETELTO EMAYYEAUATLIKA TOUG
amokataotoaon.

Odeiloupe va avadEPOUE WG HECO OTLG TTAPOKATW OEALSEC
UTIAPXOUV OLPKETEG YAWOOLKEG KOL GUVTOKTIKEG KAOwWG Kot

ETMLOTNOVLKEG ATEAELEC TLG OTIOLEG EVEATILOTOUE VA S10pOWOOUE
O€ EMOUEVEG XPOVIKEG TtEPLOSOUG. Mpodavwg eipaote avolytoi o

KaAompoaipeta oxOALa Kot mOaveg SLopOWOELG TWV KELHEVWV.

npOBAéT[OU MEIcuvypad)r'] Tou BLBAiou o8 AMEG YAWOOEG KABWGE Kat
ouyypadn BLBAlwv tg A’ kat B’ Tupvaciou kaBwg kat Twv tdéewv Tou Aukelou oe
ETIOUEVECG OXOALKEG XPOVLEG YyLa va BonBnBolv ta matSLd Kot Ol OLKOYEVELEG TOGO TOU
oXoAelou pag 600 Kal Twv UTIOAOMWY EAANVIKWY OXOAELWV pE padntéc pe
TIOAUTIOALTIO KO UTtOPaBpo.

4
EUXI’] MOLG civor n mpoomdBeta auth va eivat éva pikpd AtBapakt yla va pinv
adrvouv Tiow Ta madLd UTA Ta OVELPO TOUC Yo KAAALEPYELO Kol KaAuTtepn LwH.

H empeAntpla tng €kdoong:

Nanaiwdvvou Euuavouvéda
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Preface...

We would like to thank

The principal of the Intercultural High School of Athens, Ms. Daphne Gavrili, for
providing us with the IT lab and her excellent cooperation, the teachers of the school
who willingly and repeatedly provided us with their students, the editor of our book,
Mr. Vasilis Konstantakopoulos, for his impeccable formulation of the rules in simple
Greek language, as well as all the students - whose names are listed on the first page -
who with great willingness, intensive work and selflessness dedicated their valuable
time to writing and correcting the texts.

We hOpe that this book will initially help our students to study mathematics

more easily with their families

So as to make it easier for children to progress in their subjects, Language and
Mathematics,

and finally become their assistant, practical and emotional, in opening new paths
towards their cultivation as well as in their subsequent professional rehabilitation.

We must admit that within the following pages there are several linguistic and
editorial as well as scientific imperfections which we hope to correct in the future .
Obviously we are waiting for well-intentioned comments and possible corrections of
the texts.

We foresee writing the book in other languages as well as writing books for
Mathematics that are taught to 12-18 year old students, in the following school years
so as to help the children and families of both our school and the rest of the Greek
schools with students with multicultural backgrounds.

Our wish is that this effort will help so that children do not leave behind their dreams
of education and a better life.

The editor of the publication:

Papaioannou Emmanouela



MEPOZA'AATEBPA

PART A ALGEBRA

Npageig pe mpaypatikoug aplOpoig(emavainyn)

®DYZIKOI APIOMOI(N) Operations with real numbers (repetition)

01,234,586 NATURAL NUMBERS (N)
0,1,23,4,5,6..

AKEPAIOI APIOGMOI(Z)

....'4, '3, '2, '1, 0, 1, 2, 3, q....... INTEGER NUMBERS (Z)

PHTOI APIOMOI(Q) w.4,-3,-2,-1,0,1,2,3,4.....

K
‘Evag aplBuog g ivat pntog otav pnopei va ypadet otn popdn a :X,énou oLaplBuol

Rational numbers (Q)

K A elval aK,‘c'meL apleuf)L ka0 aptBpoc A Sev elvar undev(dnAadn eival A number q is rational when it can be written in the form a = —, where the numbers k,
StadopeTikdg Tou undevog , Az0) A
Napadeiypata: A are integers and the number A is not zero (i.e. it is different from zero, Az0)

7 , , Examples:
7 = —:Pntog apBpuog

1 7
3 T Rational number
-3 =—— :PNto¢ aplBuodg 3
1 .
’ -3 =_T : Rational number
g:Pr]to'q aplBpog 2
3 g: Rational number
0,3=——
! 3
10137 0.3 =1—0: Rational number
-1,37=-—— Pntoc apOno
100 NTOG aploUog
NPAFMATIKOI APIOMOI(R) -1.37=-137/100 Rational number
270 GUVOAO R TWV MPAYHATIKWY OPLOUWY UTIEPXOUV OAOL OL YVWOTOL HaG REAL NUMBERS (R)
aptBpoi(dniasdn puoikot aptBuol, aképatotl apBuot, pntot aptbuol k.A.1t In the set R of real numbers there are all our known numbers (i.e. natural numbers,
Napadsiypata: integers, rational numbers, etc.)
—4 Examples:
0, -3, 19,2, T 0, -3, 19.2, -4/5
APPHTOI APIOMOI IRRATIONAL NUMBERS
Eivat ot mpaypotikol apBpol mou Sev eivan pntol They are the real numbers that are not rational
Napadeivpata: Examples:
\/21 T[/ '\/8 \/21 T[r _\/8
NPOIHMA SIGN
+(ouv) +(plus)
-(mAnv) -(minus)

(4]



BAZIKOI OPIZMOI

Opdonuot Aéyovtal ot aptbpoi tou €xouv to iSto mpdonuo
Napadeiypata

+23, +17 : opoonuot apbuot

-17,-150: ouodonuot aplBpuoi

9, +15: opoonuot apBuoi, dnAadn +9, +15

12, 18: opoonuot aptbuol, SnAadn +12, +18

Exepoonpol Aéyovtal oL aplBpol mou €xouv SLadopeTikd MPOCHLO

Napadelypata
425, -17 : etepoonuol aplbuol
12, -9: etepoonpuot aplbpol, dnAadn +12, -9

AZKHZIH(EPTAZIA)
Na xapaktnploete Ta emopeva (elyn aplBPwV W OOcnUoUC aplBuouc
ETEPOONOUG aplBpolg

1) +17,-23 2)-9, +11; 3)-12,-18

4) -21,-32 5)7, 14 6)-7, 32

BAZIKOZ OPIZMOZ (ANOAYTH TIMH ENOZ NPATMATIKOY APIOMOQY)
H amoAutn T evog mpaypatikol aplBuou eival ion e Tnv amoéoTtacn Tou chueiou

TIOU QVTLOTOLXEL 0€ QUTOV TOV TIPAYUATIKO aplBuo amnod tnv apxn. ZupBoAiletal pe |a|.

+1 +2

MNapadeiypata
|+2|= (0B) =2 |-3| =
[+7|=7 |-5]

AZKHZIH(EPTAZIA):Na urtohoyloete TIG EMOUEVEG ATIOAUTEC TLUEG:
|+3| |- 19| |+17] ‘_72‘ |43]

(5]

BASIC DEFINITIONS

Numbers that have the same sign are called same sigh numbers
Examples:

+23, +17: same sign numbers

-17, -150: same sign numbers

9, +15: same sign numbers, i.e., +9, +15

12, 18: same sign numbers, i.e., +12, +18

Numbers that have different signs are called different sign numbers.
Examples:

+25, -17: different sign numbers

12, -9: different sign numbers, i.e., +12, -9

EXERCISE (WORK)

Classify the following pairs of numbers as same sign or different sign numbers:
1)+17,-23 2)-9, +11 3)-12,-18

4)-21, -32 5)7,14 6)-7, 32

BASIC DEFINITION (ABSOLUTE VALUE OF A REAL NUMBER)
The absolute value of a real number is equal to the distance of the point
corresponding to that real number from the origin. It is denoted by |a].

(o] H z E o A B r A
+1 +2
Examples:
|+2] =(0B) =2 [-3] =(OH) =3
|+7] =7 |-5] =5 [-0.7| =0.7

EXERCISE (WORK): Calculate the following absolute values:

+3 -19 +17
43| 19 +17| -

|43]




NPOZOEZH PHTON APIOMQN ADDITION OF RATIONAL NUMBERS
1% KANONAS3: la vo tpocBéooupie 500 opéonuoug pntoug aptdpols rpocdEtoupe 1ST RULE: To add two same sign rational numbers, we add their absolute values and
TLG UOAUTEGTLMEG TOUC Kal 0To dBpolopa rtou rpokUTTel BAIOUUE Ta TPpOchUa TToU
£Xouv(ToKoLVOTOUGNPAGNHO)

MNapadeiypata

to the resulting sum, we set the sign they have (their common sign)

Examples

1) (+7)+(+13) = +20 § +7+13 = 420 1) (+7)+(+13)=+20 or +7+13 = +20
2) (-12)+(-10)=-22 or-12-10=-22

2) (-12)#(-10)=-22 n -12-10=-22 3) (-17)+(-19) =-36 or -17-19 = -36
3) (-17)+(-19)=-36 1-17-19=-36 4) (+23)+(+157) = +180 or +23+157 = +180
4) (+23)+(+157) =+180 ) +23+157 = +180 2ND RULE: To add two opposite sign rational numbers, we subtract the smaller from

o , , , , , , the larger absolute value and to the resulting difference, and then set the sign of the
2° KANONAZ: o va npocB£couple SU0 €TEPOGNLOUG PNTOUG aplBpols adatpoUpe

TNV ULKPOTEPN Ao TN LEYAAUTEPN AMOAUTNTLUY) TOUG Kal otn Sladopd mou
TPOKUTITEL BATOULIE TO MPOONLO TOU PNTOU ME T HEYOAUTEPN AOAUTH TLUA.

rational number with the larger absolute value.

Examples
Napadeiypata xamp
1) (7)+(+13)=+61-7+13 = +6 1) (-7)+(+13) = +6 or -7+13 = +6
2) (-12)+(+10)=-2 / -12+10=-2 2) (-12)+(+10)=-2 or-12+10=-2
3) (+17)+(-19)=-2 {+17-19=-2 3) (+17)+(-19)=-2 or +17-19 = -2
4) (+23)+(-15)=+8 1 +23-15=+8 4) (+23)+(-15) =+8 or +23-15=+8
AZKHIH(EPTAZIA):Na untohoyioete ta aBpolopata: EXERCISE(TASK):Calculate the sums:
1) (+7) + (+3) =... 5)(-5) + (-10) = ...
2) (15)+(+12) =... 6)(-6) +(-9) = .. 1) (+7) +(+3) =... 5)(-5) +(-10) = ...
3) (-7)+(+5) = 7)(-6) + (+3) = ... 2) (15)+(+12) =... 6)(-6) + (-9) = ...
4) (+16) +(-8) ... 8) (+9) + (-5) =.. 3) (-7)+(+5) = 7)(-6) + (+3) = ...
4) (+16) +(-8) ... 8) (+9) + (-5) = ..
NPOZOEZH MOAAQN APIOMQN
Mo va pocBécou e moAoUC pnTouc aplBpolc, cuvnBwg TPOCOETOUE TTPWTA TOUG ADDING MULTIPLE NUMBERS
;uoolr(]suouq _ To add multiple rationals numbers, we usually add the identical numbers first
HOPAOELY AL Example:

(-3)+(-4)+ (+2)+(-6) +(-2)+(+7) =(+2)+(+7)+ (-3)+(-4) +(-2)+(-6) =(+9)+(-17) =-8 (-3)+(-4)+ (+2)+(-6) +(-2)+(+7) =(+2)+(+7)+ (-3)+(-8) +(-2)+(-6) =(+9)+(-17) = -8

, , , EXERCISE(TASK):Calculate the following sums
AZKHZIH(EPTAZIA):Na untoAoyioete ta mopakdtw abpoiopata
1) (-3)+(-4)+ (+2)+(-6) +(-2)+(+7) =

2) (-1)+(+4)+ (+10)+(-5) +(-12)+(+32) +(-11) = 2) (-1)+(+4)+ (+10)+(-5) +(-12)+(+32)2+(—11)=

2 4 5 3
3) (-2 R+ 22 p(-2) 4(-2)- 3) (-on(r S p(+2 -2+ (-2

1) (-3)+(-4)+ (+2)+(-6) +(-2)+(+7) =

(6]



NOAAANAAZIAZIMOZ PHTON APIOMQN

1% KANONAZ: + o va toAAartAaotdcoupe 500 opdonUouE pntouc aptBuoug
TOAAATTAQLOLATOU UE TLG AOAUTEGTLUEG TOUC KOl OTO YWVOUEVO(QTTOTEAECUO) TIOU
T(POKUTITEL BALOUE TO TTPOCN O +
Anhadn : +- +=+ -=-=+

Napadeiypota

1) (+7) " (+4) =+28

2) (-3)'(-12)=+36

3) (+0,3)(+100) =+ 30

-2\ (-3 3
[ . — =+_
9 (T
2% KANONAZ: o vo. toAAaAaGLAGOUE SU0 €TEPOGHOUE PNTOUC 0PLOUOUC

TOAAQNAQCLALOUE TLG AMOAUTEGTLLEG TOUG KOL OTO YIVOUEVO(QMOTEAECUA) TIOU

TPOKUTITEL BA{OUIE TO TPOCN O -
Anabh : +:-=- -c+=-

Napadeiypata
1) (-5) (+4)=-
2) (+3)(-14)=-
3) (+0,5)(-100) =-
2\ (+3)_ 3

4) (7 4 714

AZKHZH(EPTAZIA):Na umtoAoyioete Ta ywopeva:
1) (+3)-(+2) =

2) (+40)-(+1,5) =...
3) (-2)-(-1)= ..

4) (-25)(-10) =

5) (-5)-(+10)

6) (+15)-(-6) ...

7) (+100) - (-0,2)

o (2

(7]

MULTIPLICATION OF RATIONAL NUMBERS

1ST RULE: To multiply two same sign rational numbers, we multiply their absolute
values and add a + sign to the resulting product (result).

That is: : +-- +=+ ===+
Examples
1) (+7) - (+4) =+28
2) (-3)-(-12)=+36
3) (+0.3)(+100) =+ 30
4) (-2/5)(-3/4)=+3/10

2ND RULE: To multiply two opposite sign rational numbers, we multiply their

absolute values and add a = sign to the resulting product (result).

Thatis: ¢ === =++=-

Examples

1) (-5)- (+4) =

2) (+3)-(-14)=-

3) (+Q 5)(-100) =-

4) (— '}-'ﬁ]zi
14

EXERCISE (TASK):Calculate the products:
1) (+3)-(+2) =

2) (+40)- (+1.5) =
3) (-2)-(-1)=..
4) (-25)(-10)=

5) (-5)-(+10)

6) (+15):(-6) ...
7) (+100)-(-0.2)

o ()



BAZIKOZ OPIZMOZ

AUo aplBpol mou €xouv aBpolopa pndév Aédyovtatl avtiBetol aplbpoi.

Ot avtiBetol aplBuol €xouv tnVv (6L amoAutn T aAla dtadopetikd npodonpo.
Napadsiypata avtibstwv aplOpwv

e OLaplBuot +5 kat -5 eivat avtiBetol aptBuot yati (+5)+(-5) =01 +5-5=0

-1 +1 -1 +1

® OLapBuot T x| elvat avtiBetoL apBpol yati B3 + o )= 0

AZKHZIH(EPTAZIA)

YTov endpevo mivaka va ypaete tov avtiBeto aplOud twv aplduwv nou divovtal:
APIOMOZ ANTIOETOZ APIOMOZ APIOMO2Z ANTIOETOZ APIOMOZ
-17 19
+1 -32

-1 -2
4 7
*3 0,8
5

BAZIKOZ OPIZMOZ: Auo aplBuol mou €xouv yLvopeVo(amoTéAeoua
noMamAaclacpol)tn povada(l)Aéyovral avtiotpodot apbuoi.

Napadsiyparta avriotpodpwv aplOpwv:

5 et o a5 220
Ko 4stvou avtiotpodol aplelJ.OLVLaTI.S 4-20°"

1 1 7
® OuapBuoi -7 KOl - 7eivou avtiotpodot apBpoi ywati ( -7)" (- - ) = - =1

4
e O apteuoig

BAZIKEZ NMAPATHPHZEIZ
e Ouavtiotpodol aplBuot eivat opdéonuol aptbuot
e Movo o aplBuog pnd£v(0) Sev éxel avtiotpodo aplBuo

AZKHZIH(EPTAZIA)
JTOV EMOUEVO TIivaKa va ypAaeTe Tov avtiotpodo aplBuod twv aplBuwy nou divovrat:

APIOMOZ | ANTIZTPOOOZ APIOGMOZ APIOMOZ | ANTIZTPOOOZ APIGBMOZ
-18 0
+1 -17
+1 -2
3 3
23 2
11

(8]

BASIC DEFINITION

Two numbers that have a sum of zero are called opposite numbers.

Opposite numbers have the same absolute value but different signs.

Examples of opposite numbers

The numbers +5 and -5 are opposite numbers because (+5)+(-5) =0 or +5-5=0
The numbers (-1/2) and (+1/2) are opposite numbers because (-1/2)+(+1/2) =0

EXERCISE (WORK)
In the following table, write the opposite number of the numbers given:

NUMBER | OPPOSITE NUMBER NUMBER OPPOSITE NUMBER
-17 19
+1 -32
-1 -2
4 7
+3 0,8
5

BASIC DEFINITION: Two numbers whose product (result of multiplication) of unity (1)
are called reciprocal numbers.

Examples of reciprocal numbers:
e The numbers 4/5 and 5/4 are reciprocal numbers because 4/5 - 5/4 =20/20 =1

e The numbers -7 and - 1/7 are reciprocal numbers because (-7)- (-1/7)=7/7 =1

BASIC REMARKS
Reciprocal numbers are same sign numbers
Only the number zero(0) does not have a reciprocal number

EXERCISE
In the following table, write the reciprocal of the numbers given:
NUMBER | RECIPROCAL NUMBER NUMBER | RECIPROCAL NUMBER
-18 0
+1 -17
+1 -2
3 3
23 2
11




BAZIKEZ MAPATHPHZEIZ

1) Av éva ywopevo dUo aplBpwy eivat ioo pe to undév(0), Tdte TOUAAXLOTOV €vag

0pO¢ Tou ywouEvou Ba sival oog pe to pndév (0)
AnAadn: AvarB=0totea=0npB =0

Napadsiypata: 0-5=0(-7)'0=0 0:0=0

2. Av éva ywvopevo 800 aplBuwy sival dtadopo tou pndevog, Tote Kot oL SUo OpoL Tou

ywopévou Ba sival Stadopol Tou pndevog
AnAadn: AvarBZ0toteaz0kat B0

Napadsypa :(-3)(+5) = -15, ywvopevo S1ddopo Tou PNdevoc Kal KavEvag 0pog Sev

elvat pnbdév.

AQAIPEZH APIOGMQN
loxUeL: a-p = a+(-B)
Noapadeiypata:
1) (+5)-(-7) = (+5)+(+7) =+12
2) (-13)-(+8) = (-13)+(-8) =-21
3) (-14)-(-22) = (-14)+(+22) =+8
4) (+25)-(+17) =(+25)+(-17) = +8

AZKHZIH(EPTAZIA)
Na kavete T adalpéoelg(n va umtohoyioete Tig SladopEg)
1) (-12)-(-28) = 5)(+32)-(-17) =
2) (+19)-(-11)= 6) (-29)-(+15) =
3) (-23)-(-17) = 7) (-12)-(-65) =
4) (-25)-(-18)= 8) (+17)-(+65) =

AIAIPEZH APIGMOQON

, 1
loxveL a:p= —

B

AZKHZH(MAPAAEIFTMA):Na kavete TiG Slatpeoelg(n va umtoAoyioste ta mnAika)
1) (-27):(+3)=-9
2) (-120):(-10) = +12
3) (-63):(+9)=-7

AZKHZH(EPTAZIA):Na kavete TI¢ Stapeoelg(n va untoloyioete ta nnAika)
1) (-30):(+6) = 5) (-72):(+8) =
2) (-12):(+4) = 6) (-200):(-50) =
3) (-16):(-4) = 7) (+144):(-12) =
4) (-20):(+4) = 8) (+1200):(-10) =

(9]

BASIC OBSERVATIONS

1) |If a product of two numbers is equal to zero (0), then at least one term of the

product will be equal to zero (0)
Thatis: IfasB=0thena=00rB=0
Examples: 0-5=0(-7)-0= =0

2. If a product of two numbers is different from zero, then both terms of the product

will be different from zero
Thatis: Ifa-B#z0thena#0and B0
Example: :(-3)(+5) = -15product different from zero and neither term is zero.

SUBTRACTING NUMBERS

RULE: a-b = a+(-b)

Examples:

1) (+5)-(-7) = (+5)+(+7) = +12

2) (-13)-(+8) = (-13)+(-8) =-21
3) (-14)-(-22) = (-14)+(+22) = +8
4) (+25)-(+17) =(+25)+(-17) = +8

EXERCISE (WORK)

Make the subtractions (or calculate the differences)
1) (-12)-(-28)= 5)(+32)-(-17) =

2) (+19)-(-11) = 6) (-29)-(+15) =

3) (-23)-(-17)= 7) (-12)-(-65) =

4) (-25)-(-18)= 8) (+17)-(+65) =

DIVISION OF NUMBERS

1
RULE: a:f=a'—
B
EXERCISE(EXAMPLE): calculate the quotients
1) (-27):(+3)=-9
2) (-120):(-10) = +12
3) (-63):(+9)=-7

EXERCISE(TASK): calculate the quotients
1) (-30):(+6) = 5) (-72):(+8) =

2) (-12):(+4) = 6) (-200):(-50) =
3) (-16):(-4) = 7) (+144):(-12) =
4) (-20):(+4) = 8) (+1200):(-10) =



MPOTEPAIOTHTA NPAZEQN
1° BHMA: K&voupe Ti¢ mpAEelg péoa otig mopevOETELS
2° BHMA: YriohoyiZoupe TG SUVAHELS
3° BHMA: Kdvoupe moAamAQoLoopoUE Kot SLopECELS
4° BHMA: Kavou e mpooB£oelg Kal adalpEoeLg
MAPAAEITMATA:
1) 6+6°4-12:(-4)+3 = 6424+3+1 =34
2) 2+3:(4-11):(-5+2) = 2+3+(-7):(-3) = 2-21:(-3) =2+7 =9

AZKHZH(EPTAZIA)
BBAlou

AMNAAOI®OH NAPENOGEZEQN

1% KANONAZ: Otav unpootd and pio mapévBeon unmdpyEL TO IPOCHHO +1 8& UTtApP)XEL
npoonuo, tote analeipoupe (Stwxvou e Jtnv mapevBeon kat To mpodonuo + (av
UTTAPXEL) KOl YPADOUHE TOUC OPOUG IOV NTAV PETA OTNV MAPEVOEDN UE Ta TPOoH A
Tou elyav.

2% KANONAZ: Otav pmpootd amd pio mapévBeon undpxeL TO TPACNHO - 1 §€ UTIAPXEL
npoonuo, tote analseipoupe (Stwxvou e Jtnv mapevBeon Kot TO TPOCNKO - KOl
Vpadou e Toug OpOUG IOV NTAV LEoA atnV apevBean e avtiBeta mpoonua.

Napadsiypata:
1) +(7-12+1-6) = 7-12+1-6
2) (5-7+13)=5-7+13
3) -(4-8-3+12) = -4+8+3-12

8,3 _6_1 _11_7 _4_

NAPATHPHZH 3 4 12 2 2
1 3 2 6 2
1 3 1 3 3
1 1 1 1

Apa EKN(2,3,4,12) = 2-2-3 = 12

PRIORITY OF OPERATIONS

1ST STEP: We do the operations inside the parentheses
2ND STEP: We calculate the powers

3RD STEP: We do multiplications and divisions

4th STEP: We do additions and subtractions

EXAMPLES:

1) 6+6:4-12:(-4)+3 = 6+24+3+1 =34

2) 2+3:(4-11):(-5+2) = 2+3:(-7):(-3) = 2-21:(-3) = 247 =9

EXERCISE (TASK)
of the book

ELIMINATING PARENTHESES

1ST RULE: When there is a + sign in front of a parentheses or there is no sign, then we
delete (get rid of) the parentheses and the + sign (if any) and we write the terms that
were in the parentheses with the signs they had.

2ND RULE: When there is a - sign in front of a parentheses, or there is no sign, then we
delete (get rid of) the parentheses and the - sign and write the terms that were in the
parentheses with opposite signs.

Examples:
1) +(7-12+1-6) =7-12+1-6

2) (5-7+13)=5-7+13
3) -(4-8-3+12) =-4+8+3-12

4) +——-——=

8.3 6 1 _11_7 _4

NOTE: 3 4 12 2 2
1 3 2 6 2
1 3 1 3 3
1 1 1 1

So.... EKN(2,3,4,12) = 223 = 12



AYNAMEIZ NPATMATIKQN APIOMQON

SYMBOAIZMOZ: o  SuUvapn

Bdon tng duvaung
EKB£TtNnG tng SUuvaung

YAOAOrIZMOzZ: a’ = aat....a
v $opEG (Vv mapAyovTeg)
Napadeiypata:
23=2.2:2=8, (-3)2=(-3) - (-3)=+9=9

BAZIKEZ IAIOTHTEZ AYNAMEQN
1. a'"a
Napadeiypoata:

5'°5 (-7)*=-7 (-3/2)'=-3/2

2. a’"1peaz0
Napadseiypata:

15°71 (-3)°°1 (0.56)=1
3 el #0
.o avus a

Noapadeiyporto:

21 z
32* 7 (-2)3*

“[5) e

Napadeiypata:
56
5 3
=)=
7 4

(—2f

[11]

POWERS OF REAL NUMBERS

SYMBOLISM: Ol power

Base of the power

Exponent of the power

COMPUTATION: o' =a-a....a
n times (n factors)

Examples:
23=20202=8,(-3)>=(-3)*(-3)=+9=9

BASIC PROPERTIES OF POWERS
A. o a
Examples

5'°5 (-7)*=-7 (-3/2)*=-3/2

B. a’1 pe az0
Examples:

15°"1 (-3)°"1 (0.56)°=1

e 1
C. a avp.sa;to

Examples:
5.1 L1
3 32 ('2) (_2)3
al _(BY
- (B) ( )
Examples:



AZKHIH(MAPAAEITMA):Na urtohoyioete Tig eMOUEVESG SUVAUELS

. 52=5.5=25
. (-4)°=(-4) (-4)- (-4)=-64
m. (-5)'=-5
V. (-21)°=1
V. 2=
2

o BIHRHE

AZKHZH(EPTAZIA): Na uTtoAOylOETE TIG EMOUEVEC SUVALELG

EXERCISE (EXAMPLE): Calculate the following forces
. 52=5.5=25

L (4= (-4) - (-4) - (-4) = -64

. (-5)'=-5

m. (-21)°=1
1

Iv. 2%= ?

EXERCISE (HOMEWORK): Calculate the following forces

1) 23 8)3*
2) 5° 9) (-4)2
—1\3

3) (-8)° 1m(7;)

a) (-7) 11) (-6)>
_4 1 _3 0

s) <) ) (57

6) (-7)° 13) (-9)2

1) 23 8)3*

2) 5° 9) (-4)2
3) (-8)° 1m(%}y3
4) (77 11) (-6)°
) (5] 12)(5)
6) (-7)° 13) (-9)2
()

[12]



MPOZHMO AYNAMHZ

1° KANONAZ: 50vopn pe Baon Betiko aptOuo eivat BeTikog aptBuag
Napadseiypata:

23=2:22=8>0

52=5.5=25>0

2% KANONAZ: 50vapn pe Bdon apvntikd aplBud kot ekBEtndptio(luyo)apldud sival
BeTIkOcopLOUOC
Napatipnon: Aptiol({uyoi)apBuoi: 0, 2, 4, 6, 8, ....

Napadsiypata:

(-2)*>0 (apvntikf Bdon kat dptiog ekBETNC)
adou (-2)*=(-2) - (-2) - (-2) - (-2) = 16>0
(-8)>>0 (apvntikn Bdon kat dptlog ekBETNG)
adov (-8)*=(-8) - (-8) = +64

3% KANONAZ: SUvapn pe Bdon apvntikd aptBud kot ekBETnmepttd(povo)aptdud
glvat opvnTkocopLOuoc

Napatipnon: Nepittoi(povol)apBuoi: 1, 3,5, 7, 9, ...

Napadeiypata:
(-2)*<0 (apvnTikr) B&on kat mepLTTog ekBETNC)
adot (-2)*=(-2) - (-2) - (-2) =-8<0
(-3)°>0 (apvnTikr) Bdon kat mePITTOC KBETNG)
adov (-3)°=(-3) + (-3) -+ (-3) - (-3) - (-3) =-243<0
AZKHZH(EPTAZIA): Na Bpeite To mpoonpo TwV EMOUEVWV SUVALEWV KOL OTH CUVEXELD

va TI¢ uTtoAoyioeTe:

(-4 ()
(77 2
(-2)"° (-2

[13]

SIGN OF EXPONENTS

1ST RULE: a power based on a positive number is a positive number

Examples:
23=20202=8>0
52=55=25>0

2ND RULE: a power based on a negative number and an even number as an
exponent is a positive number
Note: Even numbers: 0, 2,4, 6, 8, ....

Examples:
(-2)*>0 (negative base and even exponent)

since (-2)* = (-2)  (-2) ® (-2) * (-2) =16>0
(-8)>>0 (negative base and even exponent)

since (-8)>=(-8) » (-8) = +64

3RD RULE: a power with a negative base and an odd exponent is a negative
number
Note: Odd numbers: 1, 3,5, 7,9, ....

Examples:
(-2)<0 (negative base and odd exponent)
since (-2)>=(-2) » (-2) * (-2) =-8<0

(-3)°>0 (negative base and odd exponent)
since (-3)>=(-3) ® (-3) ® (-3) * (-3) =-243<0

EXERCISE(TASK): Find the sign of the following powers and then calculate
them

(-4y (-5)°
(7 >
(2)° (-2



IAIOTHTEZ AYNAMEQN
1.Ma va moAamAactdooupe SuvApelg pe tnv idla Baon, adrivoupe tnv idla Bdon Kot

v +V
npooBEtoupe Toug ekBétec, SnAadh a'-a’ = o

Napadseiypata:
23 24 23+4 27
75 7 -2 75+( 2) _ 73
4 43 4( 6)+3 _ 4 -3

(-2)7(-2?=(-2)"* = (-2)°

AZKHIH(EPTAZIA): Na ypaete cav pia SUvapn to emopeva YIvOpeva:
53.5% = (-7)*(-7)* =

9"9° = 10°-10" =
(-8)(-8)" = 123122 =
(-4)°(-4)2 = (-2)(-2)2=

2.MNa va Slalpgéooupe SUVAUELS TTOU €xouv TnV iSla Baon, adrivoupe tnv dla Baon kat
adalpolpe Toug ekBETEG(ekBETNC SlatpeTéou- ekBETNG SLatpEtn), SnAadn

a": a’ = a""

Napadsiypata:

85 83 85 -3 _ 82

(-7)%:(-7)° = (-7)** = (-7)*
5 53 5 -6-3 _ 5 -9

(-9)(-9) = -9y = (-9)* =
8-12:8-4 - 8-12-(-4) =8 -8

(-9)

AZKHZIH(EPTAZIA):
Na ypaete cav pia SUvapn tig emOUeveg SUVAUELS (A Ta eMOpEeva TTNALKA):

15%:15° = (-7)3:(-7)° =
77 = 6°6° =
(-8)*:(-8)7 = (-4)°(-4) =

[14]

PROPERTIES OF FORCES
1. To multiply powers with the same base, we leave the same base and add the

v +V
exponents, that is a'-a’ = ot

Examples:

23 24 23+4 27
75 7 2 _ 7S+( 2) _ 73
4°5.43 = 4193 = 43

(-2)7(-2?=(-2)"* = (-2)°

EXERCISE (TASK): Write the following products as a force

5%-5%= (-7)(-7)* =
9%9% = 10°-10* =
(-8)°(-8)7 = 123.122=
(-4)°(-4)% = (-2)"+(-2)% =

2. To divide powers that have the same base, we leave the same base and subtract the
exponents (dividend exponent - divisor exponent), that is

ap'o av - ap"v

Examples:

85 83 85 3 82

(TP = (722 = ()"

5 53 _ 5 6-3 _ 5 -9

(9)°(9)" = (9)°*7 = (9)°7 = (-9
81284 812(4_88

EXERCISE (TASK): Write the following products as a force

15%:152 = (-7)2:(-7)° =
7%:7°% = 6°:6" =
(-8)°:(-8)" = (-4)*(-4)? =



3.MNa va UPWooUUE Eva YLVOUEVO Ot £vay eKBETN v wvou e KABe Evav armd Toug
; ; . . . v o v )
OpOUC TOU YLVOUEVOU oTov ekBETN autoy, dnhadh LOL° =qa

Napadeiypara:
(3-2)*=3%2*

((-7)-4)° =(-7)° -4°

( 2)10 510 ( 2 5)10 ( 10)10

(-0,5)%(-2)* =((-0,5+(-2))” = (+1)”

4.Ma va upwooupe eva NAiko og évav ekBetn uPwvoupe KABe opo Tou TNALKOU OT
ov exBEtn autév, Snrash (aB) = a: B
AZKHZEIZ NAPAAEIFMATA:

A. Naypdayete oav KAGOPA SUVAHEWY TIG EMOUEVEG SUVAHELG

B. Na umoAoyioeTe TI¢ SUVAUELG

5 5

4° \4
3 3
%_(3_60) 5°=5.5.5=125
15 (15 \
(_5)4 s -(3)—(3)(3)(3)(3) =+81

5.Ma va upwooupe pia duvaun os évav ekB€tn, upwvoupe t Bdon Tng dSUvapng oto
YWoOuEVo Twv ekBetwy, SnAadn (CI"')V =at

AZKHZH MAPAAEITMA: No urtoAoyioeTe TIG EMOUEVEG SUVAUELG

(22 =2%2=2%=256

(3%)°=
(4%)° =

3°2=3"=81

473 = 4° = 4096

[15]

3. To raise a product to an exponent, we raise each of the terms of the product to

that exponent, i.e. (at*B)" = a':B"
Examples:
(3-2)*=3%*2*
((-7)-4)° =(-7)* -4
( 2)10‘510 _( 2_5)10 — ( 10)10

(-0,5)(-2)° =((-0,5:(-2)) = (+1)*

4. To raise a quotient to an exponent, we raise each term of the quotient to that

exponent, that is, (0t:B)" = a':p’

EXERCISE- EXAMPLE:
1. Write the following powers as a fraction of powers

g\ g
iE:

2. Calculate the forces

5 5
8_= (g) =25=2.2.2.2.2=32

4> \4
3 3
%= (3—60) =5°=555=125
15 (15 \
(=5 (_5) =(-3)"=(-3) (-3)- (-3)- (-3) =+81

5.To raise a power to an exponent, we raise the base of the power to the product of

the exponents, that is (@)Y = @*¥
EXERCISE EXAMPLE: Calculate the following forces
(2%?=2%2=2%=256

(3°) =
(4°) =

3°2=3"=81

473 = 4° = 4096



Na uvrItoAoyioers TNV TIHI] TV ITAQPAKATE ITAQACTaCE@V

(@) 2* = ) (—2)* = ...
B) 2% = BY (—2)* = ...
(-3 = 5 =
(-3)° = (=ijf=

-32 = R O
Na urnoAoyioste v TP TV IMIQPAKATE MTAOPAacTace®V

(@) 4—2 () —42 = __.
B) (—4) 2 =.. §) 4° = ...

[ e 23\ —2

©) (-9 =... =) (_5) i

Na unoAoyioete, pe v Porfeia v 1Bomrrov, Tnv TP vV MMapaoTtaoeEmv

o 6—21 _619 = ... s 762
9 w) 63 =
. Slﬂﬂ
®) (_9)11 . (_9)—9 == (&) m =

Na vrniodoyioete, pe v PorBeia v 16101V, TV T IOV IAPACTACEDV

Sy 9,59 _ —14)8

(@) (=0,2)°-5° = ... ) ( 75) _
—63)°

B 25— ©) (213) e

Na urnodoyioete, pe v Borjfewa tav ooy, v TP 1@V APACTACEDY |

(@) () ()" = ) (0,01)-10° = .

936 9. (=233
B) % =.. &) w = ..
(25) (5-3%)
. . 45-107%.2.10°
(v) 300 = ) I

(16]

Calculate, as much as possible, better using the properties of forces

Na vrnoAoyigete v T1HI] TOV MAPAKATE IIAPACIAOE®V

(@) 24 = ... ) (—2)* = ...
®) 22 = . G (—2)° =
(-3 = 5=
(-3 = (-1 =
_32 - (_1)10 i
Na UTMTOAOYIgETE TNV TIUT TV IMAapaKATe TTapACTAOEWY
@) 42 = __. () —42 = _..
®) (—H)2=.. &) 4° — ..
w) 473 = ...

2 .—Q
(9} (—5) = ...

&) (—4) 2 = ...

Na vrnioAoyiosets, pe v PorPsia wov 1i8lotrteoy, TV T TV ITapaoTAOsEmV :

7 6—21.Gl% — ___ . 762
= (V8] =63 = .-
i 51.00
B) (=97 -(—9)° = .. B e =

Na unioAoyioete, pe v Borfeia tov 16lotqtev, Vv TR 1OV NAPACTACEQV

y 1 Sl LIS | R _145
(@ (-0,2)°-5° =... & ( 75) -
—63)3
(B 25ht= (&) ( 213) =

Na unioAoyioete, pe v Porfeia tav 1blotqtay, v T 1@V NAPACTACEQV
@ (@) (@)

(&) (0,01)3-10° = ...

@ 2
®) i~ €) 5-3)

. . 45-1073.2.10°
V) 30 = () BT TR S



MPOTEPAIOTHTA MPAZEQN PRIORITY OF OPERATIONS

1° BHMA: K&voupe Ti¢ mpdéelc péoa otig mapevOEoelg 1st STEP: We perform the operations inside the parentheses
2° BHMA: YrtoAoyiZoupe TG SUVApELg 2nd STEP: We calculate the powers

3° BHMA: Kdvoupe oANQAQGLAGHOUG KoL SLaUPETELG 3rd STEP: We perform multiplications and divisions

4° BHMA: Kavoupe TipooBEoeLg Kal adalpECELG 4th STEP: We perform additions and subtractions
AZKHZEIZ-MAPAAEIFMATA: No urtoAoyLOETE TIC TIUEG TWV TTAPACTACEWV: EXERCISES-EXAMPLES: Calculate the value of the expressions:

CalCA) 92—2.Cal A A - 199NN —19.99 — _
A. 3.6+6-4) 87=3-6+64)- 64 = 18-24-64 = 18-88 = -70 A. 3:6+6°4)- 82=3-6+64)- 64 = 18-24-64 = 18-88 = -70

B. (-2)-(-5)247-3 = (-8)-(+25)+21 = -8-25+21 = -33+21 = -12 B. (-2)-(-5)+7-3 = (-8)-(+25)+21 = -8-25+21 = -33+21 = -12
EXERCISE (HOMEWORK): Calculate the value of the expressions:
A=2-5+3.7-6:10
B = (-3):(-5)+(-6):(-4)+19

= (2(-5)+8(-2)-15

AZKHIH(EPTAZIA): Na UTTOAOYIOETE TIC TLHEC TWV TTAPACTACEWY
A=2-5+3-7-6-10
B = (-3):(-5)+(-6)-(-4)+19

[ =(-2)3-(-5)*+8:(-2)-15
A =(23-5-2)+7%-6:4

A= (2%-52)+7%6:4
E = (82-5:3)+(-4)°

E = (82-5-3)+(-4)®

0=35-52+2-3+4.9-8:2-6:3 w=14-(12-9)+3-(8-6):(5+1) Q:S;S_S‘TZ'SH?'Q_B:Z_GS ‘“:j'(lf_92)+3'(8_6):(5”3

0214+ 41843349 V=32 -3.10-3.3)+5 Q-2':4+4:8+3(5 - 4-6) Y=3-2'+4°-3:(10-3-3)+5
_3_+ 3_ 3' i, :4, 3 2, 1

T=4'-5.(3-2"3)+2":8 $=3":(2"+1)+4%:(5:3-7) T=f o5 (823428 2=3"(2 +1)+4:(5:3-7)

. . 5 0
P:3.(52_22.3):(5+2+3)_(105_10a)“ p:3*(52—2“3).(5+2+3)—(10 —1[]")

o o | N=2.10°+ 42 =55+ 2 == (.2 +2) (17-3.5)+2°- 22
N-2.10° 142 -5* 5242 5:(45;2i+z)’.(17_3.5)+2\*.2_z * * ( y ) ( )+

[17]



TETPATQNIKH PIZA NPATMATIKOY APIOMOY

BAZIKOZ OPIZMOZ:H tetpaywvikn pila evog Betikol aplBuol x cupBoAiletal pe V xkau

eival o BeTikdc aplBuog o onoiog 6tav uPpwOel oTo TeETpAywvo pag Sivel Tov aplBud

BAZIKOZ OPIZMOZ opiloupe va givary/0 = 0

MNapadeiypata
\V25= 5 yuarti 52 = 5:5 = 25, V49 =7 yati 72=7-7 = 49

BAZIKEZ TETPATQNIKEZ PIZEX

JO=0 JV36=6 Vid4 V324 = V516 =
Vi=1 V43-=-1 vi6 J36L=143 J/Ga5=25
V4=2 Vo2 =13 VL36 =14 V400 - J6¥6 =26
V3=73 V8L =3 V225 =15 V4a41=214 Jra3 =2t
Ji6=4 J/100-=140 V256 v3t4-22 /¥4 -2%
JaD =5 Vi1 =11 V233 =4¢ 7523 = V844 =23
I810TNTEG TETPAYWVIKWYV PL{WV
1. yua k8Be mpaypatiké aptbus wxvet \ x2 = |x|
napadeiypata
— — -1 -1 _1
V52=|5|=5 —7)2=|-7| =7 \/— 2=| 2| ==
g =7R=l-7 L= =2
2. AVXE0w6tE! (Vx| = x
napadsiypata
(V8)'=8, (V15)=15 (Vi1)=11
Epyaocia

1. Na UnoAoYICETE TIG NAPAKATW TETPAYWVIKEG pifeg:

4 [00 [144
a) /16, 1600, 0,16 B) \g ’F' Jﬁ

2 Na UNOMOYICETE TIC NAPAKATW TETPAYWVIKES PIfeq:

a) 6 B) VB+5 V) VB8 3) (VB)

3Na unoloyiceTE TIG TIHEC TWV NAPAKATW NAPACTAGEWV:

A=+21+13+428 Bi= 95425421

4-Nq UNOAOYICETE, KAVOVTAG SOKINEG TIC NAPAKATW TETRPAYWVIKES PIgES:

a) 1089 B) 484 y) V11025

(18]

SQUARE ROOT OF A REAL NUMBER

BASIC DEFINITION: The square root of a positive number x is denoted by Vx and is
the positivenumber which when squared gives us the number

BASIC DEFINITION we define to be /0 = 0

Examples -

\/25= 5 because 52 = 5-5 = 25, /49 = 7 because 72=7-7 =49
BASIC SQUARE ROOTS
JO=0 J36=6 V144 = V324 = J516=24
Vi=1 V43=1 V168 = JIeL=13 /65 =25
v4=2 V64=13 V136 =14  J/400- V616 =
vy3=3 V3L =3 V225 =15 V34{=24L 123 -=
Vi6 = 4 100=10 Ja96 = V484=22 J#34=2%
Va5 = Vil =11 V33 =11 V523 = NET

Properties of square roots

1. forevery real number \ x>=|x|

examples
V=55 7 Ti=l-7] - ¢(_71)2=\%1\ =
2. [fx20;lthen(\ x| = x
examples
(V8)=8, (V15/=15 (Vi1)=11

Homework: Calculate the following square roots

1. Na unoAoyiceTE TIG NAPAKATW TETRAYWVIKES PIES:

a) 16, 1600, /0,16 B) E. J%. 1/%

2 Na UNOAOYICETE TIG NAPAKATW TETPAYWVIKES PICEQ:

a) 16 B) V8+85 v) /B-8

3Na unohoyioeTe TIC TILES TWV NAPAKATW NAPAGTACEWV:

21441349 96+ 425+ /121

A.Na UNOMOYICETE, KAVOVTAG DOKILEG TIC NAPAKATW TETRAYWVIKES pileq:

a) 1089 B) 484 y) J11025



3. Valv/pEVaplaz0, B0
SnNAadn TO YLVOUEVO TWV TETPAYWVLKWYV pLWV €lval ioov Je TNV TETpaywVLKH pila tou
YWVOLEVOU TOUG
napadsiypoata
V393927
V2-V8=v2-8=/16=4
V5/125 =/5-125=/625 = 25

4. 1o ninAiko o TETpaywVIKOV LWV eival (00 He TV TETpaywvLKn pia tou nAikou

. Vol \/ a
Snhadn \/E 3
nopadeiypora
@=\/ 18_ /g-3
V2 V2
@z\/ﬁz \/Z =2
V9 V9
ZnMaVTLKA Tapatipnon: o
Av a,B eivat 0o Betikol aplOpoi tdte W ady B=ya+f

nopadeiypara : -
V16+/9=4+3=7 eviy/16+9 =25 =5

Znpavtikn napatipnon(Pntonoinon mapavopaotwy)

AcKnon: mopAadslypa

Na petatpanouv ta endpeva KAAoHata o LlooSuvapa KAAoUATa e pnTto
TAPAVOUOOTH:
7 _75 _7.5 _75
V5 W545- il 5

8_82 _g. 2 _8+2 a3
V27242 T 2
ACKNOELG:

BiBAio..kou

[19]

3. ValVBEVaphaz0, B20
Which means that the product of square roots is equal to the square root of their
product.
Examples

339 =/39=/27

V2:/8=/2-8=1/16=4

V5+/125 =/5-125=/625 = 25

Va

4.TB=\/% which means that the quotient of square roots is equal to the square

root of the quotient,
Examples

@=\/ E: \/5 =3
V2 V2

V36 _ \/% <.

75 = =

Important observation:

If a,b are two positive numbers theny/ affyv %+ a+ B
Examples

J16+/9=4+3=7 but v16+9=/25 =5

Important Note (Rationalizing Denominators)
Exercise: Example

Convert the following fractions into equivalent fractions with a rational denominator:

7 75 _7.J5 _7+5
V5 V5V5- T ¢ 5
8 82 g. /o 842 -~
V27242 T 'T‘”Z

Homework:

From the book and...



ACKNOELG... According to the previous rules calculate or simplify as much as possible

1. No yivouv o1 pijitomonjosig ota mupukdtom KhacHaTo: S acnis : o
o yivouv o1 piTOTOU|CELS 6T TUPUKATH KAAGOTA:
1-V8  20-45

| 5,
W) —=, B—.1N—=. 9 1 2 3 j<«lB 420 =45
J5 2 NE) \E «E a) f ﬁ)ﬁ- ?}E- 0) \E E}T

2. Na amhoTTomoeTe TIC TAPAKATH TAPAOTATEIS; e o R

. 7+23457 -2 . 3W2+5V2-7V2+42 = o o
« '\'? \-5 -J".? "\-nj ﬂ \}'ﬁ‘ N ?\' W . \.? +2‘.3+5‘;?_2.\‘.3 ﬂ. 3\'2"‘5\'2_?\24'\-2
Yo 7W3+4V5-2y3+12(5 5. 4 "! i - """1 2y 5 Y. ?\.‘E + 4\.'5 = 2‘\':5 + IEH,E 8. 42 —.}1.'-3 —J2-2 v3
L] L .-I!" —_ I'.I - .::fl — .‘I - .I.. 4 '.I" o -Ir J‘II' { - ,'. f .I | I f -'I
€. 3yH-5J7 =547 Ot. 5+2y3-4y5+43 B AV TOV7 ND 4T O \5+2y3-445++3
3. No vroloy1oTOUV 01 TUPUCTACELS: 2. No vmoioyioTOOV Ol TUPACSTACELS:
o) /50 ++/72 —/200 + /288 @) V50 + /72 — V200 + V288
B) /28 +/63 —/175 B) /28 +/63 —/175
1) /20 —+/210 — /45 + /80 v) V20 —J210 —/45 + /80
4,  Naamomomoete TIC TAPATTATEIS: 4,  Naamhomomoete Ti¢ TUpaoTacelc;
o 327 -2V12+32-2.8 B. 3v20+72-3v2-2/45 a. 3427 -212+,32-2¢8 B. 3420 +72-32-2,45
Y. 450-+108-+2+ 27 8. 250-3V18+,32-2\2 V. /50-V108-v2+y27 8. 2y50-3V18+y32-2\2
e. 3'\;'[12 L. 2v"27 _l_ _\[48 _ 3”.:’ OT. _\!2 s \;5 3 \;'r() B \'Ilr15 E. 3\'. 12 o 2 1,52? + 1.'48 = 3 '\I'IIS 1. 1\"2 " \.IS 2 \'I{.) N 1,"'15
[ |(_ [ = fi ¥ + .J; et ':'. ® -II II 'II == I;'-
¢ (1+42)a-2) N (23+5)23-5) B o R )
! .-32 f i |'-1 —
32~ 0. Y= -oyo+ L= y14a
0. Y2 50243 - J4a Sl 7 v
V16 \f 7
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Movwvupa -TIIpAageig pe povovupa
BOOLKOG OPLONOG :APLOUNTLKEG TAPACTATELG AEYOVTAL OL TIPAOTACELG TIOU TIEPLEXOUV
HOVO aplBUoUC KaL TTPALELC.

napadeiyuata :
A=2345.2-4

B =( 23+52)‘74 = [( 23+5-2)_72_4.5]+7.4

BaolkOG 0pLopOG :AAyEBPLKEC TAPAOTACELG AEYOVTAL OL TTAPOOTACELG TIOU TIEPLEXOUV
oplBuolg, mpatelc kot HeTaPANTEG.

napadsiyuata :
A =2%43.2-7246x+12

B = x2-5x+6 I = x3-5x*+4x-10

BaolkOG 0pLopOG :AkEpata alyeBpLkr) mapdotaon AEyeTal pia moapdotacn otav
METAEL TwV HETABANTWY TNG ONLELWVOVTAL LOVO OL TIPAEELG TNE TPOCTBECNC KAl TOU
TLOAAQITAQLOLOOOU KoLl oL EKBETEC TwV peTtaBAnTwy eival Betikol aképatol (SnAadn
duaoikol aplBuot).
MNapadeiyuato

A = 5x%+6X

B = 5x3+2x

BOlOLKOG OPLONOG: oV OF pio aAyeBPLKA TTOPACTOCH AVIIKATAOTCOULE TIG LETOPANTEG
HE aplBpoU Kol KAVOULE TLG TIPALELC TOTE TO AMOTEAECHA IOV Ba poKUPEL
ovopaletal aplOUNTIKATILN A TAQ TIUA TNS aAyeBPLKNG TtapdoTtoon .

Aoknon- napadelypa: Bpeite TNV aplOUNTIKA TIUA TWV TOPACTACEWY
A=3x242x ylax=4

B =6x+12,yiax=-2

= x*+5x+12, yo. x=-3

Auon

A =3x2+2x  3-4%+2-4=3-16+2-4=48+8 =56 dpa A=56

B= 6x+12 =6:(-2)+12=-12+12=0, dpa B=0

= X245x+12 = (-3)24+5-(-3)+12= 9+5(-3)+12 = 9-15+12 = 21-15=6 dpa [=6

AoKnon-epyaoio: va UTTOAOYIOETE TNV TIUN TWV AAYERPLKWV MAPACTACEWV:
A =5x+2 vy x=7
B = x%-5x+2, ylox = -2

M= x"+x*HCHHCHHx+1 , yax=-1

BaokGG 0pLopoG: Movwvupa ovopAlovTol oL aKEPALEG AAYEPRPLKEG TTAPACTACELS OTLG
ormnoieg HeTtafl Tou aplOUNTIKOU TTapAYoVTa KAl TOV LETABANTWY ONUELWVETAL
(ypadetal) povo ot mpagn tou moAAAMAACLOCOU

MNapadeiypata:

5x3 6%, 2X3y3w®, -3xy3, -

[21]

Mononyms - Calculations with mononyms

Basic definition: Arithmetic expressions are expressions that contain only numbers
and operations.
Examples
A=23+5.2-4

B =(23+45-2)-7-4 [ = [( 2345-2)-7%-4-5]47-4

Basic definition: Algebraic expressions are expressions that contain numbers,

operations, and variables.

examples:
A = 2°+3-2-7246x+12

B = x?>-5x+6 = x3-5x2+4x-10

Basic definition: An expression is called an integer algebraic expression when only the
operations of addition and multiplication are noted among its variables and the
exponents of the variables are positive integers (i.e. natural numbers).

Examples
A = 5x%+6x

B = 5x3+2x

Basic definition: if in an algebraic expression we replace the variables with numbers
and perform the operations then the resulting result is called the numerical value or
simply the value of the algebraic expression.

Exercise- example: find the numerical value of the expressions

A=3x*+2x if x=4

B = 6x+12,if x=-2

= x*+5x+12, if x=-3

Auon

A =3x%+2x 3:4%+2-4=3-16+2-4=48+8 =56 so A=56

B= 6x+12=6:(-2)+12=-12+12=0,s0 B=0

[= x245x+12 = (-3)245:(-3)+12= 9+5(-3)+12 = 9-15+12 = 21-15=6 so [=6

exercise-task:calculate the value of algebraic expressions:
A =5x+2 if x=7

B = x2-5x+2, if x=-2
M= X +EHCHHCHEx+1 ,  if x=-1

Basic definition: Mononyms are integer algebraic expressions in which only the
multiplication operation is noted (written) between the numerical factor and the
variable

3
Examples:5x3 ,-6x, 2x*y3w®, -3xy?, -7x3y



BaolKOG 0plopoG(ZuvteAeoTAG LOVWVULLOU)
Y€ KAOe HOVWVU O 0 opLlOUNTIKOC TTapdyovToc AEYETOL GUVTEAEGTHC TOU LOVWVULOU
MNapadeiyuata:
e 3TO HOVWVUMO 5x3 0 cuVTeAEOTAC eival 5
e  3TO MOVWVUMO -3xy® 0 cuvteheoTn¢ ival -3
Boaowkdg oplopdg (Kplo pépog):
Y& KABE PLOVWVULO TO YLVOUEVO OAWV TWV UETABANTWYV TOU UPWUEVO OTOUG
ovtioToloug ekBETEG AéyeTal KUPLO HEPOG TOU HOVWVU LOU
napadeiypata
e  3TO HOVWVUMO 5x310 KUpLo pEpOG eival x3

3
e  3TO HOVWVUUO - 7x3y TO KUPLO péPOC eivatl X3y
Acknon mopadelypa : Not GUUTTANPWOETE TOV EMOUEVO TIivaka
MONQNYMO 2YNTEAEZTHZ KYPIO MEPO2
13x° y3 13 X y3
—1 356 > 1 x3y6w2
—X w - —
2 Y 2
Acknon gpyacia : No CUUTANPWOETE TOV EMOUEVO TIVOKA
MONQNYMO 2YNTEAEZTHZ KYPIO MEPOZ
-13%° y?w
14x%y3w®
=2,
3
-2x3

Baotkog oplopog( Babuog povwvipou)

BaBuOG eVOC LOVWVUHOU WG (ia petaBAntr ovopaletal o ekBETNG TG HETAPANTAG QUTAC.

BaBpOG EVOG LOVWVULOU WG TIPOG OAEG TLG METABANTEG TOU OVOUATETAL TO ABpOLoUA TWV
ekBeTWY TWV peTaBANTWY TOU

Napadeiypota

A) To povwvupo 8x3y* €XEL BaBUo wg mpog x 3,
BaBuo mpog x Kal Y To PovwVUpOo £XEL Babuod 3+4 =7

Babuo, wgmpogy 4,

-1
B) To povwvupo _ngswz €xeL Babuo wgmpogx 3,  Pabuod wgmpog Y 6,

2

BaBuod wgmpogw 2, Pabud mpog x kat P kot w 3+6+2 =11

3
doknon epyoaoia: va Bpeite to faOuUd Tou povwVUpOoU §x5y3w2

WG TPOG X , WG TIPOG P, WG TIPOG W WG TPOG X Kal P Kol w

[22]

Basic definition (Coefficient of a mononyms)
In every defenition the arithmetic factor is called the coefficient of the mononyms
Examples:
In the mononyms 5x3 the coefficient is 5
In the mononyms -3xy3 the coefficient is -3
basic definition (Principal part):
In every monomial the product of all its variables raised to the corresponding
exponents is called the principal part of the monomial
examples
e In the monomial 5x3 the principal part is x3
e Inthe monomial - 3/7 x3y the principal part is x3y
Exercise example: Complete the following table

monomial coefficient Principal part
13x° y3 13 X y3
—1 36 > 1 x3yew?
_X w - J—
2 Y 2

Exercise-homework: Complete the following table

monomial coefficient Principal part

-13%° y?w

14x2y3w°

=2,
3

-2x3

Basic definition ( Degree of a monomial)

The degree of a monomial as a variable is called the exponent of this variable.

The degree of a monomial with respect to all its variables is called the sum of the
exponents of its variables

Examples

A) the monomial 8x3y*  has degree with respect to x 3 degree, with respect to |
degree, with respect to x and { the monomial has degree 3+4 =7

-1
B) the monomial > X3y6u)2 has degree with respect to x 3, degree with respect to

y 6, degree with respect to w 2 degree with respecttoxand {p and w 3+6+2=11

exercise work: find the degree of the monomial

§x5y3w2 with respecttox, y ,w,

X+ y+w



BooKAG OPLOUAG (OLOLOL HOVWVUHAL)

TOL LOVWVULO TIOU €X0UV TO 1810 KUpLo pHéEPOC AéyovTal OuoLa

napadeiypata

e Ta povwvupa 2x%y3 kat -5x2y3 elval opola ylati £xouv to 810 KUpLo PEPOG

2

3
e ta povwvupa 2xy3w?—xy3w? eival opola ylati €xouv to 8o KUpLo uEPOg

2

Aaoknon epyaoia va e€eTA0ETE av TA EMOUEVA LOVWVU LA glval Opola
a) 2x%y® , -5x%y3, 7x%°
b) 8xy, -17xy

3
c) =xyiw? , Xy w?
2
Boaowkdg oplopdg(ica povwvupa )
Ta OpOLA LOVWVUOL TIOU €X0UV TOV 1810 cuvteAeoTh Aéyovtal ioa povwvupa

BooKAG 0pLONGG AVTIOETA HOVWVU AL

To Gpola LOVWVU LA TIOU €X0UV 0VTiBeTOUC oUVTEAEOTEG AfyovTal avtiBeta povwvuua
napadeiypata

A)ta povwvupa -5x%y3, 5x2y? eival avtiBeta povwvupa

B) ta povwvupa 8xy, -8xy, elval avtiBeta povwvupa

BaolKOG 0pLOMOG oL aplBuol Bswpouvtal povwvupa Kal ovopdletal otabepd
HLOVWVU O

napadeiypata

a) 17 otaBepd HOVWVUHO

B) -23 otaBepod pPovwVURO

v) 0 otaBepod pHOVWVUHO

Baowk mapatrpnon

KaBe otabepo povwvupo(£0) éxel Babuod pundév

BoOLKAG OPLOOG:

To otaBepd povwvupo 0 ovoualeTal PNSEVIKO HOVWVULO Kal Sev €xel Babuo

Aaoknon epyaocia
a)éva PoVWVUHO0 €Xel cuvteAeotn 12 kal petafAnteg X, P va mpoodloploste 1o
HOVWVUMO, av o BaBuog w mpog ¢ x sival 4 kal wg mpog X kot P sival 7

B) éva povwvupo £xel ouvteheotn 5 kat petaBAntég o, B,y vo mpoodlopioete to
HOVWVUHO av o BaBuog mpog a sival 2, o Babuocg wg B sivat 3, o BabBuodg wg mpog
o,B katy givat 9

[23]

basic definition (similar monomials)
monomials that have the same principal part are called similar

examples
e monomials 2x%y3kat-5x%y® are similar, as they have the same principal part

e monomials2xy? ZE 3w?
V3w ,2xy w

are similar, as they have the same principal part
exercise work: examine whether the following monomials are similar

a) 2x%y3 , -5x%y3, 7x%y?

b) 8xy, -17xy

3
c) §x5y3w2 , Xyiw?

basic definition (equal monomials )
Identical monomials that have the same coefficient are called equal monomials

basic definition opposite monomials

Identical monomials that have opposite coefficients are called opposite monomials
examples

A) the monomials -5x2y3, 5x%y® are opposite monomials

B) the monomials 8xy, -8xy are opposite monomials

Basic definition numbers are considered monomials and are called constant
monomials

examples

a) 17 constant monomial

b) 23 constant monomial

¢) 0 constant monomial

Basic observation every constant monomial(#0) has degree 0

basic definition: The constant monomial O is called the zero monomial and has no
degree

exercise work
a) a monomial has coefficient 12 and variables x, ) determine the monomial, if the
degree to x is 4 and with respect to x and { is 7

b) a monomial has coefficient 5 and variables a, B, y find the monomial if the degree to
ais 2 the degree to B is 3 the degree with respect to a,f and y is 9



Npageig e povwvupa (mpocbeon povwvipwv)

BaoKAG KAVOVOG: TO AOPOLOUA OUOLWY LOVWVU WY ELVOL LOVWVU O OUOLO LE QUTA
KOl £XEL CUVTEAEOT TO GAOPOLOO TWV CUVTEAEGTWY TOUC

napoatipnon dnAadn yla va mpocB£cou e OUOLA LLOVWVU LA TIPETIEL VAL KAVOU LE
avaywyn opoiwv dpwv

napadeiypato
A. 2x3+5x3 = 7x3
B. 7x3-2x?=5x?

C.Ox%y+5x%y = 14x%y
D. 8a*+5a*-2a" = 11a*

Aaoknon epyaocia
va Bpeite Ta aBpoloparta r va KAVETE TIG MPOCOEOELS

A. +4x+5x = ... E-2)3-7 = ...
B. 10aB-70P2= ... F.2%%- 3% = ....
C. -x%-3x%=...

D. -19x*3w+21x%yiw-x?y3w

TOAAQITAQLOLOLOLOG HOVWVUMWV( BAOLKOG KOVOVaLG)

To YLWOUEVO HOVWVUHWY E(VaL €Va LOVWVUO TIOU €XEL CUVTEAECTH TO YLVOLEVO TWV
OUVTEAECTWYV TOUG KOl KUPLO LEPOC TO YIVOUEVO OAWV TWV HUETABANTWY TOUC HE
€KOETN KGO peTaPANTAG TO ABpolopa TwV EKBETWV TNG

noapatApnon yLo vo MOANAMAOGLACOUUE HOVWVU A TTOAAAOGLA{oUE aplBuoUg Ue
aplOpoUC Kat HeTaBANTEG Pe LETABANTEG SNAAST YPAUMOTA PE YPOUUAT
napatnpnon npénel va Bupdpal otL a"-a" = a"*"
napadeiypoata

A, +4x23%3 = +12)°

B. 12x3y-(-3x°y?)=-36x’y3

C-4w*(-3w*) = 12w°

Aaoknon epyaocia

A 3x2==.. C.x-2x%-x3-0.5x"

1
D.-3xy2-3x2y-§x3y

Fa/3Wh/012W

B. -2x3 (-5x) =...

1
E.§x3cv2-(-3x2c3v) =..

[24]

Operations with monomials( addition of monomials)

basic rule: the sum of similar monomials is a monomial similar to them and has a
coefficient the sum of their coefficients

observation that is, to add similar monomials we must reduce like terms

examples
A. 23+5x3 = 7x3
B. 7x2-2x?=5x?

C.9x%y+5x%y = 14x%y
D. 8a*+5a*-2a* = 11a*

exercise work
find the sums or do the additions

A. +Ay+5x=.... E.-2)3-7x3 =
B. 10aB%-7ap?%=.... F.2x%- 3% =
C. x%-3x%=...

D. -19x*y3w+21x*y3w-x*y3w

multiplication of monomials (basic rule)
The product of monomials is a monomial that has a coefficient the product of their

coefficients and a principal part the product of all their variables with the exponent of
each variable the sum of its exponents

note to multiply monomials we multiply numbers with numbers and variables with
variables i.e. letters with letters
note | must remember that GK'GA = a"""
examples

A, +ax*3)3 = +12y°

B. 12x3y:(-3x°y?)=-36x’y3

C.-4w*(-3w*) = 12w®

Homework
A X3xP= = C.x-2x2:x3-0.5x"
1
B. '2X3' ('SX) = ... D.-3Xy2-3xzy-§x3y

E.Leor(3ecv - .. FA 3w 012V

3



Awipeon povwvipwv( Bacikog kavovacg)
Mo va Stapgcoupe SUO povwvupa SLaLPOUE TOUG CUVTEAEOTEC Kol TLG LETABANTEG

XPNOLUOTIOLWVTAG TNV LOLOTNTA TWV SUVAEWY a":a" = GK-A

AOKNoN MAPASELYHA VA YIVOUV Ol EMOUEVES SLOLPEDELG

A, +12)3:(3x%) = +4x
B. 10a3:(-503)=-2

C.-4w?(-2w) = 2w’
D.-20yPB’ : (+5yB*) = -4yp™

Baowkn mapatpnon to nnAiko U0 povwvU WY Sev eival amapaitnta LoVWVULO,
Uropel va eival GANOL € KATIOLEG TIEPUTTWOELG SEV ElvVaLl LOVWVUUO

AoKNoN EpYOAoio VA KAVETE TLG TIPALELG
. 20x3:10x2=..
Il -25C: (-50) = ...
1 1
m.  =x%(-=x)=..
3 ( 6 )
IV. 0,503 0,50*=..

ENMANAAHWH MONQNYMA

1.. Na yivouv v mpacarc

a) —6x°y? -3x’y? +x’y?, B) 12ap° —6ap’ +3p%a

¥) i}(3)/(11'1 -x’yo® +-]Lx3ytu", d) 3\6}(4)/—2\/5)/}(‘1 +4\f§x4y

5

Z.Na VIOAOYIGETE T VIVOLEVU.

o xy? b 3x4y1)'[% xz.\*ﬂf},
¥) 5x1y"(—2xy3)'(ixy},

10

p Loy Gu)
3) —40’p - 3a0py’ -éll[&zw_f
3. No vohoyioete o mnAika:

o) [%xl}f'“lJ:[—%xyz}

() [— 2%y o’ ):(— 3x2y]w], Y) [—(ax":y2 ]1 :(—IZny‘]

[25]

Division of monomials (basic rule)
To divide two monomials we divide the coefficients and variables using the power

property a“ot = a<?
exercise examplecalculate the following

A, +12)3:(3x3) = +4x
B. 10a3:(-5a3)=-2

C.-4w3(-2w) = 2w’
D. -20yB’ : (+5yp*) = -4yp*

basic observation the quotient of two monomials is not necessarily a monomial, it can

be other in some cases it is not a monomial

exercise homework: do the operations
. 20y3: 10x%=...
Il.  -25C%: (-50) =...
1 1
m. =x%(-—=x)=..
3 ( 6 )
IV. 0,50¢3:0,5a*=..

REVIEW OF MONOMIALS(SIMPLIFY AS MUCH AS YOU CAN)

1.. Na yivouv ow mpacelc:

a) -6x’y? —3x’y? +x7y?, B) 120p* — 6up® +3p

¥) i}(3ym'1 -x’ya® + -l—xgym", ) 3\/§x4y—2~/§yx‘l +4v’§x‘1y
5 10

2 Nu vrokoyioete ta yvopevo:

o) xy?)(-3x yl)'[éxz.vmz}
7) 5x1y'(—2xy3)'[nyJ,

10

B) ixSyzmz -(2xym)‘
3) —4a’p-30p’y’ -élIﬁEY

3. Nu vrohoyisete o mhiko:

) [%xﬁyq:(—éxf}

B) [— 2%y’ ): (— BXZyRm], Y) [—(n';'qyz]1 :(—IZny‘]



NMOAYQNYMA
BaoKGG 0pLOoNGG: TO GOpolopa HovWVU WY TIou Sev eival OpoLa Hovwvupa givat
pia aAyePpLki mopAoTacn MOU OVOUATETOL TTOAUWVULLO.

Napadeiyuota:
A, 2x3+6x

B. x2+5x+6

C. 3xy+6x3y+8xy?
D. 8x3+7x%-6x+5

BaloKA APALTAPNGN: OV TO TTIOAUWVU O €XEL
e 500 6poug ovopaletal SLWVU O
e  TpEel; OPOUG OVOUATETOL TPLWVU O

BaLOLKOG OPLOMOG: KABE LOVWVULIO TIOU TIEPLEXETAL O £VA TIOAUWVULIO OVOAETOL
0pOG TOU TTOAUWVUHOU. lNa moapadelypa
oTO TIOAUWVU RO 8Xx3+7x%-6x+5, oL dpol eival Ta povwvupa 8x3, 7x3, -6x, 5,

aoknon gpyacio: No ypayete TOUG OPOUC OTO ETTOUEVA TIOAUWVULLOL:

3
B) 2x3+6x>-7x + —

o) 4x2-35x+6
) 4x%-35x 2

y) 3xy+6x3y+8xy?

BaOLKAG 0PLONOG: BaBLOG EVOG TOAUWVUHOU WG P0G pio LETABANTA Tou elval o
HeyOAUTEPOG KBETNC TNG LETAPBANTAC AUTAC.
Napoadeiypota
3
A) to moAuwvupo 2X3+6X2-7X+Z€'LVOLL tpitou Babuolg mpog x
B) to moAuwvupo 8x*+4x2-6x3+5x eivat 5ou BaBuoUg pog x

BaoKAG 0pLOoNOG: Babuog evog moAuwvUpou givat 0 HeyaAUTEPOG ATIO TOUG
BaBuol¢ Twv 6pwv tou (dnAadn To peyoAltepo ABpolopa EKBETWY OTLG
MeTABANTEG TOU)
napadeiypota
A) To moAuwvupo 6x2y+2xy3-4x’y? elval

e 4° BaBuoU wgmpog X,

e 3% BaBuov mpogy

e 6% Babuol wg mpog x Kat Y.
B) To moOAUWVUHO 3x°y?+7x%y%-4x%y? eival

e 5% BaBuou wgmpog x

e 6% Babuol wgmpogy

e 8% Babuol wgmpog X Katy

[26]

POLYONYMS
Basic definition: the sum of monomials that are not identical monomials is an
algebraic expression called a polynomial.

Examples:
C.  2x3+6x C. 3xy+6x3y+8xy?
D. x%+5x+6 D. 8x3+7x2-6x+5

Basic observation: if the polynomial has
e two termsitis called a binomial
e three termsitis called a trinomial

basic definition: each monomial contained in a polynomial is called a term of the
polynomial. For example
in the polynomial 8x3+7x2-6x+5, the terms are the monomials 8x3, 7x2, -6x, 5,

exercise homework: Write the terms in the following polynomials:

3
a) 4x2-35x+6 b) 2x3+6x2-7x+Z c) 3xy+6x3y+8xy?

Basic definition: The degree of a polynomial with respect to one of its variables is
the largest exponent of that variable.

Examples

3
A) the polynomial 2x3+6x2—7x+2is of the third degree in x

B) the polynomial 8x*+4x2-6x3+5x° is of the fifth degree in x

Basic definition: The degree of a polynomial is the largest of the degrees of its
terms (i.e. the largest sum of exponents in its variables)
examples
A)The polynomial 6x2y+2xy3-4x4y? is of the
e 4th degreeinx,
e 3rddegreeiny
e 6th degreeinxand .
B) the polynomial 3x5 y2+7x?y6-4x3y? is of the

. 5th degree in x
. 6th degree iny
. 8th degreeinxand y



Aaoknon epyaocio: ota eMOpeva ToOAUWVULA va Bpeite

3
1. 3xy+2x3y+5xy* 2. 5x%y+9xy+12x°y? 3.-Zx2y-"+2xy3-4x5y2

o) to BaBuod Twv MOAUWVU LWV WG TTPOG X
B) to BaBuO TwWV TOAUVWVUHWY WE TTPOG Y
y) Tou BaBuo Twv MOAVWVUHWY WG TIPOC X KAl Y

BaoLlKOG OPLOMOG: KABE aplBUdG ovopaletol otabepd MOAUWVULO.
BaolkOG OpLOMOG: 0 aplBUOG undév (0) Aéyetal pndeviko MOAUWVU O

Baolkr mapatApnon: oAa ta otabepd MoAvwvupa £€xouv Babuod undév (0).Ma to
UNSeviko moAuwvupo Sev opiletal Babuog.

Baowk mapatrpnon: otav ypAddoupe €va TOAUWVULO KATA TETOLOV TPOTIO WOTE O
BaBuog Tou mponyoleVOU OpoU va elval LeyaAUTepoC oo To Babuod tou emno-
LEVOU OpOU TOTE AEE OTL EXOULE TO TTOAUWVUHO Katd ¢Bivouoeg SUVAEL; TOU X

napadeiyuara
A(x) = x3+5x-7x+12 B(x) = x*+4x"-14x?-35x+6

aoknon epyaocio: va ypaete To EMOUEVA TTOAUWVU LA KATd ¢pBivouoeg SUVAUELG TOu
X:

A(x) = x2+5x3-7x+12
I(x) = 8x°+4x2-6x3+5x°

B(x) = x *+3x>-14x3-35x+6X’

BOlOLKOG OPLONOG: apLlOUNTLK TLUA EVOG TTIOAUWVUOU OVOUAIETAL TO AMOTEAECHA TTOU
TUPOKUTITEL AV OVTLKATAOTAOOUE OTO TIOAUWVUHO €vav apLBuo.

Aoknon napadsiypa:

Na Bpeite TNV aplBUNTIKA TN TOU MOAUWVULOU
A. P(x) =4x2-5x+7,yia x =1

Abon

P(1) =4-1%-5-1+7 d&pa P(1) = 4-5+7, P(1)=6
B. Q(x)=2x%-4x+3, yia x = -2

Abon
Q(-2) = 2(-2)2-4(-2)+3 dpa Q(-2) = 8+8+3 , Q(-2) = 19

aoknon gpyaocia: va Bpeite TNV aplBUNTLKA TR TWV TOAVWVO LWV
A(x) =3x+12 ,yax=2 B(x) = x*+3x-5, yla x = 2I(x) =
8x°+4x2-6x3+1, yla x =-1

exercise homework: in the following polynomials find

3
1. 3xy+2x3y+5xy4 2. 5x2y+9xy+12x6y? 3.- Zx2y3+2xy3—4x5y2

a) the degree of the polynomials with respect to x
b) the degree of the polynomials with respect to y
c) the degree of the polynomials with respect to x and y

basic definition: every number is considered a polynomial and is called a constant
polynomial

basic definition: the number zero (0) is called a zero polynomial

basic observation: all constant polynomials have degree zero (0) . For the zero
polynomial no degree is defined.

basic observation: when we write a polynomial in such a way that the degree of
the previous term is greater than the degree of the next term, then we say that we
have the polynomial in decreasing powers of x

examples

A(x) = x3+5x2-7x+12 B(x) = x*+4x"-14x?-35x+6

exercise homework: write the following polynomials in decreasing powers of x:
A(x) = x*+5x>-7x+12 B(x) = x *+3x°-14x3-35x+6x7

I(x) = 8x5+4x%-6x3+5x6

Basic definition: the numerical value of a polynomial is the result that results if we
replace a number in the polynomial.

exercise example:

Find the numerical value of the polynomials

A.. P(x) =4x*-5x+7, forx=1

Solution

P(1) = 4e12-5¢1+7 so P(1) =4-5+7,P(1) =6
C. Q(x)=2x%-4x+3, yta x = -2

solution

Q(-2) = 2(-2)-4(-2)+3 so Q(-2)=8+8+3 ,Q(-2)=19

exercise homework: find the numerical value of the polynomials
A(x) =3x+12,if x=2 B(x) = x *+3x-5, if x=2
M(x) = 8x*+4x2-6x3+1, if x = -1



BOlOLKOG OPLONOG: OV O£ £val TTIOAUWVU O UTIAPXOUV LOVWVU LA TToU eivat Opola TOTe Ta
QVTIKAOLOTOUE OTO MTOAUWVUHO WE To dBpolopd toug. H Stadikacio autr ovopdlstal

avaywyn opoiwv dpwv
napaSElyaTa va KAVETE avaywyr opoiwv 0pwV 0TO EMOUEVO TTOAUWVULO
A. P(x) = x3+2x+3x%+5x+6x2+8 apa P(x) = x3+9x*+7x+8
B. Q(x) = 2x3+2x%+3x3+5x%+6-8x3 apa Q(x) = -3x3+7x2+6

AOoKNoN £pyacia: va KAVETE avaywyrn oloiwyv 0pwVv oTa EMOUEVA TIOAUWVU O
A. P(x) = 2x3+6x-4x2+3x+2x%-5
B. P(x) = 2x3+2x%+3x3+5x2+6-8x3

Npagelg pe moAvwvupa

o) MNpdoBecn MOAUWVUHWVY: XPNOLULOTIOLOUE TLG LOLOTNTEG TWV MPAYHATIKWY
aplOuwv

AcKnon mopAaseLlypa:

1. Na tpocBéoete Ta MOAUWVL LA
Avon:

P(x)+Q(x) = (4x%-5x+7)+(x2+6x+3) = 4x2-5x+7+x2+6x+3= 5x2+x+10

P(x) =4x3-5x+7, Q(x) =x2+6x+3

2. Na ipooBéoete ta moAvwvupa  A(x) =4x3+3x2-5x+2, B(x) =-3x3-x2+6x-3
Abon:
A(x) + B(x) =(4x3+3x2-5x+2)+(-3x3-x*+6x-3) = 4x3+3x%-5x+2-3x3-x2+6X-3=

X3+2x%+x-1

ACKnon gpyoaoia: vo KAVETE TIG TPOCOECELG TWV EMOUEVWY TIOAUWVU WY
I A(x) =4x3+3)%-5x+2, B(x) =-3x3-x>+6x-3
. G(x) =2x2-2x+6 E(x) = 2x3+4x2-3x-1
. S(x) = x3-x-2 H(x) = 5x2-x+1

B) Adaipeon MOAUVWVULWV: XPNOLLOTOLOU LE TLC LOLOTNTEG TWV TIPOYUATIKWY
oplopwv
aoknon napadsiypa: va Bpeite t Stadopa A(x) — B(x) otav
A(x) =4x3-3x+2, B(x) =-5x%+6x-3
Avon
A(x) - B(x) =( 4x3-3x+2)-(-5x2+6X-3) = 4x2-3x+2+5x2-6x+3 = 9x>-9x+5
aoKNOoELGoXO0ALKOU BIBAiou Kawva yivouv ol tpagelg:
(R (2x3+3x2—5x—5)+(4x3-5x2+7x+3)—(3x3+4x2—6x-4)+8x2-5 =
Il. (2a*-3a’+50%-7)-(3a*+4a’-50%+2)+(a*-30+5)-(2a’-3a*+6)=
1. 2w-(2w3+3w-4w-9)+(2wi+4w*-4w+3)-5w+3w=

C. R(X) = X*+9x*+7x*+8x*-x3+4x*+x3
D. S(x) = -x3+7x2+6x3-2x2-4x+3x%-3x%+3

[28]

Basic definition: if in a polynomial there are monomials that are identical then we

replace them in the polynomial with their sum. This process is called like terms
reduction

examples reduce like terms to the following polynomial

A. P(x) = x3+2x+3x2+5x+6x%+8 50 P(x) = x3+9x%+7x+8

B. Q(x) = 2x3+2x%+3x3+5x%+6-8x> 50 Q(x) = -3x3+7x%*+6

exercise homework: reduce like terms to the following polynomials
A. P(x) = 2x3+6x-4x2+3x+2x>-5 C. R(x) = x4+9x2+7x*+8x>-x3+4x*+x3
B. P(x) = 2x3+2x2+3x3+5x%+6-8x3

Operations with polynomials
a) Addition of polynomials: we use the properties of real numbers

Example exercise:

1. Add the polynomials P(x) =4x2-5x+7, Q(x) =x*>+6x+3

Solution:

P(x)+Q(x) = (4x2-5x+7)+(x2+6x+3) = 4x2-5x+7+x>+6x+3= 5x>+x+10

2. Add the polynomials A(x) =4x3+3)3-5x+2, B(x) =-3x3-x?+6x-3
Solution:

A(X) + B(x) =(4x3+3x2-5x+2)+(-3x3-x*+6x-3) = 4x3+3x2-5x+2-3x3-x?+6x-3=
x3+2x%+x-1

Exercise task: do the additions of the following polynomials
I A(x) =4x3+3x2%-5x+2, B(x) =-3x3-x*+6x-3

. G(x) =2x%-2x+6 E(x) = 2x3+4x3-3x-1

1. S(x) = x3-x2-2 H(x) = 5x2-x+1

b) Subtraction of polynomials: we use the properties of real numbers
exercise example: find the difference A(x) — B(x) when

A(x) =4x2-3x+2, B(x) =-5x%+6x-3

solution

A(x) - B(x) =( 4x3-3x+2)-(-5x2+6X-3) = 4x2-3x+2+5x2-6x+3 = 9x>-9x+5

textbook exercises and do the operations:

L (2)3+3%2-5X-5)+(4x3-5)x2+7x+3)-(3x3+4x2-6X-4)+8)>-5 =

. (204-3a3+5a2-7)-(3a4+403-5a02+2)+(ad-302+5)-(2a3-3a2+6)=
. 2w2-2w3+3w2-4w-9)+(2w3+4w2-4w+3)-5w2+3w=

D. S(x) = -x3+7x%+6x3-2x%-4x+3x2-3x2+3



Y)NMoAAQAQLGLAGOG TOAUWVU WV

BaolkoG Kavovag: Ma vo TOAAQUTAQGLACOUE £VA MOVWVULO LE €V TTOAUWVULLO,
TOAAMAQGLAT{OU LLE TO LOVWVU O KABE 6po TOoU TOAUWVUHOU Kal TPOCOETOUE Ta
YLVOLEVA TTOU TIPOKUTITOUV.

Acknon mapadelypa: Na KAVETE TIG MPAEELC:

A, 2x(X2-5x+7) =2x-x2-2X-5x+2x-7= 2x3-10x2+14x

B. -3x-(x3-6x+12)=-3x-x3+3x-6x-3x-12=-3x*+12x?-36x

C. 5x%(2x2-6x+3) = 5x2-2x2-5x26x+5x2:3=10x"*-30x3+15x2

‘Aoknon gpyacia:No KAVETE TIC TPALELG:

A. 3x:(4x2-2x+3) E.4x-(3x%-6x+9)

B. 2x3(x*+3x-2) F.-3x3-(2x3-x*+x+5)

C. -2x*(4x3-2x%+6) G. 4xy(3x+2xy?-4x2y)

D. -3x%(4x3-5x%+x-3) H. 5x3y?(x2y3+2x3y2-4x%y)

Baowka¢g Kavovag: Ma va TOAAANMAQOLACOUE £Va TTIOAUWVUOKE £Va TTOAUWVULLO
moAAamAacoLaloupe kKaBs 6PO TOU MPWTOU TTOAUWVUUOU HE KABe Gpo Tou SeUTepoU
TIOAUWVU OV KOl TTPOCBETOUE TA YLVOEVO TIOU TIPOKUTITOUV.
Aoknon mapddetyua: Na KAVETE TIC TPAEELS
A. (3x*+4)-(2x-7) =
3x2-2x-3x-7+4-2x-4-7 =
6x3-21x+8x-28 =
6x3-13x-28
B. (4x2-5x+7)-(x>+6x+3) =
4x2-X2+4X%-6X+4X2-3-5%-X2-5X-6X-5X-3+7X%+7 -6x+7-3=
4x*+24x3+12x2-5x3-30x2-15x+7x*+42x+21=
Ax*+19x3-11x2+27x+21

Aoknon Epyacia:Na KQveTe TI¢ pAeLg:
1. (x+3)(x-5)=

2. (x+7(x-2)=

3. Bx+10)(x—4) =

4. @22 —x)(C—4x — 3) =
S. (—5x2 + 1) (4x + 3) =
6. (Z2c + 3b)(2Z2a — 3b) =
7 - (S5x — 6wv)I(5Sx + 6wW) =
s (101’—5})(101’—53})
9. (2Z2x — 7yv)(2x — 7y) =

10. By + x)(x + 3y) =
11. (5 + 3x)(5 + 3x) =

0w

°On®m>»

c)Multiplication of polynomials
Basic rule: To multiply a monomial by a polynomial, we multiply the monomial by
each term of the polynomial and add the resulting products.

Example exercise: Do the operations:

2X-(X3-5x+7) =2x-X2-2X-5x+2x-7= 2x3-10x>+14x

-3 (x3-6x+12)=-3x-x3+3x-6x-3x-12=-3x"+12x-36X
5x2-(2x2-6x+3) = 5x2:2x?-5x26x+5x2-3=10x"-30x3+15x?

‘Workout exercise: Do the operations:

3x-(4x2-2x+3) E.4x-(3x2-6x+9)
2x3-(x2+3x-2) F.-3x3(2x3-x*+x+5)
-2x*(4x3-2x2+6) G. 4xy(3x%+2xy>-4x%y)
-3x%(4x3-5x2+x-3) H. 5x3y?(x2y3+2x3y2-4x%y)

Basic rule: To multiply a polynomial by a polynomial, we multiply each term of the
first polynomial by each term of the second polynomial and add the resulting
products.

Example exercise: Do the operations

(3x%+4)-(2x-7) =

3x2-2x-3x-7+4-2x-4-7 =

6x3-21x+8x-28 =

6x3-13x-28

(4x2-5x+7)-(x>+6x+3) =

4x2-X2+4X2-6X+4X2-3-5%-X2-5X-6X-5X-3+7X*+7 -6x+7-3=
4x*+24x3+12x2-5x3-30x2-15x+7x2+42x+21=

4x*+19x3-11x2+27x+21

Exercise task: Do the operations:
1. (x+3)(x-5)=

2. (x+7N(Ex-2)=

3. Bx+10)(x—4) =

S. (—5x2 + 1) (4x + 3) =
6. (2ac + 3b)(2a — 3b) =

7 - (Sx — 6wWwI(Sx + 6 W) =
8. (10x —5»)(10x — 5y) =
o. RLx — 7yvy)(2x — 7y) =

10. 3y + x)(x + 3yv) =
11. (5 + 3x)(5 + 3x) =



Baowki mapatrpnon: lodtnta oAV wWVOUWVY
AVo moAvwvupa A(x) kat B(x) eivat (oo 6tav  eival tou idlou BaBuou kot ot
OUVTEAECTEC TWV AVTIOTOLXWV OpwV Elval ool
Napadsiypa:
Na Bpeite TI¢ TLLEG TwV a, B, v, § wote Ta moAvwvupa  P(x) kat Q(x) va eival loa,
omou  P(x) = 3x-(-2x+4)-(x-1), Q(x) = ax3+Bx>+yx+85.
Avon:
P(x) = 3x-(-2x+4)-(x-1) = (-3x-2x+3x-4)-(x-1) = (-6x>+12x)-(x-1) =
-6X2X+6x%1+12x-X-12x-1= -6x3+6x2+12x3-12x ,
Apa P(x) = -6x3+18x2-12x.
Oé\w P(x) = Q(x), Snhadn:  -6x3+18x2-12x = ax3+Px>+yx+6
MNpéne:a=-6,p=18,y=-12,6=0

Acknon Epyaoia:
Bpeite TI¢ TLEG TWV O, B, v, 6 wote ta moAvwvupa P(x) kat Q(x) va elval loa:
P(x) = 2:(-4x+1)(x+3), Q(x) = +Px>+yx+6.

Afloonpeiwteg TavToTNTEC:

Baowkdg OpLopog: TautotnTa AEyeTal KABE LOOTNTA TTOU TIEPLEXEL LETAPBANTEG KOl
aAnBeleL (5nAadn LoxUEL) yLa OAEG TIG TLUEG TWV HETABANTWV.
Napadeiypata:

e Huwoémnta a?a=a® sival tautdtnTa yLati LoxVEL yLor OAEC TLG TWLEG TNG UETABANTAC aL.

e Huootnta 0:x =0 &lval TAUTOTNTA YLOTL LOYUEL YIa OAEG TLG TLUEG TNC LETABANTAG X.
e Huootnta x+y =0 Sev elval TautoTNTA YLOTL SEV LOXUEL yLa OAEG TIG TLUEG TWV
peToBAnTWY X, y (ylatimyyiax=5 kat y=3 x+y=0,5+3=0,8=0 &ev LoxVel)

1.Tetpaywvo abpoiopatog: (a+p)? = a’+2ap+p>
Anodeién:
(a+B)? = (a+B)-(a+B) = a’+a-B+B-a+B? = a’+2ap+p?

Aoknon mapadelypa: No Bpeite Ta avantuypata:
. (x+3)% = x%+2x-3+32 = x>+6x+9
. (y+5)% = y*+2y-5+5% =y*+10y+25
. (w+4)? = w*+2w-4+4% = W*+8w+16
IV.  (2x+3)% = (2x)*+2-2x-3+3% = 4x%+12x+9
V.  (3x+2y)? =(3x)2+2:3x-2y+(2y)? = 9x>+12xy+4y?

VI (x+x3)? = x24+2x53+(x3)? = x2+2x*+x°

[30]

Basic observation: Equality of polynomials

Two polynomials A(x) and B(x) are equal when they are of the same degree and
the coefficients of the corresponding terms are equal.

Example:

Find the values of a, B, y, 6 so that the polynomials P(x) and Q(x) are equal, where
P(x) = 3xe(-2x+4)e(x-1), Q(x) = ax3+Bx2+yx+6.

Solution:

P(x) = 3xe(-2x+4)e(x-1) = (-3x®2x+3x*4)e(x-1) = (-6x>+12x)e(x-1) =
-6x%ex+6x201+12xex-12x*1= -6x3+6x2+12x2-12x, S0 P(x) = -6x3+18x>-12x.
| want P(x) = Q(x) , that is: -6x3+18x2-12x = ax3+Bx?+yx+6

So a=-6,f=18,y=-12,6=0

Exercise Work:
Find the values of a, B, v, 6 so that the polynomials P(x) and Q(x) are equal:
P(x) = 2¢(-4x+1)e(x+3), Q(x) = ax3+Bx>+yx+5.

Notable Identities:

Basic Definition: An identity is any equality that contains variables and is true (i.e.
valid) for all values of the variables.

Examples:

¢ The equality a?ea = o is an identity because it is valid for all values of the variable a.

* The equality Oex = 0 is an identity because it is valid for all values of the variable x.

¢ The equality x+y = 0 is not an identity because it is not valid for all values of the variables x,
y (because e.g. forx =5and y =3 x+y =0, 5+3 = 0, 8=0 is not valid)

1.Square sum: (a+B)? = a®+2ap+p>
Proof:
(o+B)? = (a+B)e(a+B) = a>+aef+Bea+P? = a2+2ap+p>

Example exercise: Find the expansions:
. (x+3)% = x>+2x®3+32 = x*+6x+9
.  (y+5)? = y2+2ye5+52 =y2+10y+25
. (w+4)? = w+2we4+4% = W*+8w+16
IV.  (2x+3)? = (2x)*+202x®3+3% = 4x2+12x+9
V.  (3x+2y)? =(3x)2+2e3xe2y+(2y)? = 9x*+12xy+4y?

VI (x#+x3)? = x242x3+(x3)? = x2+2x*+x°



Acknon gpyaoia: va Bpeite Ta avantiypata

A. (x+2)? E. (y+4)

B. (w+3)? F. (3x+1)?
C. (2x+5y)? G. (X+%)2
D. (2+y3)? H. (x3+x?)?

2.Tetpaywvo dtadopag: (a-B)? = a2-2ap+p?
AnodeLén:
(a-B)? = (a-B)-(a-B) = a*-a-B-B-a+p? = a*-2ap+p?

Aoknon napadsiypa: No Bpeite Ta mMApAKATW ovATTUYUATA:

(%-3)% = x2-2x-3+3% = x2-6x+9

(y-6)% = y2-2y-6+62 =y%-12y+36

(2y-3)% = (2y)?-2-2y-3+32 = 4y2-12y+9

(4x-3y)? =(4x)2-2-4x-3y+(3y)? = 16x%-24xy+9y?
1 11 1

(x - =) =x22x=+HZ2=x2Xx+ —

2 2 2 4
(2x-x3)2 =(2x)%-2-2x%3+(x3)? = 4x2-4x"+x°
Aoknon epyaocia: Na Bpeite Ta mMapoKATW vamTUYHATA:
(x-4)? E. (4—2x)°2
(x2-2)°? F. (6x-5)2
(3x—4y)? G. (2x*-7x)?
(3=2x3)?  H.(/x-3)?
A. KOBog aBpoiopartog :(a+p)? = a>+3a’B+3ap+p3
AnodeLén:
(a+B)® = (a+PB)-(a+B)? = (o+B)(a*+2ap+p?) =

a3+20%B+ap?+Ba+2aB-B+R3=
a3+3a2B+3ap2+p?

3B. KUBog Stadopdg : (a-B)? = a3-3a2B+3ap2-p3
(xwpig anodein)

[31]

Exercise: find the expansions

A, (x+2)? E. (y+4)?

B. (w+3)? F. (3x+1)?
C. (2x+5y)? G. (x+%)2
D. (2+y3)? H. (x3+x?)?

2. Square of difference : (a-B)* = a®-2ap+p?
Proof:
(a-B)* = (a-B)-(a-B) = a*-a-B-B-a+p* = a*-2ap+p>
Exercise- Example: find the expansions
(x-3)? = x2-2x-3+3% = x2-6x+9
(y-6)? = y*-2y-6+62 =y*-12y+36
(2y-3)% = (2y)?-2-2y-3+3% = 4y>-12y+9
(4x-3y)? =(4x)2-2-4x-3y+(3y)? = 16x>-24xy+9y?
1 1 1 1

(x - E)2 = X222 x —+(=2 = XX + —

2 2 4
(2x-x3)2 =(2%)%-2-2x3+(x3)? = 4x2-4x +x°
Exercise: find the expansions
(x — 4)2 E. (4—2x)°?
(x2-2) 2 F. (6x-5)2
(3x—4y)? G.(2x*-7x)?
(-2x3)%  H.(Vx-3)?
A. (a+B)? = a®+3a’B+3ap?+p3
Proof:
(a+B)? = (a+P)-(a+B)? = (a+B)(a*+2aB+B?) =

a3+2a?B+ap?+Ba’+20B-B+p3=
o’+3a’p+3ap*+p?

3B. (a-B)® = o*-30?B+3ap-B?

(no proof included)



aoknon napadsiypa No Bpeite Ta MAPAKATW AVATTTUYLOTO:
Lo (x+1)2=x3+3x%1+3x-12+13 = x3+3x2+3x+1

. (x—2)3==x3-3x%2+3x-22-23 = x3-6x%+12x-8
M. (2x+1)3 = =(2x)3+3(2x)%-1+3-2x-12+13 = x3+12x%+6x+1
IV.  (2x-3y)® = (2x)3-3(2x)%-3y+3-2x:(3y)?-(3y)® = 8x3-36x%+54x-8y3

aoknon epyacia No Bpeite To MOPAKATW AVOITUYOTO:
A. (x+2)3 C.(2x%+3x)3

B. (y—-1)3 D. (2y-1)3
3. Nwvopevo aBpoioparog eni Stadopd: (a+p)-(a-p) = a-p?

Anodeién:
(a+B)-(a-B) = a*+a-B-p-a-p* = a*p*
Acknon mapadelypa: va Bpsite Ta avantoypota
. (x+3):(x-3) =x2-3%2=x%-9
.  (w+2)(w-2) = w2-2%2= w29
. (x+4)(4-x) = (4+x)(4-x) = 4%-x* = 16-¢*
V. (Vx5) (Vx+5) = (Vx)>52 = x-25
V. (x2-2) (x2+2) = (x?)%-4 = x*-4
VI. (bw+2)(bw-2) = (6w)*-2% = 36w*-4

Aoknon epyaoia:Na Bpeite Ta avantuypota

1) (x +3)(-3) ) (x-1)(+1)

iii) (2) - 5)(2) +5) iv) (1 —3x)(1 + 3)

v) (2y + 59)(2) - 59) vi) (3k — 2A)(3k + 2})

vii) (2 + 1)(y2 — 1) | viii) (33 — 2)(y3 + 2)

8 3 5 3 2 3 2 3
[ v w : 55 13 _
13)‘\5+3]{5—3J h)[?'},’ 4¢’M3X+4WJ

Exercise- Example: find the expansions written below
L (x+1)3=x3+3x21+3x-12+13 = x3+3x%+3x+1

. (x—2)3==x33x22+3x-22-23 = x3-6x>+12x-8
M. (2x+1)® = =(2x)3+3(2x)%-1+3-2x-12+13 = x3+12x%+6x+1
IV.  (2x-3y)3 = (2x)3-3(2x)%-3y+3-2x-(3y)?-(3y)® = 8x3-36x%+54x-8y?

Exercise- Homwork: find the expansions written below

A. (x+2)3 C.(2x%+3x)?

B. (y-1)3 D. (2y-1)3
4. (o+B)(a-B) = a*-p?

Proof:

(a+B)-(a-B) = o*+a-B-B-a-B* = o*-p*
Exercise- Example: find the expansions written below
. (x+3):(x-3) =x2%-3%2=x2-9
. (w+2)(w-2) = w2-22= w29
L (x+4)(4-x) = (4+X)(4-X) = 4%-x* = 16-¢
IV.  (Vx-5) (Vx+5) = (VX)?-5% = x-25
V. (x2-2) (x*+2) = (x?)*4 = x"-4
VI,  (6w+2)(6w-2) = (6w)*22 = 36w*4

Exercise- Example: find the expansions written below

m (x— 1)y +1)

iv) (1 - 301 + 3%
vi) (3K — 2\)(3K + 2))
viii) (3 — 2)(y3 + 2)

1) (x +3)(x-3)

iii) (2 - 5)(2) +5)

v) (2 + 5w)(2x — 5¢)
vil) (2 + 1)(x2 — 1)

[ s 3 5 3 7 3 7 3
(v w : 250 i _
1;;)‘\5+3](5—3J h)[azf 4WJ[3X+4WJ

[32]



Review.....

1. Find the expansions :
a) (x+5)*=

B) (3a-B)*=

V) (5x+4)(5x - 4) =

5) (I +2)° =

g) (2x-3)° =

n) (3a® —B*)(p* +3a?) =

2. Fill in the blanks so that the identities are valid

a. (T )2=9x 2+ 12X + ......

B (orvre =) 2= 25X %2 — . + 4y 2
Y ( + o )2=x2+3x+......

5 (... —)2=16x"—4x+......

3 (2B—..... )?2= ... — e 36y 2
ot (+...... ) 2= ...... — e ¥ 9x %y

4 (5+..... J(5—.... )= ... —-16x?’
N (20 + )3=..... +3...+3...+27

[33]

La.
B.

Ly.

...... —12xy + 9y 2= (i — i) ?
a’x*+.. +o, =( e +By)?
XV +y 2+ =( . + o, ) 2

3. Calculate and simplify as much as possible :

8

(I-o)(1+a)+a?

(x2-1)2—1

(40— 3B) 2 — 1602 — 9B 2 + 240

2(x = 35)(x+5)— (3 —x)>

2k +4) 2= 3(k +2)(k — 2)
22-B)*-3(B-2)°

— 902+ (3a+4p) * - 240p

(4x + 5y) ? + (x + 9y)(x — 9y)

2x - (x*+ DE-2)+(x—-1)°
(x+2)2-2(x—1)2—4(x +1)2+5x >

(a—2B)*=3(a—3B)*— 2o+ 3B)(2a — 3B)



Baolkog oplopdg: H Stadikaoia pe tnv onoia pio aAyePplkn mapdotaon
MEeTaTpEMEeTaL anod dBpolopa 1) Slapopd oe YIVOUEVO TTAPAYOVIWY
ovoualetal mapayovtonoinon

Napadeiypata:

a. 3x+3y = 3(x+y)

b. 5a-5B =5(a-B)

o Vo TTapayovTOTIOLICOULE pia aAyEBpPLKA TOpAOTAGCH XPNOLLOTIOLWVTOC
™ HéBodo tou kowvou mopayovta Aappdavoups umtodn Toug KAVOVEG:

1% kavovag: Aro Toug cuUVTENEOTEC (aplBpOUC) TwV OpWV TNE TAPAOTOONC
Bydalou e KOO MAPAYOVTA TOV HEYLOTO KOO SLaLpET Twv 0pwv (dnAadn
TWV aplBpwy).

2% kavovac: Ao TG LETOPBANTEC (YPAUUATA) TWV OpWV TNG TAPAOTACNG
Byaloupe koo mapayovta povo tnv kown (idia) petafAntni (ypaupa) oto
MLKPOTEPO €KOETN.

Noapadsiyporo:

No TTOpayOVTOTIOL OETE TG MAPUOTAOELG:
a. 4x*+6x° = 2x* (2+3x)

b. 4x’y+8x = 4x(xy+2)

ZxoAwkoU BiBAiou Kat...
Ll—2x [lcz2x] [Co=2x] [Fhe—2x] [2x+8xy] [ry-10y] [3x-3] [x'+¥]

2[5 —10x+5xy|  [2xi+ay+10]  [ey+xty x| |x{x+y]+,1(x+ y]l ’x(x+y)—1{x+y]|

3. [(a-1)(x-y)-e’(x-y)| [(cc+1)(x-y)+ 20 (~x+y)| (o =3)(x-y)-2a*(-x=+y)|

Napadeiypata
a) ox+a+2x+2Y = a(x+P)+2(x+) = (x+)(a+2)
B) 3x3-12x2 + 5x - 20 = 3x2(x - 4) + 5(x - 4) = (x - 4)(3x% + 5)
) aB-3a-3B+9=a(@-3)-3(B-3)=(B-3)a-3)

Basicdefinition: The process by which an algebraic expression is converted
from a sum or difference to a product of factors is called factorization.
Examples:

a.3x+3y=3(x+y)

b.5a-5B =5(a-B)

To factorize an algebraic expression using the common factor method, we
consider the following rules:

1st rule: From the coefficients (numbers) of the terms of the expression, we
take out as a common factor the greatest common divisor of the terms (the
numbers).

2nd rule: From the variables (letters) of the terms in the expression, we take
as a common factor only the common (same) variable (letter) with the
smallest exponent.

Examples:

Factorize the expressions:
a. 4xX°+6x° = 2x* (2+3X)
b. 4x’y+8x = 4x(xy+2)

From the school book and...
1. [kx —2x] [kx+2x] [—kx+2x] [Zkx—2x 2x+8xy| ISxy—lDyI [3x—3] I.v«"'+xg x’—x"-t—xl

2. |5xz—10x+5xy| |2x2+4y+ 1ﬂ| I,\r’y-}-)f’y’—,\:j.rZ | Ir(x+y]+l(x+ y)l Ix(x+y)—,1(x+y]|

3. |(z?—1]()(—j.v)—¢:.\r3 [x—y}l [(a +1 ) x—y)+ 20 (—x + y)l [(a—S](x—y)—Zaz(—x+y)|

Examples
a) orap+2x+2d = al)+p)+2(+d) = (x+d)(a+2)
B) 3x®-12x% + 5x - 20 = 3x%(x - 4) + 5(x - 4) = (x - 4)(3x? + 5)
c) aB-3a-38+9=a(B-3)-3(B-3)=(B-3)a-3)



Acknon- epyacia:
Na TTopOlyOVTOTIOLOETE TIG EMOUEVEC AAYEPRPLKEC TTAPACTAOELG:

1l|14x=14yakx*ky| |xy*1y:=51*15z| Iu:-ﬁy-ﬁxaﬂy]

10k 6" - 120p - 1 ey

2] W-l-Gy-ny| [ex-werYy 19y - 2002 - 18yes’ - M

3' Rey' - 2y’ - Taxy - 2o Iﬂ*ﬁl:'ﬂ?"ﬁ?

i -3 - o 6’

i - - df - 6’

Exercise - homework:
Factorize the following algebraic expressions:

1]|14x=14}r=kx~ky ap - Jpr 5 15 | [ox-ﬁy-ﬁx*rryl 108 =& - 120p - Lay
2] W-y -Gy-ny |led -k |15:r’y - 002 - 18y - Maer
3' Bey' - My -Towy = 2o |1 - o - 2erfd - b’ |a*ﬂ|‘-a}f-ﬁ;r i - e - derfh - b

loyveL:
o'’ = (a+B)(a-B)i  o-B%= (a-B)(a+B)

Acknon-mopadsiypa:
Na TTopOlyOVTOTIOLAOTE TIG EMOUEVEC TTAPACTACELG:
a) X*-4% = (X-4)(X+4)

b) w7’ =(w-7)(w+7)

o X(5) =00

d) X%-36=X%6%= (X-6)(X+6)

e) w-100= w>10%= (w-10)(w+10)
f)  9x*-25 = (3%)*-5” = (3x-5)(3x+5)

Acknon enavaiAnyng:
Na TTOpayOVTOTOLOTE TLG TAPOOTAOELG

1-4¢ Blo’ - 49

- | -

(35]

It is always true that:

o - B = (a + B)(a - B) ora? - B = (ot - B)(a + B)

Exercise-Example:
Factorize the following algebraic expressions:

a) X%-4% = (X-4)(X+4)
b) w7 = (w-7)(w+7)

o) X-(3) = )
d) X>-36=X>-6"= (X-6)(X+6)

e) w-100 = w’-10%= (w-10)(w+10)
f) 9x’-25 = (3x)*-5" = (3x-5)(3x+5)

Exercise - homework:
Factorize the following algebraic expressions:

-4y

d-7 WA W WY e

i

Bla' -8

160" -1y

(Y] 4| |1+

6-r' ] -y [3f-2ef




o +20B+B” = (0+B)” ke o’-2aB+p’ = (a-B)”

Acknon — Nopadelypo:
a) X-2x+1=x-2x1+1% = (x-1)?
b) V+4y+4 =y 42-y-2427 = (y+2)?
) 4y>-12y+9 = (2y)>-2-2y-3+3% = (2y-3)’
d) 9a’-24aB+16p°= (3a)*-2-30-4B+(4B)° = (30-4B)°

1. No nopayovtonouw|oste T MapPacTACELG:
B. x*—4x—4
5. k- 2kh+ A7

ot. 250°—200f+ 4B *
n. —25x> +40xy—16y*
1.25k > — 60KA + 361 °

ax’+2x+1

Y. —4x*—4x -1

e 40+ 120+9

{. 16x >+ 40xy + 25y°
0. 49a’— 140B+p>

2. Na yivouv ylvopeva mapoyoviwy oL TopaoTACEL :

a.  8ly*-36y*+4 B. 81x*—36x*+4
v. x* - 4)(2y2 + 4y4 oxt—2x y3 + y6

& x*-2x*+1 ot. 100x*y° —40x*y’

¢ X+x+1 n. 25xy* — 20 xy + 4

4
L a72+a76+672 1a. az_ga_;,_l
16 4 4 3 9

[36]

Square expansion
o +2ap + B* = (a + B)* and o - 2B + B2 = (a - B)?

Exercise-Example:

a) X-2x+1 =x-2x1+1% = (x-1)?

b) y+ay+4 = y*+2.y-2427 = (y+2)?

c) 4y*-12y+9 = (2y)*-2-2y-3+3% = (2y-3)

d) 90’-24aB+16p%°= (3a)’-2-3-4B+(4B)° = (3a-4B)°

1. Factorize the following algebraic expressions:

ax’+2x+1

Y. —4x*—4x -1

e 4o+ 120+9

{. 16x*+40xy +25y°
0. 49a’— l4ap + B*

B. x> —4x—4
8.1 — 2k0 + A7
ot. 250°20af+ 4p°
N. —25x > +40xy—16y *
1.25k° — 60Kk + 3617

2. Factor the expressions into a product of factors.

a.  8ly' 36 +4 B. 81x*—36x"+4
6. x'-2xy +y?®

ot. 100x*y° —40x*y’

v. )(“—4><2y2+4y4
&. x¢—2x*+1

¢ x?+x+1 n. 25Xy’ —20xy +4

4
L 0724_(1764_[372 1a. a2_ga+i
16 4 4 3 9



Znuavrtikég Mapatnpnoeig

Aoknon-Napadeypa:

1. ap™ay’ = a(B*y?) = a(B-y)(B+y)

2. 6x-"24 = 6(x’-4) = 6(x-2)(x+2)

3. 2)-8x+8 = 2(x*-4x+4) = 2(x-2)

4. X% =x*M1) = x0C-1)(X+1) = (-1 (x+1) (x°+1)
Aoknon — Epyaocia:

a.xB’—«xy’p. 6x> — 24

y. 15x* — 158. x*—64x’y?
& K —K oT. 160° —a
& xX-x 7 6x> — 96

1. 20%+5aB+3B% = 20%+20B+3ap+3B = 2a(a+B)+3B(a+B) = (a+B)(20+3P)

2. 1 =XM%+ = (0+D) 2 = (01X (C+1+x)

x 2= 2x—yP+ 1= (x2-2x+1)-y2 = (x-1)%y° = (x-1-y)(x-1+y)

AOKNOELG:

XE 4+ 22 +1—a® =
=2

Lx —2Z2ax +a’ —16 =
LA — o 4+ 2ax —a® =
L9a® —ax T —Ax — 1 =

.26 +10x 7 +-1 —9x® =

O 0 oA WK

LT 4 + 1 =

=

[37]

Important....notes

—

Exercise-Example:

1. ap™ay’ = a(B*y?) = a(B-y)(B+y)

2. 6x-"24 = 6(x’-4) = 6(x-2)(x+2)

3. 2)-8x+8 = 2(x*-4x+4) = 2(x-2)

4. X% =x(x*-1) = x0C-1)(X+1) = X(x-1) (1) (x°+1)

Exercise - homework:

a.xp’—ky’ P. 6x > —24

y. 15x2—15 5. x'—64x’y?
. K—K oT. 160° — o

¢ x’-x° N 6x>—-96

1. 20°+5aB+3B% = 20°+2aB+3ap+3p% = 2a(a+P)+3B(a+B) = (a+B)(20+3P)
2. X+ = X +20+1 ¢ = (10+1) )% =(C+1-X) (C+1+x)

x=2x -y 2+ 1= (x2-2x+1)-y2 = (x-1)%y” = (x-1-y)(x-1+y)

Homework:

1. x% + 22 +1 —a? =

2. % —Zax +a® —16 =

3.1 — x2 + Zax —a? =

4. DaF — AT — A3 — 1 =

5. 25> +-10x % -1 —9x® =
(5

1
LT e —— 1 =
>



EAGXL0TO KOWVO MOAAQITAAOLO KOl MEYLOTOG KOLVOG SLALPETNG AKEPALWV
aAYEBPIKWYV TAPUCTACEWY

1°° kavovac: EAdxLoto Koo TIoAanAdolo 800 f meploodtepwy alyeBpLKWV
TIAPACTACEWY TIOU £XoUV avaAuBel o€ yIvOpEVO TOpayOVTWY OVOUALETOL TO
YWOLEVO TWV KOLVWV KaL LN KOO TapayovTwy Toug Ue ekBETn kabevdg oto
HEYOAUTEPO A0 TOUG EKOETEG TOU.

2% kavovac: MEyLotog Kowoc Statpétng 800 ) EpLocOTEPO aAYEPPIKWV
TIAPACTACEWYV TIOU £XOUV aVaAUBEL o€ yIVOLEVO TTOPAYOVTWY OVOUALETAL TO
YWOLEVO TWV KOLWVWV TTOPAYOVIWY TOUC LE EKOETN KABEVOC TOV LLKPOTEPO
oUTto TOUC €KOETEG TOU.

Napadeiypata:
1. EKN(12x’y’w, 18X’yw®, 24xyw’) = 72x°y’w’
ylati
12 18 24 2 EKM(12,18,24) = 2-2-2:3-:3=2%3"=8.9=72
6 9 12 2
3 9 6 2
3 9 3 3
1 3 1 3
1 1 1
MKA(12x’y’w, 18x’yw?, 24xyw’ ) = 6xyw
ylati
12 2 18 2 24 2 MKA(12,18,24) =2-3=6
6 2 9 3 12 2
3 3 3 3 6 2
1 1 3 3
1

2. Na Bpeite to EKM mov kat tov MKA Twv mopacTtAcEwV
6(x"-y?), 4(x-y)?, 12(x-y)*

Auon:

6(x*-y’) = 2-3(x-y)-(x+y)

4(x-y)* = 2% (x-y)*

12(x-y)’ = 23+ (x-y)’

Omdte EKM = 12:(x-y)*(x+y)  kat MKA =2(x-y)

Acoknoeilg:BLAlou

[38]

Least common multiple and greatest common divisor of integer algebraic
expressions

Rule 1: The least common multiple of two or more algebraic expressions
that have been factorized is called the product of their common and
uncommon factors, each raised to the highest of its exponents.

Rule 2: The greatest common divisor of two or more algebraic expressions
that have been factorized is called the product of their common factors,
each raised to the lowest of its exponents.

Examples :
1. EKN(12x’y’w, 18X°yw’, 24xyw’) = 72x°y’w’
ylarti
12 18 24 2 EKM(12,18,24) = 2:2-2:3-:3=2%3"=8.9=72
6 9 12 2
3 9 6 2
3 9 3 3
1 3 1 3
1 1 1
MKA(12x’y’w, 18x’yw?, 24xyw’ ) = 6xyw
ylati
12 2 18 2 24 2 MKA(12,18,24) =2:3=6
6 2 9 3 12 2
3 3 3 3 6 2
1 1 3 3
1

2. Find EKM(least common multiple Jand MKA(greatest common
divisor) of the algebraic expressions below:

6(x*-y’), 4(x-y)?, 12(x-y)’
Solution:
6(x*y’) = 2-3(x-y)-(x+y)
4(x-y)* = 2% (x-y)*
12(x-y)’ = 23 (x-y)?
So.... EKM = 12-(x-y)*(x+y) and MKA =2(x-y)

Exercises- Homework: From the book



Pntég alyeBpIKEG MOPACTAOCELG

Baoikog optouog: Mio alyePplkr mapaotoch oTny omoia Kot 0 aplBunTng
KOLL O TTAPAVO 0T G £lvat TOAUWVU RO ovopAleTal pntr aAyeBpLKN
nopaotocn.

Yrievdouion:

uovwvuua: 3x°y, -%x“

noAuwvupo:x® + 2x + 1

-3x+5
7x5+6x%-4x + 3

Nopadsiypota pntwv alyefpIKWV MOPOCTACEWVY
xZ+1 3 o?
X+ 2

? x-5 ° o
BaowKEG UMEVOUHioELG-TAPATNPNOELG:

5
e To kAdoua aéev opiletat yati n Staipeon 5:0 dev yivetat

o Mia pntr alyePpikn mapdaoctacn opileTal OTaV O TOPOVOLOOTHG SV
glvat undev(0)

e O oupPBoAlopog a#p onpaivel 6tL o aplBuog a dev gival ioog pe tov
opLouo B.

Napadeiypata :
Mo TToLEG TIUEG TOU X opllovtal Ta KAdopata:

1
a) ;npéna x#0

2
b) inpéna X-420 omote x£4

2x+5

c)

mpénel 3x-620 3x#6 onote x#2

b —
P S v ]

[39]

Rational algebraic expressions

Basic definition: An algebraic expression in which both the numerator and
the denominator are polynomials is called a rational algebraic expression.

Reminder:
. 1
Monomials: 3x’y, -;x“

Polynomials: x*+ 2x + 1
-3x+5
7X5+6x%-4x + 3

Examples of rational algebraic expressions
xZ+1 3 o?
X+2

9 "
x—-5 o
Basic reminders and notes:
5
e The fraction 5 is undefined because division 5 + 0 cannot be

performed.

e A rational algebraic expression is defined when the denominator is not
zero (0).

The notation azb means that the number a is not equal to the number b.

Examples:
For which values of x are the fractions defined:

1
a) —is defined when xz0
X

2
b) 1,Tjilis defined when x-420 —yz4

L

2x+5

x—

c) is defined when 3x-620-> 3xz6 —>x#2



AnAonoinon pntwv aAyeBPIKWVITOPACTAGEWV:

Mo va armAomotioou e pia pnt oAyeBpLkn mapdotaon KAVoUu s to eEAC:

1° Brua: TapayovTomoLOUUE Kol Toug U0 Opou¢ aplBunth Kat
TIAPOVOUAOTH TNC aAYEPRPLKAC TAPACTAONG.

2° Brjua: Siaypddou e TOUG KOVoUG TapAyovTeG Ttou eudavilovtal os
o

opLOuNTA Kal mapavouooth.f=—= =
ay v

Aoknon- mapadelypo:
Na arAomoLoTE TIG EMOUEVEC PNTEC AAYEPPLKEG TAPACTACELC:
2a%?x?® 2-aaxxx X

a) =—

6a3x?2 2-3-aaaxx 3a

72vixiw 36 yw
50y3x3 25

b)

)x(x—l)(x+1) _x(x+1)
(x—1)(x+2) T x+2

20—10 _ 2(x-5) 2
X225 (x—5)(x+5) x+5

d)

Aoknon-gpyaoia:

AcoknoeLg BLBAiov Kal.... Na Bpeite TIC TIHEG TWV HETABANTWV YLa TLG OTIOLEG

opilovtal oL TOPAVOUAOTEG VA ATTAOTIOLNOETE TLG TOPAOTACELG:

6a 4y* o x-1 2x-4
5% b 6xy? )1-x 6))(2-2)(
¢) X2-6x+9 )3)(2—2)( 4 (2x+3)%-2(2x+3)+1

x:-5x+6 9y%-4 (2x+3)%-1

) 202 +10a-af-58
20%+6a-af-3p

Simplifying Rational Algebraic Expressions:

To simplify a rational algebraic expression, we do the following:
Step 1: We factorize both the numerator and the denominator of the
algebraic expression.

Step 2: we delete the common factors that appear in the numerator and the

ap_B

denominator,—= =
ay vy

Exercise - example:

Simplify the following rational algebraic expressions:
2a2x? 2-aaxxx X

6a3x? 2-3-aaaxx 3a

72y*x*w 36-yw
50y3x3 25

b)

x(x—1)(x+1) _ x(x+1)
¢ (x—1)(x+2) T x+2

2x—10  2(x-5) 2
x2-25  (x—5)(x+3) x+5

Exercise-assighment:
Book exercises and....Find the values of the variables for which the
denominators are defined and simplify the expressions:

6a 4y x-1 2y-4
05 P e e
) x2-6x+9 )3)(2—2)( q (2x+3)2-2(2x+3)+1
x2-5x+6 9y%-4 (2x+3)2-1

) 2% +10a-af-58
20 +6a-af-3B



A) MoAAATAQCLOGLOG PNTWV TTOPACTACEWV
1og kavovag: yia va ToOAAOTTAQGLACOULE Evav aKEPOLO aplOUo e Eva
KAdopa MOAAAMAOCLA{OULE TOV OKEPALO APLOLO LE TOV apLBUNTH TOU

KAQOLOTOC KOL TTOPOVOUOOTH adrVoU e ToV 18Lo SnAadn:

Napadeiypora:
3
x+2 xt+2

43 —12y3

b) — (3=

X5+2

2% BaolKOC Kavovag: YLo Vo TIOAAAQOLAoOU UE pia aképatn alyeBpuKr
napdotaon pe pia pntA napdotoon noAhamAacialovpe aplOuntn He

0pLOuNTA Kal mapovopoot e iapovopaotr, Snhadn:

Napadeypa:
3y B 3X 4 12y°
X' %2 1 x+2 ¥+2

306 Baotkog Kavovag: yLo. va TIOMAMAQCLACOU LE piat pnTr mopAoTach He
pla pntn mopdotacn moAarmAactaloups apBuntn Le apltdunth Ko

TIAPOVOLLOOTH LE Topavopaoth, SnAadn:

Nopadsiypota
202%3 3ax  Z2a?x3-3ax*  6afx’ x3
6a3x3 4a’x e6a’x%4a3x 24acx’ 4al

x(x—1) x+1 x(x—1)(x+1)  x(x+1)
(x+2) x-1  (x-1)(x+2)

B)

X+2

[41]

A) Multiplication of Rational Expressions
1st rule: To multiply an integer with a fraction, we multiply the integer
by the numerator of the fraction and leave the denominator the same,

that means that:

Examples:
3
xt+2 x+2
43 —12y3
b) —(-3)=—
x> +2 yo+2

2nd basic rule: To multiply an integer algebraic expression by a rational
expression, we multiply numerator by numerator and denominator by

denominator, that means that:

Example:
gy A 23X 4x - 12’
x+2 1 x+2 x+2

3rd basic rule: To multiply a rational expression by another rational
expression, we multiply numerator by numerator and denominator by

denominator, that means that:

Examples

20%x
&) 393 4:3%  ea3w3.443w 64 43
6a“x”® 4a“%¥ o6a“x"-4a*x 24-a*x 4a

3 3ax  20?x®-3ax* 60X’ x>

x(x—1) x4+l x(x—1)(x+1) _x(x+1)

B) (x+2) x-1 (x—1)(x+2) x+2



B)ALaipeon pnTwV NOUPACTAGEWV
Mo va Stapgcoupe SU0 pNTEC TAPAOTACELS TTOANAMAXGLAJOU LE TV TIPWTN
pntn nopdotacn(Slatpetéo)ue tnv avtiotpodn napdotacn tng Ss0tepng

pntN¢ mapdotaong (Slalpétng), SnAadn:

Napadeiypata
24ax 3x°
A) :

e A
_ 24ax davx _
Sax? 4y Saxd 3x3

24c3x® _ 4-63axt _ 18

5ax3-4a*x 4-5-a5x* 5at

3x-3 ., x?71 _3x-3

4x?-16  (3x—3)-(4x%-16) _
T 4x2-16  x-2

x2-1 (x=2)(x271)

B) x—2

_ 3(x-1)4(x%-4) _ 3(x-1)4(x-2)(x+2) _ 3-4(x-2) _12(x-2)

_(x—z)(x—l)(x+ 1) - (x-2)(x—-1)(x+1) (x+1) x+1
Baoikn mapatnpnon- HVNUOVIKOG Kavovag:
Metatpornn ocUvOeToU KAAOUATOC OE Ao
Napadeiypata:
xE
y xs x A5 yal- xS_ytL
A)T=; : YT=; -?: o = x-'-l- }’3
v
x(x+1)
x2—1 xf{x+1) 2x x(x+1) 1 _ x(x+1)1 1
B) = —= —_= =
2x x2-1 1  (x—1D(x+1)2x (x—1)(x+1)2x 2(x-1)

[42]

B) Division of rational expressions
To divide two rational expressions, we multiply the first rational expression
(dividend) by the reciprocal of the second rational expression (divisor), that

means that:

Examples:

WA

24ax 3x® _ 24ax 4a’x _ 24ac3x® _ 46:3ax* _ 18

a

s5ax*-4a*x  4-5-a5x* 5ot

Sax? 4a*x  Sax® 3x°

3x-3 ., x?71 _3x-3
" 4x2-16  x-2

4x?-16 _ (3x—3)-(4x%-16) _

B) x2-1 (x=2)(x271)

x—2

_ 3(x-1)4(x%-4) _ 3(x-1)4(x-2)(x+2) _ 3-4(x-2) _12(x-2)

_(x—z)(x—l)(x+1)_ (x-2)(x—-1)(x+1) (x+1) x+1
Basic observation - rule for memorizing easily:
Conversion of a complex fraction into a simple one
Examples:
xE
; ¥ ox x5yt xs-y”‘
A)?=?:y7=; -;: yx = x* y‘5
v
x(x+1)
B) x2—1 _x(x+1) 2x _ x(x+1) 1 _  x(x+1)1 _ 1
2x x2-1 "1 (x-1D(x+1) 2x  (x—1)(x+1)2x 2(x—1)



Acknon-gpyoaoio: ZXoAko BLBAio Kkat ...

8 a 38 88 X+
(a) B 4f a (B) ( 15::) a PR
i a 2
W & O —po 5 (E)  eeem
3
7 x=3
(g) W‘m‘fﬂ—l’)
1)
30 g* a% 7a\b x+7 : x+f
@ T @ E:[;) W e oo
¥ xl-2x . dx=9y x o xlextex
[5] E: x2 (€ r#y xi=2yy=1y? {I‘JT:I E 3
1)
x(x+1) xy-xy* W
(0) £ ® 55 Y
£ 12=12x Wy
x+2
IR o 2(x-2)
X“+4x+4 —_
© o A
P X X+ (x+2)

VaL KAVETE TIG MOPOKATW TPAEELG:

(43]

Exercise-homework: school book and... do the following tasks:

!

B a 38° 8
(8] zamme— (B) ( )
g 48 a 16a/ a
(v) Hrﬂ_j [6 _ 4a x (}1)2
a 20’ xyw y2 \Za
7 =3
(E] {r_g)i'm‘{g_x)
a0 as fa\6 +7 ' Hf
{ﬂi Ta [E:I F(E] ':V p2- xl 49-x2
¥ xi-2x 6 Ix-9y ¥ orlertay
Rt ) wy ey O ETTS
1))
x(x+1) I}"-TJ'S { )
(@) = (B) ryfxsy Y f;?_ﬂ'
2x 12-12x o
x+2
— x%+4x+4 4
Y —— x+2
(8) :é:‘xmm = (€) e




MNNpocBeon- Adaipeon pnTwV NAPACTACTEWV: C) Addition - Subtraction of rational expressions:

; , , , . , 1st case: To add or subtract two rational expressions that have the same
1n nmepintwon: yia va npocBéooupe 1 va adalpéooupe §U0 pNTEg

. . , , . denominators, we use the rule for adding/subtracting like fractions, that is:
TIPAOTACELG TTOU £XOUV i810UG TOLPOVOHALOTEG, XPNOLLOTIOLOULLE TOV

Kavova npocBeong-adaipeons opwVUHWY KAAoUATWY, SnAadn: _

Acknon- mapadetypa: No KAVETE TIC TPAEELC:

Exercise - example: Do the

(c) ¥+3  x—2  x+3+4x-2  2x+1
xX43  x—=2  x+34x-2  2x+1 . e : —— r
(d)—+—= =" — = : y+2  y+2 42 V42
y+2  y+2 y+2 Y42
) x+3 X=-2 X+3=x+2 xX+5
(B) X43  x-2 _ x+3-x42 _ X+45 (B) — — == : = -
y+2  y+2  y42  y+2 gLl y+2 Y+

calculations:

A ; , , , , , 2nd case: To add or subtract two rational expressions that have different
2" mepimtwon: No va npooBécoupe eival adalpécoupe SU0 pNTES

. , . L , denominators, do the following:
TIOPOLOTAOELG TTIOU €XOUV SLAPOPETLKOUG TTIOPOVOLOOTEG KAVOUHLE Ta €§AG:

o pa . . . 1st step: Factor the denominators
1° Brjua: MapoayovtomoloUUE TOUG TAPOVOUAOTES

o s , , 2nd step: Find the LCM of the denominators
2° Bnua: Bpiokouue to EKIM twv mapavouaotwy.

o i , , , 3rd step: Convert the fractions to like fractions
3° Brua: Metatpémoue To KAAOUATA O OUWVUUCL.

o o , , , , 4th step: Perform the requested additions/subtractions
4° Brua: Kavouue ti¢ mpooUEoelg-apalpeoels mou {ntouvral.

0 o . , , , 5th step: Simplify if possible.
5% Brua: KAVOULE TIG ATTAOTTOLNOELG TTOU EVOEYOUEVWE UTTAPYOUV

Acknon- ap&detypa: Na KAVETE TIC TpAEeLc: Exercise - example: Perform the operations:

2x 2
Yyl Bt _Z .2 3 _ %23 = x Z
(1 + x 2x 2x + 2x  2x 2x 2x I 1 3 Zx 2 3 2x+2=3 2x=1
e =
x 2x 2x 2x 2x 2x 2x
x+1 x
(B)_L P 3(x+1)+2x _ 3x+3+2x _ 5x+43
x x+1 x(x+1) | x(x+1) | x(x+1)
x+1 x
'[B] 3 5 3 _ 3(x+1l)+2x _ 3x+43+2x  Sx+3
X x+1 x{x+1) - x(x+1) = x(x+1)

[4



Aoknoeig...Homework
X 3

1'X—[—3+X—|—3:

3 2 4 S0+ 3 _
Mo+l Hou—-1) Sio—Dla+l) 2 X —3+X— ..............
= *x4+2 x+2
2Ha+l) . Ix 3
e - 1) EKI=2 3o 1 Ha- 1) S gy e
23 1) [ +1)
4. _* iy
X—2+2—x ..............
5. T4= — pu s
3x 4

y. 4 2 1 B
mo SREHE U o RN g, EEA x2-9 x2-3x x24+3x 77
e+ 3o =1y I =100 + 1) o =1z + 1)
LR )
A
_9-(a—1—4-{(a+1}+52+3 _ 8. T e
- (e + D3Ha—1) - 1+;

=9-|:1.—'9‘—4-l::—4+5»::+—3= 10 — 10 =
Mo+ 13 H e =1 o+ 1MW =10

a fB = 1
__W0a—-10 _ IHa=T) __ 5 10. 2—3—5 e Tl e
Gl + I =11 6{o+1Wo=<T) 3(om+1)

(45]



EELowoELC aVIOWOELG

A.H gficwonax+ B =0
1. Aoknon(rapadsiyua):
Na Bpeite to nARBo¢ Twv AVoewv TG eiowong:
A)  2x=6
'Zx
Z 2

b=3]

B) Ox =0 n e€iowon £xelL anelpeg (mapa moAAEC) AUGELG KL ovopAleTal
TOTOTNTA 1] AdpLoTn (Elval cwoTh yla onmoLladnAmoTe T Tou aplBpou x)

n e€lowon €xeL pia povo pia povo( povadikn) Avon

N Ox=-7 kopia Abon (aduvarn, eival AdBog ylo omoladnmote TLur Tou
oplBpou x )
B. MedoboAoyia-Mapadetyua:

Na AUoete v e€iowon

rtl 14 aor rt2

I IE

1. Av €xeL kKAaopata, moAamAactaloupe kKaBe 0po tng e€lowong e to EKM
TWVITOPOVOUAOTWY

H eflowon €xel mapovopaoTEG Toug aplBpolg 2, 3 kat 4. To EKM(2,3,4)=12.

Oa MoAAATMAQGLACOUE OAOUC TOUG OPOUG NG e€lowaong pe to 12. OL6pot
(koppartia) plog e€lowong “Slaxwpilovral” petaf Toug and ta mpocnua +
KoL — . H 8ikn pog e€lowaon £xeL 4 6poug

r+4
Toug 2 4 . Ondre Ba éxoupe
125 —12. 14 = 12232 — 12242

Twpa amAomoloUE TOUC MAPOoVOUAoTEG (YU autd to Aoyw BAAoUE Ttavtou
10 12) kAvovtag Staipeon to 12 pe kabe mapovopooth.

3]

r v .

xr+ 1 3 -
6 125 — 1214 =3 422 i E

(46]

Equations and Inequalities

A. The equationax+=0

1. Exercise (example):

=6 Find the number of solutions of the equation:

The equation has only one (unique) solution

B) Ox = 0 The equation has infinitely many solutions and is called an identity
or indefinite equation (it is true for any value of x)

C) Ox = -7 No solution (impossible, it is false for any value of x)

B. Methodology - Example:

Solve the equation:
r+1 p—r rT+2
— 14 = — —

2 4 }
1. If it has fractions, multiply each term of the equation by the LCM of the
denominators.
The equation has denominators 2, 3, and 4. The LCM(2,3,4) = 12. We will
multiply all terms of the equation by 12. The terms (pieces) of an equation
are separated” by the 5|gns + and . Our equation has 4

.

—]1 3

14 = 1222% — 12712
Now we simplify the denominators (thls is why we put 12 everywhere) by
dividing 12 by each denominator.

terms: . so we will have

[-}ﬂ_ 12.

(3]

+ 1 D— T —+

6 12= — 39 14—3 42 —4 A




KaBapoypdadoupe OtL anépeive £xovtocg oto HUalo pag to €€h¢: Omolog We write neatly what remains, keeping the following in mind: Any

aplBuntig anoteleitat and 500 KopudTLa Ba UMEL UTIOXPEWTIKA OE numerator that consists of two parts must necessarily go in parentheses.
napévleon. flr—11—168=3(0—-r1)—4xr+2)
Glr+1)— 168 =3(5—x) —4{r+ 2)

2. We remove the parentheses from the equation by applying the
distributive property, that is, by multiplying the number outside the
parentheses with both terms inside the parentheses:

2. Alwyvouue TIG mopevOEoeLc amo tnv e€lowaon epappolovtag TV
ETLUEPLOTLKA BLOTNTA, SNAadn moAAamAaoialovtag Tov aplOpd mou
Bploketal £€w amod tnv mapevOeon Kat pe Toug SUo 6poug mou Bpiokovtal

péca otnv napévleon: flr +1) 168=3(5 =x) 4(r +2)
6l % 68 3(5 - - So it becomes
\.r -+ | I ol T \r -+ L) . . - . - . .
A S ! 6-24+6-1—-168=3-5—-3-r—4.r—4.2
Omnodte MPOKUTTEL . : . - .
_ ) bxr + 6 — 168 = 15— 3r — 4r — 8
G-r+6-1 - 168=3.0-3.-0r—4-r—4-2
, 3. We separate known — unknowns: Here we must remember that:
SnAadn X . L
) ] ] ) Any term that changes side must also change its sign.
br+6—168—1H—3r—4dr—=& G + 0 168 15— 3r {r R
3. Xwpiloupe yvwotoug— ayvwotoud: Edw Ba mpémel va Bupopaaote OtL: ) _ L -
‘Omotog 6po¢ aANdeL LéNog Ba ipémel va aAAGEEL Kat TO TIPACNHO TOU br + 3r +4r = -6+ 168+ 10 — &
br+6—168=15—3r —4r — 8 4. We “tidy up,” that is, perform operations on both sides.

(Combining Like Terms)
Gr+3r+4dr=—-6G+168+15—8

fir+t3r+4dr=—6GL168+15—8
4.“Suppoaletoupe” SnAadn kavoupe PaeLg Kat ota SUo HEAN.

(Avaywyn Opowwv Opwv)

fr + 3r 4+ 4r 64+ 168 15 — R 5. The x must be left alone, 13 _ 168 ¢p r 13
. . so the number 13 next to it must be L. 1. '

lar = 1649 removed

dpa tpémeL va bUyEL and Simhatov 0 15 14 1 AAMOSE = L. For this reason, we “divide by the coefficient of the unknown” on both

aplBudc 13 (Zuvteleotrg Aéyetad). MNa sides necessarily.

TO AOYO QUTO “AlaLpw LLE TOV ZUVTEAECTI) TOU AyvVWoTou” Kal ta U0 HEAN

amapaitnTa. 6. If we have Ox = 0, my equation is indeterminate, and

6.AV éxoupe Ox = 0 n e£i0WON ElVoL ABPLOTN KO QV EXOUME if we have Ox = 169 (some number different from 0), the equation is

0x = 169(kdrotov aplBud Stadopetikd tou 0)n e€lowon eival advvoren. impossible..

Ackroeic-Epyacia: AnétoBiBhio Homework: From the school book

(47]



E§lowoelg 2°° BaBuol Quadratic Equations

Baotkdc oplopdc: Kabe e€iowon tne popdnic o+ Bx+y =0, a = 0 Basic definition: Any equation of the form ax? + Bx + y= 0, a # 0 (a different
(,a BladopeTio TOU, MGSVOF‘) Aéyerat eélowon bedrepou Baduol pe evav from zero) is called a second-degree equation with one unknown (quadratic
ayvwoto (deutepoPfabuta e¢iowon).

equation).
BalGLKAG 0PLOPAG: oL aptBpol a, B, y ot SeutepoBadpuia e€iowon ax’+ Bx+ y
= 0 ovopalovtal ouvteAeaTég TG e€lowong eldIkd o aplBuog y (dnAadn o

OUVTEAEDTHG y) ovopdletal oTafepogopog NG efiowaong. = 0 are called the coefficients of the equation, and specifically the numbery

Basic definition: The numbers o, B, y in the quadratic equation ax?+ Bx +y

AGKNON TAPABELYIA: ITiC ENOUEVEC EELCWTELS Va TPOGSLOPIOETE TOUC (i.e., the coefficient y ) is called the constant term of the equation.

cUVTEAEoTEG @, B,y Twv SeutepoPaBuLwy efLlowoewy: Example exercise: In the following equations, determine the coefficients a,

a) 3x+5x+2=0 omnote a=3 B=5 y=2
5 ) B,y of the quadratic equations:
b) 2x“+6x+9=0 omoTte a=2 B=6 vy=9
, ) a) 3x4+5x+2=0 a=3 B=5 y=2
c) 5x+6x+7=0 omote a=5 B=-6 y=7
2 . b) 2xX*+6x+9=0 a=2 B=6 y=9
d) -3x+6x+-9=0 omote a=-3B=6 y=-9
, ) c) 5x*+-6x+7=0 a=5 B=-6 y=7
e) x-5x-2=0 omnote a=1 B=-5 y=-2
, , d) -3x*+6x+-9=0 a=-3B=6 vy=-9
f) x+4x=0 onote a=1 B=4 vy=0
2 . e) x-5x-2=0 a=1 B=-5 y=-2
g) x+4=0 omnote a=-1 =0 vy=4
3 1 3 1 f) x+4x=0 a=1 B=4 y=0
—2 —— A —— P ——
h) 4x+5x+4—0 omoTte a—4 B=5 \/—4 g) x*+4=0 a=-1 B=0 y=4
h) 30 5 L 0 3 B=5 L
X"+ + —= = = =
4X X 4 @ 4 v 4

[48]



EniAuon deutepoBaduiwy e§lowoswv How we (usually) solve Quadratic Equations\

1" nepintwon: E§lowael Tne uoprcax’+ 6x = 0 1st case:Form of equations: ax’+ 8x=0
M£0060¢ eniluong: mapayovtomnoinon. Method of solving : Factoring
(napatripnon o - B=07tote a=0 1} B=0) (note: a - B =0 then a=0 or B = 0)

ACKNGON- MAPASELYHA: Vo ADOETE TLC EMOUEVEC EELOWOELC: Exercise-example:Solve the following equations:

a) x-6x=0 omote a) x-6x=0
X(x-6) =0 X(x-6) =0
X=0n x6=0 X=0f x-6=0
Xx=01x=6 X=01x=6

b) 2x’+12x =0 omdte
2x(x+6) =0
2x=0 Ax+6=0
x=0 N x=-6

c) -4x’+6x=0 omnote

2x(-2x+3) =0

2x=0 n-2x+3=0
x=0 n -2x=-3

0 ¢ 3
x=0 f x=-

Acknon epyaoia: No AUOETE TIG EMOUEVEG EELOWOELG

a) x>-3x=0
b) x*+8x=0
c) 3x>15x=0
d) -3x*+12x=0

e) 4x+x=0

b) 2x*+12x=0
2x(x+6) =0
2x=0 Ax+6=0
x=0  x=-6
c) -4x*+6x=0
2x(-2x+3) = 0
2x=0 f-2x+3=0
x=0 n -2x=-3

0 ¢ 3
x=0 f x=-

Exercise-homework:Solve the following equations:
a) x>-3x=0

b) x*+8x=0

c) 3x*>15x=0

d) -3x*+12x=0

e) 4x*+x=0



Entiluon dsutepofadpiag e§iowong

2n_nepintwon: ESlowaoeic e poperic ax’+ y =0-M£8o6oc:

1% 1pomog: TapayovTONOLOU UE TNV E€l0WON Kat KATAAYOUUE OE YLIVOUEVO
TIAPAYOVIWY (00 Ue Hnbev

2% TPOmog: XpNOLOMOLOUUE TOV OPLOMO TETPAYWVLKNAC pilag.

MNpoooxH: TO TETPAYWVO EVOG TIPOYHATIKOU aplBUoU eV elval apvnTLKOG
aplBuog!!

Acknon napadsiypa :Na AVoste thy €lowon:
A)x*-16=0

1°tporog

x2-16=0

(x-4)-(x+4) =0

x-4=0 | x+4=0, omotex=4 nNx=-4

2% tpénog

X -16=0

x* =16

x=1V16,ométex=+4 | x=-4

B) 4x*-100=0

1°tporog

4x2-100=0

(2x-10)-(2x+10) = 0

2x-10=0 A 2x+10=0

2x=10 2x=-10,0moétex=5 Ax=-5

2% tpénog

4x2-100=0

4x* =100

2x = +v100, dpa 2x =+10 [ 2x =-10,0omoOtTEX=5 Nx=-5

Aoknon gpyaoio: No AUoETe TIG EMOUEVES £€ELOWOELG (00 yiveTal pe SUo

TPOMOUuC):
A) x2-9=0 B) x*-64=0 TI)x=144 A) X2 - 256 = 0
E)9x?*-16=0 Z) x*=-36 H) x*+4=0 ©)4x*+100=0

) 3 (x+2)% =12

[50]

Solving a quadratic equation

2nd case: Equations of the form ax’+ y =0-Method:

1st way: we factorize the equation and end up with a product of factors
equal to zero

2nd way: we use the definition of square root.
Attention: the square of a real number is not a negative number!!

Example exercise: Solve the equation:
A)x2-16=0

1st way:

x2-16=0

(x-4)-(x+4)=0

x-4=0 N x+4=0, onotex=4 Nx=-4

2nd way:

X -16=0

x* =16

x = +1/16, ondte x = +4 n x=-4
B) 4x*- 100 = 0

1st way:

4x2-100=0

(2x-10)(2x+10) =0

2x-10=0 n 2x+10=0

2x=10 1 2x=-10,o0moétex=5 Ax=-5
2nd way:

4x2-100=0

4x* =100

2x = +4100, Gpa 2x=+10 3 2x =-10, 0omOTEX=5 NXx=-5

Exercise: Solve the following equations (if you can in two ways)
A) x2-9=0 B) x*-64=0 T)x*=144 D) X2 - 256 = 0

E)9x?- 16 = 0 Z) x*=-36 H) x*+4=0 ©) 4x2 + 100 = 0
) 3 (x+2)% =12



Eniluon §lowoewv deUtepoU BadpoU pe xprion TUMOU
E§iowon 2°° Baduou:axz+ Bx+y = 0 pe az0
Aocknon napadstypa: No mpoodloploete TOUG CUVTEAECTEG @, B, Y OTLG

EMOUEVEC £ELOWOELG:
A. 2x*+5x+6=0 omotea=2 B=5 y=6

B. x*-4x+3=0 ondétea=1 B=-4 y=3
C. 2x>50=0 omotea=2 B=0 vy=-50

Baokr) mapatrpnon:

Ytnv eniduvon dsutepofabdutag e€lowong tng popdng ax’+ Px+y =0 pog
BonBdeL n Awakpivouoa ti¢ e€lowong, n omoia untoAoyilleTal Ao Tov TUTO:
A = B*-4ay

Aocknon-napadetypa: Na urtoAoyiote Tn Slakpivouoa OTLG EMOUEVEG
gflowoelc:
A. 2x*+ 6x+4=0 omotea=2 P=6 y=4

A=pB*4ay = 6°-4-2-4=36-32=4

B. -3x+5x+2=0 omotea=-3 B=5 y=2
A = B%-4ay = 5%-4+(-3)-2= 25+24 = 49

C. x+2x+1=0 omotea=1 B=2 y=1
A =B*4ay=2%4-11=4-4=0

D. -x*+x-3=0 omote a =-1 B=1 vy=-3
A = B*4ay = 1%-4+(-1)-(-3)=1-12 = -12
Aoknon-Epyacia: Na urtoloyiote tn Slakpivouoa otLg EMOUEVEG EELOWOELG:
A. 3x*+12x+1=0
B. x*>2x+3=0
C. 3x*-12x=0
D. 9x*-16=0

Solving Quadratic Equations Using a Formula
Quadratic Equation: ax’+ Bx+y = 0 with az0

Example Exercise: Findthe coefficients a, B, y in the following equations

A. 2x+5x+6=0 2>a=2 B=5 vy=6
B. x*4x+3=0 S>a=1 B=-4 y=3
C. 2x>-50=0 > a=2 B=0 y=-50

Basic observation:

In solving a quadratic equation of the form ax? + Bx+y = 0, we are helped by
the Discriminant of the equation, which is calculated by the formula:

A = B*-4ay

Exercise-example: Calculate the discriminant in the following equations:
A. 2x+6x+4=0 > a=2 B=6 vy=4
A=p*4ay =6°-4-24=36-32=4

B. -3x*+5x+2=0 > a=-3 B=5 y=2
A = B%-4ay = 5%-4+(-3)-2= 25+24 = 49

C. x+2x+1=0 > a=1 B=2 y=1
A=pB*4ay=2>4-11=4-4=0

D. x+x-3=0 2> a=-1B=1 y=-3
A= B-day = 1°-4-(-1)-(-3)=1-12 = -12
Exercise: Calculate the discriminant in the following equations:
A. 3x*+12x+1=0
B. x*>2x+3=0
C. 3x*-12x=0
D. 9x°-16=0



Baowkn mapatipnon:
H e€iowon ax?+ Bx+y = 0 pe az0,
—-B+VA
20

e av A>0 tote n €iowon £xsL U0 AVIOEGAUGELGX,, ; =

e AvA=0,n efiowaon €xeL pia dutAn Abon tnv x=;—s
e AvA<O,tote n e€iowon 6ev €xeL Abon ( aduvarn e€iowan)
Noapadelypa Avong

Na AUGCETE TLG EMOUEVEG EELOWOELS
A) 2x*+5x—3=0

1. BpioKOUME TOUG ZUVTEAECTEG:

a=2 f=5 y=-3

2. YmoAoylwoudg Awakpivouoag (A)

A=B*—4ay = 5°—4-2-(—3) = 25—(-24) =25—(—24)=25+24=49
Eneidn A>0, n efiowon €xeL 500 mpaypatikég Kat Gvioeg pileg.
3. EUpeon Plwv (x4,,)

—B+VA  -5+V49 _—5+7
20 22 4

X1,2=

4. Ymoloylopog twv U0 AUoswv:

-5+7 2 1
Xl_ = :—,
4 4 2
-5-7 -1
Xy =—— =—— =3
4 4

5. Amnavtnon: Ol AUoelg tng e€lowaong elval

1
X1 :E , Xp——3

[52]

Basic observation:
The equation ax 2+ Bx+y = 0 with a0,

-B+VA

20

if A>0 then the equation has two unequal solutions x, , =

If A = 0, the equation has a double solution X=Z

If A< 0, then the equation has no solution (impossible equation)

Example of solution of quadratic equation with formula:
Solve the following equations
A) 2x*+5x-3=0

1. Let us find the Coefficients:

a=2 f=5 y=-3

2. Calculation of Discriminant (A)

A=B’—4ay = 5°—4-2:(=3) = 25-(-24) =25—(—24)=25+24=49
Since A>0, the equation has two real and unequal roots

3. Finding Roots (X3, )
—BtVA  -5+V49 _ 547

X1, 2 =
V2T 2 2:2 4
4. Calculating the two solutions:
—5+7 2 1
Xl p— e )
4 4 2
—-5-7 -12
Xp = =— =273
4 4

5. Answer: The solutions of the equation are

1
X1 :E , Xp——3



B) x*-6x+9=0

1. MpocSLOPLONAG ZUVTEAEGTWV:

a=1 p=-6 y=9

2. YmoAoylwoudg Awakpivovoag (A)

A=B’—4ay = (-6)*~4-1- 9 = 36-36 =0

Eneidn A=0, n e&lowon £xet pia (duthn) pilo.

3. EuUpeon Pitag (x)

L B_—(6) _6_
20 21 2

4. Anavinon:H dutAn AUon (pila) tng e€iowaong sivail

x=3

I x*x+2=0

1. MpocdLopPLOAG ZUVTEAEGTWV:

a=1l f=1 y=2

2. YmoAoylwoudg Atakpivovoag (A)

A=p’—4ay = (-1)*~4-1-2=1-8 = -7

Eneon A<0,n eliowon dev €xer Abon(advvarn e&icwon).

Acknon gpyaoio: No AUOETE TIG EMOUEVEG EELOWOELG:

1. 2x’-5x+2=0 2. X*+5x-6=0

3. x*-4x+4=0 4. -3x*+5x-8=0

5. X’+5x+7=0 6. X*+x-1=0

7. X'=7x+3 8.-10x+1+25x°=0
9. (x+2)%+5=0 10. (3x-1)*=9

11. (x+2)%+(x-7)%=0 12. (x+4)*—(x+6)°=-8
13. (x-1)’=-x 14. (x-2)(x-1)=2x’+4

15. 2(9-x")-4x=3x(1-x)+1 16. (x-2)+2x(x +2) =2(3x + 10)

B) x*-6x+9=0

1. Let us find the Coefficients :
a=1 p=-6 y=9

2. Calculation of Discriminant (A)

A=B’-4ay = (-6)*~4-1- 9 = 36-36 =0
As A=0, the equation has one (double) root.

3. Finding the root (x)
_“B_=(=6) _6_
20 21 2
4, Answer: : The double solution (root) of the equation is
x=3
I x*-x+2=0
1. We find the Coefficients :
a=1l p=1 y=2
2. Calculation of Discriminant (A)

A=B*~4ay = (-1)*-4-1- 2 =1-8 = -7
Because A< 0, the equation has no solution (impossible equation).

Exercise: Solve the following equations:

1. 2x°-5x+2=0 2. X*+5x-6=0

3. x*-4x+4=0 4. -3x*+5x-8=0

5. X*+5x+7=0 6. X*+x-1=0

7. x’=7x+3 8.-10x+1+25x°=0
9. (x+2)%+5=0 10. (3x-1)°*=9

11. (x+2)%+(x-7)%=0 12. (x+4) - (x+6)2=-8
13. (x-1)’=-x 14. (x-2)(x-1)=2x’+4

15. 2(9-x%)-4x=3x(1-x)+1 16. (x-2)%+2x(x+2) = 2(3x + 10)
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AAyeBpa - MEpog tpito:

JUCTAMOTA VLA TIG EEETAOEL.....

Ko

VYPadLKEC MapaoTAoELS yia tTo AUkeLo!!

JuVTETaYyHEVEG- ELoaywyn 0€ GUVOPTAOELS

TLonpnaivel n ékdppaon onueio M(a, B) ;
Ot apBuol a, B Aéyovtal cuvtetaypuéveg tou M. O a A€yetal TETUNUEVN
Kaw o B TeTaypévn Tou onpeiov M. To onueio M cupBoAizetar pe M(a,B).

e 10 Terapmpépo
-4 (+4)

X<0, Y0 %0,Y>0

30 Terapmubpio 40 Terapmpbpio
) )

%<0, Y<0 o X>0,Y<0

NopASELYUO GUVTETAYHEVWV:

z(-a5) : 2(0,5) E

Algebra - Part Three: Systems for exams...
and
graphs for High School!!

Coordinates - Introduction to functions

What does the expression point M(a, b) mean?
The numbers a, b are called the coordinates of M. a is called the abscissa
and b the ordinate of point M. The point M is denoted by M(a, b).

iy
Afovag rerayutvy

) M(ag)

X
Afovag Tetunuivun

b

What does the expression quadrants mean?

20 Terapmuobpio ] 1a Teraprpépio
(Fes] B *.4)

X<0, Y>0 0.0

30 Terapmpdpio 4o Terapmpopio
o) *)

X<0, Y<0 =) X>0, ¥<0

Example of coordinates:

E z(4,5) :n(o,s) E




uvaptnoels-fpadikeg Mapaotdoeig kot AAAa...

Xpnon:XpnoluomololvTal yLa TV mopousiach TELPAUOTIKWY AMOTEAECUAT
WV Kal BEwpNTIKWV HOVTEAWV. Z€ ITatiotikn, Quoikn, latpikr, BloAoyla,
Owovopia, Meptparrovtoloyia, pEow TG ELKOVAG Sivouv amAd Kot

YPAyopa ekTipnon yla tETolou £i6oug LovTEAQ.

Zta MaBnupatika otav Aéue OtL éva péyebog eival ouvaptnon evog aAlou

gvvooU e OTL e€apTaTtal To £va amo To AAAo.

BalGLKOG OPLOMOG: ZUVAPTNON OVOUA{OULE pLa axéon KeTafl SUo
HETABANTWV X KAL Y, PE TNV omoia KAOe Tiun TnG LeTaBANTAC X

QVTLOTOLXL(ETOL OF pla LOVO TLUN TNG LETABANTAC Y.

Baoki Mapatnpnon: To va BpoUe To WG akpLBwG e€aptatal Eva

HEyeBOG oo éva AAAo ouxva dev eivar eUkoAn Stadikacia. Ol Bonbol

Lo o€ auTo £lval o TUTIOC TNG CUVAPTNONG, O TIIVOKAC TLLWY TNG KAl N

vypadLkn g mapactaon.

» O TUmog tng ouvaptnong eivat n alyePpLkr) oxEon TIOU CUVEEEL TLG
HETABANTEC X, Y.

» O mivakag TLLWV TNG CUVAPTNONG CUMMANPWVETAL BACN TEPAPATWY I
KAVOVTAG TPAEELS

> Hypadkn napdotacn tng cuvaptnong eivat cuvolo OAwv Twv
ONUELWV TOU EMUTESOU TIOU OL CUVTETAYUEVEC TOUG KAVOUV 0ANBN thv

eflowon tng ouvaptnong .

[56]

Functions-Graphs and more...
Use: They are used for presenting experimental results and theoretical

models. In Statistics, Physics, Medicine, Biology, Economics, Environmental
Science, through images they provide a simple and quick estimation for such
models.

In Mathematics, when we say that one quantity is a function of another, we
mean that one depends on the other.

Basic definition: A function is called a relation between two variables x and
y, where each value of the variable x corresponds to only one value of the

variable y.

Basic Observation: Finding exactly how one quantity depends on another is
often not an easy process. Our aids for this are the formula of the function,
its table of values, and its graphical representation.
e The formula of the function is the algebraic relationship that
connects the variables x and y.
e The table of values of the function is filled in based on experiments
or by performing calculations.
e The graph of the function is the set of all points in the plane whose

coordinates make the equation of the function true.



TLyvwpilouE yLa T cUVAPTNON Y = O°X ;

- Avtiotolyel oe avaAoya mood(dtav n Tiun Tou evog moAamAaotaletal pe
£vav aplOud, tote kot n avtiotowyn T Tou AAAou toAAaTAaoLAETaL LE
Tov (610 aplOpo, mapadelypa nooa KNG Pwpui ayopalouvpe amo éva
doUpvo Kal mOoa XprUATA TANPWVOULE YLO OUTA).

-ExeL ypadikn mapdotaon pia euBeia ypappn nmou mepvast and tnv apxn
Twv agovwv(onueio 0(0,0)).

- To a ovopaletat KAion tne eubeiag kal a = % .

- Av 10 a elval BeTIkOC aplBuog, tote n eubeia Bpioketal oto 1o kot oto 30
TETAPTNUOPLO, EVW aV glval apvnTkog aplOuodc Pploketal oto 20 Kal 4,
TETAPTNUOPLO.

nopadEiypaTe

/ N
<IN

y=0x

TLyvwpiloupe yLa tn cuvaptnon y = a-x + B (B=0) ;
-'Exel ypadlkn napactocn eubela ypapun.

- Elvat mapaAAnAn otnv euBeia y = a-x, KaL mepvael am' To onueio (0, B) Tou
afova y'y.

napodeiypaTa

| y=0xtl

}=-1x+2

y=1xt2

[57]

What do we know about the functiony = a-x?
e |t corresponds to proportional amounts (when the value of one is

multiplied by a number, then the corresponding value of the other is
multiplied by the same number, for example how many kilograms of bread
we buy from a bakery and how much money we pay for these).

e |ts graph is a straight line that passes through the origin (point O(0,0)).

e o is called the slope of the line and a =% .

e If ais a positive number, then the line is in the 1st and 3rd quadrants,
while if it is a negative number, it is in the 2nd and 4th quadrants.

examples

/ N
LN

Y =0x

y=2x

What do we know about the function y = a-x + B (B#0)?
e Its graph is a straight line.
e It is parallel to the line y = a-x and passes through the point (0, B) of the y-axis.

Examples
y = Ox+1

}=-1x+2

y = 1x+2




E€iowon popdng ax + By =y ,az0 n B £0 ivar mavra svBeia.

Baown napatipnon: MNa va oxedldooupe pia eubeia eivat apketd Suo
onuela tng euBeiag avtnic.

H eflowon x =a maplotdvel pia katakopudn subeia kai n eiowon Y=p
TapLoTavel pia oplZovtia.

napodeiypoata
3x+2y=6 \
A(0,3)
x|0]2 A(0,3)

y[3[o ] B(2,0)

0(0,0)

D(0,0)

A(2,0)

An equation of the form ax + By =y, a # 0 or B # 0 is always a straight line.

Basic observation: To draw a straight line, two points on that line are

enough.

The equation x = a represents a vertical line and the equationy =

represents a horizontal line.

Examples

3x+t2y=6
o \A[U,3]
x|0]2 A(0,3)

y[3[o ] B(2,0)

0(0,0)

D(0,0)

A(2,0)

[58]



a
Tuyvwpiloupe yla tn cuvaptnon y =

e Avtlotolkel og avtlotpodpwe avaioya mood.

e ExeL ypadikr mapdaotacn KoumiAn, mou ovopaletol urtepBoAr).

e HumnepPBoAn amoteleitat and Vo kKAAdoug, oL onoiot TAnolalouv
QOTAUATNTO TOUC AEOVEC XWPLG TTOTE val TOUC TEUVOUV(AELE TTWC OL
Aa€oveg lval AoV UMTWTEC TNG UTLEPBOANG).

e AvTo a gival BeTikog aplBPog, Tote ol U0 kKAadoL TnG UTEPBOANC
Bpiokovtal oto 10 Kal 0To 30 TETAPTNUOPLO. AV TO A ELVAL APVNTIKOG
aplOuOG ToTE oL kKAadoL Bplokovtal oTo 20 KoL 6TO 40 TETOPTNUOPLO.

e 'EXelL KEVTPO CUUUETPLAG TNV apX] TwV a€OVWVY Kol AEOVEG CUMUETPLAG TIG

Syotopoug Twy afdvwy, nAadn Tig eubeieg y=x, y = -x

a
=—,a%0
=3

Hopadeiypata
_3
Y™ %

\
1 ¥

[59]

What do we know about the functiony =— ?

> | Q

e |t corresponds to inversely proportional quantities.

e lts graphis a curve called a hyperbola.

e The hyperbola consists of two branches, which approach the axes
continuously without ever intersecting them (we say that the axes are
asymtotes of the hyperbola).

e Ifais a positive number, then the two branches of the hyperbola lie in
the 1st and 3rd quadrants. If a is a negative number, then the branches
lie in the 2nd and 4th quadrants.

e It has a center of symmetry at the origin and axes of symmetry along
the bisectors of the axes, that is, the linesy =x and y = -x.

a
y=—,a%0
X
a=0
21 a<0 2
0+ t i
2+ 2
Examples
3 3
y== y=—=
X X
_ e —
3 |
1 \
-3 =2-10] 1 2 3




o g£xeLypadikn mapdotacn mopafoAn e Its graph is a parabola

o [Bploketal mavw amod tov afova xx' av a>0 « It lies above the xx' axis if a0

e  KATw amo tov afova xx' av a<o0. . .
* It lies below the xx' axis if a<(Q
e £xeLafova ouppetplag (dnAadn koBetal otn péon amo ) tov dfova yy'.

« It has an axis of symmetry (that is, it is bisected by the yy' axis).
y=ax,a%0 ymmetry ( y the yy' axis)

y=ax’,a=0

<«
I
1
»
IS

i1
AR RERE RA
T
T

HHHTH
T

s

T

i
ii
I

(60]



H ypooun mapdaotacn thg cuvaptnong y=ox +Bx +ype o = 0 The graph of the functiony = ax? + Bx + y with a # 0

, ; . =B AN,
o givoau mapafodr pe kopven o onpeio K(ﬁ , —6 E)” OTov . is a parabola with vertex at the point K(-B/2a, -A/(4a)), where A = B2
* M Katakdpven gubeia mov diEpyeTar and TV Kopuen K Kt éxet elicoon . The vertical line passing through the vertex K and having the
x=;—a givar d&ovog ocoppetpiog tng(dnAaomn tn yopilel otn péon) equation x = -B/2a is its axis of symmetry (i.e., it divides it in half).
° If a is a positive number, it "opens upwards" and if a is negative, it

e Av o &ivor Betikdc aplOpdc TdTE «KOLTAEL TPOG TA TAVO» KOL OV TO O

7. 4 7 7 n n
glvo 0pvNTIKOG «KOLTAEL TPOG TO KATW» opens downwards".

Hy
Hy

. . Examples-applications
Napadsiypata-epappoyeg

y=- ix1+x, 0<x<40
40

y=- ixz-i-x, 0<x<40
40

(61]



1.0é0n cwpatog os Kivnon pe otabepr taxvuTnta u

Tunog QuotkAG: X=X+ ut.

2.0éon cwpatog oe Kivnon e otaBepn emtayuvon

TOnog Duotkig x = t2+3

3. Metatomnion os (OpaAd)enitoyuvOEVN Kivhion
TOmoG: x = uet + 1/2at?

(62]

1. Position of a body in motion with constant velocity u
Physics formula: x =x,+u t.

2. Position of a body in motion with constant acceleration
Physics formula: x =t + 3

3. Displacement in (uniformly) accelerated motion
Formula: x=uvet +1/2 a t?

s 283 E




ZUOTALOTA YPOHULKWY EELOWOEWY

H évvola TnG ypop Lk G e§iowong.

BaolkOG oplopog: Kabe e€iowon tng popdrig ax+Py =y ovopdletal e€iowon
MPWTOU Babuol Pe ayvwaoToug X, Y, N YPAUULKN e€lowon He ayvwotoug X, .
Napadsiypata:

2x+3 =17

-3x+4y =11

13,7

2 5 12

Baolkog oplopog: Kabe Levyog tng popdng (x,P) mou emaAnBevel(dnAadn
KAVEL owaoTH) TN ypapuLkn e€lowon ax+Py =y ovoudletal Abon tng
glowong.

Acknosig-napadeiypora :

A. To {evyog apOpwv (x,y) = (2,3) eivar Avon thg e§iowongdx+2y = 14 ;
Elvat (x,y) =(2,3) omotex=2,y =3

Ax+2y =14

4-242:3=14

8+6=14

14= 14 ocwoto

Apa 1o Levyog (x,y) = (2,3) elvatAvon tng e€iowaong

B. To {evyog apOpwv (x,y) = (-2,5) eivar Abon tng efiowong3x+y=4;
Elvat (x,y) =(-2,5) omote x=-2,y=5

3x+ty =4

3(-2)+5=4

-6+5=4

-1=4 AaBog

Apa 1o evyoc (x,y) = (-2,5) 6ev eival Abon tng e€iowang

Acknon- epyaoio: Na e€etdoete av ta endpeva {evyn aplOuwy eivat Avon
Twv eélowoswv mou Sivovtal :

(x,y) =(2,7) tng efiowong 4x+y=15.

(x,y) =(3,-1) tng etlowong 2x-y =7.(x,y) =(-4,2) tng eficwong x+y=2.
(x,y) =(-3,-5) Tng €fiowong 2x+y=-11.

[63]

Systems of Linear Equations

The concept of a linear equation.
Basic definition: Any equation of the form ax + By =y is called a first-degree
equation with unknowns x, y, or a linear equation with unknowns x, y.

Examples:
2x+3y=17
3x+4y =11

1/2x - 3/5y =-7/12

Basic definition: Any pair of the form (x,y) that make true the linear
equation ax + By =y is called a solution of the equation.

Exercises-examples:

A. Is the pair of numbers (x,y) = (2,3) a solution of the equation 4x + 2y = 14?
(xy)=(2,3)sox=2,y=3

Ax +2y =14

4-2+2:3=14

8+6=14

14 = 14 true

Therefore, the pair (x,y) = (2,3) is a solution of the equation

B. Is the pair of numbers (x,y) = (-2,5) a solution of the equation 3x+y = 4?
We have (x,y) = (-2,5),so0x=-2,y=5

3x+y =4

3(-2)+5=4

-6+5=4

-1 =4 false

Therefore, the pair (x,y) = (-2,5) is not a solution of the equation
Exercise - task: Examine whether the following pairs of numbers are
solutions of the given equations:

(x,y) = (2,7) for the equation 4x+y = 15.

(x,y) = (3,-1) for the equation 2x-y = 7.

(x,y) = (-4,2) for the equation x+y = 2.

(x,y) =(-3,-5) Tng €fiowong 2x+y=-11.



FEWUETPLK EPUNVELA TNG YPAUULKAG E§lowong.
FEWUETPIKA N ypapuLkn e€lowon ax+pY =y avtiotolxel o pia eubeia
Napadetypa: n e€iowon -2x+y = 4 avtloTOLKEL oTNV eMoOUevN euBeia.

X|0]|-2

vi 4]0 _
A(0,4)

B (-2,0) 3 ‘/L s ;

H €vvola Tou ypoptkol GUOTAOTOG Kot N ypadiki eniluch Tou.

Baokog oplopag: Kabe {euyog 600 ypappikwy e§lowogwv dnAadn e§lowoewv
™¢ popdng ax+Py =y kot a'x+B’y =y’ Aéue otL anotelei £va cuotnua SUo
YPOUULIKWY eELloWoswV Pe U0 ayvwoToug X, Y.

Napadeiypata ypoppLkol cUCTHLOTOG:

3

2 x+8y=14
ax+By=y [2X+3y:6 5X Y
a’'x+f y=y —3x+7y=4 —6x+% :%

BaolkOG 0pLOMOG: AUGN YPAUULKOU cUoTUOTOG §U0 e€lowoewv pe SVo
ayvwotoug X, P Aéyetat kaBe lelyog (x,y) mou emaAnOevel T e€LlOWOELG TOU.
Napadetypa: to {elyog (x,y) =(1,2) elvat Avon ywa to cuotnua;

2x+4y=10

x—5y=-9
2:1+4-2=10 1-52=-9
248 =10 1-10=-9
10=10 -9 =-9 oyLel

Apa 1o Levyog (x,y) =(1,2) elvatAVon Tou CUCTAUATOG.

Acknon-gpyaocia: Na eéetdoelg av kabBéva and ta emdpeva {evyn elvat Abon
TOU CUOTHHATOC Ttou Sivetal.

x+2y=10
—2x+4 y=—

3x—2y=12
x+y=—1

x+2y=9

RBI ) =24 @) 1 Ty s

A) (xy) =(1,2) (2) {

N (xy) =(1,2) (2) [

[64]

Geometric interpretation of the linear equation.
Geometrically, the linear equation ax + By =y corresponds to a straight line.
Example: the equation -2x + y = 4 corresponds to the following line.

X|0]|-2 44...
y| 4|0

A(0,4)
B(-2,0) /‘;’,

The concept of a linear system and its graphical solution.

Basic definition: Every pair of two linear equations, that is, equations of the
form ax + By =y and a'x + B'y = V', is called a system of two linear equations
with two unknowns x, y.

Examples of a linear system:
3
{ax+[3y=y {2x+3y=6 cx+8y =14

ax+ By =y -3x+7y =4 32

1
—6x “r;y —;

Basic definition: A solution of a linear system of two equations with two
unknowns x, y is called every pair (x, y) that satisfies the equations.

Example: the pair (x,y) = (1,2) is a solution for the system?

{Zx +4y =10

x—5y = -9
2-1+4-2=10 1-5-2=-9
2+8=10 1-10=-9
10=10 -9=-9

which is true

Therefore, the pair (x,y) = (1,2) is a solution of the system.

Exercise-task: Examine whether each of the following pairs is a solution of the
given system.

2 = 10
Aoy =2 @ {30,
2 =9
B) o) =1 () [ (T T,
3x — 2 = 12
Do =12 & O 2T



Fpadikn eniluon ypapULKOU CUCTHATOG HE U0 OlyVWOTOUG
( YEWHETPLKOG TPOTIOG AUONG YPAHLKOU CUCTALOTOG )

€2

1. Avéva ypappLko cloTnUO EXEL Kia
povadikn Avon (x,)) tote oL SU0o gubseieg -
TIOU TIPOKUTITOUV TEUVOVTAL O€ VAL ONUELO UE
OUVTETAYUEVES (X, 1) .

€l

2. To ypapuiko cvotnpa dev €xeL Auon(advvato
ocuotnua) kal oL euBeieg €, €, elval
napAaAAnAeg petaf Toug.

el

3. To YpOUULKO cuoTnua £XeL amnelpeg AVOELG e

(a6pLoTo cuoTnua) KoL oL EVBELES £4,€,

Tautilovro.
Napadsiypota
1. Abon tou yT
CUOCTAHATOG A, 4)
x—2y=0 N A
2x+3y=14 Mt
elvat To evyoc 2 i M@, 2)
xY)=(4,2)>x=4,y=2 i
(xy)=(4,2) y o2, 1) ; -.‘33..})’
| | B
! | PRGHETH
+ SRR R A(4, 0) B(7. 0)-

Graphical solution of a linear system with two unknown numbers
(geometric way of solving of a linear system)

€2

1. If a linear system has a unique solution (x, y)
then the two resulting lines intersect at a point Aey)
with coordinates (x, y).

2. The linear system has no solution (inconsistent
system) and the lines €, &, are parallel.

3. The linear system has infinite solutions el
(indeterminate system) and the lines €; €, “
coincide.
Examples
Y
1. Solution of the system P
A———%Al;4)
x—2y=0 s 0
2x+3y=14 i Gl
Is the pair '
¢ M, 2)
(xy)=(42)>x=4,y=2 N
_____ B R3dSHH = N
1 -li'(2,1) | ﬁ'j}\
HEE | N
+) GESESHEE SHARRD” A, 0) 87,0~



2. AUon Tou CUCTANATOC
2x+y=8
gival to {evyog

(xy)=(3,2)>x=3,y=2

2 2

4x—6y=-24
2x—3y=6
Sev €xeL AOon(aduvato -
ocuotnua) kol oL euBeieg g, , &, oL
givat mapdAAnAeg petafl i

3. T0 clUothpa

TOUug

2x+y=2
4x+2y=4
£xeL anelpeg AUOELG KaL oL gUOEieG €4,€;
towtifovral.

4. 1O ocuoThuA

gl: gty =2

v =4
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2. Solution of the system ZxHy =8
2x+y=8
Xy
x+y=>5
is the pair
(x,y)=(3,2) >x=3,y=2 Q1221
P2 G
Y e
4l
g
3. the system i
4x—6y=—24 ms*
2x—3y=6 af B
has no solution (inconsistent -6 0 '3' ’x
system) and the lines €, ,&; are
parallel. %4‘3, =2
ol
N~
el: gty =2
4. The system
2xty=2 £2: AN = 4
4x+2y=4 \
has infinite solutions and the lines €1,€
coincide. \




AAyeBpikn AUON YPOUULKOU GUOTHLOTOG Algebraic solution of a linear system
1% tpomnog: Mé00o60o¢ avrikatdoTaong 1st method: Substitution method
P ; . , . , -Solve one of the system's equations for one unknown.
AUvoupe pia and Tig ELOWOoELS TOU CUOTAUATOG WG TTPOE £vay

Substitute this unknown in the other equation of the system with its equivalent
AVTLKQOLOTOUE 0TV GAAN £EL0WON TOU CUGTHOTOC TOV ByVWOTO expression, resulting in an equation with one unknown, which we then solve.
QUTOV HE TNV LoN TopAOoTaoT) TOU, OTIOTE TIPOKUTITEL EELOWON LE EVAV
AyvVWoTo, TNV omoia kat AUVOUE.

Substitute the value of the unknown we found into the previous equation, thus
TNV TW TOU QYVWOTOU TIoU BPAKAE TNV AVTLKOBLOTOUE 0TV finding the other unknown as well.

niponyoLuevn e€lowon, onote Bpiokoupe kAt Tov AANO GyvwaoTo.

4. Determine the solution of the system.
MNpoacbdlopifoupe tn AUGCH TOU CUCTAUOTOC

Acknon rapédetypa 1: Na AGoETe T0 0UoTnHa: Example Exercise 1: Solve the system:

x=5 — 3y
4x + by = 13

So, the solution is

(=2 apa n Abon tou cuotAuartocg sivat:(x,y) = (2,1)




Acknon napadeypa 2: No AUOETE TO cUGTNUA: Exercise example 2: Solve the system:

5(y-3)+6y=7

So, the solution is :(x,y) = (-1,2)

apa n Abon tou cuothpartog sivat:(x,y) = (-1,2)

Exercise for homework: solve the following systems:

Acknon-gpyaoia: Na AUGETE T CUCTHLOTOL:

= = = - =
x+2y=5 = AT
x=1 2. 25Ny =2
= = 4+ 3 — 44
—3x+y=7 x+y=4 - S o — ==
3x+4y=8 [(2x—y=8

(68]



AAyeBpLkN eniluon ypappLKOU cUCTHATOG —2° TPOTOG:
M£0060¢ avtiBetwv cuvteAeotwv

Brpa 1o: NoAlamAactdloupe ta péAn kabe e€lowong pe katdAAnAo aplBuo,

WoTe va epdavioTolV avIIBETOL GUVTEAECTEG OE EVaV AyVWOTO.
BrApa 20: MNpocBetoupe katd peAN TG dUO e§lowaoelG. MpokKUTTEL €€lowon
LE éVav AyvwoTo TNV omola Kot AUVOUUE.
BApa 30: AVTIKaBLOTOUIE TNV TLLI TOU 0yVWOTOU TIou BprnKaue o pla amno
TIC €LOWOELG TOU CUOTNUATOC, OTOTE BPlOKOUE KOl TNV TLUH TOU GAAoU
ayvwaotou. Npoodlopiloupe T AVGCN TOU GUOTUATOC .
Aocknon napadeypa 1: No AUoete To cUoThua

3x+5y=1-(-2)

2x+7y=8 .3

—6x—10y=-2
6x+21y=24

-6x+6x-10y+21y =- 2+24
11y =22

1y 22

11 11
y=2
3x+5:2=1
3x+10=1

3x=1-10

Exe |
3 3

X = -3dpa n Abon Tou cuothuatog sivat:(x,y) = (-3,2)
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Algebraic solution of a linear system — 2nd method:
Method of opposite coefficients

Step 1: Multiply the terms of each equation by an appropriate number so
that opposite coefficients appear for one unknown.

Step 2: Add the two equations term by term. An equation with one
unknown results, which we solve.

Step 3: Substitute the value of the unknown we found into one of the
system's equations, thus finding the value of the other unknown as well.
Determine the solution of the system.

Exercise example 1: Solve the system

{3x+5y =1 |-(=2)
2x+7y =8| -3
{—6x—1(]y = -2

6x + 21y = 24

-6x+6x-10y+21y =- 2+24

11y =22
11y 22
11 11
y=2
3x+5-2=1
3x+10=1
3x =1-10
3x=-9

3x -9
3 3
X=-3

So the solution of the system is(x,y) = (-3,2)



{2x—y=3 -2
S5x+2y =611
{4}(—23{ =6
Sx+2y=6

Ax+5x-2y+2y =b+b

O =12
9x 12 34 4
9 9 33 3
4
X=
3
2x-y=3
4
2= - y=3
3 . A
8
= -y=3
3 Y
8
- :3 - pu—
v 3
9 8
Y =373
_ 1
y 3
1
—1-y 3
_ 1
‘1" 3
X=-3

1
apa n Abon tou cuotipartocg sivat:(x,y) = (-3, - 5)

{2x—y=3 -2
Sx+2y=6 |1
{4}{—234' =6
Sx+2y =6

Ax+5ox-2y+2y =0+0

Ox =12
9x 12 34 4
9 9 33 3
4
*=_
3
2x-y=3
4
23— - y=3
3 el
8
[ =3
3 Y
8
- :3 - pu—
v 3
9 8
Y =373
_ 1
y 3
1
_l.y 3
—1 _1
_ 1
V 3
X=-3

So the solution of the system is(x,y) = (-3, ,

[70]

L
_3)



F

1 —3X+y:7 ) x+y:4
" |13x+4y=8 "12x—y=8
3 4x+3y=7 a 3x+5y=—4
T —2x+y=9 1=7x+8y=-3
NoAumoka cuotripara:

Av 1o cUoTnua gival TOAUTTAOKO TOTE yla va armAouoteuBoUv ol e€LloWOoELS
TOU CUOTHMOTOG , KAVOUUE amaAoidpr ToPOoVOLOOTWY Kol OAEG TLG
QMALTOUEVEG MIPAEELS . ETELTA TO TAKTOMOLOUE Kol anodacilou e mola
HEB0SOG lval KaTAANAN yla Ty eniAuoh Tou .

-5 2yt x-5 o aytl 9

—t—=—i2=0 . 14T+14T+HT_0 7[x—5)+2(2y+1)+23=0
-6 -6 2(x+6)-3(y-6)=48

R S U

7 ) I 2

Te-35edy+ 24280 [Txedy=s 2
& ) =
H2-3y+18=48 T [2x-dy=18 T

L7x+4y=5 {7x+4y=5 l7x+4(—4]=5 \7){:21 {x=3
& & & &

Tx+dy=) o Hx+8y=10
2x-Jy=18 |-ldx+2ly=-126

&
Ny=-116  |y=-4 y=-4 y=-4 y=-4
Acknon-gpyocia: Na AiceTe Ta TOPOKAGTO GVGTHRATE
1 2
L. (N xt+4 y-6
gty 3 R

{—3x+y=? z{x+y=4

3x+4vy =28 2x—vy=28
{4x+3y=? {3x+5y=—4
—2x+y=9 (—=7x+8y=-3

If the system is complex, then in order to simplify its equations, we
eliminate denominators and perform all the necessary operations. Then we
organize it and decide which method is suitable for solving it.

x-5 2ytl S ITLALRYY,

T'I'T-I-Z:O 14T+HT+MT:U [7[X—5)+2(2y+1)+28:0

2(x+6)-3(y-6) =48

Tx=30+dy+2+428=0  |Tx+dy=3 2| Txtdy=3  |lx+8y=10
= = = =
2x+12-3y+18=48 ix-3y=18  -T-|2x-3y=18 |-ldx+2ly=-12

Txtdy=) x=3

Tx+dy=)
! & =

Wy=-116

& o

Txed()=5  |Tx=2
=
y=-

y=- y=-1 y=-

[71]



Napatnpnoslg o€ AUon GUOTNHATWV:

H ypadwkn AUon evog cuotipatog dev Bpiokel mavta akplBwg tn Alon tou,
adol ouxva Ol CUVTETAYUEVEG TOU Kolvol onueiou Twv SU0 euBeLWV Tou
Sev gival akplBwg, OPwWE AUVEL TO cUCTNO £0TW KaL E TIPOCEYYLON OTAV N
ahyeBpa eival aduvaro, 1 moAlU SUoKoAo va to AUCEL .

H alyeBpikrp Abon tou pag Sivel t Sduvatdtnta va mpoodlopiloupe pe
akpiBela Tn Abon tou (av UTIApXEL) o omoLadnmote neplntwon.

To av Ba StaAé§oupe tn PEB0SO avtiBETWY CUVTEAECTWY, I} AVTIKATAOTAONG
elval emloyn pag(Staléyoupe omola pag «Bolevel» meplocdtEPO, OF
KATolo cUOTAMATA OpWE e€umnpetel va yvwpiloupe Kat Ti¢ 2.

Yrapyouv kat aAdec uédodotl Abonc cuotnudtwy ....

[popAnpara:

1. 310 MAvVw ULEPOG EVOC TOLXOU HUAKOUG
180 cm €£xouv tomoBetnbel mpdowa
Kol yoAadla Stakoountikd toluBAa os
600 oelpéc. Na UTTOAOYLOETE TO UNKOG
KaBe mpacivou Kal yaldllou ToupAou.

2. No UTtoOAOYLOTOUV OL GUVTETOYUEVEG
Twv kopudwv TpLywvou ABT, av ol TTAeUpEG €xouv e€lowoselg AB: 2x — 3y =
1,Al:x+y=3,Blx-3y=3

3.7e éva aypOoKTnUa gival KOTeC Kal kouvéALa. Av ta {wa €xouv OAa poall 50
kedalla kat 140 mobia, va PBpeite mooeg eival ol KOTEG Kal moéoa Ta
KOUVEALQ.

4. To aBpolopa twv YPndlwv evdég dupndou aplBuol esival 14. Av
evalaoupe Ta YPndla Ttou mpokUMTEL APLOUOG KATA 36 HOVASEC
ULkpOtepoG. Na Bpebel o aplBuog.

5. Na BpeBolv U0 CUUMANPWHATIKEG YWVIEG, av N i armd aUTEG sival
HEYaAUTEPN Ao To SUTAAGLO TNG AAANC KaTa 128,

[72]

Remarks on solving systems:

The graphical solution of a system does not always find its exact solution,
since often the coordinates of the intersection point of the two lines are not
exact, but it solves the system at least approximately when algebra is
impossible, or very difficult to solve.

The algebraic solution gives us the ability to determine the solution (if it
exists) accurately in any case.

Whether we choose the method of opposite coefficients or substitution is
our choice (we choose whichever is more "convenient" for us, but in some
systems it is useful to know both).

There are also other methods for solving systems....

Problems:

1. At the top of a wall 180 cm long,
green and blue decorative bricks have
been placed in two rows. Calculate the
length of each green and blue brick.

2. Calculate the coordinates of the vertices of triangle ABC if the sides have
the equations AB: 2x—3y =1, AC: x+y=3,BC: x—3y =3.

3. On a farm there are chickens and rabbits. If the animals together have 50
heads and 140 legs, find how many chickens and how many rabbits there
are.

4. The sum of the digits of a two-digit number is 14. If we swap the digits,
the resulting number is 36 units smaller. Find the number.

5. Find two complementary angles if one of them is 122 greater than twice
the other.
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xfua: o Ovouaoia oyfiuaroc TPlywvo ABT A
Shape: Name of shape: triangle ABl
B o B r

Baowkn mapatipnon: I KABe Tplywvo UTIAPYOUV TPELG YWVIEC KOl TPELG TTAEUPEC.

, , , , , , , , , Basi rvation: In every triangle there are thr ngl nd thr ides.
BaloLKOG OpLOMAG: OL TTAEUPEC KOl OL YWVIEG EVOC TPLYWVOU OMOTEAOUV Ta KUPLO oTOLXELD asic observatio every triangle there are three angles and three sides

Basic definition: The sides and angles of a triangle constitute its main elements.

o
I |
<

Napdadelypa:

A _ Example:
/\ rheupég toiyivou AB 1y . pm—
. - /\ sdes oftriangle AB o
g r  AGEB
Napdadelypa -

A
A triangle AEZ
E N sides of triangle AE or {

AZ e
Z
EZ 16




AGKNoN EPYAGia Na OVOUAOETE Ta EMOUEVA TPiywVa KaL TLG TAEUPES TOUG Ue SUO
TPOMOUG

Baokr) mapatrpnon: oL MwVIieg LeTPLOUVTAL O€ HOIPES

Acknon epyacia 2: va OVOUACETE TIC YWVIEG TWV TPLYWVWVY TG doknong 1 amo to
oXOoAKO BLBALo.

[75]

_: Name the following triangles and their sides in two ways

n-

Key observation: Angles are measured in degrees

Exercise-task 2: name the angles of the triangles in exercise 1 from the textbook.
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Baolkn mapatnpnon 1o aBpoLopa TwV YWVLWY eVOG TpLywvou sivat 180° Snhadn Loxlet Basic observation: the sum of the angles of a triangle is 180°, which means that

A +B+T =180° o
A +B+T =180°

Exercise-Example: Calculate angle B inthe following triangle:

Acknon-Napadetypa: Na urtoAoyLoTel n ywvia B oo €MOUEVO Tplywvo:
A Solution:
A Abon: - L
70 loyoe: A +B+T =180° 70 A +§ +I' =180
70°+ B +50° = 180° 70°+ B +50° = 180°
5 B +120° = 180° . Bk, B +120° = 180°
B T B =180°-120° ] B =180°120°
B =60° B =60°

Aoknon-Mapddetypa: Na urohoyLotei n ywvia I'oto endpevo tpiywvo Exercise-Example: Calculate angle I in the following triangle:

r Abon: r Abon: L
loyoeu. A +B+T =180° A+B+ I‘A=180°
60°+40° + I'= 180° 60°+40° + I'=180°
60 40 T +100° = 180° 60 40N, ' +100° = 180°
A B T

A B T =180°-100° T =180°-100°
T =60° T =60°

Exercise-Example: Calculate the unknown angles in the following triangles:

r /

: r
i 2 ‘ A
0 0
60 30 60 30N\,
- >, A B
A B

Acoknon-Epyacia: No urtoAoyloToUV oL AyVWwOoTeG YwVIeg oTa EMOpEVA Tpiywva:




Baolkag oplopag: H ywvia mou Bpioketal avapeoa (SnAadn nmepiéxetal og SVo

TIAEUPEG EVOG TpLywvou) ovopddetat TLEP lEXé HEVN ywvia.
Napadetypa:

[77]

Basic definition: The angle that lies between (i.e. contained by two sides of a triangle) is

alled the iNCluded angle.

Example:
r r sides Included angle
/ , , , / AB, AT A
MAgupEg TIEPLEXOMEVN ywvia BE BA 5
AB, AT 4 rAI B r
i % B, BA B A : :
A, TB r

BaolkOG 0pLoAG: OL YWVIEG EVOC TPLYWVOU TIOU €XOUV KOPUGDEC TA AKPOL LA

TIAEUPAS (SNASH AkOUUTOUV-TIPOGKELVTAL - OTNV TTAEUPA AUTH) ovopdlovTal Basic definition: The angles of a triangle whose vertices are the ends of a side (i.e. they

T[pOO'KE'LMEVE(; YWVieC. touch - approach - that side) are called adjacent angles.
Example:
Noapadelypa: : side adjacent angles
r MAeupa T(POOKELUEVEG YWVIEG AB 4’ li
AB iR BIr B, T’
Br B, T ra rA
= A B
A 2 rA rA

Exercise-Work: in triangle AEZ find
A) the included angle of sides DE, DZ

Acknon-Epyaocia: oto tpiywvo AEZ B) the adjacent angles of side EZ

va Bpeite

A) TNV MEPLEXOEVN YWVIA TWV
TAgUpwV AE, AZ

B) TLG MPOOKELUEVES YWVIEG TNG
mAgupag EZ
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EidN TpLlywWVWV w¢ TPO¢ TIC YWVLEG: Types of triangles according to angles:

To Tpiywva avaloya HE TG YWwVIeG Toug Stakpivovtal os: . . . e - B
Pty Yo HETICY < S P triangles according to their angles are distinguished into.

A)OEuy VLo TPiywVo: £va Tpiywvo oVoRALETaL 0SUYWVLO OTAV OAEC Ol YWVIES TOU ivat A) Acute triangle: a triangle is called acute when all its angles are acute (i.e. less than
ofeiec (5nAadn Aydtepo amd 90°) 90°)
Napadeypa: Example:

B B

B) OpBoywvio tpiywvo: £va Tpiywvo ovopdletal opBoywvio Tplywvo otav €xeL pia opbn

- — " B) Right triangle: a triangle is called a right triangle when it has a right angle (i.e. an
ywvia( dnAadn pla ywvia ton pe 90°)

angle equal to 90°)

Napadeypa: ]
" Example:
A
K M
90"
K M

Baowkn napatipnon(Ovopacia mAsupwv): H mAeupd mou BpilokeTal amévavtt amno v

opBn ywvia ovopdletal umoteivouca eviw n MAEUPEG TTOU oXNpaTifouv TNV 0pBn ywvia Basic observation (Name of sides): The side opposite the right angle is called the

ovopdfovrat kdBeteg rheupeq hypotenuse while the sides that form the right angle are called perpendicular sides.

. unoTEivouco
untoteivouoca N

A gt
k&BeTn MAsupd = 0 Ké&BeTn MAsUpd =
90~
K { M K { M

K&BeTn mAsupd K&BeTn mAsupd

) ApBAUYWVLO TPlywVO: £val TPlywVOo OVOUALETOL OBAUYWVLO TPlywVvo OTaV €XEL Lo

opPAsia ywvia( SnAadn pia ywvia peyaliutepn amo 90°) (i.e. an angle greater than 90°)
Napadeypa:

. Example:

m: R

P

C) Obtuse triangle: a triangle is called an obtuse triangle when it has an obtuse angle
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Eidn TplywVvou w¢ pog T MAEUPEG: Types of triangles according to their sides:

Eva tpiywvo ovopdletat okaAnvo oTav OAeg of TTAEUPES TOU eival GVIoEG HETOZD A triangle is called scalene when all its sides are unequal to each other.

TOUQ', Example
Napadelypa

5cm

"

Eva tplywvo ovopdletat I000KeAEG OTaV oI dUO TTAEUPEG TOU gival ioeg PeTAgU Toug.

Napadelypa : : . . .
A triangle is called isosceles when its two sides are equal to each other.

Example
6ecm 6cm
6cm &cm
3cm

Scm

EVQL TPiyWwVO OVOUAZETAL IGGTTAEUPO OTAV Kall Of TPEIC TIAEUPEC TOU Eivall A triangle is called equilateral when all three of its sides are equal to each other.

ioeg peTagu Toug. Example
Napddelypa

41:?/ jﬂ-cm dc Acm
dcm

4cm



Asutepevovta oTOLXELO TPLYWVOU

AGpECOG TPLYWVOU

ALGUECOC TPLYWVOU OVOUATETAL TO EUBUYPAUUO TUNMA TTOU EEKLVAEL ATO TNV Kopudh
TOU TPLYWVOU KoL KOATAARYEL OTO HECO TNG AMEVAVTL TTAEUPAG (UTtevBUULON: HEGO EVOG
€UBUYPAUUOU TUNHATOC OVOUALETAL TO ONUELD TTOU XWpPLlel To eUBUYPAUUA TUA U O
SVo loa euBUYpoppa TUAATA)

Napadeypa

/

S5cm / S5cm r
™M

Noapadeypa-aoknon:
Na oxedlaoete T SLAUECOUG TOU TPLYWVOU
A

Baowkn mapatipnon: Ot Stdpecol mepvouv-SLépyovtal armd to 8Lo onpelo.

Acknon-gpyaoia:
Na oxedLaoete TLg SLAUECOUG TWY TPLYWVWV:

Scm

(80]

Secondary elements of a triangle

Median of a triangle
The median of a triangle is the line segment that starts from the vertex of the ti
and ends at the midpoint of the opposite side (reminder: the midpoint of a line
is the point that divides the line segment into two equal line segments)
Example \

/

5cm / 5cm r
™M

B

Example-exercise:
Draw the medians of the triangle

Basic observation: The medians pass through the same point.

Exercise-work:
Draw the medians of the triangles:

S5cm

4cm
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AL{OTOMOG TPLYWVOU Triangle bisector
AXoTOHOG TPLYWVOU eival éva euBUYPAUUO TUAUO TIOU CUVOEEL TNV KOpudr HLag Ywviag A triangle bisector is a line segment that connects the vertex of an angle of a tri
TPLYWVOU LLE TNV ATEVAVTL TAEUPA Kot Xwpilel T ywvia autr og Vo oo pépn. the opposite side and divides that angle into two equal parts.
Napadeypa Example
A A
513 513

B r B r
Example-exercise:
Noapadeypa-aoknon: Draw the bisectors of the triangle

Na oxebLaceTe TG SLXOTOUOUC TOU TPLYWVOU:

Baowkn mapatipnon: Ot Siyotopol mepvolv-SLépyovtal amo to iSlo onueio. Basic observation: The bisectors pass through the same point.

Exercise-work:

Aoknon-gpyaoia: Draw the bisectors of the triangles:
No oxeSLACETE TIG SLXOTOLOUG TWV TPLYWVWV:

AN SRVANY N
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‘Yyog evog tplywvou Height of a triangle
Yy og evog Tplywvou ival To KAOeTo evOUYPALLO TUA O OO [ia Kopudn POG TNV The height of a triangle is the perpendicular line segment from a vertex to the ¢
anévavtl MAEVUPA (A TNV MPOEKTAOK TNG). side (or its extension).
Napddeypa Example
» . |

A a r

A A r
Example-exercise:

Noapadeypa-aoknon: Draw the heights of the triangles:

No oxedldoete Ta VYN TWV TPLYWVWV:

=
& f &
r
Acknon-gpyaocio: Exercise-work:
No oxedldoete Ta VPN TWV TPLYWVWV: Draw the heights of the triangles:
n n
m 3 125 3 5
P P
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FTEQMETPIA
IZA TPIFQNA
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I2A TPIF'QNA-EIZAINQIrH xTHN AMNOAEI=H EQUILATERAL TRIANGLES - START PROVING

H AMOAEIKTIKH ME@OAOS ©A MAS EINAI XPHEIMH A HHE PROOE METHODWILL BEIUSERUETOIUSIEOR

e THTEQMETPIA THZ 'TYMNAZIOY + GEOMETRY OF THE 9TH GRADE

e AYZH ZYNGETQN NMPOBAHMATQON 2TA MAGHMATIKA TOQN * SOLVING COMPLEX PROBLEMS IN MATHEMATICS OF THE
EMOMENQN TAZEQN FOLLOWING GRADES

e TANANEMIZTHMIAKA MAGHMATIKA * UNIVERSITY MATHEMATICS

e E®APMOIH ZE EMIZTHMEZ OMNQZ ®YIIKH , XHMEIA, * APPLICATION IN SCIENCES SUCH AS PHYSICS, CHEMISTRY,
OIKONOMIA ECONOMICS

KAl TEAOZ AND FINALLY

e KAGHMEPINA OMNOY ANO®EYFOYME NA AEXOMAXTE * EVERYDAY LIFE WHERE WE AVOID ACCEPTING
NMAHPO®OPIEZ XQPIZ AMOAEIZH!! INFORMATION WITHOUT PROOF!!

H AMOAEI=H IZTOPIKA ... PROOF HISTORICALLY ...

v &ekivnoe atmo Tov OaAn (639-548 11.x.) — started with Thales (639-548 BC)]

v avamTixOnke atd Tov Mubaydpa kai Toug Mubaydpeioug. —was developed by Pythagoras and the Pythagoreans)

V' ouoTnuaTtotrolienke atrd Tov MAGTwva  Kal Tov APICTOTEAN. —was systematized by Plato and Aristotle|

v' TeAeiotroinOnke amod Tov EukAeidn (330-270 11.x.) —was perfected by Euclid (330-270 BC)]

Mwg aTTOSEIKVUETAI MIO YEWHETPIKN TTPOTACN; How is a geometric proposition proven?

v H EukAsideia atrodeien Eekiva pe 1o Sedopéva(utré0son) Kai Ti —The Euclidean proof begins with the given data (assumption) and
InTdaue va amrodeixdei({nTolpeva-cuptrépacpa). MNa va givai what is asked to be proven (requirements - conclusion). For what we
owaTo OTI YPAPOUUE O€ JIa atrodeign TTPETTEI va UTTOPET va write in a proof to be correct, it must be justified by data, axioms, or
OIkaioAoynBei atmd dedopéva, agiwpaTa, TTPONYOUUEVES previously proven propositions. |
ATTOOEDEIYUEVEG TTPOTACEIG . — it is based on the rules of Logic.]

v/ 0TnpiGeTal oTOUg Kavoveg TNG AOYIKAG. — as we draw conclusions, intuition and insight are very important .

v Kabwg Bydloupe CUPTTEPACUOTA ONUAVTIKO POAO TTailel N
OlaioBnan kal n ETMOTITEIA.



Baown potaon 1: Av Suo Tplywva £Xouv TIG TAEUPEC TOUC (0eg pia Ttpog
pilo Kot TIG avtiotolxeg ywvieg Toug loeg, ToTe eival loa.

Napadewypa: Na eetdoete av ta tplywva ABI kot AEZ sival (oa.

Yta tplywva ABT kot AEZ
mapaATNPOUE OTL

AB = AE A=A
AT = AZ kat B=E
Br=EZ =2

omoTte Ta tpiywva ABI kat AEZ
eival loa, ylati £xouv TIG MAEUPEC
ToUu¢ loeg pia mpocg pia Kat TLg

OVTLOTOLYEC YWwVieg Toug losg.
SupBoAiloupe: ABI = AEZ.

Epwtnon kpioewg: Na e€etdoete av ta tplywva ABC kal DEF eival ioa.

D

A
6%.4° /ED=4-‘| DF=47
== FF=49 N\ F

Yta tpiywva ABC kot DEF
TaPATNPOUUE OTL OL YwVieg B Kot
E 6ev eival losg, emiong ot
miAsupég CA kat DF Sev sivat

CA=49
Al E21° {ogg, emopévwg To Tplywva ABI
~ B kot AEZ ev givau ioa.
+B_-;_-_L______EC =49

Aoknon gpyaoia: Na eetdoete av ta tpiywva ABI kat AEZ ival loa.
A

g°
AB=3.6

D
\BC:?
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BA/ST\NTKSB

Basic Proposition 1: If two triangles have their sides equal one by one and
their corresponding angles equal, then they are congruent.

Example: Examine whether triangles ABC and DEF are congruent.

In triangles ABC and DEF we observe
that

AB = AE A=A
AT = AZ and B=E
BI=EZ =2

therefore, triangles ABC and DEF are
congruent because they have their sides equal one by one and their
corresponding angles equal.

We symbolize: ABC = DEF.

Critical Question: Examine whether triangles ABC and DEF are congruent.
In triangles ABC and DEF we observe that angles B and E are not equal, and

also sides CA and DF are not equal, so triangles ABC and DEF are not
congruent.

A a,

AE=55 AZ=58

r z

Exercise: Examine whether triangles ABC and DEF are congruent.

AB 36
L\E 3.6 7-6

\ g@ dﬁ\ £za7



B,

/&?\
BA=42 Ar=34
451____>¥

KpLtipla 1ootntog tplywvwy

1° KPLTAPLO LOOTNTOG TPLYWVWV

Av 800 Ttplywva £xouv SU0 TAEUPEC (OEC Lol TTPOG [iat KOl TNV TIEPLEXOUEVN

ywvia toug ion tote eival toa (M-r-M)

BOOIKEG EMONUAVOELG:

1. nékdpaon A oe pio mpog pia onpaivel avtiotolyeg mMAEUPEC

2. n ékdpaon MEPLEXOUEVN YWVIa onUaiveEL ywvia TTOU TEPLEXETAL
OVAUEDCQ OTLG (OEC TIAEUPEG

MAPASELYUA VIO ETULOT LAVON 2:

A

TeEPLEXOUEVN YwVia oTIG MAEUPEC AB Kat AT
elvaw n ywvia A

B r

K

AN

BAZIKH NAPATHPHZH: Otav duo tplywva eival ioa ToTE €X0UV KoL Ta
umolouta oTolela Toug Lo (Ywvieg Kot TAEUpEC)

H meplexopevn ywvia otic mAeupég AK kot AM
elvaw n ywvia A .

Aoknon napadetypa: va eEETAoeTe av Ta Tplywva ABI katl AEZ sival ioa.

AN

A

Juykpivw ta tpiywva ABT kot AEZ, avtd
£Xouv:

AB = AE =5,5cm
A=A=60° (N
AT = AZ=5,8cm (M)
EMopévwe amo mpwTto KpLtriplo wotntag tpywvwy (N-r-N) ta dvo tplywva
elvat loa. Apa Br=€z,B=E, [=2.

()

Aoknon gpyaoia: Na eetaoete av
1 D,
Ta tpiywva A;B,C; kat D;E;F; tou 3
; /@"\u‘ﬂ:u

daivovtal ota MApAKATW oXNUaTo ﬂ\ e .
BA, =32 AC,=34 o i 1
B=|/ N ,E//

slvat toa.
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Criteria for Triangle Congruence

1st Criterion for Triangle Congruence
If two triangles have two sides equal one by one and the included angle
equal, then they are congruent (S-A-S)

Key Notes:
1.The expression 'one by one' means corresponding sides
2.The expression 'included angle' refers to the angle formed between the

equal sides
A Example to illustrate note 2:
The included angle between sides AB and AC
is angle A
B r
i The included angle between sides LK and LM
is angle L
A M

MAIN OBSERVATION: When two triangles are congruent, their
remaining elements (angles and sides) are also equal

Exercise Example: to check if triangles ABC and DEF are congruent.

A
/5&\ /Eﬁ\
BA=42 Ar=34 BE-42 £2-34
| 451____>¥

B a

Comparing triangles ABC and DEF,
they have:

AB =DE =5.5cm (S)
A=D=60° (A)
AC=DZ=5.8cm (S)

Therefore, according to the first criterion for triangle congruence (S-A-S),
the two triangles are congruent. Hence, BC=EF, B=E, C=F.

Exercise Assignment: Check if the
triangles A;B;C; kat D;E;F; shown 4
g 1B10; 1E1F A /@\D‘F,:M

-
below are congruent. m&lﬁ\hcw

ED,=32 Fy
.451/ 5.C1 £/



2° KpuTiplo LodTNTAS TPLYWVWV
Av 800 Tplywva €xouv pia TMAEUPA (on KoL TLC TIPOOKEIEVEG TNV TTAEUPA
outr loeg pia mpoc pio, tote sival ioa. (M-N-r)

Acknon napadsiypa:
Na e€etdoste av ta tpiywva ABI kat AEZ ival {oa.

z
r
6 8 5,8cm
5,8cm
By 30
‘A E
A B

Eropévwe amd 2° kpuerfiplo todtntog tpywvwy (F-MN-T) ta d0o tpiywva eivat
{oo. Apa A=A , AB=AE, Al = AZ

Juykpivoupe ta tpiywva
ABT kot AEZ, autd £xouv:

B=E=30° (N
Bl = EZ=5,8cm (M)
[=7Z=60° (N

3° KpLTAPLO LOOTNTAG TPLYWVWV
Av 800 Tplywva £ouv TIg MAEUPEC Loeg pia tpog pia, Tote eival ioa. (M-M-M)

Acknon napadsiypa:
Na egetdoete av ta Tpiywva ABT kat KPZ eival loa.

P .
B 2UyKplvoupe
5cm Ta tplywva
5cm 3c
3c ABTI kau KPZ,
ouTa £ouv:
‘K 4cm z
A 4cm r

AB=KP=3cm (M)
BFr=Ps=5cm (N)
AT =Kz =4cm (N)

Enopévwe amd 3° kpuriplo wodtntog tpywvwy (M-N-N) ta Svo tplywva
elval loa.
ApaA=A ,B=E, I=1Z

AZKHZEIZ-ANO 2XOAIKO BIBAIO
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2nd criterion of equality of triangles
If two triangles have one side equal and the sides adjacent to that side equal
one to one, then they are equal. (C-P-C)

Exercise example:
Check whether the triangles ABC and DEZ are equal.

r We compare the
triangles ABC and AEZ,
they have:

30 ABT kol AEZ, autd £xouv:

B=E=30° (r)

BIr=EZ=5,8cm (M)

[=7Z=60° (N

Therefore, from the 2nd criterion of equality of triangles (A-S-A) the two

triangles are equal. So A=A ,AB=AE, Al =AZ

3rd criterion of equality of triangles
If two triangles have the sides equal one to one, then they are equal. (S-S-S)

Exercise example:
Consider whether the triangles ABI' and KZP are equal.
-]
B We compare
5cm the triangles
5cm 3cl
3¢ ABT and KPS,
these have:
K z
o 4cm r FEn

AB =KP=3cm (S)
Bf=PX=5cm (S)
Alr=Ki=4cm (S)

Therefore, from the 3rd criterion of equality of triangles (S-S-S)
the two triangles are equal.
So A=A ,B=E, =17

EXERCISES-FROM THE TEXTBOOK



Kputipla wootntog opboywviwv Tplywvwy:

1. Avo opBoydvia Tpiymva mov £x0vv 000 avticToryes mAevpés ioeg [Lia TPOgS
pia tvon ioo. (I1-1T)

Mapddeiypa:

Ye 1oookeAég Tplywvo ABI'(AB = AI)
@épvouue To VoG AA Ttpog ™ Bdon

Na amodeifete otL T Tplywva ABA,

ATA sival loa.

L.
IL.

Auon: ° °
AAB = AAT = 90°(yiaTi To AA gival Uyog)
AB = AT (w¢ TAEUPEG TOU LOOOKEAOVG) (1)
AA = AA (kown- (Sl kaBetn TAELP Q). (1)

I11.

I
II.
I1I.

ZupTrépaopa: Ta opBoywvia Tpiywva gival ioa yiati éxovv 600 avticToryeg
TAEVPEG 10€G

2. Avo opOoyavia tpiyovo mov Exovv Lo avticTolyn TAevpd Ko pia
avticToym ofeia yovia iceg pia wpog pia givon ioa.(I1-T)

Hapaderypa:
Aivovtol 600 opBoydvia
Tplyova
ABT (A =90°) xat
AEZ (A =90°) .
Av BI' =10cm ,
EZ = 10cm xat
B=30°, E=30°
va omodei&ete OTL T Tpiywvo gtvor ioa.
Auon:
Op0sg yovies: A =90°, A =90°(and ta Sedopéva)

A r A >

Ynroteivovoeg: BT = EZ = 10cm(ané ta 6edopéval)
Oteieg yovieg: B =30°, E =30° (and ta Sedopéva)

Tuptrépaopa: Ta Tpiywva gival ioa yiati £xouv pio avtiotouyn TAsvpd Kot
pio avriotoym oéeia yovia iceg

[88]

Criteria for the equality of right triangles:

1. Two right triangles that have two corresponding sides equal one by one are
congruent. (S-S)

Example: A

In an isosceles triangle ABI" (AB = AI') we draw the
height AA to the base. Prove that triangles ABA and
ATA are congruent.

Solution: 5 : r

I. AAB = AAT = 90° (because AD is the height)
II. AB= AT (as sides of the isosceles triangle) (S)
III. AA= AA (common - same perpendicular side). (S)

Conclusion: The right triangles are congruent because they have two
corresponding sides equal.

2. Two right triangles that have one corresponding side and one
corresponding acute angle equal one by one are congruent. (S-A)

Example:

Two right triangles B
ABI (A =90°)

and AEZ

(A =90°) are given.
If Br=10cm,
EZ=10cm, and B =
30°, E =30°, prove
that the triangles are congruent.

A r A >

Solution :
I.  Right angles: A = 90°, A = 90° (from the data)
II.  Hypotenuses: BI' = EZ = 10 cm (from the data)
III.  Acute angles: B =30°, E=30° (from the data)

Conclusion: The triangles are equal because they have one corresponding
side and one corresponding acute angle equal



Icookelég Tpiywvo
BaolKOG OpLOOG: |I000KEAEG TPlYWVO OVOUALETOL TO TPlywVvo TToU EXEL SUO
loeg MAEUpPEG.
BOOLKEG AP ATNPHOELG-LELOTNTEG LOOOKEAWV TPLYWVWV:
1. 3& KGBe LOOOKEAEG TplywVo OL YWVLIEG TTOU QVTLOTOLXOUV OTh BAon Tou
LoOOKEAOUC TpLywVoU eival (oeg.

2.H 8iyotopog, to UPog kat n SLdpecog amd tnv Kopudn mPog th Bdon Tou
LOOGKEAOUG TPLYyWVOU GUUTIITOLV (SnAadn tauTtilovratl- eivat (6Leg)

210 SutAavo oxua Kot CUBOALKA TO AP ATAVW £XOUV WG EENG:

A. 310 LoooKeAEG Tplywvo ABI ( AB = ATl

n Sixotopog AA ipog tn Bdon Br sival tautoxpova
S1apeoog kat UPoC, EMOUEVWG

Syotopog, VoG Kal SLAUECOG GUUTTITITOUY .

A

B. loyUouv ta EMOUEVA CUUMEPAOHATA:
A; = A, yloti AA Siyotopoc,

A, = A,=90°yioti AA Gog Kat

BA = AT' yiati AA Sidpecog

AuTO uTTopoUpE va To aTrodei§oUNE ouyKpivovTag Ta Tpiywva ABA,
AAT 110U £X0UV:
o AA = AA, (koivi TTAEUPQ)
e AB = Al (amd Tnv uttdéBean, apou 1o Tpiywvo ABI gival IGOOKEAEG)
e A, =A, yuti AA Sixotépog g ywviag A .
Apa ta tplywva elval ioa, ylati £xouv SUo MAgUpPEG (ogC pia PoG pia kot TNV
TLEPLEXOMEVN YWVia Toug ton (M-T-N).
Eneldn ta tpiywva ABA kat AAT eival ioa, Ba €xouv OAa Ta avtiotowa oTolXela
Tou¢ loa, omote

B= f, BA = AT Ko
adoU eivat A; = A, kar A; + A,=180°, Ba éxoupe A; = A,=90°,
omote n dyotopog AA eival kal UPog. H diyotopog AA eival kat SLapeocog,
odol BA = Ar.

gmniong
I. Av to AM eivat Uog tote Ba eivat Kot SLAPECOG Kot SLXOTOUOG
CUUTEpPAOUQ
A. >to LoooKkeAEG Tpiywvo av AM sivat Stapecog ) UPog i SLYoTopog TOTE
Ba elval kat ta aAAa Suo ot kabe mepimtwon.
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Isosceles Triangle

Basic Definition: Isosceles triangle is called the triangle that has two equal
sides.

Basic observations-properties of isosceles triangles:

1. In every isosceles triangle, the angles corresponding to its base are
equal.

2. The bisector, the altitude, and the median from the vertex to the base
of the isosceles triangle coincide (that is, they are identical -are the same).

In the adjacent figure, symbolically, the above are as follows:

A. In the isosceles triangle ABI (AB = AT), the bisector AA that leads to the
base Bl is also median and height, therefore the bisector, height, and
median coincide. A

B. The following conclusions are true:
A; = A, because AAis the bisector ,
A, = A,=90°because AA is the height and

BA = AT' because AA is the median.

B 12 Ar
We can prove this by comparing triangles ABA and AAT,
which have:
- AA = AA (common side),
- AB = AT (by assumption, since triangle ABT is isosceles),
>A; = A, because AA is the bisector of angle A.
Therefore, the triangles are equal because they have two sides equal one-
to-one and their included angle equal (M-r-M).
Since the triangles ABA and AAT are equal, all their corresponding
elements will be equal, so
B=F, BA=Ar, and
since A; = A, and A; + A,=180°, we will have A; = A,=90°,
so the bisector AA is also height. The bisector AD is also median, because
BA = AT.
I.Finally if AM is height, then it will also be a median and bisector.
Conclusion

A. In an isosceles triangle, if AM is median, height or bisector, then it will
be the other two.



Baotkn WSiétnta pecokaOétov euOUYPAUHOU TUAHATOG
YnevOupon: MecokdaBetog evog euBUYPOUUOU TUAUOTOG Elval pia euBela
TIOU €lval KABeTn oTo eUBUYPAUUO TUAKA Yo SIEPXETAL OO TO MECO TOU
€VBLYPAULOU TUALOTOC.

Baowkr) L8LOTNTA LECOKAOETOU: TO ONLELA TG LECOKABETOL EVOC
€VBLYPAUMOU TUAMATOC LOATIEXOUV OO TAL AKPA TOU EVBVYPAUUOU
TUAHOTOG
210 SuTAavl oXAHA Kot GUKBOALKA TOL TTAPATIAVW £XOUV WG EENG:

H peookdBetog € tou eubuypappou TuRpatog AB to ®
TEUVEL oTO onpeio M. Av X eival tuxaio onpeio tng L
peocokaBetou, Ba oyVel otL XA = 3B.

AuTod PTTOPOUE val TO atrodei§oupe
ouyKpivovTag Ta opBoywvia Tpiywva AMZ,
BMZ rou ¢xouv: M Ml

o >XM=2ZM, (koivr) TTAeupd)

e AM = MB, agpou 10 M €ival yéoov Tou AB.

Apa 1a opBoywvia autd Tpiywva eival ioa, yiaTi €xouv U0 QVTIOTOIXEG TTAEUPES
TOUG i0€g pia TMpog pia. Aol Ta Tpiywva gival ioa, Ba €xouv kal Ta uttéAoiTa
avTioToIXa OToIxXEia Toug ioa, ommoTe A = 2B.

210 SuMAQvVO oXra Kot GUMBOALKA Tl

ToPATTAVW £XOUV WG EEAC:

®épvoupe T Bixotépo Oz g ywviag xOy kai

TAvw 0~ auTAV TTaipvoupe €va Tuxaio onueio A. Av

AB, Al gival ol amrooTAoEIG TOU onueiou A atrd TIg

TTAEUPEG TNG Ywviag, 1oxuel 611 AB = AT, -

o B X

AuTd ptTopoupe va TO!
TTOU €XOUV:

e OA = OA koIvA TTAeupd Kal

e 01=02, agou n Oz civar dixotépog NG ywviag xOy.

Apa Ta opBoywvia auTd Tpiywva ival ioa, yIoTi €X0UV avTIGTOIXO MIO TTAEUPA Kal
MIa ogia ywvia ion.

AgoU Ta Tpiywva eival ioa, Ba £€xouv Kal Ta UTTOAOITTA AVTIOTOIXO OTOIXEIO TOUG
ioa, omote AB = AT

N

Basic property of the perpendicular bisector of a line segment

Reminder: The perpendicular bisector of a line segment is a line that is
perpendicular to the line segment and passes through the midpoint of the
line segment.

Basic property of the perpendicular bisector: the points on the
perpendicular bisector of a line segment are equidistant from the endpoints
of the line segment

In the adjacent figure, symbolically, the above is as follows:

The perpendicular bisector € of the line segment AB

intersects it at point M. If Z is any point on the 3
perpendicular bisector,

then ZA = 2B.

We can prove this by comparing the right

triangles AMS and BMS which have:

* M = XM (common side) A M|' B
* AM = MB, since M is the midpoint of AB.

Therefore, these right triangles are congruent, because they have two
corresponding sides equal one to one. Since the triangles are congruent, their
remaining corresponding elements are also equal, so >A = 2B.

In the adjacent figure and symbolically, -
the above are as follows:

We bring the bisector Oz of the angle xOy .
and on it we get a random point A. If AB, Al

are the distances of the point A from the 5 .
sides of the angle, it is true that AB = Arl.

that have:

e OA = OA common side and

e 01 =02, since Oz is a bisector of the angle xOy.

So these rectangular triangles are equal, because they have respectively one
side and an acute angle equal.

Since the triangles are equal, they will have the rest of their corresponding
elements equal, so AB = AG.




Ta kpITApIa 100TNTAG TPIyWvVwY pag BonBouv va armodeifoupe OTI
KATTola euBUypappa THAPATA O ywvieg eival yetagu Toug ica. Ta
TTOPATTAVW POG KaBIoTOUV IKavoUg VO CUYKPIVOUUE Kal EUEIC Tpiywva
ME T KPITAPIA 1I00TNTAG TPIYWVWY Kal 1I00TNTAG 0pBoYywViwV TPpIywVwyV
OTTWG BAETTOUHE OTIG TTPONYOUNEVEG OENIDEG.

Ema1dn €ival 80okoAo va 1o BAAoupe o€ «KaAouTria» OTTWG TV
dAyeBpa , Sivoupe KATTOIEG TTAPATNPACEIS TTOU iowg Bonéfoouv
oTNV £TIAUCH TWV ACKNOEWV

1. Kdvoupe Tévra éva Kahé oxAua 1Tou Bonddcl otnv €tmiAucn TG
aoknong.

2. 'pagoupe Ta dedopéva TNG ACOKNONG TTOU YPA@OVTAl TTPIV TIG
A&geig va atrodei{oupe.

3. EAéyxoupe PATTIWG Ta TPiYyWVa £XOUV KOIVE) TTAEUpPA.

4. Aegv ouykpivoupe avioa Tpiywva dnAadr Tpiywva TTou @aivovTal
atré Ta oxnua ot dev gival iola.

5.2¢ KUKAO OAeG 01 aKTIVEG gival TTAVTa i0EG.

6. ATToQeUyOlE va OUYKpivouue Tpiywva av n doknon Oev Toug €XEl
dwael «Ovoua»

7.Kd&be 100TTAEUpO TPiyWwVO €XEl i0€C OAeG TIG TTAEUPEG Kal N KABe
ywvia Tou givai 60°

8. Av dgv utrdpyxouV ioca TPpiywvo oTO OXAMA, PEPVOULE
BonénTikég gubtieg

9 .To éva Tpiywvo pmropei va gival péoa oto dAAo

10.Av n doknon £xel 800 N TAPATTAVW EPWTAHATA OTTOIA TPIYWVA
oTTO0EIEOUNE OTO TTPWTO epWTnUa OTI gival ioa Bewpeite dedouévo OTI
givar ica kar Ba €xouv Kal Ta UTTOAoITTa OToIXEia ica yia To
EMOMEVO EPWTNHA

11. Av £xoupe opBoywvia Tpiywva ioxUouv KpitApia MN-Mkai M-I

12. Pmnidxvoupe 10 OoXAua BApa BAPA(ME XPNON YEWMETPIKWV
opyavwyv) kai dev diafafoupe 6An TNV doknon padi. Autd ptropei va
yivel o€ ouvepyaoia ge cuppadnTh pag o otroiog Ba pag diaBdader Aiyo
Kal EYEIG Ba KAVOUNE Wia pia TIG YPAUMEG.
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The triangle equality criteria help us prove that some straight
segments of angles are equal to each other. The above enables us
to compare triangles with the criteria of equality of triangles and
equality of right triangles as we see in the previous pages.

As it is difficult to put it in "molds" such as in algebra,the
following observations may help solve exercises

1. Always do a good regimen that helps solve the exercise.

2. We write down the data of the exercise that are written before the
words to prove.

3. Check if the triangles have a common side.

4. We do not compare unequal triangles, i.e. triangles that appear
from the shape to be not straight.

5.In a circle all the rays are always equal.

6. Avoid comparing triangles if the exercise has not given them a
"name"

7. Each equilateral triangle has all sides equal and each angle is 60°

8. If there are no congruent triangles in the figure, we draw auxiliary
lines.

9.0ne be
10. If the exercise has two or more questions, any triangles we prove

triangle may inside another.
to be congruent in the first question are considered given as
congruent, and the remaining elements will also be congruent for the
next question.
11. When comparing right triangles, the criteria S-S and S-A apply.
12. When we draw the figure, we draw it step by step (using
geometric instruments) and do not read the entire exercise at once.
This can be done in collaboration with a classmate who will read a

little to us while we draw each line one by one.
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Exercises on triangle equality (from the book and....)
AGKNOELG 6TNV LoOTNTA TPLYWVWV(Tou BLBAiou Kat....)

A 1. Prove that A
Na artodeiteTe triangles  ABI'
OTI Ta Tpiywva and TAE are
ABI' kar TAE r congruent. I
eivai ioa: B , ; . |
| \ | | \ |
2170 OITTAQVO oXAMA, A 2. In this figure, # 2
EXOUME there is an
I000KEAEG  Tpiywvo  ABIT isosceles
(AB = AIlN). triangle ABI'
Oépvoupe  TIGC BIAPEOOUG _ (AB = AIlN.
BN kai [M. M B We draw the |
Na atrodeiteTe OTI medians M D
BN=TM. BN and I'M.
Prove that
BN =M .
Aivetal A
I000KEANEG Tpiywvo ABIT
(AB = AIN). 3. Given A
2 x€01ACoUpE isosceles
TIG dixoTopoug BA, 1 TE. triangle ABI'
Na atrodeigeTe OTI (AB = AIlN.
BA=TE. E r We draw
the bisectors E /
BD, and GE.
Prove that
BD = GE A
A
4, Given
Aiveral square  ABlrA
TeETpaywvo ABI'A Kal and its diagonal
n diaywviog Tou Al. Al. If E is a E
Av E Ttuxaio onueio E random point on
NG Al va deigeTe AG, prove that
ot BE = AE . BE = AE




5. Xmg TAeupég TOu 1000KEAOUG Tpiywvou ABIT
(AB=ArI") TTaipvoupe AA=AE. Av M 10 Péoo TOU
BI', va ouykpiBouv Ta AM kai EM.

\

A ‘f’ \‘ E
\
f’.‘/

6. Z& TTapaAAnAdypappuo ABIMA va atrodeitete 0TI To euBUYpPAPUO
TUAMO TTOU

evwvel Ta péoa K, N Twv

/ 7l
TAeupGv Al Kkai B eival ico i \/
E TO EUBUYPAUMO \ N
/
A

TMAMO TTOU EVWVEI Ta PEoa A,
M Twv AA kai AB.

7. 2TIG TTAEUPEG ™G ywviag B
X/O\y TTaipvoupe Ta onueia A, B, I, kai E f
¢ro1 wote OA=0I", OB=OE

a) Na ouykpiBouv Ta Tpiywva OAE «kai
orB

B) Av Ta AE kai 'B téuvovtal oto A va
atrodeigete 611 AA=TA.

Y) Na amrodeiete 611 n OA gival diXoTOPOG TNG ywviag xﬁy

8. Aivetal o kUkAog (O,p) kal éva
onueio A €CwTEPIKO TOU KUKAOU. Av
AB kai Al e€ival €@atrTtopeva Tou
KUKAOU TuAPaTa a1md To onueio A
oci¢te Om auta eival ica(dnAadn
oci¢Te 611 AB=AI)

5. On the sides of the isosceles triangle ABI"

(AB=AI) we take AA=AE. If M is the midpoint

of BI', compare AM and EM.

6.
In a parallelogram ABI'A, A

prove that the straight line
segment that connects A

the midpoints K, N of the /'\
sides Al and B is equal . /

to the straight line
segment that connects
the midpoints A, M of AA and AB.

7, On the sides of the angle X/O\y we
take the points A, B, I', and E such that
OA=0I", OB=0OE

a) Compare the triangles OAE and
orB

b) If AE and I'B intersect at A, prove
that AA=T'A.

c) Prove that OA bisects the angle X/O\y

8. Given the circle (O,p) and a
point A outside the circle. If AB
and AG are tangent segments
of the circle at point A, show
that they are equal (i.e. show
that AB=AG)




9. Aivetal I000KeAEG Tpiywvo ABIT (AB = AlN).
Pépvoupe Ta UWn BH kai FO. Na atrodeigeTe
61 BH=TO © H

B r

10. Aivetal 1I000keAEG Tpiywvo ABIT (AB = AlN) ki &/ \a
E, A onueia oTig TTAeupég Tou, €101 WoTe BE = AO.

Na d¢cicete o1 Ta onueia E kai A 10a1TéXouv ammo Tn -
Bdon Br. me

11. ‘Eotw euBlypapuo tuAua AB, 10
pMéoov Tou M kai (€) pia Tuxaia euBeia n
otroia diEpxeTal amd 10 M . Na atrodeigere 4
OTI Ta akpa A kal B 1oaméxouv amd tnv
euBeia ()

12. Aivetai Tpiywvo ABI™ kai n d1duecds Tou
AM, Tnv oToia Kol TTPOEKTEIVOUNE
mépav Tou onueiou M. Na deigete 0TI o1 B r
Kopupéc B kar T TOU TPIYWVOU
10aTTEXOUV aTTO TN d1aueco AM.

13. ‘Eotw duo tpiywva ABI kait A'BT, yia Ta oTroia 1Io0xUEl a =
a’, B =B kaiua =ua’. Na &cifete OTI T Tpiywva givai ioa.

14. 'EoTtw duo Tpiywva ABI kait A'BT, yia Ta oTToia 1IoxUEl a =
a’, ya = pga’ kal ua = ua’. Na &¢€igete 0TI Ta Tpiywva gival
ioa.

15. ¢ KUKAO pe kévtpo O, pEpvouue Tn diaueTpo AB kai TIg
ioeg xopdég AlN, BA. Na &¢icete 611 AA = BI'.
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9. An isosceles triangle ABI is given (AB =
Al). We draw the altitudes BH and N'©

.Prove that BH =T0. ” -
B r
10. An isosceles triangle ABI is given A
(AB = Al') and E, A points on its sides b
such that BE = A®. Show that the points E
and A are equidistant from the base B. 1
H ©

11. Let AB be a line segment,

M its midpoint, and (e) a random line 4
passing through M. Prove that the
endpoints A and B are equidistant

from the line (e).

12. A triangle ABC is given with its
median AM, which we extend beyond
the point M. Show that the vertices B
and C of the triangle are equidistant
from the median AM.

A
%
B r
M
®

13. Let two triangles ABI" and A'B'T" be such that a = o'
B =pB', and va =ua’. Prove that the triangles are equal.

14. Let two triangles ABI" and A'B'l"" be such that a = d', pa
= pga” and ua = ua’. Prove that the triangles are equal.

15. In a circle with center O, draw the
diameter AB and equal chords Al', BA. Prove that AA =
BrI.



OEQPHMA GANH

Av TpeLG | teploooTepe mapAAANAeg suBeieg TEpvouv 800 GAAsC euBeieg,
TOTE TO TUAMATA TTou opilovtal otn pia eivol avaAoya mpog to avtiotolya

TUApaTa ou opilovral otnv GAAN. AnAadn:

AB _BI' AT

)/
-

Nopadslypa: ITo mapaKkaTw oxfua, Bpeite ta kKAdopata:

35\ B er HA 6 2
£l D, [ ze_EH_4_2
V \ ZIL EA 10 5
) BO AN 7

\ "B T Ar B

&

r

AB' BT AT’
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THALES' THEOREM

If three or more parallel lines intersect two other lines, then the segments
defined on one are proportional to the corresponding segments defined
on the other. That is:

T
.

AB BI' _Ar
-

AB" BT’ AT’

Example: In the following shape, calculate the fractions:

A B or HA 6 2
£l z ze _EH _4 2

i/ \ B e

BO AH 7

—
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OMOIA EYGYTPAMMA ZXHMATA

BaokAG 0plopog: Av 600 MoAUywva £XOUV TLG TTAEUPEG TOUG AVAAOYEG Kall
TLG OVTLOTOLXEG YWVIEG TOUG LOEG, TOTE €lval OpoLaL.

B
A " B

B > s B
T
B o

\
o

Napatnpnosig:

»  Me amhad Adoyla, to opola oxipoto €ouv Tnv idla popdn, oAAd
Sladopetiko péyebog! Eivat, SnAadn, To £va opikpuvon i peyéduvaon
Tou aAAou. O Adyoc opolotnTag sival, oa va AEUE, KATL ooV TNV KALpHaKa
€vOC XapTn.

» H kAlpaka givat o AGyog TnG amootacng oTo XAPTh TPog TNV avTioToLyn
TPAYUATIKA armootaon, SnAadn sival o Adyog opolotntag Twy Vo
OXNUATWV.

» Tamnapadstypo kAipako 1 : 3.000.000 onpaivel 6tL, 0 Adyog opoldtnTog
TOU OXNLOTOC OTO XAPTN TPOC TO MPAYUATIKO ivat A =1:3.000.000
omote 1 cm oto xdptn gival 30 km oTnv MPAyHATIKOTNTA.

» AUo omoleadnmote avtioTolyeg MAEUPEC OpolwY TIOAUYWVWV £XOUV TOV
1610 AOyo |, yL auTo Aéyovtal opOAOYEG Kol 0 AOyog Toug Aéyetal AGyog
opolaTnTaC.

» Av 800 moAUywva gival dpola, TOTe £XOUV TIC OUOAOYEG TAEUPEC TOUG
QaVAAOYEG KOL TIC AVTIOTOLYEG YWVIEG TOUC (oeC.

> O AOYOC TwV TEPLHETPWY SU0 OUOLWV EVBUYPOUUWY OXNUATWY LooUTAL
LLE TO AOYO OUOLOTNTAG TOUG.

napasdelypa

= NN behid e B g

“SSEsssss=asss BB M

¥

ta moAUywva(tetpamAeupa)ABrA, ABIA sivat opola pe Adyo opolotntag 2.
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SIMILAR RECTILINEAR FIGURES
Basic definition: If two polygons have their sides proportional and
their corresponding angles equal, then they are similar.

A g B

L
T

|=

aA
C- Y
vy

e e e D
]
o

L
N

-
-
=

Notes:

»  Simply put, similar figures have the same shape, but different size! That
is, one is a reduction or enlargement of the other. The similarity ratio is,
you could say, something like the scale of a map.

» The scale is the ratio of the distance on the map to the corresponding
real distance, meaning it is the similarity ratio of the two figures.

» For example, a scale of 1 : 3,000,000 means that the similarity ratio of
the figure on the map to the real one is A = 1:3,000,000, so 1 cm on the
map is 30 km in reality.

»  Any two corresponding sides of similar polygons have the same ratio,
therefore they are called homologous and their ratio is called the
similarity ratio.

» If two polygons are similar, then their corresponding sides are
proportional and their corresponding angles are equal.

» The ratio of the perimeters of two similar polygonal shapes is equal to
their similarity ratio.

example

The polygons (quadrilaterals) ABCD, ABCD are similar with a similarity ratio
of 2.



Aoknozeig:

1. Not XOpOKTNPLOETE TG MAPOKATW TIPOTACELG ME (Z) av Eival CWOTEG Kol
Me (A) av eival AavOaopéveg

a) Abo teTpaywva ival mavta ool

B) AVo opBoywvia eival opoLa

v) Av 800 moAUywva £xouV TIG MAEUPEG TOUG AVAAOYEG €ival ouoLa

8) Auo popPol eivat oxnpata opoLa

€) Av 800 moAUywva eival ioa TOTE gival opola

oT) AUO KavoVvIKA TToAUywva elval opoLa

2. mow amé Ta mapakato (guydpua gival opova;

g

: A gem B B 6em r

B qem [
6em g
sem l 8 dem

=
‘Q‘\’
:J

2cm

m
N

L3 P

pr of ]

A 5 m T L{ o
Jem [ N
z/
A A N a

3. Ta tetpdmeupa oto Suthavod oxAua eival
opola. H mepipetpog tou
"ukpov" givaw M=7, va Bpeite ta x, v, z, w.

4. 310 Suthavo oxnua

a)O Aoyog opoLlotntag tou ABMA mpogto A'B'T'A’ elvat ......
B) O A6yog opototnTag tou A'B'T'A’ mpog to ABFA elvat .....
v) Av n ywvia B eivat 110 poipeg, TOTe Kat n

ywvid ...... .......elvat 1102. x
6) O Aoyog Twv MepUETpwY Tou ABIA wg mpogto A'BT'A’

eival loog pe......
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£) H mAeupa BT ival ion pe ......

Exercises:

1. Mark the following sentences with (T) if they are true and with (F) if
they are false

a) Two squares are always similar

b) Two rectangles are similar

c) If two polygons have proportional sides, they are similar

d) Two rhombuses are similar figures

e) If two polygons are equal, then they are similar

f) Two regular polygons are similar

2. Which of the following pairs are similar?
Q] A Bem B B] A

-=: “m
—..

& L Jem 2
0 E cm,
:
V rﬂz'_‘ L I s *

@zomm

Bom

’- ‘ 7

A &

3. The quadrilaterals in the adjacent figure are similar. The perimeter of the
"small" oneisP=7;findx,y, z, w.

4. In the adjacent figure

a) The similarity ratio of ABI'A to A'B'T'A' is ...

b) The similarity ratio of A'B'I'A' to ABlA is ...

c) If angle B is 110 degrees, then angle ...... ....... is
also 110¢. %
d) The ratio of the perimeters of ABI'A to A'B'T'A' is

equal to ......

e) The side Bl is equal to ......



OMOIA TPITQNA

Kpttrplo yia apota tpiywva: Av Suo tpiywva £xouv U0 YwVIEC TOUC LOEG,

pia pog pia, tote Ba eival opola, kat Bo £4ouv TG TAEUPEC TOUG AVAAOYEG.

Napatnpnosig:
» Auo opBoywvia Tplywva givat opola, av éxouv pia ofela ywvia ton.

» 'OAa ta woomAeupa tpiywva ival opota petagv toug!
» [lAavta CnNUELWVOUUE TIOLEG YWwVIeG elval loeg yla va BpoU e Tig
owoTéG "amévavtl” MAEUPECG oTtnv avaloyia.
» 0 M\oyog Twv epBadwv SUo OUOLWV TPLYWVWV(KaL TOAVYWVWY) LoolTol

LLE TO TETPAYWVO Tou Adyou opototntocg (A?).

Napadsiypa-Acknon 1: B9 4
Aivovtat 500 opota Tpiywva ABI, A'B'T. b

Av AB =6, Bl = 8 kait Al = 10, 8 /o

KaLA'B'=9,

va Bpeite TIq umtoAouneg MAsupég Tou A'B'T.

Nuon:
Eddoov ta Tpiywva eival OpoLa oL TAEUPEG TOUC lval avAAOYEG:

Bpiokoupe tov Aoyo opototntag A:
6 2 ,9 3
A=9=3 W g=3)

YroAoyiloupe tnv B'T":

6__8 - 6:-BT'=8-9> 6B T'=72>B'['=72:2->B'['=12

9 BT’ - T -
YrnoAoyiloupe tnv A'T":

O 1 AT =109 6AT'= 905AT"= 90:65A''= 15

9 AT’
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SIMILAR TRIANGLES

Criterion for similar triangles: If two triangles have two of their angles
equal, one to one, then they will be similar, and their sides will be
proportional.

Observations:
» Two right triangles are similar if they have one acute angle equal.

» All equilateral triangles are similar to each other!

» We always mark which angles are equal in order to find the correct
"opposite" sides in the proportion.

» The ratio of the areas of two similar triangles (and polygons) equals the

square of the similarity ratio (A2).

B 9 A
Example-Exercise 1: a
Two similar triangles ABI, A'B'T" are given. 8 o
If AB=6, B =8, and Al =10,
and A'B' =9,
find the remaining sides of A'B'T". f
r

Solution:
Since the triangles are similar, their sides are proportional:

We find the similarity ratio A:

6 2 9 3
A=g=3 lrg=5
We calculate B'T":
§ L - 6:-BT'=89->6B'=72>B['=72:2->BT'=12
9 BT’ ) o )
We calculate A'T":
6 10 , - . -
9= ﬁ—»GAI’ =109 6A'T'=90->AT'=90:6>AT'=15



Napadsiypa-Acknon 2:

Y€ éva tpilywvo ABT,

naipvoupe éva onpeio A otnv mAeupd AB kat éva A
onueio E otnv m\eupa AT,

wote AE //BI. Av AA =4, AB =2 ka Bl = 9, va Bpeite to

UAKOG TOU TUAUOToG AE. A
Nuon:

Emeldn AE //Bl, ta tpiywva AAE kat ABT gival opola B 9
(éxouv tn ywvia ﬁ KOLVI| KaL TIC YWVIEC 3 s B l0gg wg

EVTOG EKTOG KL ETTL TOL QUTA).

YmoAoyiloupe TNV mAgupd AB:
AB=AA+AB=4+2=6.
Fpddoupe TNV avaloyia:
AA _AE
AB BI'
AVTIKOOLOTOUHE KOt AUVOU LE:
4 _AE

—=— >6-AE=36->AE=6
6 9

Napadsiypa-Acknon 3:
310 SumAavo oxfua sivat AE // BI. Av to tplywvo AAE éxel

geuBadov 18 cm?, téte va untoloyioete to epBadov tou
Tplywvou ABI

Nuon:
Emeldn AE //Bl, ta tpiywva AAE kat ABT gival opota (€xouv T ywvia A Kown Kot
TG ywvieg A, B 0£g wg evtog eKTOG Ko €L TaL AUTA
Ipddoupe TNV avaloyia:

O \oyog twv gpPBadwv §U0 OpoLWY TPLYWVWV(KAL TTOAUYWVWV) LooUTaL UE TO

TeTPdywvo tou Adyou opotdtntag (A?), dpa:
Eppasov AAE (3 18 9
EpBadsovABL \ 5 ~ EpBadovABT 25

9-EpPadov ABIM = 18-25-9- Epfadov ABI' = 450- Eufaddv ABI = 50.

‘Etotl propoUpe va urtoAoyifoupe TG entpAVELEG OTILTLWV, OLKOTES WV KATU
otav gival oxedlaopéva o KALHaKa.

[99]

Example-Exercise 2:

In a triangle ABT, the point A is on side AB and

a point E on side AT,

such that AE //Bl.IfAA=4,AB=2 8

and Bl =9, find the length of segment AE. 5
B

Solution:
Since AE // BT, triangles AAE and ABI are similar (they have angle A in
common and angles A , B equal as alternate interior angles).

We calculate side AB:
AB=AA+AB=4+2=6.

We write the proportion:
AA_AE

AB BrI

We substitute and solve:
4 AE

—=——>6-AE=36>AE=6
6- 9 > >

Example-Exercise 3:
In the adjacent figure AE // BI. If triangle AAE has an
area of 18 cm?, then calculate the area of triangle ABT.

Solution:
Since AE // BT, triangles AAE and ABT are similar (they have angle A in
common and angles A and B equal as alternate interior angles).

We write the proportion:
AA _AE 3

AB Bl 5
The ratio of the areas of two similar triangles (and polygons) is equal to
the square of the similarity ratio (A?),so:
area AAE _ (3 18 _9
area ABI" ~ (5 area ABI ~ 25

9-area ABI" = 18:25-9-area ABI'=450—area ABI" = 50.

This way we can calculate the areas of houses, plots, etc. when they are
drawn to scale.



Acknon 1: OpBoywvia Tpiywva & Yog
‘Eotw opBoywvio tpiywvo ABI A =90°%at AA T0 U og Tou avtloToLyel
oTnVv UnoTeivouoa.

» No anobeifete otL ta Tplywva ABA kot AAT gival dpola.

» Av BA =4cm kat AT = 9cm, va Bpeite to prikog tou Uouc AA.
Ynodei§n: XpnoLUOTOLAOTE TIG CUMMANPWUOTIKEG Ofeieg ywvieg(mou
£youv aBpotopa 90°.

Aoknon 2:

Ye éva tpaméllo ABIA pe Baoeslc AB kat A, ot Staywviol tou AT kot BA
TEvovTal oto onueio O.

Av ot Baoelg eivat AB = 6cm kat FA = 10 cm, kot To TuRpa OA = 3cm, va
UTTOAOYLOETE TO HAKOG TOU TURpatog Or.

Ynodegn: Yndpyouv evidg evalag ywvieg Adyw Twv mapaAAnAwv
Baoceswv.

Aoknon 3: H Zkia
0 yio6 £xeL UPog 1.36m. Moto gival To VY og TOU MATEPQ;
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Exercise 1: Right Triangles & Altitude

Let ABI be a right triangle with A =90° and AA the altitude corresponding
to the hypotenuse.

» Prove that triangles ABA and AAT are similar.

» If BA=4cm and Al'=9 cm, find the length of the altitude AA.

Hint: Use complementary acute angles (which sum to 90°).

Exercise 2:

In a trapezoid ABI'A with bases AB and IA, its diagonals Al and BA intersect
at point O.

If the bases are AB =6 cm and I'A = 10 cm, and segment OA = 3 cm, calculate
the length of segment OF.

Hint: There are alternate interior angles due to the parallel bases.

Exercise 3: The Shadow
The son is 1.36 m tall. What is the height of the father?
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Acknon 4:

Na anodeiete ott

Ta tpiywva ABT kat AEZ elval dpola
KoL va ypaete toug iooucg Adyoug

Exercise 4:

Prove that the triangles ABI and AEZ are
similar and write the equal ratios.

Acknon 5:

Yto Suthavo oxfua sival AE // AT.
Noa amodeifete otL

ta tplywva ABI,BAE eival opola,

Exercise 5:

In the adjacent figure, AE // AT.

Prove that the triangles ABI and BAE are similar.

Acknon 6:
Ta TpamElLo TOU OXAMUOTOG
eival opola pe Adyo

Exercise 6:

The trapezoids in the figure are similar

, 1
opototntag with a similarity ratio °f§

3
Na urtoloyioete TaA X K, A, W, V .

Calculate x, k, A, i, v.
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