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[poAoyog

To PBipAio mov %nEaTdS OTA YKEQLOL GOV, €XEL OROTO Vo fondNoEL e0€va TO nabnT
g I'" T'vuvaoiov, va #atavoNoelg xou Vo eUTEOMOELS TLS OLAPOES LoBMUaTLRES
€VVOLEG O VO QUTOXTNOELS TLG avaryroieg OeEotnteg mov meouhapfdvovion 0to
OVOAUTLHO TTEOYQOUUC. TNG TAENS COv.

H ¥An tov Biffhiov eivon ogyoavwuévn oe dvo puépn. To A’ Mépog mepuhaufPdvel
5 Kegpdhawa mov avagépoviar oty Ahyefoa, eved 1o B Mépog mepihappcivel
2 Kegpdhawa mov avogépovior oty Fempetolo wow v Torywvopetpia. Kdabe
Kepdahowo ywoitetou oe evdtneg poOnudtmv.

Ze na0e evotnta epuhappfavovran:

1. Ov ®vgLor aToyoL. ZV ooy ®AOe evOTNTOS avayQAmOVTOL OL ®VUELOL OTOYOL
™Me, OmMWS OLOTUTTMVOVTOL OTO OVOAITIXO TOOYQUUUD, (MOTE VO SEQELS TTOU OF
odnyetl o »aBnynTNg cov.

2. H dpaotnorotnra. Ou 0000tnLoTTeg elvon puat ueyain othio tooAnudtmy,
000 TO dUVOTOV TTLO ROVTE OTOL EVOLOPEQOVTE GOV, TTOV OdNYOUV GTNV VALY ROLOTNTOL
™G ELOOYWYNS TOV EVVOLMV TTOV Ba ddaryBelc 1) oty emavanym »ou Olevpuvon
MV 1oV €xels NN Oday Bel oe Tponyovueves TaEels. Me xatdAAnha egwThuoTo
yivetow mpoomdfela vo emxevIQmOEl 1 TEOOOYT OOV O OQLOUEVES EVEQYELES TTOV
B cov dMOOVV TNV EVXALQIOL VO OVOTTTUEELS TTOMTOROVALXL, VO SLOTUTDOELS TIG
LOEEC KO ATTOPELS OOV %O VO TIS AVTOAAAEELS Ue TOVS OUUUOONTES GOv.

3. To »nvoiwg pnadnua. Ieouhaufdver YVOOES TOU TEETEL VA OUTORTNOELS, VO
OUYXQOTNOELS RO VO UTTOQELS VOL EQPAOUOCELS, OTTMS 0QLOWOVS RO LOLOTNTES, TOV
Ba 0oV EMTEEYPOVV VO ETAVELS TTOOPANUALTA ROL VAL OLALTUTTMVELS CUAAOYLOUOVS. Z€
TOMLEC TEQUTTMOELS TTEQLAAUPAVEL OTOdEIEELS PALOLHMY TQOTATEMYV.

4. lagaodeiypata - Egappoyéc. TTpdrertar yiow éva oUvolo AUEVMV QLoRNOEMY
oL TEOPANUATOV, TOV OROTEVOVV VO 0OV ODOOVV TN duvatoTNToL Vo PABELS
IS VO, OVTUETWIUEELS AVALOYES AOANOELS, VO OLOWTLOTOOELS TV EVQUTNTA TV
EQPOQUOYDV TTOV €YOUV To. MaOnuamrd, Vo OTORTNOELS VEES EUTELQIES OTLS
uebddovg emiAvong TEOPANUAT®Y ®ow VO DLEVQUVELS TO TTEDLO TMV YVHOEDV COV.

5. Egotmioeis ratavonons. Elvar amhd epotiuato 1 ovvtouo TQOPANUATO ToL
OToloL TTOETTEL VAL UTTOQELS VAL ATTOVTHOELS, UETAL TNV OAOXANQMOT TOU HoONUATOC.



[lp6Aoyo

6. Ilpotewvopeves aoxnoelg »ot oopinuata. Idwoiteon mpoomddeia notafAnOnue
YLOL T OUAAOYT RO THV TAELVOUNOT) TV TTQOTELVOUE VMV LORNOEMV ROL TOOPANUATMV.
A0 Tg O OTTAES ALORNOELS 1S TOL TTLO OVVOETA TTEOPANUALTAL, €YLVE TTQOOTAOELD VL
ovadeLy Oel M xENOWOTNTA TOVG 0 1AOE TOUE EQPAOUOYNS TOVS, (Puowny - Xnuelo
- Owovopio ®.T.A.) OV eVAERVUTAL YOl TNV NMKIOL ROWL TS YVADOELS OOV, OANG %o
0€ ROTAOTACELS TNS ®oOnueLvng Comg.

€ OQLOUEVES EVOTNTES TTEQLAOUPAVOVTOUL CUUTANQWUATIXAL:

- O¢parta amo v Iorogia Tov Madnuatindy xow AQUaTneLOTITES TOV OTOYXEVOUV
VO XEVIQLOOVV TO EVOLAPEQOV OOV MOTE VO CUVELCPEQOUV OTNV XATAVONOY TWV
EVVOLMV KOL TOV LOLONUOTLRMVY TOOPANUATMY OTO OTTOLCL ALVOPEQOVTOL.

- AvoBepatird oyx€dwo eoyaosiag. ITooxeltow yioo 0paoTNELOTNTES OL Omoleg Ba
OToTEAECOUV BEuaTaL YLoL OpOOLXT) €QEVVOL KO OUVEQYALOLCL.

210 T€MOC ®AOE REPAAALOV VITAQYOUV:

- T'evirég Emavoinmuzés aoxnoelgs zar mpofAnuata xow wo ovvroun Ema-
VA - Avoxegpalaioon pe s PootrOTEQES YVIDOELS TOU ATTOTEAOUV TOV TUQTVOL
TOU REPOAQLOV.

To PpArio nheiver pe:

Amavijoelg - YrodeiEelg twv aounoemv xow Evgetioro ogov.

[Miotevovpe 0T TO PPMO QVTO OVTOTORQIVETOL OTIS OUTOUTHOELS TNG OUYYQO0VNG
TOUdOYYLRNE ®Ow OTL OL YVOELS TTOV Bl amorTHoELS atd awto Ba og fondnoouvy
ota exouevo Puatd oov. Ta va emtevyBovv ou otdyoL Tov PPAov avtov extdg
oo T O] OOV TTEOOTTAOELCL, YOELALETOL XKOL 1) CLOUOVIXY] CUVEQYOOLOL UE TOV
ralONyNT oov.

Ou ovyypacpeic
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4.4 nNpdEeig pe mpaypaTikoUg apIBPOUS (smavaAfyeig - GupTANPHOEIS)

[l Bupadparl tovs npaypatikous apifuous, ts texvikes Kal
s Baoikes 1010tntes twy npagewv Tovs.
[l Eunedwvw TS 1010TNTES TWY OUvapewv.
O TvwpiCw Ts 1010tntes twv pICwv Kol paboivi va ts Xpnoponor.

O mpaypuatikol aplBpol kal ot TPAEEIS TOUG

Mpaypatikoi aplBuol elivat éAol ot apiBuol ou yvwploape oTIg Tiponyouueveg TAEELG.

Ny 3, -5 734 V2, 3 n Y5 Vi —05 1+V3 61010010001
Z T2 3

Ot mpayuartikol aptBuol aroteAouvtal and Toug PNToUg Kal ToUg dpenToug aplbuoug.

Pntég Aéyetal kdbBe aplBudg mou €xel N i _i - i 7.34 = %
uropel va mdpel TN op@r) evoc KAAouATog 4 2 2
%, 4mou [, v aképatol aplBpoi katv # 0. 3 = % \/Z:Z:é, 05 = %
, , , , V5
AppnTog Aévetal KdOe apiBpdg mou dev V2, g, 3 7+V3, 6,1010010001...
elval pnréc.
APNHTIKOI APIOMOQI . MHAEN . QETIKOI APIOGMOI
-38 —% V2 T 4.8
X’ 4 3 -2 1 0 1 2 3 4 X

Kdbe mpayuatikdg aptBuocg naplotdveral W éva onueio mdvw o’ évav dgova.

H amdéAutn Tiun evog mpayuatikoU aptBuou a cupBoAiletal pe | al kat elval {on pe v
anoéotaon Tou onuelou, Tou maploTdvel Tov aptBud a, and Tnv apxr) Tou dgova.

Ma napddeyua: |-2] = 2, |2] =2, o] =0, |—%| = %

O1 mpakelc oToug mpaypatikoug apBuolq

Mpdobeon
e [a va pooBecoupe dUo opdonuoug aplBuoUg, TPooBEToue 4745 = 4712
TIQ amnoAUTEG TIMES TOUG, Kal 0To dBpoloua autd BAalouue wa —7_5 ; _72

MEAONUO TO KOO TOug MEACNUO.
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1.1 Mpdé&elg pe mpaypatikousg aplbpouq

e [a va npooBgooupe dUo eTepdONUOUG aplBuoUg, apalpouue
M MUIKEOTEPN AMOAUTN TP and ) heyaAdtepn kat otn dla- +65 -7 = -2
Popd autr Balouue TIPOONHO, TO EACNUO Tou aplBuou Tou -6 +7 =42
EXEL TN YeyaAUTePN ATTOAUTN TIUN.

MoANanAaclaoudg

e [a va nmoANamnAactdooupe dUo oudonuoug aplbuoucg, oAla-

MAaoLAloupE TIC AMOAUTEG TIMES TOUG Kal OTO YIVOUEVO TOUQ (=5)-(-7) = +35
Bdalouue mpodonuo +

® [0 va moAamAacldocoupe dUo eTePOONOUG aplBuoUg, TIOAAa- (+5)-(-7) = =35
MAQOLACOUHE TIG AMOAUTEG TIMEG TOUG Kal OTO YIVOUEVO ToUuG  (—5) - (+7) = =35

Bdacoupue POONUO —

Ot 1810TNTEC NG MPOGHBEONC KAt TOU TOANAMAQCLACOU

Ma v pdobeon Kat Tov ToAanAactacud 1oxUouv ol I0I0TNTEG:

[d16TNnTQ Mpdocbeon MoAAamAaociapog

AVTIHETAOETIKA a+B=B+a aB = Ba

XA IO o+ (B+Y) =(@+B) +Y a(By) = (aB)y
OudéTepo oTOIXEIO a+0=a a-1=aqa

EmipepioTiKAg a(B+y)=aB+ay

YrievBupuiCoupe akoun ott:
® a-0=0.

e Ava-B=0,16tea=0 n RB=0.
e Ava-B#0,ttea=+0 kat B *0.
® AUo apiBuol mou €xouv dBpoloua undev, Aéyovtal avtibeTol. -3, 3
® AUo apiBuol ou €xouv yivouevo tn povdda, Aéyovral avtiotpogol. : i} Z

A@aipeon — Alaipeon
O1 mpdé&elg Tng apaipeong kat g dlaipeong yivovtal pe ) Borfela Tng mpdobeong Kat
TOU TTOAAaNAacIacuoU avTioToiXwC.

e [la va BpoUue Tn dlapopd dUo aApPlBU®Y, 5-7=56+(-7)=-2
TPOOBETOUPE OTO HUEWTEO TOV QVIIBETO TOU 5-(-7)=6+(+7)=12
QAPALPETEOU.

a-f=a+ (-B)

® [a va Bpoupe To MNAKo dUo aplBuwY -5:]15=-5. T-_5-_1

(@:B,n % e B # 0), moAanAacldoupe To 75 75 3

OlAIPETED e TOV avIioTPOPOo Tou dlAlPETN.

g=a-2 0 & _,.1
ErErE - R

13



Mépog A - KepdAato 1o

[APAAEITMATA — EOAPMOTEZ

Na uroAoylotouv ol TapacTACELG: :
34+ —
o) 3) - [-3)- (3 +3)-(+5) - 3) B) 2+f
-3
Avan 3 1 1 1 9 1 1
A (3)[3)-[g+3)-(+g) [z)=tz+3-3-[5)=
:+%+%—3+%=%+%—%+%:%:2
_3+1§ __%Jrlz__% 15 3
BT =61 ~5 1" 2
3 3 3 3

Ava + B =-3katy + & = -5, va Bpebel n apOUNTIKA TIUN) TNG apdoTtaong
o)
A=—(y-2a) +2p- 5]

Nvon

_ O\ _

A=—(y-20) + 2B~ 5] =
=-y+2a+2-0=  (EMUEPLIOTIKN 1OIOTNTAQ)
=20+28-y-0= (QVTIMETABETIKA 1BIOTNTA)
=2@+B)-(y+9d) = (emueploTikn 1O1OTNTAQ)
= 2(-9) - (-5) =
=-6+5=

=1

EPOTHIEIZ KATANOHXHX

n Na CUUTIANPWOETE TOV TIAPAKATW TTHVAKA ONUELWMVOVTAC «X» OTNV KATAAANAN B€on

3 4+ 6 03 08 V3 Vi6 314 n 22
Aképalog
Pntdg
Appntog
Na CUUTTANPWOETE TIG I0OTNTEG:
a-3+7=... B) -6 +6=... Y)-2-9 = ...
3) (2) - & = &) 0-(-2)= ... o0 [-4)[2)= ..
0o R mlEieam. o g+

14



1.1 Mpdé&elg pe mpaypatikousg aplbpouq

Na CUUTTANPWOETE TIG I0OTNTEG:
a) (-3:2-5)x= ... B) -3(2—-5x) = ........ Y) 32 -5)x=.....
O) 2(X = .....) = ... +6 € B+Hx2+y) =.... on) 4(..+..)=12x+ 8

Na emAEEETE TN OWOTH AnAvInon:

i) Av dUo aptBuol eival avtibetol, téTE:!
Q) elval opdonuol B) €xouv (oeq amodAuTeC TIUEQ
Y) €X0UV YIVOUEVO UNOEV d) €xouv yIvouevo Tn povada.

i) Av duo aplBuol eival avtiotrpogol, ToTe:
a) elval etepdonuol B) €xouv dBpoloua undev
Y) €xouv (0eq amoOAUTEG TIMEQ d) éxouv yIvouevo Tn povdda.

Na xapaktnpe(oeTe TIC MAPAKATW TEOTACEIS he (), av elval owoteg 1y e (A), av
elvar Aaveaouéveg:

a) O avtiotpogol aplBuol eivat opdonuol.

B) To dBpotoua duo oudonuUwy aplBPWV elival BeTIKOG aplBuog.

Y) H améAut tiun kdbe mpaypatikoUu aptBuou sival BeTikdg aplouog.

O) Auo aplBuol pe yivouevo BeTikd Kal dBpoloua apvnTikd eival apvnTIKof.

[POTEINOMENEZ AXKHZEIZ — TPOBAHMATA

Na KAVETe TIG TIPAEEIG:
Q) 2+3-4-12:(-4) + 1 B)2+3-(4-12): (-4 + 1)
Y)-3:(2)-5+4:(-2)-6 0) -8:(-3+5)-4-(-2+6)

Ta anoteAéouara Twv MApakATw MEdEewv oxnUATiCouv To €T0G TIOU €YIvE €va
YEYOVOQ OTN XWPEA JAC UE TIAYKOOUIO eVOIAPEQOV.
~5-4)-(+2) + (6 + 4 -(-7) = (]
4-(-2+6-3)+(-9+6) = ()
14+ (6+5-3)-(-4-1)-(2 = (]
()2 +4-(+5)-N: (1 = (]

‘Eva autokivnto Eekivnoe amod tn B€on O, Kivibnke mdvw otov d&ova x’'x mpog tTa
aplotepd ot B€on B kal otn cuvéxela Tipog Ta de&ld ot B€on I, Av eivat OA = 5
km, téte va Bpeite éoo dldoTnua dIrVUCE TO QUTOKI(VNTO Kal TIOCO PETAKIVAONKE
ano TNV apxikr Tou BEon.
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Mépog A - KepdAalo 1o

Na unoAoyioete TIQ MapaoTdoelC:

03[ H+FH-l m-bged-Fel33-H)
ns-g-f-s-(3-3)  af-g)-F-4-2:F3+3
Na urnoAoyioete TIC MapaoTACelC:
1,2 _o.3_1 _3_1
a)ﬁ§:§]1 m-iﬁiir- w—7+iiér-
3+ -2 (3-7] -2+

a Ot eANdxioteq Bepuokpacieq plag méANG To MPWTO
dEKANUEPO TOU ETOUC HTAV:
1, -3, 0, 2, 1, -2, -5 0 -3, -1
Na Bpeite T peon eAdxlotn Bepuokpacia ™mg
TMOANG TO dekaAnUeEPO AUTO.

Na CUUMANPWOETE TA MAPAKATW KeVA XENOIUOTIOIWVTAG TO KATAAANAO OUUBOAO (+ 1 -).

a)12..5..20 = -3 B) -8..9..1=0

5 3 10

2.3.10_ 5) -0,35..6,15 ... -2
Wgoso =3 ) -0,35...6,15 ... 8,50

a Na amnodel&ete TIQ MapakATw LOOTNTEG:
a)8-(a-pf) +(@-5-B) =3
B)2-(@+B-v)-4+y-B-(2-0=0
Y) 2:-(@-3)+a-(-7+9-3-(+2)=0

a AvXx +y=-5Kal w + ¢ = -7, va UTIOAOYIOETE TIQ TTAPACTACEIG:
A=4-(x-0)-(y-®)  B=—(5-x+0¢)+(-8+y)-(@-4)

Av q, B eival ot dlactdoelg evdg opBoywviou, ou €xel TeplueTPo 56 kat y, d ol
dlaotdoelg evog dAou opboywviou, Tou €xel MePIMETPO 32, va uTtoAoyi(oeTe TV
napdotacn A = a - (9-2y) - (15 - B - 29).

m Na tomoBetoeTe kabgévav and Toug |

MapakdATw aplbuoug | - | | - | | - | |
-7, -6, -5, -8, 1, 2, 4, 5 9 [+ -]
o€ éva TETPAYWVO, WoTe Ta Tpia abpolouata

va eival {oa peta&u toug. | | i | | n | | _ | |

16



1.1 Mpdé&elg pe mpaypatikousg aplbpouq

B3 Auvdpelg mpayuatikov apbuwy

H 3Uvaun pe Bdon évav mpayuatiké aplBud a kat ekBETn éva 22=2.2-2=8
PUOIKO apIBUO v = 2 oUPBOAIGETAL e ¥ KaL VAL TO YIVOpEVO  (—3F = (=3) - (-3) = 9
VvV Tapayoviwy (owv pe Tov aplbud a.
Anhady a@'=a-a-a-..-a

~—

vV apAayovTteg
OpliCoupe akdun: a'=a

a® =1 VES a+0

v 1
av=-g He a+0

Ma T duvAuelg pe eKBETEQ akEpaloug aplBuoUqg Kal epooov auteg opifovtal, loxUouv

oL 1OLOTNTEG:
1310TNTEQ Napadeiyyarta

a4 - ¥ = qH+Vv 2 24 = 23+4 27
a* :a¥ = a+v 30035 =33 =3
(ap)’ = a'pY (2x)? = 2%x? = 4x?
(&)=< (i)i 27_8
B BY < 3% 27
(a¥)y = awv (273)2 = 2% = 64

o=l (5=
TAPAAEITMATA - EOAPMOTES

Na unoAoylotouv ol TapaoTtAoelg:

a) (_(23)’2. 2(2_):23)3 B) X2 - (x - yz)s (X2 3)2
N
Py 2 2w 3 s
(3222 32 (2?2 32. 04 22 4
s X2(xy?)? X2x3(y2)? - X5y6 B
B) x2(xy?)® 1 (x?y°)? = 0?2 T P T xS T X

Av  x3-y2 = -3, va umtohoylotei n napdotaon A = x2 - (x2 - y3)2 - (x7)3.
Nvon

A=X2'(X2 ) ( )3_X2 -y6'X3=X2'X4-X3-y6=X9-y6=
= (x®-y?)°® = (-3)° = -27.
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Mépog A - KepdAato 1o

Na unoAoylotouUv ol TapaoTtAoelg:
A=(22-(3) +2-3-5.(2):5-6 B=(2-5-3)+2-(2°-4)-12:(-3)

Nvon
H npotepaldtnta Twv npdéewv
® [Tpwrta urtoAoyiCoupe TIG SUVAUELC.
® >Tn OUVEXELQ KAVOUUE TOUQ

ToA\anAaclacpoug Kal TiG
dlalpgoelg.

® TENOG, KAVOULIE TIG TIPOOBETEIQ B
Kal TIG apaIp€oelg.

e Ortav n napdoraon neplEXel Kal

o =

A = (22-(3)+2-3-5-(2):5-
4.(-3)+2-9-25-(-2):5-6 =

12+ 18 +50:5-6 =

12 +18 + 10-6 =

=10

(2-5-3) +2-(28—4)—12:(-3) =
(2-5-9)+2-(8-4)-12:(-3) =
10-9+2-4-12:(3) =

napevogoelg, exteAoUe TIPWTA TIQ =1+8+4=
NPdEEIQ péoa OTIQ TIAPEVOEDEIG e =944 =
M oelPd TIOU AVAPERAE TTAPATIAV®. =13

EPOTHIEIZ KATANOHXHX

n Na xapaktnploete TIq Mapakdtw Mpotdcelg ue (&), av eivat owoteg 1 ue (A), av
elvar AavBaouéveg:
a) [Na kdbe apBud aoxlela + a + a + a = a
B) MNa kd&be aplBud aoxveta-a-a-a = a*
Y) Ot apiBuol (-5)¢ kat —5° eival avtiBetol.

d) O1 aptBuol (%)8 Kal (%)8 elval avtiotpool.

g) [a kaBe aplBuod a oxUel (3a)? = 9a?.
ot) O aplBudg —(—5)? eival BeTikoc.
0) O aplbuog —32 eival BeTIkdg.

Na CUUTANPWOETE TA TTAPAKATW KEVA XENOLUOTIOIOVTAG TO KATAAMNAO CUUROAO (= 1) #).

a) (1) ... 1 B)32..9 y) 42 ... 16 5) (%)1%
)52, = on[2) .0 ) g) ag MEH.TH2

Na eTIAEEETE TN OWOTT ATIAVINON.

i) H 1 me napdotaonc (%)_2 elvat;
9 4

d-5 B-9 V2 g

18



1.1 Mpdé&elg pe mpaypatikousg aplbpouq

i) H tir g napdoraong [(-2)°]° eivau:
Q) —23 B) -6 y) 23 0) 1

iii) H Tiun Tng napdotaong 2% + 32 eiva:
q) 5° B) 17 y) 5° ) 6°

Na cuumnmAnpwoeTe Tov Tivaka avtiotolxicovrag oe kABe mapdotaon TG oMANG A,
TO amoTéAeoud g and Tn othAn B.

ZTAAN A ZTAANn B

1. 1
a (24)—1 4
B (2-5)2 . 210 2. -2¢
) 8. 4 | a | B | vy | 3]
Y. (27 4, 03
o) (24:23) - 22 5 2™
6 1

[IPOTEINOMENE2 AXKHZEIZ — TIPOBAHMATA

Na ypdpete kabeuid amno TI¢ MapakdTw MapaoTAcelc we hia duvaun:

a)2°-28 B) 3+:32 y) 23 . 53 5) (52

§) 32 - (-3)" o1) (‘_26 Q) 4 3 m 27 - 3 - %
Na unoAoyioete TV Tiun kKABe mapdotaong:

Q) (272228 B) (-3)2-(-3)* y) (0,75)2- (%)2 ) 36°: (—12)3

g) (25 (4 o1 4%2: 00 0 (-£)%(5)" m o1 105

Na amAoTioINoETE TIG TTAPACTACELC:

a) (x?)3 - bx* B) (xy3)? - x%y Y) (2x)% - (-2x?)
5) (—%x)s: %2 &) (3CF - (2F7  o1) x: (5]

Na urnoAoyioete TV Tiun KABe mapdotaong:
A=3:(-2°+4-(-7)0°-2-8-2"-1)-2-3%2 B=(-4)2?:2-5-(-3)-22-(-2)*
M= (252 (125) - (-4)2 - (-8)° A = (257 - 8% : (57 - 40%)

Av TpimAactdooupe TNV TAEUPA evOq TETPAYWVOU, TOOEC POPEC UEYAAWDVEL TO
eUBadOV Tou;
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Mégpog A - KepdAato 1o

TeTpaywvikr pifa mpayuatikou apléuou

H teTpaywvikr pifa evdg BetikoU aptBuou x oupBoAiletal pe
Vx kat efval o BeTIkEG aplBpde Tou dtav uPwdel oTo TETPA-
YWVo pag divel Tov aplbud x. .. V25 = 5, apou 52 = 25
OpliCoupe akoun Vo = 0.

‘Opwe Kat (-5)2 = 25, onéte éxoupe V(-5)2 = V25 = 5 = |-5].

evikd, yla kABe mpayuatikd aplOpd x woxUvel:
R

Aev opiCetal TeTpaywVvikn piCa apvntikoU aptBuou, yiati dev uttidpxel aplBpog Tou To
TETPAYWVO TOU va elval apvnTikog aplBuoc.
MapampeoUue akdun ott: (V9)2 = 32 =9, dnhady (V9)2 = 9. Mevikd

Av x20, T6TE (\/;)2 =X

1510t TES TV PIlwv

APAZTHPIOTHTA

1. Na oupnANPWOOETE Ta TIAPAKATW KEVA XPNOIOTIOOVTAC TO KATAMNAO OUMBOAO (= 1} #)

VZ - VI00 .. V4100 kan YA . .. 4
V100 100

2. Me n BoriBeia evog UTIOAOYIOTY] TOETNG VA OUMMANP®OETE KAl T TIAPAKATW Kevd:

V2-VE.. V2B ok V2.2
N 5

Ma Toug aptBuoug 4 kat 100 prtopoupe eUkoAa va dlamoTWooUPE OTL loXUouV:

V4a [ 4

Vioo ‘100

Me t™n Bonbela evdg UTOAOYIOTH TOEMMNG MMopoUue va KataAn&ouue oe avdloyeg
l0OTNTEQ KAl YIa Toug aptBuoug 2 kal 5. Ooa duwg napadelyuara ki av eEeTdocoupe, dev
apkouv yla va pag reioouv, 0Tl ol 0X€oelg auTég eival aAnbelg yia omoloucdnnoTte [n
apvntikoug aptBuouc. Mdévo uia anddelEn urnopel va pag neloel.

-

V4 - V100 = V4100  kal

[evika Ma dUo un apvnrikoug aplBuoug a, B unopoupue va arodeEoupe Ott:
® To YIVOUEVO TWV TETPAYWVIKWY PI{WV TOUS loouTal Va - VB = Vap

e TNV TETPAYWVIKY piCa ToU YIVOUEVOU TOUG. - -
Va a
— = |— ue B>0
VB B

® To MNAKO TwV TETPAYWVIKWY PI{WY Toug loouTal
e TNV TETPAYWVIKY pifa Tou TINAIKOU TOUG.
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1.1 Mpdé&eig pe mpaypatikouq aplbpoug

Ma va anodelEoupe TNV MPWOTN 10GTNTA, UMOAOYICOUPE TO TETPAYWVO KABE UEAOUG TNG
Eexwplotd.

° (Va-VvB) = (Va)- (VB)' = B * (Vap)’ = ap

MapatnpoUpe, 4Tt ol SUo pn apvntikol aptBuol Va - VB kat Vap éxouv 1o (310 TETpdywvo
aB, ondte eival {oot.
Apa Va-VB = VaB.

Me tov (d1o Tpdno unopouue va arnodelEoupe Kat ) deutepn looTNTA.

MNapatmpeolue akdun 6T V16 + VO =4 + 3 =7, evd V16 +9 = V25 = 5
SnAadh V16 + VO # V16 +9

Mevika:

Av q, B eival Betikol apiBuol, téte Va + \/E # Va+B

[APAAEITMATA — EOAPMOTEZ

Na anodeiyBei 6Tt V20 = 2V/5 kat YeVIKA yla Un apvnTikoug apt8polg a, B 4Tt loxUel
Va2 = aVp.
Nvon
Ened) 20 = 4 - 5 = 22 - 5 éxoupe V20 = V22.5 = V22 . \/5 = 2\/5,
Opolwe éxoupe V2B = Va2 - VB = aVB.
» O apiBucc 20 uropel va avaAubel kai ue dAAov Tpdro o€ yivouevo mapayo-
viwv .x. 20 = 2 - 10, aAAd 101e Kavevag napdyovidg tou dev elval TeTpdywvo
evoc BetikoU akgpalou aplBuodu.

yA Na arnodelxdel OTL:

a) 3V3 + 23 = 5V3 B) V3-V24 = 6V2 y) V50 — V18 = 2V2

Nvon
a) Me m BonBela TG EMUEPLOTIKNG 1IOIOTNTAG EXOUUE!
3V3 +2V3 = (3 + 2)V3=5V3
B) V3-V24 =V3.24 =V72=V36-2=V36 -V2 =62
Y) V50 - V18 = V25.2 V9.2 = V25 V2 -V9 -V2 =5V2-3V2 =2V2

Na petatparel To KAdoua % Tou €xel ApPNTO MAPOVONACTH, 0€ LloodUValOo

KAQOuQ pe pNTO MAPOVOUACTY).

Nvon
MoAamAaotdloupe Kat Touc dUo GPOoUC TOU 5 _ 53 5V83 5V3
KAGOATOC E TOV TIAPOVOUACTY. V3 V3-v3 (V32 3
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Mépog A - KepdAato 1o

Ta tetpdywva ABIr'A kat M'ZHO €xouv gupaddv 12 m2 kat 3 m? avriotoixwg. Na
Bpebel 1o eupaddv Tou opBoywviou BKZI kat 1o urikog Tou Turjuarog BO.
Nvon
To euBaddv Tou Tetpaywvou ABIA eivat B2 = 12 m?,
ondéte n MAeupd Tou elval Bl = V12 m.
To euPBaddv tou TeTpaywvou [ZHO eivat Z2 = 3 m?, 12 m2
oméTe N MAeUPd Tou elval FZ = V3 m. Enopévag
To euBaddv Tou opboywviou BKZI™ eivat:
E=Br-rz=vi2:-vd3=v12:3=vV36=6m>.  ,
To unKog Tou TUNuatoc BO eivat: 3m?
BO=Br+Me=Br+rz=vi2 +v3= © H
V4.3 +V3=2V3+V3=3V3m.

EPOTHXEIZ KATANOH2HX

A B K

Na CUUTIANPWOETE TIG 10OTNTEG:

a) 3V3 + V3= ... B) 5V2-3V2 = ... y) V5 + 4V5-5V5 = ..
d) Vi2-V3 = .. g) V18: V2 = ... ot)3V2-V8 = ...

Na ouumAnpwoeTe Tov TapakdTw mivaka avtiotolxiCovtag oe kKAabe otolxelo g
omANg A éva otolxeio amnod tn omAn B.

2THAn A >THAn B

a. Vo5
B. V5 1. -5  a | B |y |3 ] ¢eor]
Y. -V25 b <
. dev opiletal
5. VB g
e V(57 3. 5
otr. V-5?
Na CUUTIANPWOETE TOUQ TTIIVAKEG:
ABpolopa Mvouevo MnAiko
a B VaVE Va¥p VarVE VB vaB g
4 1
9 16
64 36
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1.1 Mpdé&elg pe mpaypatikousg aplbpouq

Na xapaktnpioete TIq Tapakdtw mpotdoelg ue (&), av eival owotég 1 ue (A), av

elvar AavBaopuéveg.

a)V2-V3 =16

B) V2 + V3 =15
9 _3

W3-

3) V(-3)? = 3

&) \[5-1)= 51

ot) To dinAdoto Tou V5 eival o V10.

) To uiod Tou V12 efval to V3.

‘Eva tetpdywvo €xel euaddv 50 m?. Eival owotd va loxuplotolpe OTL 1 Aeupd
Tou elvat 5V2 m:

[POTEINOMENEZ AXKHZEIZ — TPOBAHMATA

Na uttoAoy(oeTe TIG TapacTAcELC:

a) 3V5-7V5 + 2V5 B) 5V7 — 8V3 -2V7 + 4V3
WETATAE 0 E PG

Na amodelEete TIQ 1I0OTNTEQ:

a)3V2-V50 + V32-6V8 =-10V2  B) V27 -V20 + V12-V5 =5V3-3V5
V3 VTE-V2- Va8 + VI & 6)V35-vaS - VOB - V02 - 38

Na utoAoy(oeTe TIG TapacTACELC:

a) V12+V16 B) V86+2V52-1/9 y) V6V12V 3v9

Na CUPTTANPWOETE TOV TIiVaKa e TIG TIEPIMETPOUG Kal Ta ePRadd Twv opBoywviny
ABI'A, EZHO kalt KAMN. Molo and ta opBoywvia €xel To HEYAAUTEQO eUBADOV;

ABra s Vo

| ABPA |
EIR 2 o272
| KAMN |

KAMN B2 3V2
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Mépog A - KepdAato 1o

24

Na KAveTe TIG TIPAEEIG:
a) V2 (VI8 + V8) B) V6 (V27 - V3)
v) (V75 + Va5 —V300) : V5 3) (V7 - VB)(V7 + V5)

Na petatpéyete Ta MAPAKATW KAAoPATA, TIOU €X0UV APPENTOUG TTAPOVOUACTES, OF
loodUvaua KAdopata pe pnroug TapOoVOUAOCTEG.

1 4 5 5 2V3 + V6
o) BE V= ) S
Na AUoeTe TIG €EIOWOELG:

a) V5 + x = 3V5 - x B) V6 x = V24
y X =Va2 3) 3V3-x = V27
V2

Na anodei€ete 611 (V3 - 1)(V3 + 1) = 2. Xpnowonolhvrac Ty meonyouuevn 106-
1
V3 -1

NTa va PeTaTpePeTe To KAAouQa , TIoU €xel ApPNTO TIAPOVOUACTH, o€ [00dU-

VAUO UE PNTO TTAPOVOUAOTY).
A B (C)
Av 1a Tetpdywva ABIA, TEZH €xouv
eupaddv 50 m? kat 8 m? avrioToixwg, va 50 m?
anode(Eete 0TI TO guBAdOV TOU TETPAYW-
vou BOIE eivalr 98 m?. A

H

z E I

211G K&Beteq mMAeupég AB = 3 cm kat AlT = 6 cm opBoywviou Tprywvou ABIT, va
ndpete avriotoixwg Ta onuela A, E, €tol wote AA = 2 cm kat AE = 1 cm. Na
anodeiEete ot Bl = 3AE.

270 1000KeAES Tplywvo ABIT (AB = AlN), To Uyog

AA = 4 cm kat n mAeupd BI" = 4 cm.

a) Na uroAoyioete Tnv mAeupd AlN kal otn ouve-
Xela va arodeiete OTL n MeEP(UETPOC TOU
Totytvou ABI eival 4 + 4V5 cm.

B) 2tV mponyoupevn epwtnon 4 pabnteg dwoav
TIQ TAPAKATW ATIAVITOEIG:

4 + V20, 4+ 2V20, 8V5, 22+ V20). B A r

Moleg and auteg eival cwoTeg; -  4cm >

4 cm




1.2 Movavupa - NpAaEeig pe povavupa

O Mabaivw © eivar afyeBpikn napdoraon kai nus Bpioketal
n apiBuntikn tiun tns.

O diakpivi av pia afyeBpikn napdotaon eivar povivupo Kal
npood1opifw to Babud tou.

O MaBaivw va kavw npa&els pe povuvuya.

A\yeBpikée mapaotdoelc - Movwvupa
APAXTHPIOTHTA

1. Na Bpselte Tnv nepiuetpo Kat 1o eupaddv Twv
KITpIVWV oXNUATWV.

2. 310 mpdowvo oxNua @aivetar n Katoyn evog
a KATAOTAUATOG TIou mpoKeral va otpwbel ue
nAakdkia. Na e€nynoete ylati Ta MAakAkia Tou
Ba xpelaoTtolv €xouV CUVONIKO eUBadOV 2x2 + Xy.
s Av X = 5 Kaly = 8, Tolo eival To OUVOANIKO
X euBadodv toug;

ANYEBPIKEC TAPACTACELQ

MOAEG pOPEG Yla va AUcoupe éva TPORBANUA, KATa- 4.5 + 2.8, 2.52+5.8
Ayoupue oe ekPPAOCELG TIOU TIEPIEXOUV UOVO aplBuoug
Kal yI' auté ovouddovtal aplOunTikég mapaoTtdoelg.

J

Yrndpxouv Ouwg Kal TPORAjuaTa ota oroia Kata- 4x, 20+ 28 x2 a8
Ayoupue Og eKPPAOELS Ol OTIO(EG, eKTOC and aplBuoug,
neptExouv kat petaBANTES. OLekPpAcelq QUTEG A€yovTal 2x

: 4 . 2X2 F Xy
aAYEBPLKEG MAPAOCTACELG,. y3

EdIkdTEPQ, pla aAyeBpIkr TapdoTaon AEyeTal aképata,

otav YeTa&U Twv UETARANTWY TNG onuetnvovTal uévo

OLTIPAEELG TNG TPOOBEDNG 1) TOU TOMATIAQCIAOHOU KAL 2y 4 342 7 a + 82 4 nR3
ol ekB€TeC TWV HETABANTWY NG elval BeTikol aképalol. 2 3

Av og pia aAyeBplkny mapdoTaon AvIKATAOTN)OOUME TIG METABANTES pe aplBuouqg Kal
KAvoupe TIQ ipdEelg, Ba mpokUPel €vag aplBudg mou AEyetal aplOunTkA T 1 anid
TIUA TNG aAyeRpLkng napdotaongc.

Ma mapddelyua, n Tiun e aAyeBplkng nmapdotaong 2x° + xy yla x = 5 kaly = 8, eival
2-524+5-8=90.
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Mépog A - KepdAato 1o

Movawvupa

Ot aké€paleg aAyeBplkéq mapaoctdoelg, OTIG OTIoieq
HeTa&U Tou aplOuNTIKoU MapAyovTa KAl TWV METABANTWY
ONUELWVETAL HOVO N TIPAEN Tou TOAAATIAACIACUOU,
Agéyovtal Hovwvuua.

>’ éva HOVOVUHUO O aplOUNTIKOG TIapdyovtag AEyetal
OUVTEAEOTNAG TOU HOVWVUPOU, eVW TO YIVOUEVO OAWV
TWV PETARANTWY TOU UYPWHPEVWY OTOUG QVTIOTOLXOUG
ekBETeC TOUG AéyeTal KUPLO UEPOG TOU LOVWVUUOU.

O ekBEMC MIaG HeTaBANT G AEyeTal BABUAG TOU ovwvUIoU
WG TPOC T petaBANT) aut. 1dlaitepa, epdoov X, X' =X,
edv dev euaviCeral ekBEMC oe pia HeTaBANT 0 Babudg
TOU JOVWVUHOU ¢ TIPOG TN METABANTY autr) looutal ue 1.
Babpég Tou povwvUpou wg ipog OAeC TIQ METARBANTES TOU
AEyETal TO ABPOIOUA TWV EKOETWV TWV UETABANTWY TOU.

4%, X, %o& V2 xty2u3

Movwvupo
2x3%y
YN

ouviefeatrs Kuplo pepos

To povwvupo 2x%y eivat:
3° BaBuou wg mPog X
1°V BaBuou wg npog y
4°v BaBuou wg TPOG X Kal y

Ta povwvupa Tou €xouv To (Do KUPLo PEPOG AéyovTtal duola.

2

Ma napddetyua Ta Hovwvuua 5 x3yw?, -5x%yw?, x}yw?, elval dpola.

Ta duola povawvupa Tou €xouy Tov (Blo ouvteAeotr) Aéyovtal {oa evw, av €xouv avtibeTouq

ouvTeAEOTEG, AéyovTal avtiBeTa.

Ma napddetyua Ta povwvuua 2x%y kat —2x%y eival avtibeta.

2UMPWVOUUE akdOun va Bewpouvtal Kal ol aplBuol wg povwvupa Kal Ta ovopdlouue
otafepd povwvuua. Eidikdtepa, o apBudg 0 Aéyetal UNJEVIKO POVWVUO Kal dev EXEL
Babuod, evw OAa Ta AANa otabepd povwvupa eival undevikou Babuou. MNa napddetyua,

0 apLBuoG 5 elvatl otabepd povwvupo pundevikoU Baduou.

[APAAEITMATA — EOQAPMOTE2

Na BpeBel n apOUNTIKN TN TWV TIApAcTACEWV

a) -3x%y3, ylax =-2kary = -1 B) 2a2-3B + 6 ylaa = -3 kaL B = 8.

Nvon

a) H ap®Buntikn Ty ™g nmapdoraong —-3x2y? yia x = -2 kat y = —1 eivat

S8 (£2)2+ (—1)8 = =3+ (+4) - (-1) = 12.

B) H apBuntikn Tiun g napdotaong 2a? — 3B + 6 yila a = -3 kat B = 8 eiva:
2.(-32-3-8+6=2-(+9)-24+6=18-24+6=0.
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1.2 Movwvupa - Mpdé&elg e povwvuua

To 1daviké Bdpog B (o€ KING) evdg eviiAika, UPoug u (o€ cm) divetal and tov TUTo

B=«k (u -100 + %) orou t eivat n nAkia Tou (o€ €1n) Kat K ua otabepd (yia Tov

davdpa k = 0,9 kat yia tn yuvaika k = 0,8). Na Bpebei oo eival to 1davikd Bapog
yla €vav dvdpa Kat pia yuvaika, andé toug omnoioug o kabgvag eival 30 eTwv Kat
€xel uYog 1,77 m.

Nvon

To 1daviké Bdpog B (oe KING) evog dvdpa nAikiag 30 etwv kat ugoug 1,77 m = 177 cm,
glvat B = 0,9 - (177 - 100 + ?_8) = 0,9- (177100 + 3) = 0,9 - 80 = 72 KA.

To 1davikd Bapog B (og KIAG) piag yuvaikag nAikiag 30 etwv kat Ugoug 1,77 m = 177 cm,
glvat B = 0,8 - (177 - 100 + ?_8) = 0,8+ (177100 + 3) = 0,8 - 80 = 64 KIAG.
Na Bpebel To povwvupo Tou ekppddlel To euBaddv Tou

XPWHATIOUEVOU UEPOUG, TO OToio TePLEXETAL UETAEU TOU

TETPAYWVOU Kal Tou KUKAou. Na mpoaodloplotel 0 ouvte-

AEOTNAG TOU, TO KUPLO PNEPOG TOU Kal 0 Babudg tou.

Na urtoAoylotel N aplOuNTIKA TIUN TOU [E TIPOCEYYLoN Yla

p = 10.

Nvon

To tetpdywvo €xel TAeupd 2p, omdte To ePPaddv tou eival (2p)° = 4p°%. Emedn 10
eUBaddV Tou KUKAOU elval Tip?, TO XPWHUATIOPEVO HEPOC €XEL eUBaddV 402 — p?. Me Tnv
ETIUEPLOTIKN (DI3TNTA N TTapdoTaon 4p? — p? ypdgetal

4p% - np® = (4 -m)p’
Apa eival povwvupo deutépou Babuou e ouvteAeoTr 4 — T Kal KUPLO WEPOQ P2

H ap®untikr) Tiun Tou yia p = 10 cm, e poaogyylon, sival
(4-3,14) - 102 = 0,86 - 100 = 86 cm?.

EPOTHZEIZ KATANOH2IHX

Molegq and TIQ MapakdTw aAyeRpIkES TapaoTACELS elval LOVWVUUAQ;

a) —3x2y B34y v) XY &) 2eyw’  g) (3-V2)aR® o) %asys
(1)2

Mola and ta mapakdTw povavuua eivat ouola:

QB B3t Vo 9 b g W0 oy Sy
R L R
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Mépog A - KepdAato 1o

Na CUUTIANPWOETE TOV TTAPAKATW TTivaKa:

Kiplo BabBudg wg Babudg wg Babuodg wg

MoOVWVUUO ZUVTEAECTNG .
MEPOG POG X MPOG Yy  TPOG X KAty

5xy*
_Xy2
% X2y5

—\V3x4
‘Eva HOVWOVUUO €XEl OUVTEAEOTN —% Kal KUplo pépog xy?ws. Na Bpeite to (00 TOU

Kal TO avtiBeTo PHovwvuuo Tou.

Na AUoeTe TO OTAUPOAEEQ.

0 0 O
ol BN || N
ol ]| [ Lo L]
g [ 1 L] o [ [ o
mEEEN 111 _ [
- o o |
| ool .
| ol [ | |
5l HEEN I
OPIZONTIA KAGETA
1. 'Ekppaon mou meplExel aplBuoug 1. To yovwvupo autod dev €xel Babuo.
KAl METARANTES OUVOEDUEVES E TA 2. 3TO HOVIVUMO 7X*Yw® wqg TPOgG X
oUuBoAa Twv pdEewv (dUo AEEEIR). elval 4.

2. Eivalr Ta povwvuua 8, -5, 0, 3. 3. Mapdotaon 1ou PeTa&u Twv UETA-
3. Eival o Babuoée tou povwvuuou BANTWYV NG onuelwvovtal Povo ol
3X°w wQ MPOg Y. npdéelg TN npdobeong Kat Tou

4. 3TO HOVWVUHO —2x%y glval To —2. moA\amAactacuoU.
5. Efval Ta govivupa — %x3y, —3x3y. 4. Eival Ta povivupa 5xy?, —V25xy2.
6. O ouVTEAEOTNC TOU POVWVUOU Xy . 5. Eival Ta povavuua 4a2B°, —a?ps.
7. Elval To xyw? 0TO HOVWVUUO 4Xyw? 6. H ... TOU POVWVUUOU —2X%y yia
(dUo AEEelQ). x =2kay = -1 eival 8.
8. H anAouotepn aAyeBplkr mapdotaon. 7. Eival o Babudc Twv otabepwv povw-
viuwv 6, -3, 7.

8. H mpdé&n autr) de onuelwvetal PeTa-
€U Twv PETABANTWY evog HOVWVUUOU.
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1.2 Movwvupa - Mpdé&elg e povwvuua

[POTEINOMENEZ AZKHZEIZ — IPOBAHMATA

n Na Bpelte TNV aptOUNTIKY) TP TwV AAYVERPIKWY MAPACTACEWV:
Q) 2xy* + xy -4 yax =-2kay = 1

B) %xoﬂ -+ %oﬁ yiax = 3 kalw = -2

‘Eva povwvuuo €xel ouvieAeom) —% Kal petapAnteg a, B. Na mpoodlopioete 10

HOVWVUMO, av 0 BaBudg Tou we mpog a eival 2 kat wg mpog a kat B eivat 5.

Na mpoodlopioeTe TNV TIUT TOU QUOIKOU aplBuoU v, WOTE TO HOVWVUUO 3XYy?
Q) va eival undevikou Babuou wg TPog x
B) va eival méumrou Babuou wg MPOog X Kat Yy
Y) va €xel apOuNTIkA TIuN 48, yia x = 2 katy = —1.

Na Bpeite Toug aplBuoug K, A, v, WOTE TA Povovuua 4x3yY, Axty? va sival:
Q) ouola B) (ca Y) avtiBeta

Na ypdyete TA HOVAOVUUQA TIOU eKPPALOUV TO euadov
Kal Tov OYyKo Mlag ogaipag mou €xel aktiva p. Na
POOJIOPI0ETE TO OUVTEAEDTT), TO KUPLO UEPOG KAl TO
BaBbud kABe povwvupou. Mola eival N apBuNTIKn Tiun
KABe povwvuiuou, otav p = 10;

B Mia opdda kahaBoopaipliong €dwoe 9 aywveg.
Na ypdyete uia aAyeBplkn apdoTaon Tou ekppdlel
TOUG BaBuoug TOU OUYKEVIPWOE, av o KABe Vikn
naipvel 2 Babuoug kal oe k&Be Nrta 1 Babuod.

E
Na ypdwete Tnv aAyeBplkr) mapdotaon mou B
eKPPAlel TO euPaddv Tou TeTpaywvou BIrAE.
Molo eival To eupaddy, étav x = 12;
s A
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Mégpog A - KepdAato 1o

B Mpdteic pe povavuua

Ot petaBANTEQ evOQ HOVWVUPOU QVIIMTPOoWTIEUOUV aplBuoug kal yI' autd oTig MPAEElQ
mou yivovtal YeTAEU HoVWVUHWY LoXUouV OAEQ Ol 1IBIOTNTES TwV TIPAEEWY TIOU 1oXUOUV
Kal otoug apluouc.

MpdéoBeon povwvuuwv
‘Eva dBpolopa opoiwv povwviuwy T.X. —5x2 + 2x2 uye 1 Borbela g EMIPEPIOTIKAG
BLOTNTAg YpdpeTal

=5x3 + 2x3 = (=6 + 2)x3 = =3x3
Mapatnpouue OtL:
To dBpolopa opoiwv HovwVUPWY ival HOVWOVULO OPOLO E auTd Kal €XEL OUVTEAEDTN
TO ABPOLoUA TWV CUVTEAECTWV TOUG.

2UuPWVa PE TOV TIPONYOUUEVO Kavova, ExXoude —12x%y — 3x?y = —15x2y.
Av Ta povivupa dev eival opola, onwg Ta 3x kat by, 1éte To dBpotoud Toug 3x + 5y dev
elval povwvupo.

MoAAQMAQCLA0UOG HOVWVUUWV
‘Eva yivopevo povwvUuuwy LY. (=2x)(3x%y) e T Bonbela Twv I3I0THTWY Tou TTIOAAATIAQ-
olaopoU Kal Twv duVAUEWY YPAPpEeTAal

(=2x)(3x%y) = (-2)x - 3x%y = (=2) - 3(xx?)y = -6x°%.

Mapatnpouue OTL:

To yivouevo HoVwVUHWY eival HOVWOVULO WE:

® QUVTEAEOTH TO YIVOUEVO TWV CUVTEAEOTWY TOUG Kal

® KUPLO MEPOG TO YIVOUEVO OAWV TWV UETABANTWY TOUQ He eKBETN KABe peTaBANTAG TO
dbpoloua Twv eKBETWY TNC.

ZUPQWva e Tov TIPONYOUUEVO Kavova EXOUE (—3x4y3w)(%xw3) = —% xSy2w?,

Alaipeon povwvUpwv
H diaipeon povwvuuwy yiveral onwg Kal 1 dlaipeon aplOuwy.

Ma T[GpdéelYUG, _]2X4yuz 72 x4 y N

(CIZEPWE) W) = gy == g Wy w T T
S 7xy’? 7y3
Opolwg €xoupe: (7xy?) : (-x%y) = - =-7

Mapatnpouue OTL OTO MPEMTO TIAPAJELYUA TO TINAKO TWV PovwVUPWY eival UOVWOVUUO,
ev o1o OeUTepo nMapddelyua dev elval HoVWOVULO.
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1.2 Movwvuua - Mpdéelg pe povavupa

[APAAEITMATA - EOAPMOTE2

Na yivouv ol mpd&elq:

a) —7ax® - % ax? + 4ax® B) (—%xyz) ° (— %xi*y?) Y) (%038) : (—%a&“’)
Nvon
a)—7ax2—%ax2+4ox2: (—7—% +4) ax? = (—1?4 —% + %) OXQI—%GXZ

B [-Zor) - [-e) = By = ey

0 (o) (o) = 5[ F) = 5E ) -G - B

Ané 1o onueio A agrivoupe éva owpa va meoel oTo £3aPog. Av 0
XPOvog t oe sec Tou pecoAaBel HEXPL va PTACEL OTO £€3APOG EVAL | A «
OIMAACL0G ToU XpAvou Tou Ba €kave, av To aprivaue va necel and to
onpeio B, va Bpebel To povwvupo Tou ekppdlet Tnv andéotacn AB.

Nvon .
Ané m duoikr yvwpiloupe 61l n andotraon AE divetal arnd Tov TUro

B.
AE = % gt?, onou g = 10 m/sec? mepimou. Apa AE = 5t2
Av agrivaue To owua va méoel and 1o onuelo B, t1éte Ba €ptave E-
01O £€0a@Pog og XPAOvo % sec kal Ba frav
I IR I O A P R R
BE= 50" (5)=5 107 =3¢
H anéotaon AB eivat AB = AE — BE = 5t2—%t2 = %’@—%t? = %t?

Mua Touevtévia KUALVOPIKY KOAWVQ, TIoU €XEL akTiva BAong p kat UPog u, evioxUeTal
TIEPIUETPIKA UE TOWEVTO Kal amoktd aktiva Bdong dimAdoia g apxikng. O un-
XAVIKOG oxupileTal OTL TO TOWUEVTO TIOU TIPOOTEONKE €xel OYKO TPTAACIO TOU
apxlkou OyKou NG koAwvag. Eival cwotdg o 1oxuploudg Tou;

Nvon T oD

O apxikdg dyKog TG KoAwvag nrav V, = mp2u.

Metd TnVv evioxuon TNG KOAWVAG, O OUVOAIKOG OYKOG TNQ

gyive V, = 1(2p)°u = n(4p?)u = 4mp?u. Apa TO TOLUEVTO TIOU U

npootednke €xel Oyko V, -V, = 4np?u —Tip?u = 31p?u, Ttou eival

MEAYUATL TEITAJAOLIOC TOU apXIKoU OYKOU TIP?U TNG KOAWVAG.

ETIOHEVWC O 1OXUPLORAS TOU UNXavikoU eival owoTdc. TR

r\"__//
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Mépog A - KepdAato 1o

EPOTHZEIZ KATANOHIHX

Na xapaktnploete TIq mapakdtw TEOTAoelq Ye (2), av elval owotég 1 e (A) av
elvar AavBaopuévecg.

a) To dBpotoua opolwv HovwVUHWY elval HOVIOVUUO.

B) H dlapopd dUo povwvUuwy eival HOVWOVUO.

Y) To ywvéuevo povwvipwy elval JovwvUUO.

0) To mAiko dU0o povwvUuwy elval JoVWVUO.

Na CUUTTANPWOETE TIG I0OTNTEG:

Q) 5%+ 2x2 = ... B) -5x2-2x3= ... Y)3X—2y +2x = ...

0) 4x?y —yx® = ... €) 2Xy ry?= . oT) 6X3y : 3Xy = ..o
-12x3 2

0 5x*w3 (.....) = —10x°w* n) xy = 4;( 0) 3x%y — ... = —4x3y

[POTEINOMENEZ AZKHZEIZ — IPOBAHMATA

&l

I
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Na KAveTe TIG TIPAEEIG:
Q) —7x?y + 4x?y B) 4ax? — 6ax® + ax® y) 6x3 — %x3

3) 0,2508 ~0,350B + 0,508 €) Sxy?w’ —12xy%0¢  OT) -3V2x + 4VBE — V2x2

Na unoAoyioete Ta yivoueva:
Q) —3x - bx? B) 6x° - %XS Y) 2xy2 - (=3x?y) d) —3x%y + (—2xy*w)

€) —%0[33 - 40 oT) %XSOZ 0 (— %XOS) 4] (— %xyi*) - (-3%%w) - (— %ywS)
Na unoAoyioete Ta mnAka: 1

a) 12a : (-3a) B) 8x%y : (2xy?) Y) (— §GSBS) : (%(1282)
3) (0.84x) : (-0,12x0) &) (xa'w) : (- %x%) o1) (0,50%87) : (—%&62)
Na KAVETE TIG TIPAEEIG:

Q) - 3) - ) B (201 (8 Y) (-2xy'wd)? - ()’

Na Bpelte 10 euBaddv Twv Mapakdtw oxnudtwy. Ioleg amnod TIC ekPpEACEIG TIoU

Bpnkarte eival povwvuua;
K L

Q)

X

Na ouykplvete To euBaddv Tou MPACLVOU TPLYWVOU PE
TO dBpoloua TWV eURADWY TWV KITPIVWV TPLYWVWVY.



4.3 MNohuwvupa - Npdobeon kai Agaipeon mMoAUwWVIHWY

O Mabaivw t eivar nodvivupo, noios eivar o Ba8uods evds
nodvwvopou Kar Siakpivi av Svo nofvevupa eivai ioa.
O Mabaivw va npoadétw kai va apaipt nodvavuua.

APAZTHPIOTHTA

1. Na ypdyete tpia dpota povibvupa pe dUo JeTaBANTES Kal va Bpeite To dBpoloud Touc.

2. Na ypdyete Tpla povidvuua e dUo petaBAnTéc mou dev eivatl duola. Mropefte thpa
va Bpelte €va povwvuuo (oo ue 1o dBpoloud Toug;

3. Na Bpeite 10 Babud K&OBe HOVWVUUOU TNG TPEONYOUNEVNC EQWDTNONG, WG P0G KABe
HETARANTA Kal wg TTEOC TIG U0 UETABANTEG.

- J

MoAuwvupa

>TnVv Tponyouuevn evotra eidape, 6Tt To ABpoIoua OUOIWY HOVWVULWY

elval povwvupo opolo pe autd. Av dU0 TOUAJXIOTOV povaovupa dev eival

duola, Téte To ABpoloud Toug dev elval HOVWVUUO AAAA i aAyeRPIKN
TaPAoTaAoN, TIoU AEYETAl TTOAUWVUHO. TL.X. 3xX%y + 2xy* — 5x%°

To TIOAUWVUPO 3x2y + 2xy* — Bx3y3
€xel Tpelg 6poug Tou elval Ta
Hovwvupa 3x2y, 2xy*, —5x3ys,

KdBe povwvupo Tou TEpPLEXETAl Oe  €va
MOAUWVUPO Agyetal 6pog TOU TMOAUWVUUOU.

EldikdTePQ, €va MOAUWVUNO TIoU dev €Xel OUOLIOUG OPOUG AgyeTal
e JlWVUUO, av €xel dUo 6poug 3a? - 28
® TPLWVUUO, av €XEL TPEIG OPOUC. 2% — 3x + 4

To MoAUWVUPO 3x2y + 2xy* — 5x3y3 eival
3ou Babuou wg mpPog X,
40U BaBuou wg MPog Y,
6ou Babuou wg MPOg X Kalt Y.

BaBudg evog moAuwvipou wg Tpog uia n
eploodtepeq PETARANTES TOU, elval O peya-
AUTEPOC amod Toug Babuouc Twv Opwy ToU.

Aexdéuaote Ot KABe HOVWOVUPO elval Kal TIOAUWVUMO. 2UMGWVOUUE, akoua, OTL KABe
aplBuog propel va Bewpndel kal wg MOAUWVUUO, oTidTe AéyeTal 0TABEPO TTOAUWVULO.
EdIkdTEPQ, 0 aplBUOS UNdEV AfyeTal UNJEVIKO TIOAUWVUMO Kal dev €xel BaBud, evw KABe
AA\O oTaBepd TIOAUWVUO elval pndevikou Babuou.
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Mépog A - KepdAato 1o

To MoOAUMVUPO —3X + 2x2 + 5 €xel pia petaAnTr) TNV X Kal yia ouvtouia oupBoAiletal
Px) 1 Qx) 1 AX) K.T.A.

To moAuwvupo P(x) = -3x + 2x> + 5 eival deutépou Babuou Kal urnopoUue va To
ypAyoupe €101, WOTe KABE OP0Q Tou va elival peyaAutepou Babuou amod Tov enduevo Tou.
AnAadn, P(x) = 2x2 - 3x + 5.

Tote, Aéue, OTL YPAPOUUE TO TIOAUWVULO KaTd TIq ¢pBivouoeg SUVAELG TOU X.
H ap®unTikn Tiur) Tou moAuwvupou P(x) yia x = 5, cupBoAicetal pe P(5) kal eivat:
P5)=2:5-3-5+5=50-15+ 5 = 40.

AUo moAudvupa elvat (oa, dtav éxouy 1@ TTOAUMVUHA 3% — 5X + 1 Kat ax® + Bx + 1
4pouC {oa HOVAOVUHA. elvat{oa, ava = 3 kal B = -5.

Avaywyn opolwv opwv

Av 0e €va TIOAUWVUUO UTdpXouV 20° - 3B + 40?58 =

Ouola HovVWVUUQ, 1) OTIwg AEUE OuOolLoL 202 + 402 - 3B - 58 = 602 - 83

6pol, TéTe PMmopoUe va TOUC avTiKa- | | |

TAOTAOOUKME e TO ABPOIoHd TouC. H apxkr akyeBpin mapdotaon, mou eixe

Hepyaola auth AéyeTal avaywyn TEOOEPLG OPOUG, CUUTTTUXONKE Oe Uia AAAN
L e dUo 6poug.

opoiwv dpwv. - —

MpdoBeon - Apaipeomn MOAUWVUHWV

MmropouUue va MPooBETOUPE 1) va adalpoUpe TIOAUDVUUA XONOLUOTIOIWVTAC TIQ YVWOTEQ

(OIOTNTEC TWV TIPAYUATIKWV APIOUWV.

Ma rmapddelyua, Ta moAumvupa A(x) = 3x3 — 2x? — 7x — 5 kat B(x) = 2x® — x? + x éxouv

dBpoloua 1 diapopd mou Bpiokouue wg €ENG:

AX) + Bx)= B3x®*—2x°-7x—-5) + (2x®*—x? + Xx) = (AnaAelpoupe TIG TapevOETELQ)
=33 -2 -7x-5+2x*-x?> + x = (Kdvoupe avaywyn ouoiwv 6pwv)
= 5x3-3x?-6x-5.

Ouolwg, €xoupe:

AX) —B(X) = B3x®—2x2 = 7x—=5) = (23 = %% + X) =
=3 -2 -7x-5-2x* + x¥°—-x =
= x3-x2-8x-5.

[MAPAAEITMATA — EOAPMOTEZ

a) Na ypagel To moAuwvuuo P(x) = 4x? — 8x + ax® — 5 katd Tig ¢pBivouceq duvApelg
TOU X Kal va Bpebel o Babuodg tou.
B) Av to P(x) eival ico pe To moAuwvupo Q(x) = Bx? + yx + d, Ttoleg eival oL TIUEG
Twv a, B, Y, 5;
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1.3 MoAuwvupa — MpdaoBeon kat Apaipeomn TOAUWVULWY

Nvon

a) To moAuwvuuo P(x) = 4x2 — 8x + ax® — 5, katd TIg ®6ivouceq dUVAUELS TOU X
ypdeetal P(x) = ax® + 4x? — 8x — 5. To P(x) elval Tpitou Babuoy, av a # 0 kal
deutépou Babuou, av a = 0.

B) Ta moAuwvupa P(x) = ax® + 4x? — 8x — 5 kal Q(x) = Bx® + yx + O eival {oa, av
a=0,B=4v=-8kad = -5

Mua Blotexvia pouxwv yla va Kataokeudoel X Toukduloa £odeuel nuepnoiwg
500 € yila podoug urntaA\fAwy, 10 € yla Ta UNIKA ou amattel Kabe MoUKAULoo
(Upaoua, KAWOTEG, ...) Kal 11—0x2 € yla ta unodAoura €004 NG (METAPOPIKA,
NAEKTPLIKO peUpa ...). Ndoa Eodelel nuePNCiwG yia TNV KATACKEUT] X TTOUKAUIOWV;
Mowa Ba eival Ta €€0da tng Blotexviag, av kataokeudaoel 50 TMOUKAMOQ;

Nvon

Ta €€0da Twv UAIKWV Yla TNV KATAoKeur) evog TIoukduioou eivat 10 €, omdte yia
TA X TTIOUKAULIoa Ta £€£0da TwV UAIKWOV Ba 81'vcu1 10x €. To OUVOAIKO TI00O O€E €, TIoU
Eodelel nuepnaoiwg n Blotexvia eivat P(x) = 10 x2 4+ 10x + 500

Ma v kataokeur) 50 moukdulowy Ta €Eoda efvat:

P(50) = 11—0 50 + 10 - 50 + 500 = 11—0 2500 + 500 + 500 = 1250 €

Av P(x) = x2 — 3x + 4, va npoadiopiotel To MoAuwvupo Q(x) = P(2x) — P(—x).

Nvon

To moAuwvupo P(2x) mpokurtel, av oto P(x) 6€coupe, OTIoU X TO 2X, OTIOTE EXOULE:
P2x) = 2x)2-3(2x) + 4 = 4x>—6x + 4
To moAuwvuuo P(—x) mpokurrtel, av oto P(x) 6€coupe, OTou X TO —X, OTIOTE €XOULE:!
P(-x) = (-x)?=3(—x) + 4 = x> + 3x + 4. Apa:
Q(x) P2x) —P(—x) = (4x2—6x + 4) — (x> + 3x + 4) =

= 4x°-6x + 4—-x>-3x—4 = 3x> -9

EPOTH2EIZ KATANOH2XHX

Moleg amo TIQ MapaKATw AAYERPIKES MapaoTAcelq elval TIOAUWVUUQ;
Q)4X3—5X2+2X—% B) 3x*—7x-12
y)\/§x2y—5xy+y2+% 3) X3 + 2x%y — VX y2 + 3y3

Mota amd Ta mapakdtw ToAuwvupa eival 2ou Babuol wg TPog X;
Q) 7 —3x—2x? B) 3x2 —5x —3x? + 10
Y) 43+ x2-3x3 + 2x—-x3+ 6 O) 2xy —3y + 9
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Mépog A - KepdAato 1o

‘Evag pabnmg 6€Aovrag va unoAoyioel To dBpotopa kat N dlagopd Twv TIOAUW-
VUHWV 4x3—8x? + x + 7 Kal x3—6x + 2 gypaye

ABpoloua Alagpopd
4x3 - 8x2 + X + 7 4x3 — 8x%2 + x +7
+ x° - 6x + 2 + —x3 + 6x —2
5x3 - 8x? - 5x + 9 X3 -8x2+7x + 5

Elval owotdg o Tpdmog nou epdpuoce; Na TEKUNELWOETE TNV arndvinor) oac.

Na eTIAEEETE TN OWOTH ArAvInon.
To TIOAUWVULO TIOU TIPETIEL VA TIPOCHECOUUE OTO 2x° + 5X + 7 yia va Bpouue
dBpoloua 8x? + 4x — 5 eival To:
Q) 6x> + x -2 B) 10x® + 9x + 2 Y) 6x2 —x —12 O) 6x° + x + 12.

Ta moAuwvupa A(x), B(x) kat ['(x) éxouv BaBuoug 2, 3 kal 2 avtloTtoliXwg.
a) Na Bpeite 10 Babud Tou ToAuwvUpoU A(x) + B(x).
B) Av to moAuwvupo A(x) + (x) dev elval To undeviko, Tt BaBud unopel va £xel;

[POTEINOMENEZ AZKHZEIZ — IPOBAHMATA

n Na ypdyeTe Ta moAuwvuua katd TIg ¢pbivouceq SUVAUELS TOU X.
a) P(x) = 3x —5x2 + x* + 10 + 2x3 B) Qx) = —6x + 2x3 + 1
Y) AX) = =3x2 + 7 + 2x3 + 7x d) B(x) = x—-x*-5

Alvetal To TOAUWVUPO A = -2xy? + y3 + 2x3 — xy?.
a) Na Bpeite TNV apIOUNTIKY TOU TIUR yla x = 2 katy = —1.
B) Na ypdyete 1o moAuwvUpo Katd TIq pBivouceg duvAauelg Tou Y. Molog eival o
Babuog Tou WG TPOG X Kal y;

Av P(x) = 2x? + 2x — 9, va amnodeitete Ot
a) P(=3) = P(2) B) 3P(1) + P(8) =0

H emgdvela evog oradiou amoteAeital and duo
NUIKUKALKOUG d{oKoUug Kal €va 0pBoywVIo TIAPaA-
ANASYPAUUO, TTou €xel urkog 100 uétpa kat mAQ-
TOG 2Xx UETPA. o
a) Na Bpeite TNV MeplUeTPO Kal TO eUBaddV Tou.

B) Na urtoAoyiocete Vv TiePIUETPO Kal TO eUPRADOV
Tou, av To TMAJTOC Tou eival (oo pe 60 pETPA.

100 m

B S I E——
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1.3 MoAuwvupa — MNpdobeon kat Apaipeom MOAUWVULWY

Na KAveTe TIG TIPAEEIG:

Q) (2x2—Xx) — (x*=5x2 + x—1) B) —3x%y — (2xy — yx®) + (Bxy —y?)

Y) (202 - 3aB) — (B2 + 4aB) - (a2 + B?) d) 2w? - [4w - 3 — (w? + 5w)]

€) (%x2 - %x + 1) = (%x + X2 — %) ot) (0,4x3 + 2,3x?) + (3,6x* - 0,3x* + 4)
Av A(x) = 2x3 = x2 + x— 4, B(x) = -3x® + 5x — 2 kat ["(x) = 4x®> — 3x + 8, va Bpelte
TA TTOAUWVUUA:

a) A(x) - B(x) B) Ax) + () Y) () - [AK) + BX)]

Na cUUTANPWOoETE Ta KevA OTIC TTAPAKATW (0OTNTEG:
Gl CEER— —AX ) e +4) =-6x2-8x +7
B) (=3 - ... +8) — (... +x2 ) =x3-x>+5bx+9

Na CUMMANPWOETE TO MAPAKATW TETPAYWVO WOTE va eival paylkd. (Ta tpia moAuw-
vupa opllovting, KaBETwg Kal dlaywviwg €xouv To Blo dBpoloua).

2X2+2x—3 | 7x2+3x-4

Ix°—3x+2

4x2+4x-5

AvP(X) = (-5 + 4x = 3) = (x*—=2x + 1) + (3x® + x) kat Q(X) = ax® + Bx + Y, va
Bpelte TIC TIWES TwV a, B, Y, WOTe Ta MoAuwvupa P(x) kat Q(x) va eival {oa.

‘Evag modnAdng Eekivael and 1o onuelo A

Kal oe Xpovo t sec kateBaivel To dpduo AB

he emtdyxuvon a = 2 m/sec?. Otav QTdoel

oto onuelo B, ouvexiCel va kiveltar oto

Opduo Bl yia 10 sec pe otabepr) TaxutnTa.

Na Bpelte Vv mapdotaon Tou ekPppAlel

MV anootacn mou dvuoe 0 TTIOdNAATNG. B r
Mola améotaon divuoe o ModNAAING, av

t = 5 sec;
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4.J NoAAamAaciaop6g mMoAUWVIHWY

Mabaivw va noddandaoialw:
0 Movwvupo pe nofvivuuo

O Modvavupo pe nodvivouo

APAXTHPIOTHTA

1.Na ypdyete 10 yivopevo a(B + y) cUUPwvVA Pe TNV EMIMEPLOTIKY IDIOTNTA KAl Ue
avAaAoyo Tpomo va Bpeite v napdotaon 3x%(2x° + 6X).

2.Na ypdyete 10 yivouevo (a + B)(y + &) cUupwva Je TNV EMIEPLOTIKY (DIOTNTA Kal
e avaAoyo TpoTo va Bpelte v napdotaon (3x?y + 2y)(2x? + 5).

- J

[MoAQMAQOIAOUOC MOVWVUMOU € TIOANUWVULO

Tnv aAyeBpikr mapdotaon 3x3(2x® + 6x) mou elval YIVOPEVO TOU POVWVUPOU 3x? JE TO
TIOAUWVUMO 2x3 + BX, oUPQwVa e TNV ETIUEPLOTIKT 1IOIGTNTA, UropoUpe va I ypdyouue
3x2(2x3 4+ 6x) = 3x% - 2x3 + 3x2 - 6x = 6x° + 18x3

Alariotwvoupue Ot

Ma va TOAAATAAGCIACOUNE UOVWVUPO HE TIOAUWVUUO, TIOAAATAACIAoUE TO HOVW-
VUUO He KABe 6p0 TOU MOAUWVUPOU Kal TIPOOBETOUE TA YIVOUEVA TIOU TTOOKUTITOUV.

[MoAQMAQOLAoUOC TMOAUWVULOU UE TIOAUWVUO

Tnv aAyeBplkn mapdotaon (3x?y + 2y)(2x? + 5) 1ou eival yivouevo Tou ToAUWVUPOoU
3x?y + 2y Ue TO TIOAUWVUHO 2X% 4+ 5, oUUPWVA Ue TNV ETIUEPLOTIKN 1O10TNTA, UMOPOUUE
va m ypdyoupue
(Bx?y + 2y)(2x2 + 5) =3x?y - 2x2 + 3x?y + 5+ 2y + 2x2 + 2y - 5 =
= 6x%y + 15x%y + 4x%y + 10y = 6x% + 19x% + 10y
L

AlamioTwvoupue Ot

a va moAanAactdooupe TIOAUWVUUO UE TTOAUWVUUO, TIOAanAactdloupe kdbe 6po Tou
evog ToAuwvUoU e kKdBe 6po Tou AAAOU TTIOAUWVULOU Kal TIPOCBETOUNE Ta Yivoueva
TIOU TIPOKUTITOUV.

Otav kdvoupe MOANAMAACIAOPO HOVWVULOU PE TTOAUMVUMO 1) dUO TIOAUWVULWY, AEUe
ATl avantUooouue Ta YIvOpeva autd Kal To amnoTéAeoua ovopdletral avamnTuyua Tou
YLVOUEVOU.
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1.4 TMoA\anmAaolaoudg MOAUWVUPWY

[APAAEITMATA — EOAPMOTEZ

Na yivouv ol pd&elq:

qQ) —% x2y<x—%y—3) B) (2x2 -5x + 6)(x — 2)
Y) 4x(-2x% + 3x — 1) — 3x3(-2x + 5) 0) —2x% (x + 4)(x — 1)

Nvon

a) —% x2y(x - %y - 3) = —% X3y + % x2y? + 2x%y

B) 22 —5x +B)(x—2) = 2x3 —4x2 —5x® + 10x + 6x — 12 = 2x3 - 9x®> + 16x — 12
Y) 4Xx(=2x% + 3x—1) — 3x3(-2x + 5) = —=8x® + 12x%> —4x + 6x3 —15x% = —2x3 —3x® — 4X
O) 2x°2 (X +4)(x—=1) = =2x3(x®> =X + 4x — 4) = -2x°(x®> + 3x — 4) = —2x* — 6x3 + 8%?

» O noAarnAaciaoudc duo ro-

Avwvduwy uropel va yivel 2x* - 5x + 6
Onwg kat 0 MoAAQMAaoIaouos X -2
Twv apudv. Ma napddery- 2 (2 —5x+6) = —4x2 4+ 10x — 12
ua, o moAManiaciaousc tou X (22 =5x +6) —+ 2x° — 5% + 6X

(B) eowtrjuaroc 2x3 —9x? + 16x — 12
(2x2 — 5x + 6)(x—2) yivetal Kal

WG €&NG: Y x

210 dutAavd oxnua gaivetral n npoéocoYn pag moéptTag,
Tou eival Kataokeuaougvn and alouuivio. Av €va NEPOQ
™ng néptag eivat diakoounTiké TCAML, va mpoaodloploTel
TO TIOAUWVUMO TIOU EKPPACeL TO ePBadov TG ermpdvelag
mou 6a KaAuBel pe aloupivio yla Tnv KAtaokeur tng o

npdooyYng Tng nNoPTaAg.

x+10

Nvon

H nopta €xel oxua opboywviou pe dlaotdoelg 2x + y Kal 4x + 10, omndte €xel
euBadodv (2x + y)(4x + 10).
To dlakoounTIKO TCAUL €Xel OxNua opBoywviou ue dlaotdoelg y kal x + 10, ondte
exel euPBadov y(x + 10).
Enopévwg, 1o eupaddv tne empdvelag mou Ba kaAubeel pe aloupuivio yla tnv
KATaoKeun Tng nmpdooyng g noptag eival:
2x +y)(4x +10) —y(x + 10) = 8x%2 + 20x + 4xy + 10y —xy — 10y =

= 8x? + 20x + 3xy
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Mépog A - KepdAato 1o

EPOTHZEIZ KATANOHIHX

40

Na OUUMANPWOETE ToV MAapaKATw Tivaka avrlioTolxiCovtag oe kABe apdoTacn G
otANG A, To anotéAeoud g and tn otAn B.

2THAN A 2THAn B

a. x(x+ 1) 1. X -x
2. X+ 1
B X+ MKX=1) 3 yo i o041 o [ By 3] c¢&]
Y. x(x-1) 4. x> +2x+ 3
5. (x+ (1 +x O X EX
6. X2+ 3x+2
e. X+NHx+2 7 w21

Na xapaktnpioete TI¢ Mapakdtw Tpotdcelg he (2), av eival owotég f e (A) av
elval A\avbaouégveg.
a) Av To TIOAUWVUPO P(x) €xetl BaBud 3 kal To mMoAUwVUHO Q(X)

€xel Babuod 2, Téte To TMOAUWVUHO P(X) - Q(X) €xel Babuo 6. D
B) Av To TIoAuwvupo P(x) + Q(x) €xel BaBud 7 kal To TOAUWVUUO

P(x) €xel BaBuod 3, tote 10 TMIOAUWVUPO Q(X) €XEL BaBUO 4. [j
Na cUUTANPWOETE TA TIAPAKATW KeVA:
Q) X(2X + .....) = ... + 4x B) 3x3(..... = 2) = 3%y — ...
Y) X+5(....+3) =2+ ... +10x + ..... ) R+y)X—...)=... —x%y2 4+ . —y8

Na eTIAEEETE TN OWOTY ATAVINON.
i) O dykog Tou opBoywviou MaparnAeTIIIEdOU
elvat:
Q3x+1 B)x+1 y)x+x2 d) X + X
ii) To epBadov Tou opboywviou maparnAeTITE-

dou eivat: 2
Q) 6x% + 4x + 1 B) 4x® + 6%
Y) 6x2 + 4x + 2 d) 6x2 + 4x X+1
O kaBnynmg Twv Mabnuatikwv Tnoe and Toug A r
pabntég tou va ypdyouv v aAyeBplkr napd-
otaon Tou ekPppddlel To euBaddv Tou opboyw- 2
viou ABIA kat ol uabntég tou €dwoav TG NG L
anavinoelg: .
a) (x +2)(x + 3) B) 2x - 3x
Y) X2 + 6 3) X2+ 5x + 6 A x 3 B

Molég am’ auTteq elval OwoTEC;



1.4 MoA\anAaolaopdg MOAUWVUHWY

[POTEINOMENEZ AXKHZEIZ — TPOBAHMATA

Na kdvete TIG TTPdEelg:
Q) —3x2y(-5x + 2y) B) 4x(2x? —x + 2) — 8x
Y) —5x(2x — 3) — 3x(2— 3x) 0) 2xy(x® — 3y?) — 4x(x2y — 2y?)

Na KAVeTe TIG TIPAEEIS:

Q) (2a — 3B)(-4a + 2B) B) x*—2x + 4)(x + 2) -8
Y) 3x?(-2x + 3)(5 - x) O) (4 — 3x)(5 — 2x) — 6x(x — 4)
€) (2x2 — 3x — 4)(-3x% + X) oT) (3x2 — 2xy — 5y?)(4y — X)

Na kdvete TIG TIPdEEIg:
a) (3x — 2)(x2 — x)(4x — 3) B) 2x(x*—x + H(x—-2)—- (x = 1)(2x = 3)(x + 2)
Y) (2% + y)(x* = 3xy) = (Bx = y)(4x + y)(=2x — 3y)

Na amodelEete TIQ 10OTNTEC:
a) (X®—4x + 4)(x®+ 4x + 4) -x®(x2-8)-16 =0
B) (Ba + 8B)(B-a) - (a + 2B)(B - 3a) = 67

Av P(x) = —2x% 4+ 5x — 3 kat Q(x) = 4x — 5, va Bpeite Ta moAuwvuua:
a) P(x) - Q(x) B) P(x) - [-3Q(x) + 11x — 12] Y) [P() - 2] - [Q(x) + 3]

Av P(x) = 3x(-2x + 4)(x — 1) kal Q(x) = ax® + Bx% + yx + O, va Bpelte TG TIUES TwV
a, B, Y, O, wote Ta moAuwvupa P(x) kal Q(x) va eival (oa.

Na Bpeite TNV MAeUPA TETPAYWVOU TIOU €XEL EURADOV .
(00 pe To epPaddv Tou dimAavou OxrUaTog. y y

‘Eva olkomedo €xel oxnua opboywviou pe MAATOG X HPETPA KAl UE HINKOG
HeyaAUTtepo amod To MAATOG Tou Katd 5 pETpa. Av To urikog eAattwbOel katd 3 pétpa
Kal To mAdtog eAattwbBdel katd 1 pe€rpo, va amodelEere o1l T0 euPaddv Tou
olkoTIEd0U Ba pelwbel Katd 4x + 2 TETPAYWVIKA UETPA.
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1.5 A&loonucinTeg TAUTOTNTEG

0 Buuduar noia 100tnta Aéyetar tavrotnza.
O TvupiCw noies eival o1 Bagikes tavtornees.
0 MaBaivw va anodeikvow pa andf tavtotnta.

APAXTHPIOTHTA

1. Moleg and Tig 106tTeg 3x = 12, x +y =7, 4a = 3a + a, Xx(X + 2) = x2 + 2x,
aAnBeuouv yia OAeQ TIC TIMES TWV UETABANTWY TOUG;

X
2. a) Na Bpeite 10 ouVOAIKS euRaAdOV TwV TIPA- 3

OlVWV OXNUATWV.
B) Mola and TIq MapaKATw MAPACTACELG < 3

ekPPAdel To euPRadOV TOU KiTpIvou TETPA- X
YWVOU; X 3

) x>+ 9 i) (x + 3)2

i) x2 +6x  iv)6x +9 X

Y) Na ouykpivete T0 OUVOANIKS euBadov Twv

MPACIVWV OXNUATWV Pe TO euPaddv Tou 3
K{TPIVOU TETPAYWVOU.

J

Ydpxouv 100TNTEG TIOU TEPLEXOUV UETAPRANTEC Kal aAnBeUouV YiQ OPICUEVES TIMEQ
TwV YETARANTWY Toug. Ma nmapddelyua, n 1odmrta 3x = 12, aknBelel yia x = 4 kal dev
aAnBeuel yia Kaptd AAnN Tiur Tou X. Opoiwg, nodtnta x + y = 7, aAnBeulel yia x = 1 kal
y=6nyax=3kay =4, evw dev aAnbelel yla x = 4 kaly = 5.

YdpxXouV OuwG Kal lodTNTES, TIou aAnBeUouy yia OAEQ TIC TIMES TWV METARBANTWY TOUQ
Onwe yia mapddelypa ot lodomreg: a + B =R+ a, 4a=3a+a, XxXx+ 2) =x>+ 2x
Ot 106TNTEQ AUTES AéyovTal TAUTOTNTEG.

Tautdmnta Aéyetal KAbe 1odTNTA TIOU TIEPLEXEL HETABANTEG KAl aAnBeUel yia OAeQ TIG
TIMEG TWV METABANTWV TNG.

TautdTnTeg UNAPXOUV TIOAAEG, OPIOUEVESG ATIO AUTEG TIC ouvavtdue ToAU ocuxvd kat yt
autd a&fCel va Tig Bupduacte. AloonuelwTeg TAUTOTNTEG elval:
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1.5 AfloonueinTeg TAUTOTNTEQ

a) Tetpdywvo aBpoiouarog

Av TV napdotaon (a + B)? m ypdyouue (a + B)(a + B) kal Bpouue TO AVATTTUYUA TOU

YIVOUEVOU, EXOUUE:
@+ B)F= (a+B)a+B)=
=+ af + Ba + B =
= o?+ 208 +

AntodeiEaue Aotrdv v TautotnTa R B ERE BVl [ RE N

To Oeltepo PEPOC TNG TPEONYOUUEVNS 10OTNTAC AEyeTal
avdrtuypa Tou (a + B)2
Ma nmapddetyua, To avamtuyua Tou (y + 4)? TpokUmTel, av
oTnV ponyouuevn TAUTOTNTA AVTIKATAOTI)OOUKE TO A [E TO
y KAl TO B hE TO 4, OTIOTE EXOUE:

(y+ 4P =y>+2-y-44+42=y2+ 8y + 16.

H mponyoupevn TauTéTnTa, ONMWG Kal OAEG Ol €TIOUEVEC,
xpnotgorolouvtal kat étav Ta a, B elval omolecdnmnote
OAYERPIKEG TTAPACTACELCS, TUX.

(2x + 3y)? = (2x)? + 2 - 2x - 3y + (3y)? = 4x® + 12xy + 9y?

.

(@ + B)? = o> + 2aB + P2

B) Tetpaywvo dlapopag

Av Vv napdotaon (a — B)? m ypdwoupe (a — B)(a — B)
Kal BPoUnE TO AVATTTUYUQ TOU YIVOUEVOU, TOTE UMOPOUUE va
arnodeiEoupe kal TV TautoTnTa

(a0 -B)* = a?-2ap + B2

Modyuartt €Xouue:

@-BP=(@=-p)(a-B) =c*-ap-Ba+ p*=a*-2a8 + p*
Ma napddetyua, To avartuyua tou (y — 4)? mpokUmTel, av
QVTIKATAOTHOOUUE TO A UE TO Y Kal TOo B pe To 4, omndte
EXOULE:

(y-4)2=y>-2-y-4+42=y>—-8y + 16

Opoilwg, yia va unoAoyicoupe TO avarrtuyua Tou (3x — 4y)?
éxoupe:'

4j/ )2 = 3x (Cix) .

(G—BE— 02— 2aB + P2

(4y) + (4y)? = 9x? — 24xy + 16y?

lewperpikn epunvela

H tautémrta
(@+B)2=0?+20B + p?
yla BeTikoug aplBuoug a Kal
B umopel va epunveubel kat
YEWUETPIKA. To TeTpdywvo
ABI'A €xel mAeupd a + B,
onadte To euBaddv Tou eivat:
E=(@+p?>* (1)

To eupadov duwg Tou
TeTPaywvou ABIA
TTPOKUTTTEL AKOUN KL AV
POCBECOUNE
Ta euBaAdA TWV oXNUATWY
mou 1o arnoteAouv. AnAad)
E=a®+aB+aB+p n
E=02+20B + p° @)
Ané TiQ 1odétreg (1) kat (2)
JlAMIOTWVOUE OTL
(a+ B)?=a?+ 2aB + B>
A B
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Mépog A - KepdAato 1o

Y) KuBog abpoiouatog - dlapopdc

Av Tnv napdotaon (a + B)° m ypdwouue (@ + B)(a + B)? KAl KAvouue ToV TIOANG-
MAQOLAOUO TOU a + B pe To avarTuypa Tou (a + B)?, Exoupe:
(@+B)P= (a+B)a+p)?=
= (a+ B)(@® + 2aB + p?) =
a® + 20%B + aP? + a®B + 2aB? + B =
= o + 30”8 + 3ap? + B°

AnodeiEape Aotmdv TNV TautdTNnTa (a + B)® =a®+ 3a%B + 3ap? + B3

Me tov (Do Tpdno unopouue va anodelEoupe Kat TNV TauToTNTA
(a-B)® = a®*-3a*p + 3ap? - p?

2Uupwva Pe TIQ TPOoNYOUHEVES TAUTOTNTES EXOULE:!
® X+2P=x3+3:x22+3:x-22+22=x3+6x2+12x+ 8
® 2x—-5)2 = (2x)® -3 - (2x)? -5+ 3+ (2xX) - 52— 5% = 8x® - 60x®> + 150x — 125.

d) MNvouevo abBpoiouaroc eni dlapopd

Av Bpoupe To avAamtuyua Tou yivopgvou (a + B)(a — B) €xouue:

@+ B)a-P) =c-gf+pd- B = -

AmodeiEape Aolmév TV TautdTTa (a + B)(a-B) = az-p2

H mponyouuevn TauTOTNTA XENOLMOTIOETal YIa va PBplokouue ypriyopa TO YIVOPEVO
abpoiouarog duo TapacTtdoewy et T dlaPopd Toug. I'a mapddelyua, EXOUUE:

e X+2)(x—-2)=x2-22=x>-4

® (3a + 2B)(Ba -2B) = (3a)? - (2B)? = 9a? — 4p?

e) Alapopd kUBwv - ABpoloua KuBwv

H napdotaon (a — B)(a® + aB + B?) ypdoertal:

(@=B)(a®+ap +p%) =a® + O/ZB/-F q{sé —B/ff —gB/f -B=a-p°
AnodeiEape Aotmdv TV TautdTnTa
Me tov (810 Tpdno unopouue va anodelEoupe Kal TNV TAUTOTNTA

(a + B)(a*-af + B?) = a® + p°

Ol mponyoUueveg TAUTOTNTEG XENOlUoToloUvTal yia va Bplokouue ypriyopd yivoueva
MaPAoTACEWY TIOU €XOUV TIG AVTIOTOIXES HOPPES. A MapAdelyua €XOULE:

® X—-2)(X*+2X+4) =xx-2)x®*+2x+ 2% =x3-282=x3-8
® X+ 3K -3x+9) =x+3)X°-3x+3)=x3+3=x+27
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1.5 AfloonueinTeg TAUTOTNTEQ

[MAPAAEITMATA — EOAPMOTEZ

a) Na anodelxBei n tautdtnTa (a + B + y)2 = a® + B2 + y2 + 2aB + 2By + 2ya.
B) Na Bpebei To avamtuypa tou (3x + 2y + 4)2

Nvon a B Y
Q@+B+y? =@+Bty)a+pty = n
= &?+aB +ay +Ba+pBF+Ry+ya+yB+y=
= a®+ B2+ vy2 + 20B + 2By + 2ya.

B) ZUugpwva pe TNV ponyouuevn TautoTNTA,
TO avarmruypa tou (3x + 2y + 4)? eivat:
(Bx + 2y + 4)2 =
= (BX)%+(2y)>+42+2:3%x-2y+2:2y-4+42-3x-4 =
=Ox% 4+ 4y? + 16 + 12xy + 16y + 24x.

Y2

(a+B+Y)? = a®+B2+y>+2aB+2By+2ya

a) Na arnodetxboulv ol TautdTnTE]
a?+ pB2=(a+B)2-2a8 kat a®+ B% = (a+ B)*-3aB(a + B).
B) AV X + - = 3, va UMOAOYIOTOUV OL TIIEG TWV MAPACTATEWY X* + 37 Kat x® + %

Nvon
a) Kdvoupe Tig mpd&elg oto deUtepo UEAOG KABE TAUTOTNTAG Kal EXOUE:!
(a+ B)?-20B = a® + 2aB + B?—-20B = o + B2
(@ + B)°-3aB(a+ B) = a®+ 3aB + 3ap? + B* - 3a*B - 3ap? = a® + B°.

B) H mapdotaon x? + % ypdoetal x° + (%)2 Kal oUugwva Pe TNV Tautotnta

a’ 4+ B? = (a + B)?—2aB €xoupe:

x2+%=x2+(%)2=(x+%)2—2x-% —32-2.2=9-4=5

H nmapdotaon x® + % ypdoetal X2 + (%)3 Kal oUupva Pe v Tautdmta

a® + B = (a+ B)P-3aB(a + B) €xoupe:

S et (B) =k BV a2 x+ 2) =3 -3.2.3-27-18=19

3
X + X

2e €va OIKOTEDO TIOU €XEL OXNMA TETPAYWVOU TAEUPAG a, av uewwdel n uia
dldotaon Tou Katd B kat Tautdxpova n AAAn didotaor) Tou auénbei katd B, méco
0a petaBAndei To epPadov Tou;

Nvon
To epBaddv Tou TeTpaywvou eivat a?. Av aANAEoUV ot TAEUPEG TOU, TOTE TO OIKOTIEDO
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Mépog A - KepdAalo 1o

Ba yivel opBoywvio e dlactdoelg a — B kat

a + B, ondte Ba €xel epPaddv (a - P)(a + B) = a® - B2
AnAadr), To euPBaddv and 1o a® Ba yivel a® — B2, ToU !
onuaivel 6Tt Ba pelwdel kard B2,

2 g
Na petatpanel 1o KAAoua B TIou €xel APPNTO TTAPOVOUACTH O LoodUVAaUOo
KAQoua pe pNTO MAPOVOUACTY).

Nvon
a va perarparel 0 mapovouaotrg oe pntd aptBud moANanAactdloupe kat Toug dUo
épouc Tou KAAopatog pe 3 + V5, yiatl 3-V5)3 +V5) =32 - (V5)2=9-5 = 4.
Eropévag

2 2(3 +V5) 23 +V5) 3 +V5

3-V5  (3-V5)@3 + V5) 4 5

a) Na anodeixBel n tautdomrta (v — 1)(v + 1) + 1 = V2
B) Na anodeixBei étL 0 aptBudg 2007 - 2009 + 1 eival TeETpAywvo evdg akepaiou
aptbuou, Tov omnoio kat va npoadlopioeTe.

Nvon
avV-NHv+1)+1=M-1)+1=v-1+1=\2

B) Avv = 2008, téte v— 1 = 2007 kat v + 1 = 2009.
JUuewva Pe Tnv ponyouuevn TauTOTNTA EXOUUE:
2007 - 2009 + 1 = (v=1)(v + 1) + 1 = 2 = 20082,
Apa, o aplBudg 2007 - 2009 + 1 eival To TeTpdywvo Tou akepaiou 2008.

» Opiougvol apiBuntikol urtoAoyiouol yivovrar mio ouvroua ue mn Bonbeia twv
TQUTOTITWV TT.X.
99 - 101 = (100-1)(100 + 1) = 100? - 12 = 10000 — 1 = 9999
103 = (100 + 3)? = 100° + 2- 100 - 3 + 3° = 10609

n Na yivouv ol mpd&elq:
a) 2x-3)2-2(8x - 1)(8x + 1) B) (x—2y)° - (x —y)(x® + xy + y?).

Nvon
a) 2x-3)2-2(3x - 1)(3x + 1) = [(2x)? =2 - 2x - 3 + 3%] - 2[(3x)? — 1?] =
= (4x2-12x+9) -2 -1) =
= 4x°-12x + 9 -18x> + 2 = —14x2 - 12x + 11

B) (X =2y = (x=y)(@ + xy +y) =[x*=3 -2y + 3+ x+ (2y) ~ (2y)*] - (¢ ~y9)=
= x3-6x% + 12xy? = 8y? —x® + y3 =
= —6x%y + 12xy? - 7y3
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1.5 AfloonueinTeg TAUTOTNTEQ

Na anodeix0ei 61t (a2 + B?) (X2 + y2) = (ax + By)2 + (ay — Bx)?

(Tautétnta Lagrange).
Nvon

To 10 uéAog TS TAUTATNTAG YPAPETAL:

(02 + BZ)(X2 + y2) — 02)(2 + 02y2 + BZXZ + BZyZ

To 20 péNog TNC TAUTATNTAG YPAPETAL:

(ax + By)? + (ay — Bx)? (@x)? + 2(ax)(By) + (By)* + (ay)? - 2(ay)(Bx) + (Bx)* =
ax? 4+ 2apxy + B2y2 + a?y? — 2apxy + B2 =
— 02X2 + 02y2 + BZXZ + BZy2

Apa (0 + B +y%) = (ax + By)* + (ay — Bx)*

Onwg eidaue ora nponyouueva napadeliyuara yia va anodel§ouue uia tTautdtn-
Ta A = B, UMopouuE va epyactouuEe we eENG:
® =gkivdue aro TO Eva UEAOC TNG TaUTOTNTAC KAl KATAATYOUUE OTO dAAO
(mapadelyuara 1, 2, 5) n
® - Kdvouue Tic pdé&eic oto 10 UEAOC TNC TQUTOTNTAG KAl KATAAT)youue o€ ia
1ootmra A =1
— Kdvoupe Tic pdéelc oto 20 UEAOG TNG TQUTOTNTAG KAl KATAAT)YOUUE O€E [la
iootra B = T.

ApoUu A = I kat B = " ouurniepaivouue ottt A = B (nmapddetyua 7).

EPOTHZEIZ KATANOHXHX

n Moleg amo TIG MapakdTw 10OTNTEQ elval TAUTOTNTEC;
Q0x=0 PB)x+y=0 y)aka=a J) x+32=x2+6x+9 ¢€ap=0

Na emAéEeTe TN owoTr| andvinon.
i) To avdrTuypa Tou (x + a)? elvat:
a) x> + a? B) x> —2xa + a®> y) x2 + xa + a? d) X% + 2xa + a2

ii) To avdartuypa tou (2a + 1)? eival:
a)2a® +4a+1 B)da®+1 y)da®+4a+1 9d) 40+ 2a + 1

iii) To avamtuypa tou (y — 2)? eivat:
a)y’ -2y + 4 B) y? -4 Y) Y2 -4y + 4 O) y* + 4y + 4

Na xapaktnploete TIG MapakdTw looTNTEG he (2), av elval owoTteg ) he (N), av eival
AavBaougéveg.
a) (X —y)? = x* = 2x(-y) + (-y)?
B) (-a + B)? = a*—-2aB + P
Y) (5w + 4)2 = 2502 + 16
O) BXx—y)?=3x2-2:3x-y +Vy°
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48

Na eIAEEETE TN OWOTT| ATIAVINON.
i) To avdmrtuypa Tou (x + 1)2 eivat:
a)yx®+3-x-1+ 13 B) x® + 13
V)X +3-x2-1+3-x-12+13 J)x+x2-1+x-12413
i) To avdrntuyua Tou (B — 2)° elvau:
Q) B -3-B-2+ 20 B) B - 2°
Y) BP-p2-2 +p-22-2° 3)pe-3-B2-2+3-B-22-28

Na xapaktnpl(oete TIQ TMAPAKATW 1odTNTES We (X) av elval owaoTeg 1) pe (A), av eival
AavBaougéveg.

a) (x —y)® = x> = 3x%y — 3xy? — y°

B) 2x +3)*=2x>+3-2x-3+3-2x-3%>+ 33

Y) Bx—1)% = (38x)°—3(3x)? -1 + 3(3x) - 12 4 13

O) X+ 2P =x34+6x>+12x + 8

Na eTAEEETE TN OWOTH ArAvinon.
i) To avdmrtuyua tou (y — 3)(y + 3) eivat:

a) y>-3 B) 9 -vy? Y) -9 d) 3-y?
i) To avamtuypa Tou (y + X)(x —y) elvat:

a) y? = x? By x*—y* y) x-y)* J)xX+Vy?
iii) To avdntuypa Tou (w — 20)(w + 2a) elvat:

Q) w?—20%> B) w?+ 40% y) 42— w? O) w?-4a?
iv) To avdamtuyua tou (5 — x)(5% + bx + x°) eivat:

a) 5% + x3 B) x3 - 53 y) 5% - x® 0) 25— x3
v) To avdmtuyua tou (x + 2a)(x? — 2ax + 4a?) eivat:

a)x®+2a® B)x*-(2a)° y)x*-2a® 9)x®+ 8ad

Na CUMMANPWOETE ToV MAPAKATW Tivaka avrlioTolxiCovtag oe kABe apAcTaon TG
OTNANG A, To avAarTtuyud g ano ) otAn B.

a X +y)y-x 1. X2 =2xy +y?
2. x3—y8
2
B. (x+y) 3. x*—3x% + 3xy? + y?
Y- (Y —%)? 4. y2-x?
5. (Xx—y)(@ +xy +y3) 5. X+ 2xy +y?
) L2 6. x2—y?
& XY =Xy +¥) 2 15y
ot. (x-y)° 8. X3 —3x2y + 3xy? -3



1.5 AfloonueinTeg TAUTOTNTEQ

[POTEINOMENEZ AXKHZEIZ — TPOBAHMATA

n Na Bpelte Ta avamtdyuara:

a) (x + 2)2 B) (y + 5)2 Y) Cw + 1)? O) (K + 2N)?

g) By + 2B)° o1) (x* + 1) Q) (v* +y)? n) (2x¢ + 3x)?

8) (x + V2)? ) (Vx+Vye  a)fa+ %)2 B) (o + %)2
Na Bpeite Ta avamtUyuara:

a) (x - 3)? B) (v - 5)? Y) Bw—1)? d) (2K = N)?

g) (By - 2B)? oT) (X* - 2)° 0 (?-vy)y n) (2x* - 5x)?

8) (x - V3) ) Vx-Vy2E  a)fa- o B)(w- 2
XPNOIUOTIOIWVTAG TNV KATAAANAN TQUTOTNTA VA UTIOAOYI(OETE TIG TTAPAOTACEIC:

a) (V3 + 1)2 B) (V6 + VB)? Y) (V2 -3)2 8) (1-V7)2
Na CUUTIANPWOETE TIG I0OTNTEG:

a) (x )P = + ... +9 B) (... 42 =y SR

Y) (o= )2 =162 8xa O) (... 2w)% = ... —4x2w

Na Bpeite Ta avantUyuara:

a) (x + 1)° B) (y + 4)° Y) (2a + 1) d) (3a + 2B)°
g) (¢ + 3)° oT) (y* + y)° Q) x-2)° n) (y - 95)°
0) (3a-1)3 ) (2x — 3y)3 ) (y2-2)° B) (w? - 2w)?

B Na Bpeite Ta avamtUyuara:
a) (x-T1)(x+ 1) B) (y-2( + 2 Y) 8- w)@ + w)
0) (x + 4)(4 -x) g) X—-y)(=x-VY) oT) (X + Y)(-X —)
Q) @x+7Y)@x=7y) M) (x=-V2)x +V2) 6) (VX + Vy)(Vx = Vy)

Na anodei€ete Ot To MOAUWVUUO P(X) = (x = 3)2 + (Bx + 1)2—=10(x — 1)(x + 1) eival
otabepo.

B} o) Na anodetgete 6u (a - B)(a + B)(o® + BA)(a* + B) = a®- B2,
B) Na umoAoyioete 10O yivopevo: 9 - 11 - 101 - 10001.

n Na petatpéyete Ta MAPAKATw KAAoPATA, TIOU €X0UV APPENTOUG TTAPOVOUACTES, OF
looduvapa KAAdouata pe pntoug TaPOVOUAOTEG.
1 6 5 12
- 6 - =
%) V- VTE Ve w ) E+ V6

49



Mépog A - KepdAato 1o

Na Bpeite Ta avamtUyuara:
a) (x—3)(x* + 3x + 9) B) (y + 2)(y> -2y + 4)
Y) Cw + 1)(4w? -2w + 1) o) (1-a)(1 +a+ @

Na kdvete TIG TIPAEEIG:

a) (x—4)* + (2x + 5) B) (x*—1)— (x*—3)(x* + 3)
Y) X+ y)P2—X=-2y)(x + 2y) + 2x—-y)? 8) (8x—4)° + (Bx + 4)>—-2(3x—4)(3x + 4)
€) (2c1+ 12+ (2a-1)3 or) (@ + 22— (a+ 2)(a*-2a + 4)
0 (0 + )’ (a®-0)° n (4a-1)°-a(8a + 1)(8a-1)

Na amodei&ete Ol

Q) (X —2y)? — (2x —y)? + 3x® = 3y?
B) (a-3B)* + (3a + 2B)(3a - 2B) - (3a - B)* = a® + 4p*
X=X+ 1P =-2x(x-1)(x + 1) =x*-1

(
) (
) (
) (@ + B?)? - (2aB)* = (a® - %)
(
(

<

()

) (@-4)>+ (2a-3)2 = a® + (2a - 5)
oT) (2% + 2x)2 + (2x + 1)2 = (2x* + 2x + 1)?

Avx =3 + V5 kaly = 3 - V5, va urnoloy(oeTe TIC TAPAOTACELC:

&)

a) xy B) x* —vy? Y) X2+ y? d) xX* +y°
a) Na arodeitete o1 (a + %)2 = (q - %)2 = 20

B) Na umoAoyioete Tov aplBuod x = (2005 4 4%)2 - (2005 - 41—1)2

A

a8

Av 10 Tplywvo ABI eival opBoywvio, va anodeiete
OTL Kal To Tplywvo BI'A eival opBoywvio.

r 5x+2
m >KkeQtelte dUO aplBuoUC dAPOPETIKOUG aMd TO UNOEV.
Bpelte 10 TeTPdYWVO Tou abpoiouatdg Touc. ain
Bpelte 10 TeTPAYWVO TNG dlapopdq Touc.
Agpaipgote amnod To TeETPAYwVOo Tou aBpoiouarog To A A% B

TETPAYWVO TN dlapopdc.

AlaIpEaTte TO TEAIKO AMOTEAECUA [E TO YIVOUEVO TWV

U0 apIBUWV TIOU APXIKA OKEPTNKATE.

To anotéAeopua Tou Bprikate eivatl o aplBudg 4 aveEdptnta and Toug aplBuouq
nou emniAéEate. Mmopelte va 1o eENyrOETE;

2 2 _ _ 2
a) Na anode(Eete O1L By = B°+y - B-v)°

B) Na umoAoyioete 10 euBaddv opboywviou TELywvou, ToU €xel uTtoTelivouoa
10 cm, Kal ol KABeTEQ TTAEUPES TOU dAPEPOUV KATA 2 cm.
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1.5 A&loonueiwTteg TAUTOTNTEG

‘Evag narépag poipace éva olkomnedo
ora dUo madld tou, Onwg Qaiveral
oto oxnua. Ta duo owkémneda eixav To
(010 epPaddv 1 kdnoto amnd ta madid
adIKNONKE;

Na altioAoyroete TNV andvinor) oag.

70 toiywvo tov Maokdd
Kal to avantuypa twv ouvapewv tov a + 6

1 (a+pB)°= 1
1 1 (a+B)'= 1a + 1B
1 2 1 (a+B)2= 102 + 2aB +1p?
1 3 z 1 (a+B)3= 1a® + 3a°B + 3ap? +1B°
1 4 6 4 1 (a+B)*= 1a*+ 40%8 + 602B? + 4aB° +1B*
1 0 [0 L0 [0 1 @RP= o + e + e+ o+
1O O O O O 1+pe=

Mapatnperiote Ta avamtUyuara Twv duvApewy Tou abpoioparog a + B.

1. O avtiotolxol ouvteAeotéq oe KdABe avAmTuypa oxnuatiCouv
Ll ypauun o éva apleuntikd tplywvo, Tou eival ywwotd wg
Tplywvo tou MaokdA. To tplywvo autd mrpe 1o dvoud Tou amod
Tov [AA\O pabnuartikd Blaise Pascal (1623 - 1662) kat ol aplBuol
TOU KpUBouv TOAAEG 1B10TTeg. O MPWTog Kal 0 TeAeutaiog
aplBuoég kdbe oelpdg eival 1.

Mmnopeite va avakaAUQete Pe TIOlOV TPEOMO TPEOKUTTOUV Ol
urtéAoltrol apiBuol k&be oelpdg;

2. 2uvex(oTe TNV KATAOKEUT) TOU TPLYWVOU Kal Bpeite Ta avarrtdyuara (a + B)° kat
(a + B)8, apou TpwTa avakaAUYeTe e ooV TEOTo ypd@ovTal ol OUVALELC TOU a Kal
Tou B og K&Be avdmrTuyua.

3. Na Bpeite kat To avdamtuyua Tou (a — B)8, av yvwpilete OTL kal Ta avantUyuara Twy
duvduewv G dlapopdc a — B MEOKUMTOUV Ue ToV (D10 akplBWS TPATIO, UOVO TIOU
BeTouue Ta TIpdoNua evaAdE, apxiCovrag and +.

X (a-B)?=a*-2aB + B (a-B)°=0a®-3a°B + 3ap® - @°

4. Mniopeite va Bpeite moleq AAeg 1016TNTEG KPURBOUV Ol aplBuol Tou TpLywvou MaokdA,;
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SNA OKMA ANO THA IETOPIA TRN MAGHMATIKQRN

IMvOBayopertes ToLddES
Av oL agBuot a, B, y expedfovv To uirn TOV TAEVEMV VoS 0pBoywviov
TOLYDVOU, TOTE 0TS YVmEitovue, Loyvel to [uBaydpelo Bedonua
=R+ (1)
[Mooa duwg opBoywviar TElywva umrogovue var fEOVUE TOU TOL UNKY TWV
TAEVQMV TOVG EXPOALOVTOL UE AREQOUOVS aLELOROVG;
Mua toLdda eTirdv axegaimv aoLbudv a, B, v, YLo TV 0ToLa LOYVEL 1] OYEOM
(1), Aéue on amoterel ITvBaydgera Tordda. Tyv amiovoteon ITubBaydpela
MvOayépac  TOLGDA oyxnuatiCouv oL apBpoi 5, 4, 3 agov 5* = 4* + 3%
Yrdoyovv, doaye, Toomol vo oxnuatitovue IuBaydpsies ToLadEC;
O Iv@ayopag (60g ardvag . X.) yvdoLle Ot oL aLBuol g Loeeng
w41 ow-1
2 72

» W, Omov u meQLttog (W =3, 5,7, ...)

oynuaticovv wa IMubaydoesia ToLdda.
a) Mrmopeite va 10 amodelEete;
B) No poeite OVo TovAdyioTov ITuBaydpeles TOLAOES te Tovg aLBrovg Tov Iubayda.

O II\drovag (50g — 4og cudvog m.X.) yvarolle Ot oL apBurol Tg LoEgng
2 2
% + 1, % -1, w, omovudorog (n=4,6,8, ...)
oymuatiCovv wa ITvBaydpeia ToLada.
a) Mmogeite vo 10 amodeiEeTe;
B) Na Peelte dvo Tovhdyiotov MuBaydeeles ToLddes ue Tovg 0ELBUOVS TOU
[MAdTrova.
O Awgavrog (3og aumvag w.X.) otnEtouevog og uiot TOVTOTNTOL TV OTOLaL
yvoole noaw o Euvxheidng, ¢dwoe wa yevirdteon Abon oto mooPinua
rataoxevns ITuBayopelmv ToLadmVY amd omotovadnmote aLBuovs (dotiovg
N eELTTovs). Avardiuvype ot 0 aguBuol g pooens A + w?, A2 —u?  2hu,
Omov A, u Betol dvioor axéparot apBuol, oxnuatitovv IMubayogeia ToLada.
a) Mmogeite vo 10 amodeiEeTe;
B) Na Poelte dvo Tovhdyotov MuBaydeeles ToLddes ue Tovg 0ELBUOVS TOU
AogavTov.

Illartwvac

Evkiciong

H €vvola T¢ anddeléng




1. 6 Mapayovromoinon aAyeRPIKWV MAPACTACEWV

A Mabaivw va petatpénw pa afyebpikn napdaraon oe
yIvouevo napayovewy

APAZTHPIOTHTA

1. Na yivouv ol mpd&eig:

Q) 7.32-25 + 7,32-75 P) 347-%—347-%

R=32,50 m
2. e pla KUKAIKA Aateia aktivag R = 32,50 m KataoKkeudoTtnke
€va KUKAIKO ouvtplBavt aktivag p = 7,50 m.
Na uttoAoyioete 10 euBaddv Tng mAateiag ou amnéuelve uetd “
TNV KATaoKeur) Tou ouvtpiBaviou.

S J

MoAEC POpPEQ, Yia TNV eTtiAuon evdg TIPORANUATOG, ulag eElowong, Hlag aviowong N
yla v arnAoroinon evog KAAopatog, eival Xxpriolpo va petatparel pia mapdotaon anod
dbpoloua oe YIVOUEVO.

H dladikacia pe v otoia uia mapdotaon, Tou eival ABpoloua, UETATPETETAL O YIVOUEVO
napayoviwy, AEyetal mapayovrornoinon.

Ma mapddetyua, n napdotaon 1R? — mE? pe TN Borfela g EMIPEPIOTIKAG 1O10TNTAQ
ypdopetal m(R? — p?) kat olupwva pe v tavtdmta (R + p)(R - p) = R? - p?
napayovronoleTal we eENG:

nR? — np? = p(R?> — p?) = n(R + p)(R — p)
210 Tiponyouuevo Ttapddetyua n napdoraon nR? — np? Tmpe TeAkd ™ popen (R + p) (R -
p). Kavévag and toug napdyovreg (R+p), (R — p) dev urnopel va petatpartel oe yIVOUEVO [N

oTtafePwWV MOAUWVUHWY. TNV TePITwon autr) A&ue 3Tt N apdoTaon autr) €xel avalubel oe
YWVOLEVO TIPWTWY TIAPayOvTwy.

210 €fng, dtav Aéue o1l mapayovroroloUpe upia mapdoracn, 6a evvoupe OTL TNV
avaAUoue O€ YIVOUEVO TIPWTWYV TIAPAYOVTWV.

>Tn ouvéxela, 6a doUue TIG TIIO XAPAKTNPIOTIKES TEPITTTWOEIC TTAPAYOVIOTNOMNOoNG HIAg
aAyeBplkng napdotaonc.
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MéEpog A - KepdAato 1o

a) Kowvde mapdyovrac

napayovionolovpe
Av 6Aol ol POl UIaG TTAPdoTAoNG £XOUV KOWVO
napdyovta, TOTe 1 TAPACTACN UETATPENETAl ’30 + 38 - 33/‘ = ’ 3(a + 6 - y) ‘
0e YIVOUEVO TIAPAyOVIWV OUPQWVA PE TNV
ETIUEPLOTIKN 1O1OTNTA. avantuooouvue

Ma napddetypa, oe 6AOUG Toug Opoug NG napdotaong 3a + 3B — 3y undpxel Kowog
napdyovrag to 3, ondte N MaPAcTAcn TIapayovTonoleTal wg eENC:
30 +36-3y=30+6-y).

Opolwg n mapdotaon 2a2 — 2aB + 2a, ypdgetat 2a - a—2a - B + 2a - 1, onote oe OAoUQ
TOUG OpOUG TNG UTIAPXEL KovOg apdyovTag To 2a.

Apa, n nMapdotacn TapayovIoTole(Tal KGQ & OpoG Heod oty napsvleaon evato
, MNAKO g dlaipeong Twv avtiotolXwv OpwvV
WG e&Ng: TNC apPAdoTaong pe Tov koo napdyovta:
20° = 206 + 20 = 20(a - 8 + 7). (202);(20)=22_c§=a
>y  neplmtwon auth, Aéue  OTl ) 20
0 o i (20B) : (20) = 5~ = B
Byaloupue Koo TIapAyovIa To 2a».
2a
(20) : (20) = 2q =1

Napadciypata — B

Na napayovtormoinouv ol TapacTAoelq:
a) 12x%y — 30xy? + 6x%y? ) a(w - x) + 3B(x — w) Y) 3(2x — 1) + x(4x — 2)

Q) >e OAoug Toug 6POUC TNG MAPACTAONG UTAPXEL 12x%y — 30xy? + 6x°y? =
KOIVOQ TTAPAYoVTag TO 6Xy, = BXy - 2X - 6xy - By + 6xy - Xy=
OTIOTE EXOUE: Bxy(2x — 5y + xy)

B) H mapdotaon €xel dUo dpoug, Toug a(w — X)
Kal 3B(x — w). Na va dnuoupyrnoouuE Kal 0TouC a(w -Xx) + 3BXxX - w) =
dUo époug Kové MapdyovTa ToV w — X, Tov OeUTePO = a(w -x) — 3B(w —x)
6p0 TG ToVv Ypdpouue —3B(w — X), OndTE EXOULE: (w —x)(a - 3B)

Y) Av armé tov delTtepo 0po NG napdotaong Bydhouue  3(2x—1) + x(4x - 2) =
KolvO TtIapdyovta To 2, TOTe ONUIOUPYOUUE KOLVO = 3@2x—-1) + 2x(2x - 1)=
napdyovta 1o 2x — 1, oTOTE EXOUUE: = (2x-1)(3 + 2x)

B) Kowvoc mapayovtag katd ouadeg (Ouadomoinon)

2Tnv mapdotacn ax + ay + 2x + 2y, dev UTtdpxel Kovog mapdyovtag oe OAoOUG TOUG
6poug Q. Av Suwg BydAoupe Kolvd Ttapdyovta, and Toug dUo MPWTOUG OPOUG TO d Kal
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1.6 TNapayovtomnoinon aAyeRPIKWY apacTATEWY

anod toug duo TeAeutaioug To 2, TOTE oxnuaticovral dUo Opol Pe Koo TtTapdyovta Tov
x + y. ‘ETO0l, N mapdotaon napayovronoletal wg eENg:

c‘yx+?y+zlx+‘2y=o(x+y)+Z(X+y)=(x+y)(o+2)

Tnv ponyouuevn apdoTaon Uropouue va Tn Xwpeloouue Kal oe dlapoPETIKES OUADEG.
To anotéAeopa duwg TNg Tapayovromnoinong eival kat TdAL 1o dto. Medyuatl, EXOUE:

a%y=x{a +2)+yla+2)=(+2)x+y)
Mapadeiypata

Na napayovtormnoindouv ol TapacTAcelS:
a) 3x®3 — 12x2 + 5x — 20 B) aB-3a-38 +9 Y) 3x2 + 5xy + 2y2

a) 3 —12x% + 5x — 20 = 3x3(x—4) + 5(x—4) = (x —4)(3x%> + b)

B)ap-3a-3+9=aB-3)-3B-3)=(B-3(a-3

Y) 3¢ + Bxy + 2% = 8x2 + 3xy + 2xy + 22 =  MEPIKEG APACTAGELS %GDGYO—
_ _ vroroloUvtal KaTtd OpAdES, av
= Ity + 2y ty) = 31a0TIA00UHE KATAMNAQ évav 1
= X+ y)Ex+ 2y). TEPLO0GTEPOUC BPOUG
n.x. 5xy = 3xy + 2xy

Y) Alapopd TETPAYWVWV

Av evaA\d&oupe Ta PEAN TNG TAUTOTNTAG

(a + B)(a—-B) = a? - R?, 1éTe ypdpeTal Kal we eENg: a’?-B2=(a + B)(a-PB)

2Uupwva Je TNV TautoTNTa auTr), HMOPOUUE va TIAPAYOVTOTIOI|OOUKE [Hia TIapdoTaon
mou efvatl dlapopd TeTpaybvwy, .x. 4’ = 9 =a? —= 3% = (a + 3)(a - 3).

Napadciypara

Na napayovtoron0ouv ol mapactdoelg: a) 432 — 25 B) Bx—-1)2-81 y)a>-7.

Q) 43> -25 = (2B)>-5%° = (2B + 5)(2B - 5)
Ma va oxnuatiooupe dlagpopd

B) Bx—1)7-81=(Bx-1)?-9?= TETPAYOVWY EKPPAZOUNE
=Bx-1+9)@Bx-1-9) = KABe 6p0o WG TETPAYWVO
= (3x + 8)(3x - 10) MG MapAcTaong.

Y) 2-7=0a-(V7)* = (a-V7)(a + V7)
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MéEpog A - KepdAato 1o

d) Alapopd - aBpotopa kUBwv

Ot tautdmreg (a—B)(a® + ap + B%) = a® - R kal (a + B)(a®—af + B?) = a® + B° ypdpovral
Kal wq €ENQ:

o°- ° = (a-B)(o? + ap + b9 Jl o° + p° = (a + B)(o2- B + B?)

JUupwva pe TIQ TAUTOTNTES AUTEG, UTTOPOULE VA TIAPAYOVIOTIOIOOUUE Uia TIapdoTaon
nou eivat dlagopd 1) dépotoua KUBwv, T.X.

X304 =x3-43=(x-4)x? +x-4+4)=x-4)x*+4x+16)
y3?+27 =y3+33=y+3)y’-y-3+3)=(y+3)y’-3y+9)

Mapadeiypata

Na napayovtomnomnBouv ol mapactdoelg: a) x3 — 27 B) x® + 64 Y) 8ad - 38

Q) x¥-27=x3-3=(x-3)(X* + x-3 + 3?) = Ma va oxnuatiooups
= (X=3)(x* + 3x + 9) dlapopd 1) d6polopa KUBwV

B) X+ B4 =0+ 45 = (X + 4 X - 4 + 49) = FLYPRPINS [l ER0 O

= (X + 4)( - 4x + 16) __KUPo pag mapdotaan.

Y) 80— B® = (20)° - B% = (2a - B)[(20)? + 2a - B + P?] = (2a - B)(40® + 2aB + B?)

£) AvamTuyua TETpaywvou

Ot tautdmreg (a + B)? = a? + 2aB + B? kal (a—B)? = a® — 2aB + B? ypdpovral kal wg eENG:

a? + 2aB + B2 = (a + B)> fll o?-2aB + B2 = (a - )

2UPQWVAa JE TIQ TAUTOTNTES AUTES, UMOPOULE VA TIAPAYOVTOTO|OOUE Ul TIAPACTAOT TIOU

elval avdmruyua TeTpaymvou (TEAELD TETPAYWVO), TT.X. Ot napaotdoelg (x + 2)2
Kat (y — 3)? elval yvoueva
Xt 4x+4=x2+2 -x-2+22=Kx+2) napaydviwv, apou
yi-6y+t9=y?-2-y-3+3=(-3)F (X +2)2= (X + 2)(x + 2) kat
(y-3)?2=(y-3)(y-3)

Napadciypata

Na napayovtomnoinouv ol TapacTAcelS:

a) 4a2 + 12a + 9 B) a2 — 10aB + 25832 Y) —4y? + 4y — 1
Nig
Q) d4a®°+12a+9 = (20)?+2-20-3 + 32 = (2a + 3)?
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1.6 Mapayovronoinon akyeRPIKWY MAPACTATEWV

B) a®—10aB + 25B° =a*-2-a-58 + (5B)* =  pagoupe KdBe napdotaon
= (a-5B)? WS AVATTTUYMA TETPAYDVOU TNG
HOPPNG
Y) —4y? + Ay -1 =—(4yF -4y + 1) = a? + 2aB + P21 a2 — 2ap + B2
={@y2-2-2y-1+ 1] = —
= —(2y - 1)?

oT) Mapayovtonoinon TPLWVULOU TS HOPPNC X2 + (a + B)x + af

To avarmruyua Tou YIVOPEVOU (X + a)(x + B) elval To Tplwvupo X2 + (a + B)x + af, agpou
X+ X+ B) =x2+ ax + Bx + aB = x>+ (a + B)x + ap.
Emouévawg, éva TpldvUpo TS HOPONG X2 + (a + B)x + aB

rnapayovroroletal cUppwva Pe Tov TUTIo x2+ (a+ B)x + ap = (x + a)(x + B)

a napddelyua, yia va napayovtoTioO0UNE TO TPLWVUMO X2 + 8X + 12 avadntouue duo
aplBuoug ue yivopevo 12 (otabepdg 6pocg) Kal dBpoloua 8 (CUVTEAEDTNG TOU X).
Yridpxouv MoAAd Ceuydpla aplBuwy ou €xouv yivouevo 12 (x. 1-12,2 -6, 3 - 4 K.T.A).
Ouwg, povo 1o Ceuydpl 2 Kat 6 €xel aBpotopa 8. Apa €XOUE:

X2+ 8+ 12=X+(6+2)x+6-2=(Xx+6)x+2)

Mapadeiypata

Na napayovtomnoinbouv Ta TPLWVUUQ:
Q) x2-8x + 12 B) X2+ 5x -6 Y) -3y? + 12y - 9

a) [a va mapayovToTioICOUE TO TPIWVUUO X2 —8X + 12,
avadntoUue OUO aplBuoug pe ywvouevo 12 kai
dBpotopa 8. Ot aplBuol autol mPenel va elval x2 - 8x + 12 = (x—2)(x—6)
apvnTikol, a@ou €xouv YyIvopevo BeTikd  Kal
dBpolopa apvnruikd. Me dokiueg Bpiokouue OTL oL
aplBuol autol eival To -2 kat 10 —6. —_— —
Apa €xoupe x2—-8x + 12 = (x — 2)(x — 6)

(-2)+(-6)

(=2)-(-6)

B) Ma va mapayovIomor)ooUUE TO TPLWVUHO X2 + 5x — 6, avadntouue dUo eTepOONUOUQ
aplBuoug, TIou €X0OUV YIVOUEVO —6 Kal dBpoloua 5.
Ot aptBuol autol elval To 6 kal To -1, ondTE €XOUUE X2 4+ 5X — 6 = (X + 6)(x — 1).
y) IMa va mapayovtonoiroouue To TPLVUUo —3y? + 12y — 9, Bydloupe Kotvé napd-
YyOVTQ TO —3, WOTE 0 OUVTEAEOTNC TOU y? va yivel 1, omidTte €xoupe
-3y? + 12y —= 9 = -3(y> — 4y + 3)
a TNV mapayovronoinon Tou Tptwvuuou y? — 4y + 3, avadntouue dUo aplBuouq
he ywvouevo 3 kat dBpotoua —4. Ot apibuol autol eivat To -3 kat to —1, ondte
gxoupe  —3y? + 12y —9 = -3(y? -4y + 3) = -3(y-3)(y - 1).
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MéEpog A - KepdAato 1o

[MAPAAEITMATA — EOAPMOTEZ2

a) Na nmapayovtonoindei n napdotaon 3x2 — 18x.
B) Na Aubei n eElowon 3x? = 18x.
Nvon
a) H napdotaon 3x? — 18x mapayovronoletar wg eENg: 3x2 — 18x = 3x(x — 6).
B) H e&lowon 3x?> = 18x ypdpetal 3x?> — 18x = 0 Kal oUPPWVA [PE TO TIPONYOUUEVO
epWTNUAa €xoupe 3x(x — 6) = 0. To ywouevo 3x(x — 6) eival (oo pe 1o undév,
povo 6tav 3x = 0N x—6 =0, dnAadn x = 01 x = 6.

— ! Av TomnoBetriooupe KATAANAQ Ta TE00EPA OXNUATA,
1

oxnuatiCoupe €va opBoywVIO.
Y Na Bpeboulv ol dlaotdaoelg Tou opBoywviou.

.1
1

Nvon
To opBoywvio mou Ba oxnuatiotel Ba €xel eppaddv E, (oo
he 1O dBpoloua Twv ePPAdWV TWV TECOAPWV OXNUATWY,
onhadr, E=x-1+y-1+xy+1-1=x+y+xy+ 1.
Ouwg, x +y +xy +1=x+xy) +(y+1) = X
=x(1+yY)+0+y)=010+y)x+1).
Apa, ol dlactdoelg Tou opboywviou eivat 1 + y kat 1 + Xx.

y 1

Na urtoAoytotouv oL aplBUNTIKEG TapaoTACELg XwpPIig va Xpnatpomnomn el urtoAoyLoTnq
TOEMNG:
Q) 786 -45 + 786 -55 ) 20052-19952 y) 565 -499 + 565 - 66 — 4352,
Nvon
Q) 786 - 45 + 786 - 55 = 786(45 + 55) = 786 - 100 = 78600
B) 20052 — 19952 = (2005 — 1995)(2005 + 1995) = 10 - 4000 = 40000
Y) 565 - 499 + 565 - 66 — 4352 = 565(499 + 66) — 4352 = 565° — 4352 =
(565 — 435)(565 + 435) = 130 - 1000 = 130000

Na avaAuBouv o€ yivOueEVO TapayovTwy Ol MapacTACElS:

a) 3x2y — 12y3 B) 5x2y + 10x2 + 5xy + 10x Y) x* - 16y*
0) 16a3B - 54B €) X2—4x + 4 —y? ot) 3x® + 12x2 — 15x
Nvon

a) 3x?y — 12y% = By(x* — 4y?) = 3y [x* - (2y)?] = 3y(x — 2y)(x + 2y)

B) 5X%y + 10x2 + 5xy + 10x = Bx(xy + 2x +y + 2) = 5x[y(x + 1) + 2(x + 1)] =
=5x(x + 1y + 2)
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1.6 Mapayovronoinon akyeRPIKWY MAPACTATEWV

Y) X4 =16yt = ()2 = (4y?)? = (¢ + 4y (¢ - dy?) = (x + 4y?) [ - (2)?] =
= (% + 4y?)(x = 2y)(x + 2y)

) 160°B — 54B = 2B(8a® - 27) = 2B[(20a)® - 3°] = 2B(2a - 3)(4a® + 6a + 9)
€) X2— X +4-y?=(-2+:x2+2%)-y2=(Xx-22-y?=(X-2+Yy)x—-2-y).
ot) 3x® + 12x2 — 15x = 3x(x> + 4x - 5)

To TPLWVUHO X? 4+ 4x — 5 mapayovtomnoleTral, epdoov Urdexouv aplouol pe yIvouevo —5
Kal dBpoloua 4, mou eivat ot 5 kat —1.
Apa, 3x3 + 12x% — 15x = 3x(X° + 4x —5) = 3x(X + 5)(x — 1).

EPOTHZEIZ KATANOHXHX

n Moleg ano Qg MapakdTw NAPAcTAcELg elval YIVOUEVA TIAPAYOVIWY;
Q) 2x - y)(x +Y) B) 2 + (x=y)x +y) Y) 4(a-B)? 0) 4 + (a-B)?
g) (x +2y)x-y o) (X + 2y)(x - ) Q) (a+ B)a + 3B)
n) (a+ B)(a + 3B) + 1.

Na cUPTANPWOETE Ta KeVA OTIG TIAPAKATW [0OTNTEC.
Q) 8X+16 =8(..c....... ) B) 3ay —y2 = y(ieooriin, )
Y) 6X2 + 12X = ... x+2) O) —4x% + 8X = —4X(...cuv...... )
g) Vox + V2 = V2(...... ) o1) (Xx—=1)2=(x=1) = X=1)(ccvcvrvr... )

Na eTIAEEETE TN OWOTT ATTAVINON.
H napaotaon 3x® + 3x? + x + 1 mapayovronoleTal wg e&NgG:
a) 3x3(x + 1) B) (x + 3)(Bx>-1) Y) X+ 1)(Bx2 + 1)  d) x(3x® + x + 1).

Na xapaktnpeioete TIG MapakdTw LodTTEG Pe (2), av elival owoTtég 1 ue (A), av eival

AavOaougéveq.
Q) x2—22 = (x - 2)(x + 2) L B X-9=(x-9)(x +9) ()
y) 1122 -122 =100 - 124 ¥4y -1 =(dy-TN)4y + 1) )

£) - =2x-a)2x+0a) | | ona@@-@-12=(@+p-1)a-B-1) |

X

Av 1oxUpLOTOUUE OTL TO eUBAdOV TOU TIPACIVOU MEPOUG
eivat (x —y)(x +y), autd eival owotd 1} Addog;
Na arrloAoyroeTe TNV andvinor oag.

a Na CUPTTANPWOETE Ta KeVA OTIG TIAPAKATW (0OTNTEC.

Q) A =22 = (A=2)( i )
Bya®+ 3% =@+ 3o )
Y) 2X)°2 =1 = (2X =D (oo )
O) 14+ (BY)P=(14+5Y)(eeeiiiiiiiiiiiiiiiin, )
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MEpog A - KepdAato 1o

Na xapaKtneIoeTe TIC MAPAKATW 1oATNTES e (Z), av eival owoTeg ) ue (A\), av eival
AavBaougéveg.
a) x3-5% = (x - 5)(x> - bx + 25)
B)8 +a®=(2+ q)(2%-2a + 03
Y) By + 1 =@y + 1)By*-3y + 1)
O) 1-(2B)° = (1-2B)(1 + 2B + 4p)

a Na cUUTTANPWOETE Ta KeVA OTIC TIAPAKATW [0OTNTEC.
Q) x2+6x+ 9= (... )2 B)4a2—4a +1 = (oo, )2
V) VP=2y2 4+ 1 = (o )2 )25 +10x3 + x8 = (..o )2

a Na emAEEETE TN OWOTH ardvinon
O KUKAOG guadou na? + 2na + 1, ye a > 0, €xel akTiva
aa+?2 B) a® + 1 Yy) a+ 1 o) m(a + 1)

Na CUUTIANPWOETE TOV TI{VaKA.
X2 + (a + B)x + ap ap a+B a B (x+a)(x+ B)
x2 + 3x + 2
X2 -3x + 2
x2 + 5x - 6
x2 4+ 5x + 6
X2 —-x-2
X2 4+ x-2

m Na cUPTTANPWOETE Ta KeVA OTIG TIAPAKATW (0OTNTEC.
QX+ @+2)x+2a=X+....) X+ ...)

By x2+ (V2+ V3)x + V6 = (x + ..)» (x + .....)

[POTEINOMENEZ AZKHZEIZ — IPOBAHMATA

Na mapayovIoTomoeTe TIG MAPACTACEIG:

a) 3a + 68 B) 2x — 8 Y) 8w? + 6w

d) —9x2 — 6x €) 80%B + 4afp? OT) 2x% — 2xy + 2x

0 a®B + ap?-ap n) 208 - 402 + 6a%B B) V2xy - V18y + V8 y2
Na mapayovIomooeTe TIQ MAPACTACEIG:

a)x(@-B) +y@-pB)  B)ax+y) +Bx+y) Y) BX=1)(x-2)—(x +4)(x-2)

0) d’(a-2)-3(2-a) ¢€)4x(x—-1)—-x+1 oT) 2x°(x — 3) — 6x(x — 3)?
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1.6 Mapayovromnoinon a\yeRPIKWY TAPACTACEWY

i) Na rmapayovtonomoeTe TIQ MapAaoTdoelg:

Q) X2 + x B) 2y>-5y Yy) w(w-3)-28-w) d) a(3a + 1) — 4a
i) Na emAUoete TIC eElOWOELG:

Qx> +x=0 P)2y>=5y y)ww-3)-2B83-w)=0 d) a@Ba+ 1) =4a

Na mapayovToTIoIoeTe TIG MAPAoTACELC:

a) X2 + xy + ax + ay B) x*—x2 4+ x—1 Y) X3 —5x% + 4x - 20

0) 2x3-3x?> + 4x -6 €) 4x*—8x—ax + 2a  ot) 9ap — 18B% + 108 — 5a
Q) 12x2—8xy —15x + 10y M) @+ V2x2 +x + V2 0) V6x2 + 2V2x - V3x - 2

Na mapayovToTooeTe TIG MaPAoTACELC:
Q) 70% + 10aB + 3p? B) 5x2 — 8xy + 3y? Y) 3x2 —Xxy — 2y?

a) Na avaAuoete og yivouevo Tapayoviwy Tnv napdotacn a’B + aB? —a — B.
B) Av yia Toug aplBuoug a, B 1oxuel B + af? = a + B, va arnodeiEete GTL oL aplBuol
a, B eival avtiBetol 1 avtiotpogol.

Na mapayovIoTomoeTe TIG TAPACTACEIG:

Q) 202-2a+ aB - B + ax —x B) 2aB — 4B + 5a - 10 + 2ay - 4y

Na mapayovToTIoIoeTe TIG MAPAoTACELC:

Q) x*-9 B) 16x% — 1 Y) o2 — 9f?

0) o’ -4 €) 36w? — (w + 5)? oT) 4(x + 1) —9(x — 2)?

:)><2—11_6 n) x2 -3 0) X2 —

Na mapayovIomnomoeTe TIG MAPACTACEIG:

Q) 2x2 — 32 B) 28 — 7y? Y) 2x3 - 2x d) bax?—80a ¢€) 2(x—1)>-8
310 opBoywvio Tpiywvo ABIT va unoAoyioete v r

mAeupd y, otav: 8 a
a)a=53,B=28 B)a=037p=012

y) a = 26\, B = 10A A Y B

Na emAUoETE TIG EICWOELC:
Q) x*-49 =0 B) X®*-4x =0 Y) X(x + 1)2 = 4x O) X +2)P3=x+2

Na mapayovIoTooeTe TIG MAPACTACEIG:

a) x3 - 27 B) y? + 8 Y) w® + 64 d) 8x3 -1 g) 27y + 1
Na mapayovToTooeTe TIG MaPAoTACELC:

Q) 3x3 - 24 B) 16a* + 2a Y) %T[RS - %npe’ 0) a*B + ap*

Na CUUTIANPWOETE TIC 10OTNTEQ:

a) x3— ... =x=-3)(.... +..... + 9) B) ..... +yi=(2x +y)dx®- ... + ....)
y) a®— ... = (a-2B)(.... + ..... + 437) 0) a®+ ... = (a+5B)(....—..... + 25p?)
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MEpog A - KepdAato 1o
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Na mapayovToTooeTe TIG MaPAoTACELC:
a) x2—2x + 1 B)y? + 4y + 4 Y) w? - 6w + 9 d) a® + 10a + 25
g) 1-4B + 4p? o) Ox* +6x2+1 Q) 4y’-12y +9  n) 16x* + 8xy + y?

0) 2502 10a8 + B 1) (a + B2 —2( +P) + 1 la)§—2y+9 B) X +x+ 1

Na mapayovToTIoIoeTe TIG MAPAoTACELC:
Q) 3x% + 24x + 48 B) vy +4y—-4 y)2a®-8ap + 82 0) 4a® + 12a® + 9a

Na Bpeite:

a) ‘Eva moAuwvupuo mou va ekppdlet To
eUBadOV Tou dImAavoU OxrUAToC. y

B) Tnv mAeupd evog TETPAYWVOU TIOU
€xel epPaddv (0o pe to euPaddv Tou ox
dimAavou oxrjuatoc.

.
Na Bpeite TNV MAeupd evog TETPAYWVOU, TIOU EXEL ]
eUBadodv (0o pe 1o euPaddv Tou TETPATAEUPOU ACHE
ABIA. X

i , A X+ 2 B
Na TIapayOoVvTOToIoeTe TA TPLWVUNA:

Q) X2+ 3x + 2 B)y?-4y +3 y)w*+5w+6 d)a*+6a+5
g) x*-7x +12 ony?-y-12 0 w?’-9w +18 n)a®+ 3a-10

Na mapayovIomnomoeTe Ta TPIOVUAL
a) X2+ 2+ V3x +2V3  B)x2+ (20 + 3B)x + 6aB  y) X2 + (3-V2)x —3V2

Na mapayovToTiooeTe TIG MaPAoTACELC:

Q) 2w? + 10w + 8 B) 3> -12a - 15 Y) ax? — 7ax + 6a

Na uroAoyioeTe TIG apIBUNTIKEG TIAPACTACEIC XWPIG va XPNOLIUOTOINCETE UTIOAO-
YLOTY) TOETNG.

a) 1453 - 1821 — 1453 - 821 B) 8012 + 199 - 801 Y) 9982 -4

0) 999 - 1001 + 1 €) 9992 + 2 - 999 + 1 o1)972+6-97 + 9
Na mapayovIomnomoeTe TIG MAPACTACEIG:

Q) X?y? —4y? —x? + 4 B) x*—1 + x3—x V) X3(x2—=1) + 1 -x2

8) (x* + 9)2 - 36x2 g) A*-20B8 +B*-a+B o) xX*-2xy + y? - w?

Q) 1-0a+ 2aB - B2 n) y2-x2-10y + 25 0) 2(x—1)(x>-4)-5(x—1)(x-2)2

) (Y2-4)2-(y+2?2 10)(a®+ B?-Vy9)*-4ap? B) (x*+9)(a®+4) — (ax+6)?

Evég opboywviou olkomedou ol dIAoTACEIS X, Y
helwonkay, emeldr) énpere va au&nBel 1o MAGTog
Twv dmAavwy dpduwv. Av 10 eufaddv Tou
OIKOTIEDOU TIOU aréuelve eivat xy —x — 2y + 2, va
Bpeite Tola Ba pmopouoce va eivatl n pelwon kdbe
dldotaong Tou.

«—<—>

A
x
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1. 7 Algipeon mMoAUwVUPwWV

A Mabaivw va Bpiokw to nndiko kar to wundfomo tns
diaipeans evds nodvwvipou A(x) pe to nofvivupo 5(x).

A Mabaivw va ypdpw thv tavtdtnta tns EvkAeideras draijpeons
tov A(x) pe to o(x).

APAXTHPIOTHTA

1. Av TomoBetmooupe oe pla aibouca 325 kabiouata oe oelpég Kal KABE oelpd repléxel
19 kaBiouara, méoeg oelpeg Ba oxnuaticoupe kal méoa kabiouara 6a nmeplocePouy;
Na ypdyete v 1o6tnta tng EukAeidelaq dialpeong.

2. Na Bpefte 10 MOAUWDVUNO A(X) TO 0TO{0 JAIPOUNEVO HE TO TIOAUWDVUUO d(X) = X2 — X,

divel TINAiKo T(X) = 2x? — 3x — 1 Kal urdAOLTIO U(X) = 7x — 4.
A J

=€poupe OTl, av €xouue dUO Quolkoug aplBuouc A (dlalpeTeng) kal & (dlalpe€tng) ue
O # 0 kal kAvoupe ) dlaipeon A : 9, ToTe Bpiokoupe dUo povadikoug Gpualkouc aplBuoug
1t (MAIKO) Kal u (UTTOAOLTTO), Yl TOUG OTto{oug LoXUEL:

A=0m+u pe u<?d

Av u=0,elvat A =3 -1 kalTéTe A€Ue OTL £Xoupe TEAELA dlaipeon.
>Tnv nepimtwon autr Aéue akoua ot o O datpei To A 1y 611 0 O elval mapdyovtag tou A.

Ma napddetypa, av A = 325 kat & = 19, t6te pe 1 diaipeon 325 |79
325 : 19, Bplokoupe Toug aplBuoUg T = 17 KAl U = 2, Yl TOUG '/]-25 17

oroioug (oxUel

325=19-17+2 pe 2<19 =133

2

Opolwg, av €xoupe duo moAuwvupa A(x) (dlaipeteog) kat d(x) (dlaip€mg) pe d(x)#0
Kal kAvoupe n dlaipeon A(x) : d(x), T0Te Bplokoupe €va povadlkd Celyog TIOAUWVULWY
m(x) (mMnAko) kat u(x) (urtéAolro), yia Ta ornoia oxUeL:

ANCARER TP PR TP (Tautdtnta EukAeidelag diaipeonq)

omou 1o U(x) 1 elval (0o pe undév 1 éxel Babuod uikpdtepo and 1o Babud Tou d(X).

210 napdadetypa Tou akoAouBel, meplypdgetal n dadikacia tng dwalpeong Ttou
MoAUWVUPOU A(X) = 2x% — 5x3 4+ 2x* — 4 + 8X  HE TO TIOAUWVUMO O(X) = X2 — X.
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MéEpog A - KepdAato 1o

Mpd@oupue Ta TIOAUWVUPA TOU JlAIPETEOU Kal
Tou dlalp€n Katd TIg ebivouceg dUVAUELG TNG
LUETABANTNG TOU X.

AlalpoUpe Tov TIPWTo 6p0o 2x* Tou 6lqlp8Téou
o . X
LE TOV TIPWTO OPO X2 TOU dlAIPETN (7 = 2x2)

To anotéAeocua 2x? elival 0 MPWTOG OPOG TOU
nnAikou.

MoAAamAaotdloupe To 2x?, TIoU eival O TIPWTOQ
0pog Tou MMAIKou, e To dlalpETN X2 — X Kal To
YIVOUEVO 2X2(x° — X) = 2x* — 2x3 To agaipoupe
arnd 1o dlaipetéo. MNa va yivouv eukoAdtepa
ol TpdEelg, aAdloupe Ta MPEAONUA Kal avti
yia agaipeon kdvouue pdobeon kal 1ol Rpi-
OKOUWE TO TIPWTO PEPIKO UTIOAOLTTO

U, =-3x® + 2x% + 8x — 4.

> ouvexela dlalPoUE TOV TIPWTO 60 —3x3 Tou

UTTOAOITTIOU U JE TOV TTPWTO OPO X2 TOU
8]

JlalPE (— i—); = —3x). To anotéAeoua —3x

elval o delTepog OPog Tou TNAIKOU.
MoManAaotdloupe to —3x, Tou elval o deute-
POC 0pOC Tou TNAIKOU, He To dlAPETN X2 — X Kal
TO YIvOpevo —3x(x? — x) = =3x® + 3x° 1o apal-
pouue amd To UMOAOITIO U, Kal Bpiokoupe To
deUTePO UEPIKO UTIONOLTTO U, = —X° + 8x — 4.

JuvexiCouue Tn dlaipeon pe Tov {Ol0 TPOTO
UEXPL va kataAn&oupe oe UTIOAOITO TIOU va
elval (0o pe undév (téAela dlaipeom) 1 va €xel
Babud uikpdTEPO amd To Babud Tou dlalPETNn
X% — x (ateAnig daipeon), ondte n dlaipeon dev
uropel va ouvexlotel.

2x% =563 +2x° +8x - 4

2x% =63 +2x° +8x - 4

24 =63 +2x2 +8x - 4
—2x4 +2x3

X2 - X

X2 - X

X =X
2x?

- 3x° +2x° +8x -4

2x4 = 5x3 +2x°+8x - 4
—2x4% +2x3

X2 =X
2x° - 3x

“3x3 +2x° +8x — 4

2x4 =63 +2x° +8x — 4
—2x% + 2x3

33 +2x2 +8x - 4
3x3 —3x7

- X +8x -4

2x4 =563 +2x°+8x - 4
=2x% + 2x3

—3x3 +2x°+8x - 4

3x3 —3x7
- X+8 -4
X - x

X — 4

270 Tponyouuevo Tapddelyua, n Tautdtnta TN EukAeidelag diaipeonq eivat:

2x4 —bx3 + 2x° + 8x - 4
(Alaipetéoc)

(x* = x)

= (dlalpgémg) -

(2x2—=3x—=1) + (7x—4)
(rmAiko) + (uTtéAoLmo)

X — X

2x? = 3x

X =X
2x?=3x—1

Mapatnpoupue Tl To dBpolopa Twy Babuwv dlalpetn kal nAikou eival (0o ue to Babuod

ToU JlalPETEOU.
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1.7 Awipeon moAuwvUpwv

Opoilwg n diaipeon (8x* + 8x3 + 17x —5) 1 (2x? + 3x — 1), yivetal wg €&NG:

AnS 1o BlapeTéo Aefmiet o 6pog 20u Baduoy, | X7 78X F17x =5 |2x°43x-1
OTSTE, dTaV TOV YPAPOULE KaTd Tiq gBivou- | —SX =71 2x° F 4x° 4x2-2x+5
0eq DUVALEIS TG HETABANTAS TOU, OUVHBWG -4 +4°+17x =5

TOV OUUMANE@MVOUUE e TO UNSEVIKS HOVED- 45 + 6x°— 2x

VULO 1 aQrjvoupe T B€0r Tou Kevr) yia va 10x* + 16x =56

yivel eUKOAGTEPA 1) AVAYWYT] OUOIWY OPWV. —-10x? = 715x +6

o — 0

2Tnv teAeutaia dlaipeon, énou To unodAolro eival undév, n TautdtnTa TS EukAeidelag
dlalpeong eivat:
8x* 4+ 8x3 + 17x -5
(Alaipetéoc)

(2x2 +3x—-1) - (4x2-2x + 5)
(dlalp€mg) - (mnAiko)

Ta moAuwvupa O = 2% + 3x — 1 Kal T = 4x® — 2x + 5 Aéyovral mapAayovTteg 1) dlalp€Teq
ToUu ToAUwvUpoU A = 8x* + 8x3 + 17x — 5.

‘Eva moAuwvupuo & eival dlaip€tng 11 mapdyovrag evog moAuwvuuou A, av n diaipeon
A : 3 elval TéAela, dnAadr av urdpxel TIOAUWDVUO T, TETOLO woTe va loxUel A = & - Tt

[APAAEITMATA — EOAPMOTE2

a) Na yivel n dwaipean (4x* + 3x2— 1) : (2x — 1).
B) Na napayovtormnoinbei To MOAUWVUMO 4x* + 3x% — 1.

Nvon
B) And v TautdtnTa g EukAeidelag
a) 4x* +3x -1 [2x-1 dlaipeong, €XoueE:
—_Ax4 4+ 2x3 X34 X2+ 2X+ 1 Ax4+3x2 —1=(2x-1)(2x3+x>+2x+1).
%3 + 3x2 _ Mapatnpoupe Ot To TMAIKO uropel
o3 4+ %2 va mapayovroromBel we e&ne:
4x2 1 2x3 + X2+ 2x + 1 =
_ 42 4+ Ox = xX2x+ 1)+ @2x+1) =
o1 = (2x/+ 1(x + 1). ,
gt 1 EMouevwg, To MOAUWVULO

4x* + 3x? — 1 mapayovtoroleTal

WG e&Ng:
A+ 32 -1 =(2x=1)(2x + 1)(x® + 1).

0
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MéEpog A - KepdAato 1o

Na amnodeixBeil 6Tt To MoAuwvUpo & = 3x + 2a eival dlaPETNG Tou MOAUWVUOU
A = 3x% - 4ax® — a’x + 2as.

Nvon
To moAuwvupo O eival dlalp€tng Tou ToAuwvUPoU A, av To urtdAolro g diaipeong
A ;9 elval undév. Kdvoupe t dlaipeon A : d.

3x3 — 4ax? - o + 2a%| 3x + 2a JUppwva pe TNV TautoTnTa NG
_3x3 — 20x? EukAe(delag dlaipeong €xoupe:
_Bax? — aX + 2a%| x2 — 2ax + Q2 3x3 — 4ax® — o’x + 2a® =
6ax2 + 4a2x = (3x + 2a)(x* - 2ax + @), TOU
1 302X + 20° onpcu’va ot /TO TIOAUMVULO 3X + 2a
_ 302 — 248 elval dlalp€mng Tou TOAUWVUUOU
0 3x® — 4ax? — a’x + 2a®

EPOTHZEIZ KATANOHHX

n Na eAEEETE TN OWOTH ATIAVINON:

i) To uméAotro g dlaipeong evog MOAUWVUPOU Ue TO 4x + 7 elval TIOAUWVUUO:
a) 1ou Babuou B) 2ou BaBbuou Y) 3ou Babuou d) otabepo.

i) To umdAourno g dlaipeong evog MOAUWVUROU WE TO X2 — 4x + 9 dev unopel va
elvat;
a) 5 B) 3x -2 Y) X2+ 3 O) 4x.

i) Av éva moAuwvuuo P(x) dlaipoulpevo pe To 2x2 + x + 5 dlvel mmAlko x* + x — 2,
T6Te 0 BaBuoe Tou P(x) eival:
Q) 4 B) 6 Y) 8 0) omoloodNOTE PUOIKOS APIBUOC.

Na CUUTTANPWOETE TOV MAPAKATW TTivaKa:
Babuodg Babuodg Babuodg
Alaipetéou  Alaipén MnAikou
8 3
7 2
6 8

Na xapaktnploete TIQ ApAKATw TMPOTACEIS Ye (2), av elval owoTég i ue (A), av
elval Aavbaopévec:
a) To mnAiko g dlaipeong Tou (2x + 1)(x + 3) pe 1o 2x + 1 elvarto x + 3.
B) To unéAoiro Tng dlaipeong evog MOAUWVULOU Ue TO X + 6 glval To X2 + 2.
Y) Av dlaip€ooupe €va TIOAUWVULO 60U Babuou ue éva ToAUWVUO 20U Babuou,
TOTE TO MNAIKO efval ToAuwvuuo 3ou Baduou.
d) To x — 4 elvalr mapdyovtag Tou x? — 16.
€) To mnAiko g dlaipeong (x® + 1) 1 (x + 1) elvatto X2 —x + 1.
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1.7 Awipeon moAuwvUpwv

[POTEINOMENEZ AXKHZEIZ — TPOBAHMATA

n Na kdvete TIG dlalpeoelg Kal va ypdyeTe TNV TautdtnTa g EukAeidelag
dlalpeong oe kABe mepimTwon.

a) 2 +x2-3x+6): (x+ 2) B) 6x®—x2—10x + 5) : (3x + 1)
Y) (Bx*—=x2 +2x—=7): (x—=1) O) (4x3 + bx—-8) : (2x - 1)

€) X—-x*+3¢+2):(x®-x+2) or) (X —=x2+2x=1): (3 —x + 1)
0 (8x*—6x2-9): (2x>-3) n) B3x°—-2x3-4): (3x>-1)

Na CUPTTANPWOETE Ta KeVA, WoTe va eival ol dlaIPETEIS OWOTEG.

a) 6x2+ ... + o + 2 B) ..... + . +2X + 20 [ X + .....
-6x> — ... 2X 4+ n — bx° 2x2 + ... -
18x + ... 4 + ... + 20
18 - .| . -
0 —-10x + ...
..... + .

IMolo MoAUWVUPO dlaipoUuevo e To X2 —x + 1 divel TmAiko 2x + 3 kat urtdAolro 3x + 2;

B &

Na amodeiEete 611 To TTOAUWVULIO Q(X) elval dlalp€g Tou MoAuwvUpou P(x), étav:
a) PX) =6x°-7x +9x-18 kar QX)) =2x-3
B) P(X) = 2x*—x® + 5x - 3 Kat Q) = x2 4+ x—1.

a) Na kdvete Tn daipeon (x4 —2x3 —8x% + 18x —9) . (x* - 9)
B) Na nmapayovtomnomoeTe TO MOAUWVUPO X4 — 2x3 — 8x% + 18x — 9.

()

a) Na arnodei€ete 6110 X + 1 glval Tapdyoviag Tou TIOAUWVUROU X4 + 4x3 4+ 6x% + 4x + 1.
B) Na mapayovrtonoioeTe TO MOAUWVUPO X* + 4x3 + 6x° + 4x + 1.

i o

‘Evag pabng r6eAe va mapayovrtoromoel Tnv napdotaocn a® + B2 kal Buundnke ot
avaAvetal og yivouevo dUo mapayovtwy, arnod Toug oroioug o évag eivat o a + B.
Emeldn eixe Eexdoel Tov AAMO Tapdyovta, g 6a uropouace va Tov BPel;

Aivetal To moAuwvupo P(x) = (x® + 2)(x* — 5) + 4x? — 6x + 7. Na Bpelite 1o MmAiko Kat
TO unoAoIno TG dlaipeone
a) P(x): (3 + 2) B) P(x) : (x*-5)

Na kdvete Tn dlaipeon (6x° + a) : (x — 1) kal va Bpelte Tnv Tiur) Tou q, yla v oroia
n dwaipeon elval TéAela.

Av €vag mapdyovtag Tou TOAUWVUHOU 2X° — x2 — 4x + 3
efvat o (x — 1)?, va Bpeite Tov dAO mapdyovra.

5]

X X

—_
—_

Ma TNV NAaKOoTpwon Tou Oamédou evog Owatiou Tou
€xel oxNua opboywviou, xpnotuormolrjoaue 45 Aakdkia turou A, y
56 mAakdkia turou B kat 16 mAakdkia turou M. Av To TAdTOg Tou
dwpartiou eival 5x + 4y, molo elval To PrKkog Tou;
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1.8 E.K.M. kai M.K.A. akepaiwv aAyeBPIKWV MAPACTACEWV

A Mabaivw va Bpiokuw:
Eddxioro Koo lMofdanddaio kar Méyioro Koo Arapérn
akepaiwv afyeBpikwv napacrtaoewy.

APAITHPIOTHTA

1. Na avaldoete toug aptBuoug 12, 24, 300 0g YIVOUEVO TIPWTWV TAPAYOVIWY Kal va
Bpeite 10 E.K.MM. kat To M.K.A. Twv aplBudv autwv.

2. Me avdhoyo tpdro va Bpeite 1o E.K.M. kat 1o M.K.A.
TWV HOVWVUUWV 12x3y2, 24x2y3w, 300x% Kat
TV TIOAUWVUPWY 3(X —y)(X +Y), 18(X—-y)% 9(X-Y).

(. J
2 e mponyouuevn TA&n pdbape va Bplokouue 1o E.K.IM. kat to M.K.A. BeTikwv akepaiwv
APIBUWV ToU €xouv avaAlubel og yIvOUEVO TIPWTWVY TTAPAYOVIWV.

Ma napddetyua, ot apbuol 12, 24 kat 300, av avaAuBouv oe YIVOUEVO TIPWTWV
napayoéviwy, ypagpovrat:

12 =223 24 = 283 300 = 22-3-52

Apa,

E.K.IM.(12, 24, 300) = 23 - 3 - 52 = 600 (MvOuEVO KOWVWV KAl UN KOOV Mapayoviwy
e TO HeYaAUTEPO eKOETN).

M.K.A.(12, 24, 300) = 22-3 =12 (MvAuevo KOVWYV TTIAPAYOVTWVY e TO
UKOOTEPO EKOETN).

Me avdAoyo Tpomno, uropouue va opicouue to E.K.I1. kat To M.K.A. akepaiwv ahye-
BPIKWYV TIAPACTACEWY TIOU €xouv avaAubel og yivouevo mapayoviwy. AnAadr):

EAdxioto Kowd MoAAamnAdoio (E.K.IM.) dUo 1) eploooTépwY aAYERPIKWY TTAPACTACEWY
Tou €xouv avaAuBel og yivouevo mapayovtwy ovoudAZeTal, TO YIVOUEVO TWV KOWVWOV KAl Un
KOWVWYV TIAPAYOVIWY TOUG [e eKBETN KaBevog To eyaAUTePO amod Toug EKBETEC TOU.
Meyiotog Kowvdg Atap€tng (M.K.A.) dUo 1 TePIOCOTEPWV AAYERPIKWOV MAPACTACEWY
mou €xouv avaAuBel oe ylvOopevo TapayovIwy OVOUACZETAl, TO YIVOUEVO TWV KOLVWV
MapayoOVIWV TOUG e EKBETN KABEVOG TO UIKPOTEPO Ao TOUG EKBETEG TOU.

270 €ENg Ba meploplotoUe oe akEPaAles AAYERPIKES TTIAPAOTACEIG He BETIKOUG aKEPAIOUQ
OUVTEAEOTEQ. TNV MeP(MTwon autr, we apBunTiko apdyovta Tou E.K.M., Ba Bewpouue
10 E.K.I1. TV apOuntikwy mapaydviwy TwV MAapacTAcEwV Kal wg aplounTiké napdyovta
Tou M.K.A. Ba Bewpoulpe To M.K.A. Twv aplBunTIKwY Tapayoviwy TwV TapaoTAcewV.
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1.8 E.KI. kat M.K.A. akepaiwv alyeBPIKWY MAPATTATEWV

Ma nmapddelyua,
— Ta povwvuua 12x%y?, 24x2y8w, 300x%y  €xouv
EKM. = 600x*y°w Kkar M.KA. = 12x% evdd
— Ta nmoAuwvupa 3(x —y)(x +y), 18(x —y)? 9(x —y) éxouv
EKM. = 18(x — y)(x +y) kat MKA. = 3(x — y)

MAPAAEITMATA — EOAPMOTE2

Na Bpebel To E.K.IN. kat 0 M.K.A. Twv povwvUuwy 6x3yw, 9x2yw?, 3xy*.

Nvon
Ot ouvteAeoTeg 6, 9, 3 €xouv E.KIM. = 18 kat MK.A. = 3, dpa Ta povwvuua €xouv
E.KT = 18x3%y*w? kat M.K.A. = 3xy.

Na Bpebel To E.K.INM. kat 0 M.K.A. TwV TOAUWVUUWV:
A=12x>-12, B = 18x>-36x + 18 kat N = 9x® — 9x.

Nvon
® AvaAuouue ta noAvwvuua oe A=12x2-12 =122 = 1) = 12(x = 1)(x + 1)
YIVOUEVO TIAPAYOVTQWV. B = 18x2—36x + 18 = 18(x2— 2x + 1) = 18(x — 1)2
® YnoAoyifoue 10 EKIT. KAl 1o | [ = 9x2 — 9x = 9x(x — 1)
M.K.A. Twv apiBunmkav Ot apBunTikol mapdyovreg 12, 18, 9 €xouv
nmapayoviwy. E.K.IM. =36 kat MKA. = 3.
M.KA. twv noAvwviuawv. K. = 36x(x— 1)2(x + 1) kat MK.A, = 3(x—1),

EPOTH2EIZ KATANOH2HX

n Na oupmAnpwoeTe Tov Mapakdtw Tiivaka avtiotolxiCovtag oe kdBe CeUyog mapa-
ordoewv TNG oMANg A, to E.K.IM. Toug amnd m omAn B.

STAAR A 3TAAN B

1. 6X3(x + 2)?
a. x4x + 22 x(x+ 2)°

2. x3(x + 2)°

B. x3(x +2), x(x + 2)3
3. 6X°(x + 2)

Y. 6xX3(X + 2), 2x(x + 2)? ﬂn
4. x4x + 2)°

69



Mépog A - Kepdhato 1o

Na CUUTIANPWOETE TOV MAPAKATW Tiivaka, ypdpovtag oe kdbe kevod 1o E.K.IM. Twv
napaoctdoewv A, B.

) I T T

x2(x = 1)
8x5

Na cupmAnpwoeTe Tov Mapakdtw Tiivaka avtiotolxiCovrag oe k&Be CeUyog mapa-
otdoewv TG oMANg A, To M.K.A. Toug amd tn othAn B.

STAAN A 21TAn B

1. 6x°(x + 1)?

a. 6x3(x + 1)2,  3x(x + 1)3 nﬂ

2. 3x(x + 1)?
B. 2x3(x + 1)3,  3x*x + 1)?

3. 3x(x + 1)
Y. 3x(x + 1), 6x3(x + 1)2

4. x2(x + 1)?

Na CUPTTANPWOETE TOV MAPAKATW Tiivaka ypdgpovtag oe kabe kevo 1o M.K.A. Twv
napaotdoewv A, B.

B6X(x —2)2
3x3(x — 2)°

[IPOTEINOMENEZ AZKHZEIZ — IPOBAHMATA

Na Bpeite 1o E.K.I. kat 1o M.K.A. Twv TApacTACEWV:

Q) 12x%y2w?, 18x2y w3, 24x2y3w*
B) 15axy?3, 10ax?w?, 5yw?
Y) 2X*(x + )2, 3AxyAx +y)?, BY(X—Yy)(X +Y)

Na Bpeite 10 E.K.I. kat 1o M.K.A. Twv ApACTACEWV:

a) 6(x* —y?), 4(x = y)?, 12(x - y)°
B) @® - 3a + 2, a® - 4, a® - 4a
y) o —a? (@®—a)(a®-1), a®-2a° + a
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1.9 Pnrég aAyeBpIkéG MaPACTACEIG

A TvwpiCw nota adyeBpikn napdotaon Aéyetar pntrhi kar
note opiCetal.
A Mabaivw va andonons pntés adyeBpikés napaotdoers.

APAXTHPIOTHTA

X3+ 4
X—1
Mniopeite va Bpelte v Tiun g napdotaong yla x = 1;

1. Moua sival n Tpn ™g napdotaonc yia x = 0;

2. Moo and ta mapakdtw KAGouarta arAoroleitat;
6-2+7 6-2-7 6-2-7
3.2 3+2 3-2

3. Mot and TG MapakdTw MapacTACEIG ATTAOTIOLETAL;

6x +y 6Xy 6xy
3  3+x 3

- J
X +4 xXyw 2
x-1" x+y xX+4

mou eival KAdoua kat ot 6pol

Mia aAyeBplkr mapdotaon (r[.x.

ToU elval MoAuWvUua, Aéyetal pnt alyeBpPLkr mapdotaon 1 anAwg pntn napdotaon.
Ot YeETABANTEG Hlag PNTQ Mapdotaong dev unopouv va mdpouv TIWES TTou undevidouv
TOV MAPOVOUAOoTH TNG, apou dev opileTal KAAoPA Ue TIapOvOoUaoTr) UNdEv.

X3+ 4

Ma napddetyua, n mapdotacn opiCetal, av x # 1.

2Tn Ouveéxela, Otav YPAPOoUlE pla pntr napdotacn, Ba evvoeltal OTl ol METARANTES TNQ
dev naipvouv TIWES ou undevidouv ToV MAPOVOUAoTH.

Onwg ula aplBunTikr mapdotacn, €10l Kal Jia et apdotao), uropel va anAonoinBel,
av 0 aplBuNTQ Kal 0 MAPOVOUAOoTACE TNG elval yivoueva kat €Xouv Koo mapdyovta.

‘ETol, N napdotaon

6X + Y Sev amhomotettar, evid n mapdotaon XY amhomnoieital, yiat
3x 3X

ol épol NG elval yivoueva Kal €xouv Koo Tiapdyovta 1o 3x. Av dlalp€ooupe Kat Toug dUo

oxy _ b6xy : 3x _

3x  3x:3x

OpOUG HEe TOV KOVO TIapAdyovta, EX0oUpE 2/}/ =2y

H mponyouuevn anAoroinon yiveratr ouvtopdtepa, av dlaypAPoupue Tov Koo apdyovta,
oxy _ 3x-2y _

3x  3x 2y

OTIOTE EXOUNE
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MéEpog A - KepdAato 1o

Av OUWG Og Pla PNTN TaPAcTacn 0 apBUNTAC 1} 0 MAPOVOPACTHC dev elval YIVOUEVO,
TOTE Yla va TNV anAomorjooupe epyalopaote we eEng:

® MapayovtornoloUpe Kat Toug dUo Opoug TNG Kal
® Jlaypd@ouple TOUG Kolvoug Mapdyovteg Twv Opwv Tng.

) ) 5x - 10
[a mapddelyua, n napactacn ~Z_a

5x-10  5(x-2) 5(x—2) 5
-4 = x¥=-22 = =-2x+t2)  x+2

[APAAEITMATA — EOAPMOTE2

a moleg TIHES TwV PETABANTWY Toug opilovtal ol TTapaoTACELG;

anAorole{tal we etna:

X2+ 7X + 2 X2 + 6 X2 + y?
9% ) x+2 Y oy
Avon . X2+ 7x + 2 . . ) .
a) H rapdotaon B E— opiCetal, av n PetaBAnm) x maipvel TIUEG TIou Oe

undeviCouv Tov mapovouaotr], dnAadn yia x # 0.

X2+ 6
X+ 2

B) Opolwg n mapdotaon opiCetal, av x + 2 # 0, dnAadn ya x # —2.

X2 + y?
X=y

y) H napdotaon opliCetal, av ol YETARANTES X, Yy MA{pvouV TIUEG, TETOLEG

wote X —y # 0, dnAadn yia x # .

Na arnAormoinbouv ot mapacTtdoelq:

12x3yw?2 3x2-3 X2 —2xy + y?

9 “gxy® B) B2 —6x V) T ey
Nvon
, 12x3y(1)2 , , , , ,
a) 2V napdoraon — B Kal ot dUo dpol g efval yivoueva, ondTte EXOUUE
Xy
12x%w?  3x*w?
8xy?  2y?

B) MapayovromoloUpue kal Toug dUo 6POoUS TNG TTAPACTAONG KAl EXOUUE
3x2 -3 3(x2-1) B3=T(x +1) x4+ 1

6x2-6x  6x(x—-1) BX (X —1) 2X

X —2xy +y* (X =y _ Xy
x3 — y3 =) (X + xy + V?) X+ Xy + y?

Y) Opoilwg €xouue
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1.9 Pntéq alyeBplkég MapaoTdoelq

EPOTHZEIZ KATANOHIHX

Na cuumnmAnpwoeTe Tov Ttivaka avtiotolxiCovrag oe kaBe napdotaon g omAng A
TIQ TIMEG TNG peTaBANTAG TNG amd Tn otAN B, yla TIg ornoleg opiletal.

STHAn A 21jAn B

a. >
Xx—1 o)
B X + 1
X 3.
Yo e
5 2kx-1) 4
Xx—1
.. 3 5.
X2 4+ 1

1 1.

X # 1

X # 0 katx # 1

X # —1
o [ By ]3] e

. X #= 1 kalx # -1

oTtol00dNMoTE APIBPOG

x#0

Na xapaktneIoeTe TIC MAPAKATW LoOTNTEG e (X), av eival owoTeg N ue (), av eival

AavBaopgveq.
xt + 1
Q) % =x+1
)(x+2)w_x+2
Voo T4
X2_2
€) Xy =X+Yy

O R e F T

X + 2(X X+ 2
O 5) 4ﬁ= 2 0

O o0 S =y

Na oUUTTANPWOETE Ta KevA OTIC TAPAKATW (0OTNTEG:

‘Evag pabnmg yia va Bpeel TIQ TINES TS METaBANTNG X, Yla TIQ oroleg opiletal n

X

napdotaon P

, x 1 , , .
, éypaye x—4) ~ %x-4a Kal arndvinoe OTl N mapdoTaon

opiCetal dtav x # 4. Eival owotr n andvinor Tou;
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MéEpog A - KepdAato 1o

[POTEINOMENEZ AZKHZEIZ — IPOBAHMATA

n Na Bpe(Te TIQ TIMES TwV METARBANTWY Yla TIG omoieg opidovtal ol TapaoTACEIC:
y + 3 w-2 6x + 1
%2 B) 2y =5 Y o rp % %x—3)

Na amAoTioINoETE TIG TTAPACTACELC:

4x 3y? 2XW? 5a%By?
Sy B) oy V) Bew %) Toapry

X+ 4 y -1 -2 (@-B)E-Y)
®) T+x o0 Ty Y e-w? "V E-av-P

Na armAoToInoeTe TIC MaPAoTACEIlC:

O 3y-9 X2 + X 502 — 20
VYerm P yoyy Vo7 O @

x*—16 y? -1 6x% + 3xW a? + ap + B2
€) 2 — 4x oT) v+ 2y + 1 C)4x2——w2 n) ROcE

Na amAoTIoINoETE TIG TTAPACTACELC:

. X2+ 3x + 2 B) y>—5y + 4 )w3—2co2+a>
X2 + 4x + 4 y? -6y + 8 Y wd-w

Na amAoTIoINoETE TIG TTAPACTACELC:

X(x—1) + 4(x - 1) yly-3) +y>-9
2l X2+ 2x—3 B) 4y2 -9

Cw + 1)? - (0 + 2)? (a+ N(@a-2)2-4(a + 1)
Y w* -1 %) a’ + o2

a ‘Evag Aaumadndpopog katd ta TeAeutaia p€rpa mng
dladpoung tou difvuoe v andotacn AB e otabepr)
Taxutnta 5 m/sec. dtdvovrag oto onueio B évac dAAog
Aaumadndpduog Eekvavrtag and to onueio B dimvuoe
Vv anootaon BN ue otabepr| emitdyxuvon 4 m/sec?. Av
0 Xpdvog TIoU KIvBnke kABe aBANTAQ NTav t sec va
anode(Eete 0TI N peon TaxUTNTA e TNV oroia diavubnke

. , 5
n anéotaon Al fjtav t + > m/sec
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41.40 nNpdaEeig pnTWV MAPACTACEWV

A Mabaivw va noddandacialw kar va Slaipw pntés
napaoraoels.

4 Mabaivw va npog@étw Kal va apalpw pntes napaotaoels.

MoMan\aotaouog - Awaipeon pnTwv mapacTacewv

APAZTHPIOTHTA

. . 3 2 3 2 . 4
1. Na kdvete 1ig mpdtelg: 4 - = 54 E'7
2. Me avdhoyo TpOTo va KAVETE Kal TIG TTApakdtw TPAEEIg:
3xy 3x2  20°B 9x 32
2X* B DaB " Oxy y+1° " 5y+5
(. J

MoANarAaclaoudg
Ma va moAamAacldooupe évav akepalo aplbud pe éva KAdopa 1 yia va nmoAAanAaotd-
ooupe dUo KAAouata, XenoluorioloUpe Toug eENG Kavovec.

B ap a 'y _ay

a- — = — EENl — = = —

Y Y B ) B3
Me Tov (1o Tpdmo moANanAaclddoupe Kal ula aképala pe pia pnrr nmapdotaon 1) duo
PNTEG MAPACTACELG. £ 3y . Bx? ,
Ma napddetyua,  3x - 2>§/ = XX _ 15X

Kal

2y 2y
X2 -1 2x (-1 -2 oxx—)(x+T) 22X

3x+3 x-1 7 (Bx+3x-1) 3(x 1) (x—) 3

Onwg BAEMoue OTO MPOoNyoUPevo TAPAdelyua, UETA TIQ TIPAEEIG eKTEAOUPE Kal TIQ
duvaTEQ ATAOTIOINCELG.

Alaipeon
Ma va dlaipgooupe dUO KAGoPATa XPNOLUOTIOIOUUE TOV TTAPAKATW Kavova

Me tov (d1o Tpdno dlaipoupe kal dUo pnteg napactdoelq. Na mapddetyua,
x . 2x2 X X2 — 1 X(x2—1) X(X = 1) =T) X — 1

x+1 7 X@-1 " x+1 2 =~ (x+1)-2¢ = 2%+ 1) 2
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MéEpog A - KepdAato 1o

2UvBeTa kKAAopata

, WG YVWOTOV, ekppddlel To TNAiko a. % nou eival (oo pe

§

To ouvbeto KAAoua

04|<|mlo

. 5 Mvnpuovikds kavovas
BV Kal EMOPEVWC LoXUEL

<l

CB _ad

, , , . Y By
Tov (dl0 kKavova XpEnolJoroloUuue Kal OTIC  PNTEQ s

napaoTtdoelg.
2—0.2 | —
. X 2a2x? ax
[la nmapddelyua, —Za- = dax o
X2

[APAAEITMATA — EOAPMOTE2

3X B) X2 —2x + 1 X2+ 2x
2X + 2 3x + 6 X—1

Na Bpebouv ta ywvdueva: a) (5x2 + 5x) -

Nvon
a) (5x2 + 5x) - 3 (B¢ +503x _ 5xeF )3k 15¢
( ) 2Xx +2 2X + 2 - 2% 1) 2

XC—2x+ 1 22X (R=2x+1)(+2%) (X—1)2xF2)  (x—=1)X  x2— x

B) =3x8 T x=1 T Bx+ -1 3 o6=T 3 3

Na yivouv ot mpd&elg: a2 — x2
q) : : B &
X X 2a + 2x
a
Nvon
x*-a? x¥-a% x?-q? X2 (x®-0)x2  (x=ey(x +a)x*
Q) X X T X XB—a®  xX(-a%  x(x=ej(x* + xa + a@®)
o (x+ax X2 + ax
X+ ox + 0 x4 ax + o?
0.2_)(2
) @  a(@-x)  da-x)(eFX)  a-x
20+ 2x  ?(Ra+2x)  2da+x% 2a
a
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1.10 lMpd&elg pnTwv Napactdcewv

EPOTHZEIZ KATANOHXHX

n Na xapaKTNEIoeTe TIC MAPAKATW 1o0ATNTES e (X), av elval owoTeg ) ue (A), av eival

AavBaouéveg.

A x- 3= o O B Xy = o O
y)3x:%=% ) 6)3x:§=37x2 J
s)X;/1- x§1_% D OT)% x;2: axX;Z D
D T a0 - n) B$213i2_1 -

Na CUUTANPWOETE TIG I0OTNTEG:

a) 3x - y _ 6;(2 8) % 1 IIIII B % Y) %: e %
O ST s g AER sy oy i XTE o

[IPOTEINOMENE2 AXKHZEIZ — TIPOBAHMATA

Na unoAoyioete Ta yivoueva:

1 x 9 1 1
Ve y Py " 3¢ ¥ 12¢ - g
2a° 6 2. _3 SaBy 4
d) 3@ A €) (-5w%) - o5~ ) ( 2B ( 02)
Na kdvete TIg dlalpEoelC:
.6 1 1 3 ay o X3y X2
@) 8x: B 5[ y) V[ g) e 8 5g): )
Na urtoAoyioeTte Ta yivoueva:
2X + 6 4x ) 2+y X—W x3w?
A" xX+3 B)y+2' 5-y V) et -
L4 a+3 X2+ X X+ 5x+6 4y? -9 y? 4+ 3y
%) @ra—6 ~ wrra & -2  @+ax OVAP-1yt9- 2y? + 3y
Na KAveTe TIG JlAIPETEIC:
x+4 x+4 2y -1 . 1-2y W+ 2y,
Q~p5 75 B)y+‘l' T+y )(_ w ).(a)+2)
a+1 . (a+1)? X+Yy . X+ Xy -4 x=2
D7 T Ve kv TV EE e

Na urnoAoyioete TIG MapaotAoelC:

a)(x—2.4x+4)_8x—8 B)x+2_(.2x+6_x+2) )(x+2_2x+6).x+2
x+1 X+2/  x+2 x—1 "\ x—1 X+ 3 x—1 =~ x—1 X &
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MéEpog A - KepdAato 1o

B Mpoodeon - Apaipeon pntwv mapacTacewv

APAZTHPIOTHTA

1. Na kdvete 1ig mpdéEelq: % - % - % % + % - %

2. Me avdhoyo TPOTo va KAVETE Kal TIC MAPAKATW TIPAEEIS:

3 -1 _7+x 3 . ~
X—2 X—2 X—2"' 2a 608 3B

S J

a va TTpoCBECOUE T) VA APAIPECOUUE OUWVUNA KAAOUATA, XPNOLUOTIOIoUE TOUG €ENG

Kavoveg
a

B

a+y

B

Kal

Y _
B

Me Tov (D10 TPATIO MPOCBETOUE 1) APAIPOUPE KAl PNTES TTAPACTACELG TTOU €XOUV TOV (D10
napovouaotr. I'la napddelyua,

3x n 2x-1 7+x _ X+ X-1)-(T+x _
X—2 X—2 X—2 X—2 B

X +2x-1-7-x  4x-8 4x—2]
X—2 o x=2  x=7

Av OuWG Ol PNTEQ Mapactdoelg dev €XOuUV Tov (Bl0 TTapovouacTr|, TOTe Bplokoupe TO
E.K.I. Twv mapovouactwy Kal TIG JETATPETOUNE O PNTEG TIAPAOCTACEIC Ue Tov (Blo
MAPOVOUAOTH, ONwWS KAl 0Ta aplBunTIKA kKAdouata. 2 5 2
Ma napddelypa, av BEAoupe va utoAoyiooupe to d6polopa — .~ + —— — =

,p YH ) H YIOOUH POIoH 30-3 " x -3
egpyalopacte wqg eENG:

4

® [lapayovtoToloUuE TOUG
TIAPOVOUAOTEG,.

3x2—-3x = 3x(x— 1) kat 3x-3 =3xx-1)

. B
Bpiokoupe To E.K.M. Twv EK.M. = 6x(x 1)

TIAPOVOUAOTWY.
2 X x
® MetatpEmnoupe ta kKAaouara 2 n S5 _ 2 _ 2 L5 2
0€ ouWvVUuAQ. 3x>-3x  6x 3x-3 3x(x-1)  6x 3(x-1)
® EkTeAoUUE TIG TIPAEEIS KAl TIG _ AFS(x=T) —4x _4+5x-5-4x_ =T _ 1
duvaTég AmAoTOooelG. BX(x—1) BX(x—1) Bx(x~1]  6x
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1.10 lMpd&elg pnTwv Napactdcewv

MAPAAEITMATA — EOAPMOTEZ

ox+6 15 4 2 1
-1 2x-2 B ~ e-ax T @+

n Na yivouv ol pd&elq: a)

Nvon
a) MapayovroroloUe TOUC MAPOVOUAOTES, OTIOTE EXOULE:!
-1=x-1)X+1) kat 2x-2 =2(x - 1)
To E.K.IM. Twv mapovouaotwy eivat 2(x — 1)(x + 1). Apa

2 Xt
x+6 15 9Xx+6 165 2% +6)-15(x +1)
X2 =1 2x—-2  (x=-1x+1) 2x-1) 2x—1)(x +1)
18x + 12-15x-15 3x-3 B 3x—1) B 3
2x =) (x +1) Co2x=Nx +1) o 2=TNX 1) T 2(x +1)

B) MapayovromoloUpe TOUC MAPOVOUAOTES, OTIOTE EXOULE:!
- =X-Q)x+a), ¥*—-ax =x(x—0a), x>+ ax = x(x + Q)
To E.K.IM. Twv mapovouaotwy eival x(x — a)(x + a). Apa

X xte x-a
o 2 1 B 4 B 2 B 1 _
X — o X¥—ax X+ ax  (x-a)(x + q) x(x—a) XX+ q)
X2+ ) -(x-0)  4X-2x-2a-Xx+a X—er B 1
N X(x —a)(x + a) XX =a)(x + q) o Xx=ejx +a)  x(x +q)

X X

MoUAnoe kdrolog Ta okdmneda A kat B kat ané 1o
KaB€va elo€npage 50.000 eupw. Av PE TA XPAHATA 44 A
autd aydpace 10 dlauéplopa I, va anodetydel
OTL K&Be M? Tou dlapepioparog oTouxilel 6oo éva
m? Tou OIKOTIESOU A Kal €va m2Tou okomnedou B.
(O1 duaotdoelg divovral oe m).

x+1 B

Nvon
Ao k&Be olkomedo elognpate 50000 eupw, OTIOTE YA TNV AyoPdA Tou dlapep{oUaToq
€dwoe 100000 eupw. To epPaddv Tou okomedou A eival x(x — 1) m?, Tou olkoredou B
elvat x(x + 1) m? kat Tou dlauepioparog I eival (x> — 1) m?. KdBe m? Tou olkomedoU

A otolxiCet Msu W, Tou olkomedou B otolxiCel 50000
K S =1y BUP® K S+ 1)
, , , 100000 . , .
eupw Kat Tou dlapepioparog I otouxicel v EUPW. Apa €XOUUE:
Xl et
50000 N 50000  50000(x +1) + 50000(x—1)  100000x 100000
X(x — 1) X(x +1) XX =1)(x +1) X =Dx+1) x2-1

AnAadr), kdBe m? Tou dlauepioparog M otolxiel 600 €va m? Tou olKoTEdOU A Kal
€va m? Tou olkortédou B.
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MéEpog A - KepdAato 1o

EPOTHZEIZ KATANOHXHX

n Na xapaktneIoeTe TIG MAPAKATW LoOTNTEG e (X), av eival owoTeg N ue (A), av eival

AavBaopgveq.
X 1 1 12
+ 4 a+ a+p
y afd 4, = O
1+ X a a+ 2 2
o 1+ %= 1 R O

‘Evag puabnmg éypaye T Mapakdtw lodTNTeG Kal 0 KABnyntg Tou eime o1l oe
uia amd g duo €kave €va Adbog. Mmopeite va evromnioete 1o AdBog auto;
a B a B a-B
Y e pF"Fa ap ap ap |
Xx+2 -1  3Xx+2-2x-1  x+1 _
e o e R e

Na CUUTIANPWOETE TIG I0OTNTEG:
Q) = -0 B

[POTEINOMENEZ AXKHZEIZ — TPOBAHMATA

Na uttoAoy(oeTe TIG TapAacTACELC:

1 1 3 2 1 1 1 2
D5ty e Vyoy O w w1
Na unoAoy{oeTe TIq MapaoTdoelq:
Q) i _ i B) y_6 _ 4 ) 3w + 6 _ 4
%—6  x-3 ety y+2 Y "% 2 204
1 X 9x 3w a+7 3
%) X+ 12 T Boe £) @ xw W2 — XW o) P+40+3 a+1
Na amAortoifjoete Ta KAdouata:
1 1 1 1i_1
X——~ y-2++ w+1+-—~ a
a) — X B) — v R —
1+ 1_ y_1— 1—1— E g
X y w3 a B
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1.10 lMpd&elg pnTwv Napactdcewv

Na unoAoyioete TIQ MapaoTdoelC:

X—2 4 8 3 2 2x + 16y

o —— % X—2  xX2-2x B) X+2y X-2y * X2 — 4y?
y’-6 2 3 X2 Y2 2%y
Y) y>—5y + 6 y—2+y—3 g x—y+x+y X2 —y?

Na urnoAoyioete TIC mMapaotdoelC:
X + 3 X 1 X+ 3 X-3171. x*-3
a)(2x+1_2x—1)(1+ 4x—3) B)[W-i_ (X—1)2]' (x —1)2

o(-arelsres) o) d

a a) Na anodetEete 6t X =Y + xy = (x + y)2

3 3

5 — +56-44.

B) Na umoAoyioete Tnv mapdoTaon

_ X _ X ( 4 2 2 —
Q) AV A = o7 KAl B—m,vadﬂoéleSTSOTlA + B*=1.

200 Sligl)

, anoteAoUv UNKN TIASUP WV
70001 70001 HiKn TASUp

B) Na anodeiEete 611 o1 aplBuol 1,
opBoywviou TpLywvou.

ENIKEYX AXKHXEIX 1ou KEOAAAIOY

n Na Bpeite TNV TIPN TN mapdotaong
; B 1\
K=o - (1 +a)2+4(a+ 2) + (

410

B

. _ 3 _
o0 ,OVSlVOlCI——?KOlB—S.

200:
2004)

(Alaywviopdg «@aing» E.M.E. 2002).
Ma kABe BeTikd ak€palo v, va anode(Eete Ot
Q) @-B+3y)*"+ B-a-3y*"' =0 B X-y-w¥-(y+w-x*=0

Av 1oxUel % = - % va Bpelte TV aplBUNTIKN TIUr) TwV TapacTdoewV:

2 _ 2 3 _ 2 3
A=4X oxy + vy B=2X 2xy* + 3y

X2 L y2 XZy 4L y3

Aivetal To MoAuwvupo P(x) = —2x% + 2x + 800.
a) Na amodei&ete ot P(1 — x) = P(x).
B) Na Bpelte Tnv apBuntikr tiur) P(100) kat P(-99).
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Mégpog A - KepdAato 1o

a) Na anodeigete oti a® + B2 + y3—3aBy = (@ + B +y)(@® + B2 + y2—aB — By — YQ).
(Tautémra Euler).

B) Ava + B + y = 0, va anodeitete ott a® + B + v = 3apy.

y) Na napayovronoirjoete v napdotacn (X — V)% + (y — w)® + (w — x)°.

Ava + B =- % Katap = - % TOTE va amnode(EeTe OTL:
43
a) o + B2 = 5 B) Ba + 1)2+ (8B + 1) + 9(a + B) = 40

Av yla TOug aptBuoug X, y loxUel pia amno TIC Tapakdtw 10OTNTEQ va arodelEeTe OTL Ol
aplBuol x, y eival (oot 1y avtibetol.
Q) x* - 2y? = x¥(y? - 2) B) X+ y* =Xy + xy?

a) Na nmapayovtonoioeTe Ta TPIOVUMA X2 + 4X + 3, X2 + 2x — 3.
1 1 1
¥+ Ax+3 T x—1 T3+ 2x-3

B) Na unoAoyioete v napdoraon A =

Aivovtal ot tTapaotdoelg A = x(x + 3) katB = (x + 1)(x + 2).
a) Na anodeigete 0B = A + 2katAB + 1 = (A + 1)2
B) Na nmapayovtonomoete Tnv napdotaon x(x + 1)(x + 2)(x + 3) + 1.

a) To euBaddv evog kUkAou eival 16mx* + 8mx? + 1. Na Bpeite Tnv aktiva tou.
B) Na Bpelte Vv aktiva evdg KUKAOU TIou €xel euBaddv (0o pe To ABpoloua Twv
eUBadwV dUO KUKAWV e akTiveg 4x Kal 4x? — 1.

a) Av 0 aplBudg K eival akepalog, va amnodelEeTte OTL 0 aplBUOC K2 + K elval ApTIog.

B) Na arodeiEete 611 n dlapopd KUBwWVY dUo dadoXIKWY akepaiwy, av dlalpebel e To
6, dlvel urtdAotro 1.

Y) Na arnodei&ete 611 N dlaPpopd TETPAYWVWY dUO MEPITTWY akepaiwy elvatl TOAaAnAJd-
Olo Tou 8.

a) Na kdvete Tn dlaipeon (X6 — 1) : (x — 1) Kal XPNOUOTOoIWVTAG TNV TAUTATNTA TNQ
EukAedelag dlaipeong va anodeitete Ot1 0 apBuog 7 — 1 eivatl ToAanAdoio Tou 6.
B) Na kdvete m dlaipeon (X° + 1) : (x + 1) KAl XPNOHOTIOIWVTAG TNV TAUTATNTA NG
EukAeidelaqg dlaipeong va anodeitete 6Tt 0 aplBuog 2 + 1 eival moA\anAdolo tou 9.

1

, . 1 B 1
a) Na arodeitete ot KX~ x=1 X

B) 2Tnv TiponyoUuEVN LIOGTNTA VA AVTIKATAOTTOETE TO X DIAdOXIKA UE TIC TIUEG 2, 3, 4,

1 1 1 2007

, , 1
..., 2008 kat va artodeitete Otl 5 t 5.3t 3.2 T E 5007 - 5008 — 2008
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Mépog A - KepdAato 1o

EMANAAHWH — ANAKEOQAAAIQIH Tou KEOAAAIOY

A. MONONYMA — [TONYONYMA

e AAyeBplkn MNMapdotaon sival pia ékppaon mou Tepléxel aptBuoug Kat UETABANTEQ
LY. 2x7-3xy + 4
e AplOunTik Tiur ulag napdotaong eival o aptBudc TIou TIPOKUTTTEL, AV AVTIKATACTHOOUUE TIC
HETAPANTEG TNG e aplBuoUg Kal KAVOUlE TIG TpdEelC.
e Movwvupo Agyetal pla aképala alyeBplkr] nmapdoracn otny oroia PeTagl Twv aplBuwy Kal
TWV PHETABANTWY TNG ONUELWVETAL UOVO 1) TIPAEN Tou TTOAATIAACIACUOU.
X =3x% (-3 owvtefeatris, X?y Kuplo pEPos tou povivupoU).
e ‘Opota Aéyovral Ta HOVAVUMQ TIOU €X0UV TO (810 KUPLO MEPOG, TUX. —=3X%y , 7X%y, —X°y

— n MNpdobeon kat n Apaipean HoVOVUUWY EXEL OQV ATTOTEAEOUA OVWVULO, EPOCOV
autd eivat éuola.
ABpolopua ouoiwv HovwvUH®V elval €va JoVWVUUO OUOLO UE AUTd, TIoU €Xel OUVTEAES-
OTr) TO d6POoIoUA TWV CUVTEAEDTWY TOUG.

LY. 2X% + 3X%y — XPy = 4x%y

Avaywyn] opolwv dpwv AEyeTal N AvTIKATACTACN TWV OUOIWY OVWVULWY e To dBpoloud
TougG. LY. 6X7 + 2x — 4x% + 3x = 2x? + b6x

— o MoA\amAhaolaouog kat n Ataipeon povwviuwy yivovtal efte Ta pyovwvuua eivat
duola elte éxl.
Mvéuevo povwvUpwy elval éva HOVWVULO UE OUVTEAEDTH| TO YIVOUEVO TWV OUVTEAE-
OTWV TOUC Kal KUPLO PEPOG TO YIVOUEVO OAWV TWV UETARANTWY TOUg, Ue eKOETN Kabe-
UG To dBpolopa Twv ekBETWY TOUG. TLX. (3x%y) « (=2xy°) = — 6x3y*
MAiko dUo povwvUpwy elval n aAyeBplkr Tapdotaon Tou TPOKUTTEL amd Tnv

avtioToiyn dlaipeor| Toug. _7ox
X. (-=712x%):(3x%) = 7L =4

Mpd&elg e povwvupa

® [MoAuwvupuo Aéyetal To dBpoloua povwvUlwy, TIou dUo TouAdxlotov amd autd dev elval
ouola, T.X. 3x% — Sxy + 2 (Ta povavupa 3x%y, Sxy, 2 Aéyovial 6pol ToU TTOAUWVUHOU).
Aexduaote akoua Ot kABe Povwvupo efval Kal TTOAUWVUUO.

—TlNa va mpooBeooupe - agpalpgooupe TIOAUMVUPA Bydloupue TIG TIAPEVOE-
O€IC KAl KAVOUUE avaywyr] opoiwyv dpwv.

— Na va noAanAaotdooupe
Q) HMOVWVUHPO HE TIOAUWVUMO TIOAAMAACIAZOUUE TO MOVWVUUO WEe KaBe épo Tou
noAuwvUpou, TpoobéToupe Ta efaydueva Kal Ot CUVEXEId KAVOUWE Qvaywyr
opoiwv dpwv.
B) TIOAUWVUMO He TIOAUWVUMPO TIoANaTAaoldloupe kdBe 6po Tou evdg TOAUWVUUOU
e KdBe 6po Tou AA\ou, TIPOCHETOUPE TA eEaydueva Kal OTn CUVEXela KAVOUE
avaywyr) opoiwv épwv.

— Av €xoupe dUo moAumvupa A(x) kat d(X) pe d(x) # 0 kKal kAvoupue T dlaipeon
A(x) : O(x), TOTe Bplokoupe €va Hovadikd Celyog TIOAUWVUPWY TI(X) Kal U(X)
yla Ta onoia wxuet: 4(x) = dx)n(x) + v(x) (Tavtdtnra s Evkdeideras Siajpeans)
OToU TO U(X) N elval (0o pe undév 1| €xel Babuod uIkpdTEPO amod To Pabuod Tou
O(x). Av U(x) = 0, TéTte n dlaipeon Aéyetal TEAeLA Kal Ta O(X) Kal TI(X) AéyovTal
rapdyovTeg 1| dlalpeTeq Tou A(X).

Mpd&elg pe mMoAuwvupa
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Mépog A - Kepdhato 1o

B. TAYTOTHTEZ

e (1 1o0TNTEG TIOU TEPLEXOUV UETARANTEG Kal oL oroleq aAnBelouv yia OAeG TIG TIUEG TWV UETA-
BANTWYV Toug ovopdlovtal TauTOTNTEG.
A&loonueinteg TautéTNTEG Elval:

| Terpdywvo abpoioparos  [IENCEED ORI R,
TeTrpdywvo diapopdag ‘ (a - B)2 = a?-2aB + P2

KUuBog aBpoiopartog ‘ (a + B)® = a® + 3a?B + 3ap?+ B

KGBog 81apopdc | (a-B)° = a®- 3a’B + 3ap? - B°
Fvopevo aepoiopaToq emi diapopa ‘ (q + B)(a - B) = a® - B?

B TP P o - 6)(a + b B = o° - f°
| Aepoopa kiBuv | RN TN TR

[. [TAPATONTOlIOIHZH

e [Napayovtoroinon eival 0 PUETAoXNUATIONOG pilag Ttapdotaong and dépolopa oe YIVOUEVO.
H mapayovtoroinon yivetal oe mapdotaon mou UndpxeL:

Koivég mapdyovrag o’ 6Aoug Toug 6poug | ax + Bx = x(a + B)
Koivog napqyovmq 0g OpAdEG OpwV ‘ ax + ay + Bx + By =
NG mapdoTaong ax + y ) tBX+y) =@+ BX+Y)
Ala(popa TETPAYDVWV -B2=(a+ B)(a-B)
: — a® + B3 = (a + + B2
A6poiopa — Aiapopd KUBwv ‘ ad — gs _ ((a B B?Zég g n BBQ))
2 2 — 2
AVAnTUYHQ TETPAYWVOU ‘ Gazt ggg j: Ez _ (q @ BB))g
X

Tpiwvupo TNG HopPpng X2 + (a + B)x + ap ‘ 2+ @+Bx+aB=x+ax+ B |

—

A

4. PHTEZ [TAPAZTAZE/Z

e Mia aAyeBplkn tapdotaon Tou efval KAAopa pe 6pouqg MoAUDVUNA, AEyeTa pnTr) akyeRPLKN
napdoTtaon 1) an\wg pnth napdotaon.

2x? - 5

T.X.
X X+ 4

Ot petapANTég plag PNTHG mapdotaong dev Uropouv va dpouv TIES TIou undevidouv Tov
mapovouaotr]. a va amAoTOo|ooUKE [Wia PNTH AAYERPIKT) TMapdoTacor, TIAPayOovVIOTIOloUUE
Kal Toug dUo 6pouqg TG Kat dlaypdeoupe Tov kové mapdyovra. Ot TpdEelg Ue TIQ PNTEQ
napaotdoelq yivovral Onwg Kal ot TPEAEEIC TWV APIOUNTIKWY KAQOUATWY.
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20 KEPANAID

EFIZOZEIZ - ANIZOZEIZ

2.1 Hekiowon ax + 6 =0
2.2 EElowoers 2ov Babuou

2.3 Mpobfryata e&iouoewy
20v Babuouv

2.4 Klaopaukes eEiouoels

2.5 Avigotntes - Aviowoels
e evav ayvuoro

Tevikés aokriaels 20u Kepafoiou

Enavidngn - Avakepodoiuon



2.4 Hetiowonax+p=0

A Buuduar nus fvvovear o1 eEiowoers nputov Babuod.

A AvayvupiCw av pia e&Liowan éxer povadikn dvon n eivar
advvatn n eival tavtornea.

APAXTHPIOTHTA

‘Evag taxudpopog Eekivdel and to xwptd A kat apou emokePBel dladoxIKd Ta Xxwpld
B kai I, etotpepel oto xwpld A. H dladpopur) Bl eivat 1 km peyaAdtepn amoé tnv AB

kat n A eivat 1 km peyaAutepn andé ) Bl A
Mmnopeite va unoAoyioete TOCO ameExouv Ta XwpEld B
ueta&U Toug avd Ouo, av yvwpilete OTL N OUVOAIKT) —
anoéotaon mou dvuoe 0 TAXUOPAUOG Tav: T

a) 15 km;

B) TO TPITAACIO TNG MPWTNG JIAdPOUNG;

y) 1o TPIMAdoLo TNG deutepng dladPONG; r
- J
2Tnv mponyouuevn TA&n pdbaue va Auvoupe eElowoelg, omwe 3x = 12, =4y + 11 = O,
K.T.A. 2TIC eElowoelg autég uttdpxel évag AyvwoTog Kal 0 PeyaAUuTepog ekBETNG Tou
QayvwoTtou eival 0 aplBuodg 1. e kabeuld amd TIQ TPONYOUUEVEG TIEPITTWOELG AEUE OTL
gxoupe e&lowon 1ou Babuou pe évav dyvwaoto (MpwtoBdduia eElowaon).

H eElowon 3x = 12, TnQ omolag 0 OUVIEAEOTNC TOU ayvwoTou eival dldpopog Tou
uNdevoqg emaAnBevetal yia pia pévo Tiur tou ayvwotou, TV x = 4. O aptBuoég 4, mou
enaAnBevel Tnv eElowon 3x = 12, ovouddetal Auon 1) pifa g e&lowong.

Yridpxouv Opwe Kat eElowoelg, onwg ol 0x = -3 1 0x = 0, OTIQ omoleq 0 CUVTEAEOTNG
TOU ayvwaotou elval undév.

H e&lowon 0x = -3 dev enaAnBeletal yla KAuld Tiur Tou X, apou To ylvouevo 0x eivat
ndavrote (0o e 1o Pundev kal dev eival duvatodv va eival (oo ye —=3. Mia tetola e&lowon,
mou dev €xel AUon, ovoudletal aduvarn.

H etlowon duwg, 0x = 0 emaAnBeldetal yia omoladnmoTe TIUr} ToU X Kal ovouddeTal
TautdTnTa 1 AdpLoTn.

Ao ta nponyoupeva napadelyuara cupriepaivouue Ot
® Ava #0, téte n e€lowon ax + B = 0 €xel povadikn AUon TNV X = — %
® Ava = 0, 16te n e&lowon ax + B = 0 ypdpetat Ox = - Kat

— av B #0, dev €xel AUon (aduvatn), evd
- av B = 0, kdBe apBuAdg eival AUon g (TautdtnTa 1) adpLoTn).
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2.1 Helowonax + B =0

[MAPAAEITMATA — EOAPMOTEZ

, , -1 2x+1
Na AuBel n e&iowon X2 - X6 =x+1

Nvon

X =1
e [loAamAaoldoupe Kat Ta dUO PEAN NG oA =X+ 1

2
eElowong pe to E.K.IM. Twv TapovouaoTtwy. 6
. , X—1 2X + 1
® ANaAe(POUpE TOUQ TIAPOVOUAOTEG. 6 - 5 6 - 6 =6:Xx+6-1

e Kdvoupe TIg TipdEelg kal Bydloupe TIq

napevOgoelQ. 3x-1)-@x+ 1) =6x+6

3X-3-2x—-1=6x+6

e XwpiCouue yvwotoug amd ayvwoTtouc. A — Ox — 6 6434 1
X —2X — 6X =

e Kdvoupe avaywyr) opoiwv 6pwv.

-5x =10
® Alaipoupe kat Ta dUo uéAN Tng eElowong _Bx 10
|I€ TOV OUVTEAEDTI] TOU AyVWOOTOU. 5 5

Apa n e&lowon €xel povadikn AUon Ty X = — 2

Na AuBouv ol eElowaoelg:

aQ)3x+2)-3=3x+5 B)2x—-1) —x =x-2
Nvon
Q) 3x+2)-3=3x+5 B) 2x—1)—x=x-2
3X+6-3=3x+5 2X—=2-X=X-2
3X-3x=5-6+3 2X=X—X=2-2
Ox =2 Ox=0
H eElowon aut dev emaAnBbevetal yia H e&lowon autr) enmaAnBevetal yia kdbe
Kau{a TP Tou X, ondte elival adlvatn. | TIUA Tou X, ondte elval TautdtnTa.

EPOTHZEIZ KATANOH2IHX

n Na avtiototxioete oe kdbe eEowon TG otANC A To 0wOoTd CUUTEPACUA and T othAn B.

STAAN A 3ThAn B

a. 3x =17
5 oo 1. ‘Exel povadiki Ao a [ B | v | 5]
. Ox =
2. Eivat aduvatn
Y. Ox=5
3. Eival Tautétnta
0. 5x =0
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Mépog A - KepdAato 2o

Na xapaktnploeTe TIC MAPAKATW TIPOTACEIG WE (2), av elval owoTég 1y he (), av eival
AavOaopEVEG.

a) H e&lowon %XI 2 €xel A\on v X = 6.

B) H eEiowon 4x = 0 elvar aduvam.

y) H e&lowon 0x = 0 €xel Auon orotovdrnote aptBuo.
0) H eElowon Ox = 6 €xel AUon v x = 6.

e) Heklowon 5(x + 1) = 5x + 5 elval tautdmTa.

[POTEINOMENEZ AZKHZEIZ — IPOBAHMATA

B @
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Na AUoETe TIG €EICWOELG:

a) -3x+2)-2(x—-1) =8 + x B) 4y —2(y - 3) = 2y + 1

Y) 5(-w +2) -4 =6-5w O) 2x + 1)2+ 5 = 4(x2-10)

Na AUoeTe TIG EICWOELG:

Y) 2(“)3_1) - ‘”;1 - wg5 8) 0.2(3x - 4) - 5(x - 0,4) = 0,4(1 - 10x)

To TpimAdolo evog aplBuou ehattodpevo katd 5 elval (0o pe To piod Tou apléuou
auénuévo katd 10. Molog eival 0 aplBudg autdg;

Pwtnoav kdnolov méoa eupw €xel OTO TIOPTOPOAL TOU KI EKEIVOG ATIAVINOE:
«Av elxya 6oa exw kal Ta pIod akoua Kai Oeka mapandvw, 6a eixa ekaro».
Mmopel, dpaye, Ye Ta xprjuata autd va ayopdoel éva mavieAdvl Tou KooTiCel 65 €;

O kaBNyNMQ Twv Mabnuatikwy &ife oToug aBNTEG TOu:

— 2Kereire évav aplBud Kal dIMAQcldoTe Tov.

— 2TO amnoTtéAeoua va PooBeoeTe Tov aploud 10.

— To d6poloua Tou Bprkate va To JIAIPECETE e TO 2 Kal arnd To nnAko va apaipe-
OETE TOV APIOPO TIOU OKEPTNKATE APXIKA.

— KdBe pabnmg npénel va €xel Bpel anoteAeoua tov aplbud 5, aveEdptnra and molov
APIOUO OKEPTNKE APXIKA.

Mrmopelte va eEnyroeTe ToV IOXUPIOPO TOU KaBnynT;

‘Evag modnAdmg Eekivd amnd tnv 1oAn A B

A Kal Kiveltal Tipog Tnv 1ioAN B e péon

Taxumta 16 km/h. Mia wpa apydtepa,

hia @iAn tou Eekivd and tnv oA B

Kal pe peon taxumta 12 km/h kiveftal

TPOC TV OAN A yla va Tov ouvavtroel. Av n andoraon Twv dUo ToAewv eival 44 km,
o€ OoeC WPEeQ amd TNV ekkivnon Tou TIodNAATN Ba cuvavinBouy;



2.9 Etiowoeig dsutépou Badpol

A Novw eErowoers devtepov BaBuou pe avafvon oe yivopevo
napayovewy.

A Bpiokw to ndnbos twv fvoewv pas eEiowons devtepou
Babuou kar vnodoyiCw ts Avaers tns pe tn Bonbera tunov.

4 Metatpénw Eva TtpIWvUpO T€ YIVOUEVO NApayovIwy.

APAXTHPIOTHTA

‘Evag unxavikég oxediaoe ula olkodour) kat otnv mpoooyr| g meogRAede TNV KATa-
OKEUN Mlag TETPAYWVIKAG BepdvTag Kat evog opboywviou uraAkovioU ue dlactdoelg 9 m
Kal 1 m. 210 ox€dlo Tou Tapouciace oTov IBIOKTATN TNG OIKOSOUNG N BepdvTa Kal To
UTTaAKOVL eixav TO {O10 euBaddv.

a) Na uroAoyioete Téoa YErpa frav n mAeupd Tne Bepdvrag.

< 9m

\

J1m

O ©BloKTNG Opwg, Bewpnoe OTevd TO PMAAKOVL Kal {ATNoe and TO PNXAVvIKO va
au&noel To TAATOC Tou prtaAkovioU kal kdBe mAeupd Qg Bepdvtag katd ta da
UETPA, OTE va €XOUV Kal TIAAL TO (d1o euBaddv.

B) Na unoAoyloete mooa p€tpa €npere va auénBel To MAATOG ToU UMAAKOVIOU Kal KABe
mAeupd g Bepdvrac.
Me 1O aifnua Ouwg Tou IOIOKTATN, TO OUVOAIKO eufaddv Tng Bepdvrag Kal Tou
UrtaAkoviou Eemepvouoe TO Oplo Tou kaBopicetal amd Tov MOAEOOOUIKO KAVOVIOUO.
TeAlkd, amo@aoi{otnke va UeyaADoel 1) BEPAVTA KAl TO WTAAKOVL, OTwg To NTnoe
0 IOIOKTATNG, ME TNV TIPpoUndBeon OuwG va unv €xouv Tia To 1o eupaddv, aAd va
KOQAUTITOUV OUVOAIKA 34 m2.

v) Na uttohoyioete éoa puEtpa auenonke TeAIKA To MAATOG TOU UMaAkovioU Kal KABe

L mAeupd g Bepdvrac.
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MéEpog A - KepdAato 20

Yndpxouv npoBAjuata mou n enfhuor) toug odnyel oe e&lowon X2 =9,
i €vav AyvwoTo Kal otnv omola o peyaAUTepog ekBETNG Tou ¥ —3=0

ayvwotou elval o aptBuoécg 2.

X+ 16x—-1716 =0

>e KaBeula amd TIg mponyoUeveS TIEQITTWOELG AEUe OTL EXOUUE
e&lowon 2ou Babuou pe €vav dyvwoto (deutepofdbuia e&lowon).
2Uupwva Kal pe ta mponyouueva napadslypara dexouaote OTL N YEVIKY] HOPPY UIag

eElowong 2ou Babuou e Ayvwoto x elval

ax2 + Bx +y=0 pe a#0

Ot aplBuol a, B, v Aéyovtal ouvteAeoTeg TG e&lowong. O ouvieAeoTtnq v Agyetal Kal
otabepdg 6pog. Ot ouvteleotég oe kabed amd TIg mapakdtw eElowaoelg eivat:

x2-9=0 : a=1
X2 —-3x =0 : a=1
X2+ 15x—-16 =0 : a=1

Kdbe aplbuog mou enaAnbelel pla e&owon deutepou Babuou Aéyetal Auon 1 pica g

eElowong.

Eni\uon e€lonoewv deutépou Babuou e avaluon og YIvOuevo

napayovIwy

Quudéuaote OTL: Av a- B=0T10Te =014 B=0

EniAuon e&lowong g poppnig ax® + Bx = 0 pe a # 0

Ma va AUooupe v e&lowon x?

* Metapgpoupe OAOUG TOUG 6POUG OTO A’ HEAOG.
® AvaAUoupe To d’ UEAOG OE YIVOUEVO TTAPAYOVIWV.
® To ywvouevo x(x — 3) eival (0o pe To undev, uoévo

otavx = 01N x-3=0.

3x epyalduaote we eEng:

X2 = 3X
x>—-3x =0
Xx-3) =0

x=0 1 x-3=0
x=0 1 x=3

Apa n e&lowon €xel dUo
AUocelg, Icx = O katx = 3

EniAuon e&lowong g popeprig ax> + y =0pea # 0

Ma va AUooupe Tnv eEfowon x? — 9 = 0, epyalopacte wg eENG:

10¢ TPIMOG:

® To a’ pélog g e&lowong eival dlagopd TeTpa-
YWOVWV Kat To B’ péAog eival undév.

® AvaAuoupue To A’ UEAOG OE YIVOUEVO TTAPAYOVIWV.

® To ywvouevo (x — 3)(x + 3) eival {00 pe 10 undey,
Hovo 0tTavx -3 =01x+3 =0

90

-9 =0
x-3? =0
x-3)x+3 =0
x-3=0 1N x+3=0
x=3 N x=-3
Apa n e&lowon €xel dUo
AUoelg, I X = 3 Kkal x = =3



2.2 Eflowoelg deutépou Babpiou

20G TPOTOQG: -9 =20

e Otav a eival Betikdg aplbuog, n e&iowon x*=9
X2 = a éxel 500 AJoelg, TIgx = Va karx = -Va|  x=V9 1 x =-V9

- x=3 1N x=-38

MNa va Auoouue v e&lowon x> + 16 = 0, av epyaoTtoUue OTWG TIPONYOUUEVWG,
napatpeouUpe oTL autr] ypdgetal X2 = —16. H eElowon autn dev €xel AUon (aduvatn), yiatl
TO TETPAYWVO KABE TpaypaTikoU aplBuou eival BeTIKOG aplBudg 1 undév kat dev eival
duvatov va eival (0o pe —16.

Av a eival apvnTikdg aplBudg, téte 1 eElowon x? = a dev €xel Auon (aduvarn)

H eElowon x> = 0 €xet Auon v x = 0. H Adon aut Aéyetal SunAn, yiati n eElowon x?=0
ypdpetar x « x = 0, onére x = 01} x = 0 (dnAadn) €xel dUO PopPES TV (dla Auon).

Eni\uon e&lowong g popeprig ax® + Bx + y=0pe a # 0
Ma va AUooupe Tnv eEfowon 9x? — 6x + 1 = 0 gpyalduacte wg eENg:

, , , , MX-6x+1=0
® To mpwTto YEAOC TG e&lowong elval (3x)7—2-3x -1 + 12 =
QVATTUYHA TETPAYWVOU CUUPWVA UE Bx—-1)2=0
mVv TautdtTa a?—2aB + B2 = (a—P)? 3x-1=01 x = %
® To (3x — 1)? elval {00 pe 1O UNdeyv,
uévo orav 3x -1 =0 Apa n eElowon €xel pia BT Alon, Ty x = %

Ma va AUooupue Tnv e&iowon x? + 15x — 16 = 0 oxnuatiCoupe oto a’ peEAog avamtuyua
TETPAYWVOU epyalouevol wqg eENC:

e [ToA\amnAactaloupe GAOUC TOUG OPOUG TNG X2+ 15x-16 =0
eE{owong e 4a, 4ToU a 0 CUVTEAECTTIC TOU X2. , 4>;2 +260>; —6?5: 064
; P ;s X)2 + 2« 2% - =
° Msmcpsp/oues oto B’ uéAog T,OV OTO@?pO 6po (2x)2J(r 2)' Oy » 15 4 152 = 64 4 152
Kal oto a’ JEAOG dnUIoupyoUEe apacTaon (2 + 15)2 = 289
™G HOPPNG & + 2aB N 0® — 2aB.
® [1a va oupnAnpwBel To avdmruyua TeTpa- 2¢ +15=V289 1 2x + 15 =-V289

Y(OVOU TIPOOBETOUE Kal oTa dUo HéAN To B2. ex +15=17"mn 2x+15=-17

. , . ) 2x =2 n 2x = -32
e Xpnoluorotoupe pia anod Tig TauToTNTEG ¥« — 1 f X = 16
o + 20 + p* = (a + B)? Apa n e&lowon €xetl dUo AUOELG, TIG
a?—-20B + B = (a - B)? x=1Ka x =-16

H puebodog ue Tnv onola AUoaue Tnv eElowon x? + 15x — 16 = 0 eival yvwotr wg uEBodog
OUUMAAPWONG TETPAYWVOU.
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Mépog A - KepdAato 20

MAPAAEITMATA — EOAPMOTEZ

Na AuBouv ol eElowoelg: a) 2x2 = 7x B)3x2-75=0 Y)2x2 +8=0

Nvon
Q) 2x2 = 7x B) 3x-75=0 Y) 2x¢¥+8 =0
X2 —7x = 3x? =75 2x2 = -8
XX —=7) = x2 = 2§ 2 = _4
x=012x-7 =0 x=V251H x =-V25 Aev éxel Nion
X =0nx :% x=5 nNx =-5 (aduvatn e&lowon)

Na AuBei n eElowon x?(2x — 1) - 6x(2x - 1) + 9(2x - 1) =0
Nvon

e BydZoupe Kowé Tapdyovta 1o 2x — 1. X@x—1) —6x(2x-1) + 92x-1) =0
2x-1)x*-6x+9) =0

® O deUtepog MapdyovTag TOU YIVOUEVOU @x-1(x-3)2 =0
elval avamntuypa TETpaywvou. 2x-1=0 1K x-3=0
_— x== f  x=3 (o Avon)

EPOTHIEIZ KATANOHHX

n Na xapaktnpioete TIq Tapakdtw MPotdcelg ue (&), av eival owotég 1 ue (A), av

elvar AavBaopuéveq.
a) O aplBuodg 0 eival Avon tng eElowong x> — 4x + 3 = 0.
B) O apBuog 3 eival Auon g e&lowong x? — 4x + 3 = 0.
y) Ot Adoelg g e&lowong (x —2)(x + 1) = 0 elvat x = 2 kal x = —1.
0) H e&lowon x? = 16 €xel povadikr) AUon Tov aplBud x = 4.
€) H e&lowon x> = -9 dev €xel AUon.

ot) H e&lowon (x — 2)2 = 0 €xel dIA AUon Tov aplBuod x = 2.

Na xapaktnpioete TIq TMapakdtw MPoTAcelg ue (&), av eival owotég 1 ue (A), av
elvalr AavBaopuéveq.
a) H e&lowon b5x — 6 = x? elval 2ou Babuou.
B) H e&lowon x? + 3x + 8 = x(x + 2) elvat 2ou Babuou.
y) H e&lowon (A —2)x*> + 5x + 3 = 0 eival
i) 1ou BaBuou, dtav A =2
i) 20U BaBuou, étav A # 2.

‘Evag pabnmg Auvovtag v e&owon x? = 6x anAoTonoe [e TO X Kal BPrike OTL el

povadikr) Auon Tn x = 6. MNapatpwviag opwg Vv eElowon dlariotwoe OTlL EMAAN-
Beletal kal yla x = 0. Mou €yive 1o AdBog Kal xdbnke n Adon x = 0;
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2.2 Eflowoelg deutépou Babpiou

[POTEINOMENEZ AXKHZEIZ — IPOBAHMATA

n Na AUceTe TIq eElowoelC:

Q) xX-4)x+1) =0 B) yly +5) =0 Y) B-w)2w + 1) =0

3) 7x(x-7) = 0 s)3y(%—2)=o o) (%—w)(Zw—U:O
Na AUoeTe TIG €EICWOELG:

a) x* = 7x B) > = 9% W) 20E =72 =0

5) 2218 = 0 £) -020°+32=0 o1 & -052=0
Na AUoeTe TIG eEICWOELC:

a 2x-12-1=0 B) 3(x + 2)2 =12 Y) (x + 1)2 = 2x

_ 2

d) (x39) =27 g) Bx—12-4x =0 o1 (X +V3)2-3=0
Na AUoeTe TIG €EICWOELG:

Q) Bx+ 1)2=5@Bx+1) B)05(1-y)?2=18 Y) (2w? + 1)(w?-16) = 0
Na AUoeTe TIG EICWOELG:

a) X(x —4) = -4 B y?+y-12=0 Y) 0>-2w-15=0

o) 2t2-7t+6=0 €) 30> + 1 =40 o1)52°-32-8=0

Na AUoeTe TIG €EICWOELG:
a) 25x2 + 10x + 1 =0 B) v2aly—2) + 4y(y-2) + 4y-8=0
Y) w? + 2006w — 2007 = 0

& B

Na AUoeTe TIG €EIOWOELG:

AxX-@+Bx+aB=0 B - (V3-1)x-V3=0

1 2 3 4 5 OpZovia:
1. Mn undevikn piCa g e&lowong x> = 12x
— PiCa tng e&lowong x? + 225 = 30x
2. MNvouevo pllwv g eElowong x(x +4) + 8(x+4) =0
ABpolopa pilwv Tng eElowong x2 —10x + 9 =0
4. H andéAutn Tiur Tou YIVOUEVOU TwV PILWV TNG
eElowong x* = 25
— H peyaAutepn pica Tng eElowong x? = 32x

—_

w

A WO DN

Kdbeta:
1. Pi{Ca g e&lowong x? — 20x + 100 = 0

2. To ak€pato mnAiko Twv pilwv Tne e&lowong x(x — 15) = x - 15
3. To ywopevo Twv pilwv Mg e&lowong (x —5)?2— (x—5) =0

4. Mn apvnrikn piCa ng e&lowong x> — 144 = 0

5. PiCa tng e&lowong x?(x — 12) + 2007(x — 12) = 0
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MéEpog A - KepdAato 20

B3 Eniluon eClowoewv deutépou Babuou e tn BorBeta Tunou

2NV Tponyouuevn evotnta e@apuooaue TN HEBODO «OUUMANPWONG TETPAYWVOU»
yla va Alooupe tnv e€lowon x*> + 156x — 16 = 0. Tn uébodo autr) uropouue va v
ePapUOOOUE Kal Yla va AUcoupue TV eElowon deutépou BabuoU OTn YEVIKN TG HOP®T,

ax? + Bx + y = 0 ye a # 0. 'Exoupe dladoxika:

e [ToAamnAactdloupe GAOUC TOUG OPOUG WE 4a.

® Metaggpoupue To otabepd 6po oto B’ PEAOG.

® 370 a' péAog €xoupe dUO OPoUC Tou avarttyy-
gatog (2ax + B)2. MNa va CUUMANPWOOUUE TO
TETPAYWVO TOU 2ax + B MPooBEToUPE Kal ota

dUo UEAN TO P2

ax®+px+y=0
4a-ax®+4a-pPx+4a-y=0

40°x® + 4aPBx = —4ay

(2ax)2 + 2 - 2ax - B = —4ay

(2ax)? + 2 -2ax - B + B% = B2 -4ay
(2ax + B)2 = B2 - 4ay

Av oupBoAiooupe Vv apdotaon B2 — 4ay he 1o ypduua A, téte n eElowon ypdpetal
(2ax + B)? = A kal dlakpivoupe TIG €ENG MEPIMTWOELC:

e Av A > 0, TOTE EXOUE:

2ax + B = =VA
20x = B + VA
_ -BxVA
X= 2a

Apa n e&lowon €xel duo Avioeg A\UOELG,

B+vA KQl X = —B-va

nex = 2a 2a

e Av A = 0, TéTe EXOULE:
(Rax + B)2 =0
20x + B =0
20x = -
_B
2a
Apan eEfowon €xel pia dirmAn Auon,

X =

__B
mx = -5

® Av A < 0, téte n eElowon dev €xel Auon (aduvarn).

H napdotaon B2 — 4ay, onwg eidape, naidel onuaviikd poAo oty emniluon g eElow-
ong ax? + Bx + y = 0 pe a # 0, ylati pag emrpenet va dlakpivoupe To TIANB0G Twv
AUoewv Tne. I’ autd Aéyetal dlakpivouoa kal cupBoAiletal pe To ypduua A, dnAadn

Juunepaivoupe Aotmodv Ot
H etlowonax? + Bx + y =0 pe a # 0.

e Av A > 0, éxel dUo Avioeg AUCELG TIG X =

e Av A = 0, éxel pia A Auon TN X = —
® Av A < 0, dev €xel AUon (aduvarn).
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2.2 Eflowoelg deutépou Babpiou

[MAPAAEITMATA — EOAPMOTEZ

Na AuBouv ol eElowaoelg:
Q) 2x2+5x+3=0 B)6X2-5x +2 =0 Y)-16x2 + 8x -1 =10
Nvon
a) Zmv e&lowon 2x2 + 5x + 3 =0 elvata = 2, B = 5, y = 3, omndre n dlakpivouoa
elvalA = 2 —-4ay =52-4-2-3=25-24=1>0.
BxVA 5*xV1 54t
2a
5+ 1 , —5-1
7] =-1 n x= = -
B) 2mv e&lowon 6x2 - 5x + 2 = 0 elvara = 6, B = -5, y = 2, ondre n dlakpivouoa
elvalA = R -4ay = (-5)°-4-6-2=25-48 =-23 < 0.
Apa n eElowon dev €xel Auon (aduvarn).

Apa n eElowon €xel dUo AUCELG, TIQ X =

) 4

onAadn elval x =

N
N w

Y) Znv e&lowon -16x2 + 8x -1 = 0 elvata = =16, B = 8, y = —1, ondre n dakpl-
vouoa eivat A = B2 —4ay = 8 -4 -(-16) - (-1) = 64 -64 = 0.
, ) . , o B 8 1
Apa n e&lowon gxel Pia dImMAN AUon, TNVX = —— = —————— = —
pan e&lowon exet p n Auon, 20" 2-(16) 4

P Na AuBoulv ol eElowoslg:
. ; D X(X+3) Xx-6 1

a) 9x® - (bx — 1)2 = 2x B) 3 T a2
fvan +3 6 1
Q) 9% — (5x — 1) = 2x B) st ) _ x 8.2

Ox? — (25x2 = 10x + 1) = 2x ;

Ox2 - 25x2 + 10x — 1 - 2x = 0 6-X“;3)—6-X86 -6

-16x* + 8x-1=0

1 o 2X(x +3) - (x—-6) =3
X=7 (BT Auon)

22+ 6X-Xx+6-3=0
(Mapddetyua 1y) 2%+ 5x + 3 = 0

x=-1 1N x=- % (Mapddetyua 1a)

a) Na AuBei n e&lowon 2x2 - 8x + 6 = 0.
B) Na nmapayovtomnoin®el To TplwVUpo 2x% — 8x + 6.
Nvon
a) Zmv e&lowon 2x2 - 8x + 6 = O elvara = 2, B = -8, y = 6, ondte n dlakpivouoa
elvalA = B2 -4ay = (-8)°-4-2-6 =64-48 = 16 > 0.
B +VA -(-8) V16 8=+ 4
g :

Nx=—" """ =—73

Apa n eElowon €xel dUo AUCELG, TIG X = 3 oo

dnAadn elvatx =3 1 x = 1.

2(
=2

B) 2x2 — 8x + 6 2-4x +3) =2(x*-3x-x+3) =2 [x(x-3) - (x-3)] =

X
X—=3)(x—-1)
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MéEpog A - KepdAato 20

Mapayovronoon TelwvULou

>T0 TponyoUuevo Tapddelyua dlamiotwoae OTl:

e O1A\Uoelg Tng eElowong 2x? — 8x + 6 = 0 elval ot aplBuol 3 kat 1.

® TO TPIWVUMO 2%2 — 8X + 6 avaAUeTal 0€ YIVOUEVO MapAyOVIwV W £ENG:
2x2—=8Xx + 6 =2(x-3)(x—-1)

Av p;, p, elvat ot AUoelg Tng e&lowong ax? + Bx + y = 0 ye a # 0, TOTE TO TPLWVUUO
ax? + Bx + y nmapayovrornoleitat cUuPwva e Tov TUTO
ax? + Bx +Y = a(x - py) (X - o)

Ma mapddelyua, n e&lowon 2x° + 5x + 3 = 0 €xel AUoelg TIg —1 kat —% (mapddeiyua 1a).
Apa TO TPLWVUMO 2X° + 5x + 3 ypdoetal

2+ 5x+ 3 = 2 (0] - [-2)] = 26+ e + )

Opoiwg n e&lowon —16x2 + 8x — 1 = 0 €xel pia dimAr Adon, TNV X = % (mapaderyua 1y).

Apa TO TPIWVUHO —16x% + 8x — 1 ypdpeTal
o+ o= - tef- e 4] ol

EPOTHZIEIZ KATANOHXHX

n Av A elval n dlakpivouoa g eElowong ax? + Bx + vy = 0 ye a # 0, téte va avil-
otolxioete oe k&Be Tep(MTWon TG OTMANG (A) To CwOoTo cupunépacua anod T omAn (B).

ZTAAN A 2ZTAAn B

a. A>0 1.H e&owon €xel uia Touhdxiotov Auon.

B. A =0 2.H eElowon €xel dUo dvioeg AUOELG. ﬂ“ﬂ
Y. A=0 38.H e&iowon €xel pia dImAA Adon.

0. A <0 4. Hetlowon dev €xel Auon.

Na xapaktnpioete TIq Tapakdtw MPoTAcelg ue (&), av eival owotég 1 ue (A), av
elvar AavBaouéveg.

a) Av pia e&lowon 2o0u Baduou €xel dlakpivouoa BeTIKN, TTe dev €xel AUon. [:]
B) Av uia e&lowon 2ou Babuou €xel dlakpivouoda BeTIKA 1] UNJEY, TATE Exel
i Touldxiotov Adon. [:]

y) H e&lowon 2x? + 4x — 6 = 0 €xel wg AUoelg Toug aplBuoug 1 kat =3,
OTIOTE TO TPIWVUUO 2X° + 4x — 6 ypdpeTal 2x° + 4x — 6 = (x — 1)(x + 3). D
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2.2 Eflowoelg deutépou Babpiou

Na Bpelte moleg amnod TG MAPAKATW eEICWOELS elval TIPOTINATEPO va AuBouv ue TN
BonBela Tou TUMOU

a) 2x2 = 7x B)3x2-2x+8=0 y)-2x2+50=0 O)bx*+x-4=0

[POTEINOMENEZ AZKHZEIZ — TPOBAHMATA

Na QEpETE TIQ EEIOWOELG TNG TIPWTNG OTHANG OTN Hop®N ax® + Bx + vy = 0 kat va
OUUTIANPWOETE TIG UTIOAOITIEG OTNAEG TOU TTivaka.

| Etiowon  Jax*+Bx+y=0[a | B [V
X(x=1) =-2
X +4=2(x+2)
(x—1)% = 2(x>-x)

Na AUoETe TIG €EICWOELG:

a)x*-x-2=0 B)4y> +3y-1=0 Y) 2w +w+6=0
8)222-3z2+1=0 g) 25t +10t—-1=0  or)4®-12x+9 =0
Q) 3x*+ 18x +27 =0 n x*-4x =5 0) x*-3x +7=0
Na AUoete TIg e€lowoelg: a) X2 —7x = 0 B) x>-16 =0

i) pe Tn BonBela Tou TUTOU i) YE avAAuoN Og YIVOUEVO TTAPAYOVIWY

Na AUoETe TIG EICWOELG:
Q) 3x-2(x—-1) =2x + 1 B) (y + 22+ (y—1)2 =52y + 3)
Y) Cw—3)?— (w—-2)? =2w? - 11 ) B8 -)—Bp + NP + 2) =1

Na AUoeTe TIG €EIOWOELG:

-1 x+3 y2 ey+1  y-2

%= -5 =x-¢2 Bl3-——2 =75 2

y) 0,52 — 0,4(t + 2) = 0,7(t - 2) 5) % (V3w - 7) = V3

Na mapayovToTIoIoeTe TA TPLWVUUAL:

a) X2 + 4x - 12 B) 3y>-8y + 5 Y) 2w? + 5w -3

8) x* — 16x + 64 £) 9y* + 12y + 4 ot) ~w? + 100 — 25

Av a, B mpayuatikol aplBuol pe a # 0, va anode(Eete GTL Ol TTAPAKATW €EICWOELQ
€xouv uia ToudxioTtov AUon
aQal-x+1-a=0 Blax+ (a+Bx+B=0

Aivetal n eElowon (a + y)x° — 2Bx + (@ —y) = 0, érou q, B, y elval Ta PAKn Twv
nAeupwv Tprywvou ABIT. Av n eElowon €xel pia dImAr Auon, va amnodeiEete OTL TO
Tplywvo ABI eival opBoywvio.
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>e ma BaBuhwvikn nndra (nepinov 1650 n.X.) Bpiokovue xapaypgvo Kai AVHEVO TO MAPAKATR
npSBanpa(*):

«Av and v enpdvela evog TEIpaydvou agalpéon tnv nisvpd tov, Ba Bpw 870. Na Bpebei n
nAgLPd TOL TEIPAYDOVOLS.

Tov ypagéa tng nAdkag Sev tov anacxoNoVos N YEWUEIPIKA §vvold tng noodintag, annd n
i81a n moodtnta, dnwg avti eKPPAzeTdal PE TOLVS CLYKEKPIREVOLS apiBuovg (I avté npocbétel
prikog pe emedvela).

Av xpnoiponolicovpe onpepivé ovpBoniopd kail vnoB€covpe 61t N NAELVPd TOL TEIPAYDVOL
efval x, 1éte n Avon tov npoBArduarog odnyei otn Avon tng efiowong x? — x = 870.

O BaBundviog ypagéag tng nAdrag pag npoteivel va AVCoLHE 1o npdBAnua avté akonovBaviag
1a napakde Bripara:

[1dpe 1o mod tov 1 nov eivar 1o % ® To 1 elval 0 OUVTEAEOTNG TOU X.
(O1 BaBuAwviot de xpnoluorolou-
1 1 1 oav apvntikoug aplopouq).

[ToAnannaciace 1o o HETO o, arotéNecpa Z

e (O BaBuAwviol yia va Bplokouy v
TETPAYWVIKY plla aplbuwy elxav
KaTaokeudoel TIiVakeg e Ta TeTpd-
YWVA TWV APLOUWDV.

1 1
[1p6oBeoe 10 4 ot 870 xa1 Ba Bpeig 870zo

1
To 8702, efvai 1o 1eTpdywvo 1oL 2975 -

e ‘Exavav mpdobeon, dtav otnv e&low-
on utmpexe agaipeon (.x. X2 — X)
Kal apaipeon, otav otnv e&lowon

kat Oa Bpeig 30. ummpxetl mpoabeon (T.x. X2 + x)

1 1
[1p6cBeoe oro 295 0 o (mov Bprikeg apxikd)

Avtn efval n mAgvpd TOL TEIPAYDOVOU.

® Na Nvoete tv e€fowon pe tn péBodo nmov pdbare onv evéinta AV KAl vad Th CLYKPIVETE
pe v npakukn pébodo pe v onoia énvvav o1 BaBuAdvior tig e§iodoeig 200 Babuod.

T1 naparnpeite;

® Axonovbavrag ta Brpara twv BaBuAwviov va Avoste kal to napakdio npdBAnpa mov

eivar xapayuévo omv idia nAdka. «Av omnv sm@dvela evog TEIPAy®dvoL Nnpocbéom tnv

. 3 . . N
nnevpd tov, Ba Bpw e [Toia efval n nAgvpd TOL TEIPAYDVOL;»

(*) Ano to Bi1Bnaio tov ©. E€apxdrov: Iloropia twv Mabnuarikév, Ta MabBnuarikd twv
BaBuawviov Kal tov Apxaiov Alyvntiov, tépog A, Abriva 1997.
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2. 3 NpoBAjuara eflowoewv deutépou Badpou

Me tn BonBela Twv e&lowoewyv 20U Babuou prnopouue va AUcoupe TIOAG poBAruata
™G Kabnuepvre pag cwng, Tng Okovouiag, Tng PUOIKNG K.T.A.

MpdpAnpa 1o

To euBaddv pa KoOAUPRNTIKAG Tioivag eivat 400 m2.
Na Bpeite TIg dlaoTtdoelg TNG, AV AUTEG €XOUV
dbpolopa 41 m.

hion

Av 1 uia dldotaon tng rioivag eivatl x, Tdte n AAn Ba eival 41 — x, apou 1o dBpoloud
Toug eival 41 m. Emeidn 1o eupadov g mioivag eivat 400 m?, €xoupe v eElowon
X(41 = x) = 400 M 41x — x2 = 400 n X2 —41x + 400 = 0.

>tnv e&lowon autm eivat a = 1, B = —41, y = 400, ondte n dlakpivouoa eival

A =p?>-4ay = (-41)>-4-1-400 = 1681 — 1600 = 81 > 0.

B=xVA M =VBl 419
2a 21 -2

Apa n e&lowon €xel dUo AUCELG, TIQ X =

onAadn elvatx =25 1 x = 16.
Avx =25 10Te 41 —x = 41 -25 = 16, eviy av x = 16, T0Te 41 —x = 41 — 16 = 25.
Enopévwg, kal oTig dUo mepInmtwoelg ol dlaotdoelg Tng mioivag eival 25 m kat 16 m.

MpopAnpa 2o

‘Evag olkovopoAdyoq UTtoAdYLoe OTL Jila Blotexvia poUxwv yla va KATAOKEUATEL X

noukduioa £odeuel 11—0x2 + 20x + 500 eupw. Av n Blotexvia Mouldel KAOE TOUKAL-

00 60 €, méoa nMoukAuLloa PEMEL va TIOUANoEeL, wote va kepdioel 3500 €;

Aion
Av n Blotexvia TIOUNACEL x TOUKAuloa, Ba elonpdéel 60x €, omdte Ba kepdioel

60x — (75X° + 20x + 500) €.

Emredr) 6éAoupe To k€PDOQ va eival 3500 € €xoupe TNV e&lowon

60X — (7% + 20x + 500) = 3500 1

60x — 11—O><2 - 20x - 500 = 3500

600x — x2 — 200x — 5000 = 35000
x2 —400x + 40000 =0
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Mépog A - KepdAalo 20

H diakpivouoa eival

A = B2 -4ay = (-400)2 -4 -1 - 40000 = 160000 — 160000 = 0.
, , . , Ly -8 400

Apa n e&lowon €xel pia dIMAN Adon, TV X = 5q = 5T - 200.

Emouévwg, yia va kepdioel 1) Blotexvia 3500 €, npénel va nmouAroetl 200 moukdAuLoa.

MpopAnua 3o

And €va akivnto agpdotato mnou Bpioketal oe UYPog h agpriveral va neoel €vag
0dkog pe Aupo yia va ehagpuvel. Tautdxpova, To agpdoTato apxifel va Kiveltal
Kataképupa mMpPog Ta avw pe otabepr) erutdyxuvon 0,5 m/sec? Tn OTyur} mou o
0dKOG PTAvEL OTO €3APOg, To agpdotato Bpioketal oe UPog 84 m. Na Bpebdel méoo
JIPKNCE N TITWON TOU TAKOU.

2nueiwon:
A6 Tn duotkn eivatl yvwoto Ot
* Av gva owua aprverar va neoel and Uyoc h m, 10te 6a @rdoel oto £€0aPoc o€

Xpovo t sec, driou h = %gtz‘ kar g = 10 m/sec? nepimnou.

e Av gva owua apxicel va Kiveltal ue ortabepn emrdyxuvon a, 10te o€ xpovo t 6a

dlavdoel didotnua s = %atf.

Nion
Av 1 TITWOoN Tou odkou dljpknoe t sec, TOTe OTO XPOVO
auto 0 0dKog dIrvuoe andoTaon

1 ,
h:§©?=%MW:5ﬁawwg=10m@%?

1

>Tov (10 xpdvo To agpdotato avéRnke katd UYPoq A T
' 1 1 .
h'= 5atf= 5 -05 =7, apov a = 0,5 m/sec”. h

Ermedn h + h' = 84, éxoupue v e&lowon 84 m
5t2 +—§}ﬁ:: 84 1 202 + 2 = 336 1| 21t = 336
h

ntt=16ondtet=4 n t=-4
Emedn 1o t maplotdvel xpovo, mpénett > 0, ondte

=

oupnepaivoupe OTL 1 dIAPKELA TNS TITWONG TOU CWHPATOG
nravt = 4 sec.
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2.3 MpopAjuata eElowoewyv 20u Baduou

[POTEINOMENEZ AXKHZEIZ — TPOBAHMATA

Na unoAoyioete 10 X 0g Kabeuld amnod TIQ MEPITTWOELC.

Na Bpeite évav Betikd aplBuod, TETOI0 WOTE:
a) To ulod Tou TETPAYWVOU Tou va elval (0o pe 1o dMAdoLd Tou.
B) To yivouevo Tou P’ €vav aplBuod, mou eival katd 2 JIKpATEPOG, va eival 24.
y) To dimAdolo Tou TeTpaywvou Tou, va efval katd 3 yeyaAutepo amoé To Tevia-
AdoLd Tou.

H xwpntikdtnta evog doxelou Aadlou eival 10 Aitpa. Av 1o doxelo €xel oxnua
opBoywviou TapalnAemnedou pe UPog 2,5 dm kal Bdon Tetpdywvo, va Bpeite To
UNKog TNQ MAeupdg TG Bdong Tou. (1 Altpo = 1dm?)

‘Eva okémnedo €xel oxnua opboywviou pe euBaddv 150 m?. Av 1o Prkog Tou efval
5 m peyaAutepo amd 1o TAATOG Tou, va Bpelte méoa YETPA CUPPATOTIAEYUA
xpelddovtal yia v nepippa&n tou.

Na Bpeite dUo dladoxikoug MePITTOUC akepaioug, mou To ABPOIoUA TWV TETPAYW-
VWV TOUug va eival 74.

a O kaBnynmg Twv Mabnuatikwyv TPATelvE OTOUG UABNTES TOU va AUCOUV OPIOUEVEG
QOKNOEIG Yla va eunedwoouy Tnv evotnta mou diddxtnkav. ‘Otav autol Tov pwIn-
oav oe Tola oeAida eival Ypauugveg ol aoKnoelg, autdg andvinoe: «Av avoiete
10 BIBAI0 0acg, 1o yIvouevo Twv aplBuwv Twv dUo avtIKpUoTWV OeAdwV UEoa OTIC
ornoleg elval yoauueves ol aoknoelg, eival 506». Mmopeite va Bpeilte oe Toleq
oelideq eival YpQuUUEVES Ol QOKNOEIC;

2T0 MPWTABANUA TTIOd0CPA(POU PIag XWPAG KABe oudda €dwaoe ue OAeG TIQ UTIO-
Aoireq ouddeg dUo aywveg (eviog kal ektog €0pacg). Av gylvav ouvolikd 240
QAYWVEG, TIOOEG NTAV Ol OUADEG TIOU CUUMETE(XAV OTO TIPWTABANUQ;

a ‘Eva tplywvo €xel mAeupeg 4 cm, 6 cm kal 8 cm. Av K&Be MAeupd Tou NTav Yeyaiu-

TePN Katd x cm, TOTe TO TPlywvo Ba rtav opboywvio. Na Bpelte Tov aplbuod x.
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102

Ot paBnTéQ ulag TédENg pwTnoav Tov Kabnyntr) Toug oo €TWV elval Kal Tola eivat
N NAkkia Twv madlwyv Tou. Ekeivog dev €xace Tnv eukaipia kat Toug nmpoBAnudrios
yla pia akéun gopd, apou Toug elre:

«Av moAAanAaoidoete v nAikia mou gixa nowv 5 xpovia, ue v nAikia rmou 6a Exw
UETA arto 5 xpovia Ba Boeite 1200. Ooov apopd ta duo raidid uou, autd eivar diduua
Kal av ToAAQrAQoIdoeTe 1 MOOOCBECETE TIC NAIKIEC TOUC BOIOKETE TOV (B10 apIOUO».
Mnopeite va Bpelte TNV nAkia Tou KABnynt Kat Twv Tadlwy Tou;

B E r

To unkog kdBe pUANOU evdc BIRBAlou elival peyaAlTtepo
and 1o MAATOC Tou Katd 6 cm. Av JIMAWOOUNE €va
QUMoO ABIA, €10l wote n mAeupd A va neoel mavw
otnv AA, Tote To euBaddv Tou PUANOU PelwveTal Katd

Ta % TOU apxlkou eupadou tou. Na Bpeite TIq dlaotd-

oelg k&Be puANou Tou BiBAlou.

©€Aoupe va Kataokeudooupe €va
KUKAIKO ouvTpIBdvt Kal yUpw and auto
va OTPWOoOUUE Pe BOToaA €va KUKAIKO
SakTUAL0 TIAGTOUC 3 M. Av 0 dAKTUAIOG
MPEMEL va €xel eUPadov TpImAdolo and
TO euPBaddv Tou KAAUTITEL TO CUVTEIL-
Bavi, va Bpelte TNV aktiva TOU OUVTPL-
Baviou.

A TV KATAOKEUN WA KAEIOTNG KUAIVOPIKAG deEauevne Kauoipwy ugoug 6 m,
xpeldomekav 2512 m? Aaupapivag. Na urnoAoyioete Tnv aktiva Tng BAong mg
deEauevna.

MapatnewvTag TNV MTwon evog CWPATOG, TIOU aPEBNKe A
va méoel amd v kopugpry K evdg oupavoEuotn,
dlariotwvoupe ot ota dUo TeAeutaia deutepdAemnTta

™mg kivnong tou divuce pla anootaon ME (on pe ta % n

Tou Ugoug Tou oupavo&uotn. Na Bpeite méco xpdvo
AINPKNOE N TTWON TOU OWUATOG KAl TTOLo NTav To UYPog
TOU oupavo&uot (g = 10 m/sec?).




2. J Khaopatikég e§10woeIg

A Mabaivw va fuvw kdaouatikés e£iowoels, nov petaoxn-
patiCovear oe e&lowoels npwrov 1 devtépou Babuou.

APAXTHPIOTHTA

1. Na AUoete v e&lowon % + % = %

2. Na Bpefte 10 E.KIL Twv X + 2, X, X2 + 2x Kal va AJoeTe Kal TV e&lowon
X 4 X+ 8

X + 2 X X4+ 2x

EmnaAnBevetal n eElowon amnd OAeg TIQ TIUES TOU X TIOU BPNKATE;
(N J

Ynidpyxouv npoBArjuata mou n enfluor) toug odnyel oe e&f-

- . . . X 4 _x+8
owan, TIoU TIEPLEXEL £vA TOUAAXIOTOV KAQOUQA PE AyvwoTo 7 * 2 = G
OTOV TIAPOVOUAOTH Kal 1 oroia ovouddeTal KAQOUATIKA
eElowon. X 4 4 _ x*8
xX+2 X X+ 2x

Ma va opiCovral ol POl JIag KAAOPATIKAG eElowong TPEmel OAOL Ol TIAPOVOUAOTES va
elvat didpopol Tou undevoc.

TIQ KAQOUATIKEG €ELIOWOELC TIG ETIAUOUNE OTIWG KAl TIG UTIOAOLTEG EELOWOELG TIOU £XOUV
TAPOVOUAOTH YVWOTS aplouod.

Ma mapddetyua, TPOKEIUEVOU va erAUoOUpE TNV eElcwon X 4 4 - x+8
. , X+ 2 X X2 4+ 2X
gpyadouacte we €ENG:
AvaAUoupE TOUG TTAPOVOUAOTES OE X L 4 _ x+8
YIVOUEVO TIPWTWV MAPAYOVTWV. X+2 X X(X+2)

MPoodloP{COUHE TIC TIHES TOU ayvd-| TTPEMELX # 0 Kkal x + 2 # 0
OTOU V1A TIC OTofec GAot ol tapovo- | ONAadn x # 0 kat x # -2
HaOTEG elval dldPopol Tou undevoc.
- == To EKIT twv mapovouaotwy eivat x(x+2) # 0
MoAManAaotdloupie Kai Ta dUo péAn | Kat n e&lowon ypdgertat:

™me e&lowong upe 10 E.KIT TV X 4

TIAPOVOUACTAV. x+2 X

X+ 8

X(X+2) X(XF2)

+ X(x+2) = X(X+2)
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X +4(x +2) =x+ 8
X+4x+8=x+81n x+3x=01
X(x + 3) =0, dpa x=0 1 x = -3.

Kdvoupue amaiolpr) mapovouacTwyv
Kal emiAUoupe tnv e&lowon Tou
TPOKUTITEL

AT TIQ AUcelg Tou Bpnkape, anop- | H Auon x = 0 amopplimnrteral, apou mpemnel
p(mtouue ekelveq mou dev Ikavo- | x # 0 Kal x # —2, omnoTte n e&lowon &€xel
moloUv Toug TEPLOPLoPOUG. povadikr Auon Tnv x = -3.

[APAAEITMATA - EOAPMOTE2

X 8 _ 1 1 2
x+1_Y_1 B) X—-2 X  xX-2x

Na AuBouv ol eElowoelg:  a)

Nvon
a) a va opiCovtal ot 6pol g e&lowong npenet x # 0 kat x # —1. To E.K.I1. Twv

napovouaotwy eival x(x + 1) # 0 kat n eElowon ypdpetal
X
X + 1

X(x + 1) - —x(x+1)-%:x(x+1)-1

-8+ 1) =xx+1) 1 x*-8-8=x>+x 1N -9x=28 XZ—g

©| 0o >

(Ikavortolel Toug Tieploplopouc). Apa n eElowon €xel Alon T X = —

B) AvaAUouue TOUG TIAPOVOUAOTES O YIVOUEVO TIPWTWY TIAPAYOVTIWY Kal N e&low-
, 1 12
on yivetal =5 -+ = S5 (1).

X
Ma va opiCovtatl ot 6pol NS eElowong mpénel x # 0 Kal x # 2.

To E.K.IM. Twv mapovopactwy eivat x(x — 2) # 0 kai n e&lowon (1) ypdpetal

]
X(X — 2))(1—2 — X(X — 2)7 = X(X — Z)ﬁ

X-(x-2)=2 1N x-x=2-2 1 0x=0.
Apa n eElowon €xel wg AUon orolodnnote aplBud, ektog and Toug aplbuoug 0 kat 2.

‘Evag papabwvodpouog dijvuce Tnv andotaon tTwv 42 km kat dev PMopece va
kePdIloel KATOLO PETANAD. ‘OTav e TOV MPOTIOVNTH TOU avéAuoav TNV TipooTddeld
Tou, dwarniotwoav T, av n peéon Taxutntd Tou fitav 1 km/h peyaAutepn, 6a Tepua-

1
TI(e o€ 70 ™S wpag vwpitepa kat Ba natpve To Xpuaod PeTdAALo. Mola Atav n péon

TaxutnTa pe tnVv onoia €Tpeke;

Nvon
Av 1 pEon TaxutnTa pe v orola €rpete itav x km/h, Téte Vv andotaon tTwv 42 km
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2.4 KAaouatikég eEl0WOELQ

) dINVUCE O€ XPOVO % wpeq. Av n taxutntd tou itav 1 km/h peyaAutepn, dnAadn)

. . 42, . o . .
(x + 1) km/h, téte Ba €kave < 7 WPEG. O xpdvocg autdg eival IkpdTEPOC amnd Tov

1

TEONYOUUEVO KATA T TNG WPAG, OTOTE EXOUNE TNV EE0WON % - 1

x+17 10

Ot épol Tne e&lowong opiCovral, apou x > 0.
MoManAaotdloupe kal Ta dUo uéAN g e&iowong pe 1o E.K.I1. Twv mapovouaotwy
nou eivat 10x(x + 1) # 0 kai n e&lowon (1) ypdpetat
42
10X + 1) + 2 = 10x(x + 1) - oo + 10k + 1) + 75
420(x + 1) = 420x + x(x+ 1) 17 420x + 420 = 420x + x>+ x | X2 +x—-420=0

H diakpivouoa eivat A = B2 —4ay = 12-4 -1 - (-420) = 1681 > 0.
B+ VA  —1xV1681 -1 =41

Apa 1 e&lowon €xel dUo AUCEIG, TIG X = 5q = 5.1 = 5

onhadn elvatx =20 1 x = -22.

Emeldn x > 0, n uéon taxUmra tou papabwvodpduou ritav 20 km/h.

2 éva NAEKTPIKO KUKAwUa dUo avtiotdrteg mou ouvdgovtal apdAAnAa €xouv
avtiotdoelg avtiotoxa 4Q kat 9Q peyalutepeg and Tnv OAIKN] Toug avtioTaan.
Na BpeBel n oAkr) avtioTaon Tou KUKAWUATOG.

Znueiwon: Ard t ®duoikn eivar yvwotd 0T, av dUO avTIoTATEG TTIOU EXOUV QVTIOTd-

oeic R,, R, ouvoeBouv nnapdAAnAa, tote n oAikrj Touc avrioraon R, diveral aro tov
A e

TUHOR_M_?7+R2' x+9)Q

Nvon
Av 1 oA\ikr| avtiotaon eival x Q, téte ol
OU0 avTIOTAOEIG TOU KUKAWUATOG Ba eival
x+4)Q kat (x+9) Q.
, o 11 |
ApOloXUSlx+4+x+9_x 0 N
Ot 6pot Qg e&lowong opiCovral, apou x > 0.
MoAAamAactaloupe kal Ta dUo péEAN g eElowong pe 1o E.K.I. Twv mapovouaoTtwy

rou efvat x(x + 4)(x + 9) # 0 kat n e&lowon (1) ypagetal

X A+ 9) e = (K A+ 9) -
XX+9) +Xxx+4) =X+HX+9 N X+ X+ +4dx=x2+4x+ X+ 360
2 =361 x==V36. Apax =6 NH x=—6.

AT TIg dUo AUoelg Tng e&lowong puovo n x = 6 elval Auon tou poRAruatog. Apa
N OAIKN avtiotaon Tou KukAwpatog eival 6 Q.

(X +4) Q

l
I
E

X(X + 4)(x + 9) -
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EPOTHIEIZ KATANOHXHX

n Na xapaktnploeTe TIC mapakdTw MEOTACELG he (2), av elval owoTeég, i ue () av
elvar AavBaopuévecg.

4
a) Ot 6pol Tng e&lowong 1 T x= 8 opiCovtal av x # 0 kat x # 1. [:]
B) O apiBuodg 0 eivatl Auon tTng e&lowong )(1? + é = 2. [:]
, . , 5 3

Y) Av anaAe(oupe TOUG TIAPOVOPAOTES TNG e&lowong % + e = 2,

ToTe aut ypdgetal 5x + 3 = 2. [:]

3

d) O1 épol TN eElowong 217 =X opiCovtal yla KABe mpayuatikod

aplBud x kat o aplBude 0 givat Adon tng. ()

Av dlalp€ooupe evav aplBud x ue Tov aplbuod mou sival katd 2 povadeg peyaiute-

pog PBpiokoupe % . Molwa amné 1g napakdtw e&l0WOELG ekPPEAlEL TNV TAPATIAVW

npdtaon;

S BLE it BT L L P
H e&lowon iff + i i ? = 6 €xel wg AUon Tov aplBud

a) x =1 B) x = -1 Y) x=0 d) x=2

‘Evag pabnmg yia va Adoel v e&lowon 2XX__ 11 = xi 3

VootV kal AUvovtag Tnv eEfowon 2x — 1 = 1 1ou mpogkuYe, BPrKe wg AUon Tov
apBuoé x = 1. H andvnor tou eival owotn;

, €Kave aralolpr) mapo-

[POTEINOMENE2 AXKH2EIZ — IPOBAHMATA

Na AUoeTe TIq eElowaoelc:

2 A 7 A Ao +1 9
DT 7 B 55 =3 ) o5 “w-2

7 3 2 ox +1 7 5  6-y
D sa*T0-"a ® %3 2 3x O'-y3~3y
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Na AUoETe TIG €EICWOELG:

2.4 KAaouatikég eEl0WOELQ

4 3 5 7 3 6
D e T By ty—7 =2 T
4 3 6  x+2 x+1 y—1 2  y+3
O w2r a2 'V ¥y x xx3 %V Ty TyIT vy
Na AUoeTe TIG €EICWOELG:
x+5 3 y + 1 1
9 %-25 x5 oy Ty 7
) w+5 w+5 1 5) 1 +a—1_ a
Y e w-1 a? - 2a a a-2
Na AUoeTe TIG €EIOWOELG:
1 1 2w? 4
0)1_7_ y2—y =0 B o+ 2w Tw+ 2
1 2x — 1 3a a+4
Y) XX—4x+4  x2-4 &) 1 = c—2 a®-3a + 2
Na AUoETe TIG €EICWOELG:
x 4 1 2 _ x-86
X X
B Na AUoete Toug TUTouC:
_m Vv B)Eza—BYo) mpog R
Q) p = y; WG MPOG 2 WS TPOS
Y) R = p §wgTpog S 5) 1 = 22 o mpog T,
S T, 11>
8)1—i+1— og R O'f)g_l-i-— oG a
R R szqﬂpq B a y @S TPog
1 —_ 2 —
C)U—g—82+—2qupoqua n) S = gy @G MPOG A

7

a) Na Bpeite dUo avtiotpoPoug aplBuouq TIou €xouv dbpoloua

3

B) Motov aplBuod mperel va MPooHEcoUPE OTOUG OPOUG TOU KAAOUATOQ = yla va

Bpoupe Tov aplBuod %
3

Y) Na Bpeite duo diadoxikoug dPTIoug pUOIKoUS aplBuoug Ttou €xouv AGYo
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a TagEoda evog yeuuatog frav 84 €. Meta&u twv
aTopwV TIou yeupdtioav nrav kal 3 madid,
ondte ot undAolmol eVANKES OCUUPWVNoQy,
TMPOKEIUEVOU va KaAUyouv Tta €Eoda Twv
nadlwy, va ANpwoeL kabevag 9 € mapandvw
and autd mou €npene va nAnpwoel. MNéoa nrav
Ta dtoua 1ou yeuudtioay;

a O Jlaxelplotng Mlag ToAukatolkiag ayopaoce
MUPOORECTNPESG YIA TNV MUPACPAAEIQ TOU KTlp{ou
Kal €dwaoe 240 €. Mplv amnod Alya xpovia, TIou 1 TN
K&Be nupooBeotrpa NTav 4 € UIKPAOTEEN, Ue Ta (dla
xpnuara 6a ayopadle 2 mMupooReoTrPeG TIEPIOOOTE-
pouc. Na Bpeite méooug TUPOORECTPES AYOPACE.

Avapetyvdoupe 12 gr evog dlaAupatog A pe 15 gr evog dlahduatog B kat oxnua-
TiCoupe 25 cm? evdg dlaAupartog M. Na Bpebel n nmukvoTnTa Tou dlaAUuatog A, av
n nukvotnTa Tou dlaAuuartog B eival 0,2 gr/cm?® pikpdtepn.

Ot untdA\nAol ulag Blotexviag énpere va ouokeudoouv 120 mpoidvta piag napay-
veAlag. Amouciaoav Ouwg 2 unmdAAnAol, omdte kaBevag amd Toug UTIOAOLTTOUQ
UTTAAAAAOUG UTIOXPEWBNKE VA OUCKEUAOEL 3 TIPOIOVTA TTAPATIAVW Yia va KAAUPBE(
n napayyeAia. Na Bpeite mdool eival ol utdAAnAoL Tng Blotexviag av kabévag amnd
autouqg ouokeudlel Tov (B1o aptBuod TPoIOVTWV.

Ot @ihabAol pag opddag Tagdevovtag e eva
noUAuav Enpere va dlavioouv Jia anootaon
210 km yia va douv Tnv ayamnuévn Toug opada.
YroAdyiav va pTAcouV OTOV TIPOOPIOPO TOUG
hIo") wpa eV arnd v €vapgn Tou aywva.
O 0dNnYo6q dUWS, Aoyw oAoBnpdTNTAg Tou dPO-
hou, pelwoe T péon taxummra katd 10 km/h kat
€10l €éPpTacav oto YNMedo akPIBWS TV wEA TouU
dpxiCe o aywvag. Na Bpelte Tn pgon taxumrta
e v omoia dirvuoay TeAKA TN andotaan.
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2.4 KAAoUQTIKEG €ELCWOELQ

Ieo¢ pumopolue va xwpicovps va svBVypauupo tunpa o Vo dvioa pHEpn, €101 WOTE TO
anorénsoua rnov Ba npoKVYEl and aviov Tov XwpIouo va Snuiovpyel pia aioBnon apuoviag;

H karaokevn tov Svo Slazoudiov oro Bgaipo tng Eméavpouv (tédog tov 4ov aiowva n.X.)
Seixvel nag glvoav to npoBAnua avio or apxaiol ‘EAdnves. Ta okadid tov Bedipov €xovv
xwplotel o SV0 dvioa pgpn e TETOI10 TPOIIo, oL TO aloONTIKG anotéNeoua eival evXdpIoTo OTo
udri. I'la va karandBere e rmoiov Iporo 1o nErvxXav:

a) Ynodoyiote 1ovg AOYoUS TwV OKANIdV 34+21 Kal ﬁ
34 21
Ti naparnpeite;
O xwploudg Exel yivel Je Tuxaio IpOMo;
To npoBAnua avro Siarvnadverar wg e§Ng:
«Na xwpiotel Eva evBvypaupo tuipa AB = A oe 8o dvioa ugpn AT kai TB, dote o AGyog
ONCKANPOUL MPog T0 UEYANVTEPO UEPOS va eival 100§ e TO AOYO TOU UEYANUTEPOV MPOS TO
LIIGAOITO TUAUA».

B8) Na &eifere o1 n Avon tov npoBAnparog¢ avroU avdyeralr Otnv €miALON TNG KAACUATIKAG

e€iowong A X (1).
X - X

v) Na Avoete tnv kAaouarnki e§iowon (1) Kal va vroAoyiosre 1o X w§ ovvdprnon touv A.

6) Na anobeietre ot o AOyog @ = A sival foog pus @ = @ ~ 1,618...
X

O apiBucs 1,618... ovoudzerar AGyO§ INS XPUOINE
roung kai ovuBodizeral S1eOvdS e o ypduua @ npog
uun rov yaAvmmn Peibia. O1 apxaior ‘EAdnves eixav
S1amotdoel Ot1, oL EUPAvIZeTal 0 AGYo§ IS XpLONS
roung, Snulovpyeitar pia aicbnon apuoviag.

To opBoyavio tov oroiov o1 51a0TdCEIS EXOLV ACYO @,
Agyeral «xpvoo opBoywvio» Kal To ocuvavidue ovxvd
OTNV ApXITEKTOVIKA KAl Th ZwyYPAaPIKA.

Xapakinpioriko napdSeryua amnoteder o IlapBevavag,

o1 51a0TdOEIS TOL OMIOIOL EXOLV NAOYO % =
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2.5 AvioétnTeG - AVIOWOEIG pE évav dyvwoTo

Buuapar nws opifetar n d1Gragn petagv npaypatikey aplopuv.
Mabaivw va anodeikvuw Kal va Xpnaiponolw ts 1010tnces
ns o1atagns.

A Buuduar nus dvvovear or avigwaers npwrov Babuou pe évav
ayvworo.

AN

Aldragn npaypatikov aplbuwv

MvwplCoupe OTL KABE MPAYUATIKOG AplBUOS TTapLoTAvETAL Pe Eva onuelo evog dgova.
Av otov dEova €xoupe dUO OTIOIOUCdNTOTE TIPAYMATIKOUG aplBuoug, TOTe HeYaAUTEPOQ

elval ekeivog mou Bploketal dekldtepa m.x. —2 > —4, -3 <2, m> V2.
Vo mn
X’ 4 3 2 -1 0 1 2 3 4 5 X

AU0 1 Tieploodtepol Ttpaypatikol aplBuol ou €xouv napaotabel e onueia evog dtova
elval dlatetayuévol, orndte UnopoUue va TOUC CUYKPIVOUE.

Emouévag:

® KdBe BeTIKOG aplBudg elval peyaAutepog and 10 undev.

e KdBe apvntikég aptBuodg eival uikpdtepog amnd 1o undev.

e KdBe BeTIkOg aplBudg eival peyaAutepog and kAbe apvnTikd aplOuo.

Mg duwg Ba ouykpivouue dUO OTIOIOUCONTIOTE TIPAYHATIKOUG aplBpoUs ou dev €XOuV
napaotabel ue onuela evog dtova;

Av Tidpoupe dUo aplBuoug. T.X. Toug 5 kal 3, yia Toug oroioug loxuel 5 > 3, mapatn-
poupe OTL €xouv dlapopd évav BeTIKO aplBud, apou 5 -3 = 2 > 0.

Opolwg, ol apBuoi -2 kat —4, yla Toug onoloug loxuel —2 > —4, mapatnPouue 0Tt €XouvV
dlapopd gvav BeTikd aplBud, apou (-2) — (-4) = -2+ 4 =2 > 0.

AvtiBeta, ol aptBuol 3 kat 5 1 —4 kat —2, yla Toug oroioug oxlel 3 < 5 kal -4 < -2,
napatnpouue Ot £Xouv dlapopd gvav apvnTikd aplBud, apou 3 -5 = -2 < 0 kal
(-4) - (-2) = -4 + 2 = -2 < 0. levika 1oxUVeL:

Ava>pB tea-f >0 YOl Ava<pB t6tea-B<0

Ma va ouykpivoupe Aoty dUo mpayuatikole apie- © Ava-pB >0 tétea > p

houg a kal B, Tou dev €xouv napactabel pe onuela
evog dova, Bpiokoupe TN dlagopd Toug a — B Kal
eEetdloupe av elval BeTIKA 1) APVNTIKY 1) UNJEV. ®* Ava-B=0 totea =

®* Ava-B<0 dtea< B
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2.5 Aviodtnteg — AVIOWOELG e Evav AyVWwaoTo

B 1516tntec e didragne

APAXTHPIOTHTA

Agou dlatd&ete Toug aplBuoug 0, 8, -2, 4, -5, ToTE:
1. Na datd&ete kal Toug aplOuous Tou MPOKUMTOoUY, av o KaBévav arnd Touc Tapa-
navw aplBuouq mpooBeoeTe Tov aplBud 3
2. Na diatd&ete Kal Toug aptBuoUg TIoU TIPOKUTITOUY, av
i) apaip€oete Tov aplBuo 3
ii) TIOAAMAQOCIACETE e TOV aplOud 2
iii) TTOA\amAQoIAoETE Ue ToV aploud —2
Je 1ola anod TIC MEOoNYOUEVES TTEQITTTWOEIC N POoPdA TWV AvVICOTHTWY dlatneelral kat oe
[ola aAAAgeL,

J

O oploudg TNC dIATAENG UETAEU TIPAYHATIKWOV aplBu®y Xpnolyomnoleral kal yia v
anodelen Twv WIoTTwyv NS didragng. Ot 1dldTeg auTEg elval:

a) Av kat ota dUo HEAN HIag aviadtnTag PooBE00ULE 1) APAPETOUE TOV (Blo apLlBuod,
TdTE poKUTTEL aviodTnTa Ke TV (dla popd.
Mx. elvat 8 > 4, onétre 8 + 3 > 4 + 3 kal 8 — 3 > 4 — 3. [evikd loxUeL:

Ava>B Otea+y>B+ykaa-y>p-y
Anddercn

e [a va ouykpivoupe Toug aplbuolg a + v kat B + v, Bplokouue TN dlagpopd Toug Kal
eEetdloupe av eival BeTikn 1) apvnTikn 1) undev. ETol €xoupe:
a@+Vy)-B+Yy)=a+y-B-y=a-B. Eivalduwga > B, onéte a - B > 0.
AnAadn n dlagopd (a + y) — (B + y) elval Betikdg apBudg, ondte a + v > B + .

® Me avdAoyo TPOTo anodelkvUouue Kala —y > B —.

B) Av moAAanAacldooupe i dlaip€oouple kat Ta dUo pEAN plag aviodtnTag e Tov dlo
BeTIKO aplBud, TOTE TMPOKUMTEL AviodTNTA He TNV (dla gopd.

M.x. elvat 8 > 4, onére 8 - 2 > 4 - 2 kal g > % Cevika 1oxUeL:
. a ¢]
Ava > f kat y > 0 t0Tte ay > By Kat T>T

Andoerén

e [a va ouykpivoupe Toug aplbuoug ay kal By, Bplokouue TN dlapopd Toug Kal eEETA-
Coupue av eival BeTikn 1) apvnTikA 1 undev. ‘Etol €xoupe ay — By = y(a-B) (1).
Eivat dpwg y > 0 kata — B > 0, apou a > B. Apa ol aplOuol y kat a — B eival BeTiko,
OTIOTE €XOUV YIVOUEVO BeTIKO, dnAadr) y(a — B) > 0. Anté v 1oomta (1) €xoupe OTL N
dlapopd ay — By eival Betikdg apBuodg, ondte ay > Py.

e Me avdhoyo Tpdmo anodeikvioupe kat & > B
Y Y
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Y) Av moA\amnAactdoouple 1} dlalpgéooupe Kal Ta dUo HEAN Ulag aviodtntag e Tov (dlo
apvntikd aplbud, Téte MPOoKUTTEL AVIoOTNTA Ue avtiBetn gopd.

M.x. efvat 8 > 4, ondte 8 - (-2) < 4 - (-2) Kat 8 < _‘21 evikd arnodeikvuetal Otl:

Ava > B kat y <0 téte ay < By kat

0) AvmipoaBéooupe Katd UEAN dUO 1) IEPLOCOTEPEG AVIOOTNTEG TTOU €XOUV TNV (dla pop4q,
TéTE TPOKUTITEL AVIoOTNTA [Ee TNV (dla popd.
My elval3 >2kat7 > 4, ondte 3 + 7 > 2 + 4. l'evikd anodeikvueral OtL:

Ava>B kat y>9d 10te a+y>pB+3d

A6 TIQ ponyouueveg 1IBIOTNTEG TIPOKUTITEL KAl N METABATIKY WBdTNnTA:

Ava>B kat B>y 10Te a >y

Mx. elvat 3 > 1 kat 1 > -2,5 omndére 3 > -2,5.

e) Av moANanAaoldooupe Katd EAN SUo N MeEPLOCOTEPESG AVIOOTNTEG TTOU €XOUV TNV (dla
@opd Kal BeTIKA PENN, TOTE MPOKUTTTEL AvIoOTNTA UE TNV Bla popd.
My elvat3>2>0kat7 >4 >0, 0ondte 37 > 2 - 4. evikd loxUel:

Av a, B, Y, d BeTiKoi mpaypaTikoi apiBpoi pe a > B katy > d téte ay > Bd

Anddercn
Eivat a > B katy > 0, ondte olppwva pe Tnv 1domra (B) €xouue ay > By (1)
Elvat y > d kat B > 0, ondte yla Tov (dlo Adyo €xouue By > RO (2)
Ano TIc aviodtnreg (1), (2) kat oUuewva Pe N JeTaBatikn 1ddnTa €xoupe ay > BO.
Mapatnpnoelq:
1) YrnevBupiCoupe 611 TO TeETPAYWVO KABe Tipayuatikou aptBuou a eival un apvnTikog
aplBuog, dnAadr loxUel
Eropévwg:
Av yla Toug rpaypatikoug aplBpoug a, B loxvel a2 + B2 =0, 1éte a=0kat B = 0.

2) Aev emuTpEMNETAl Va apaipoupe 1y va dlaipoupe aviodtnTeg Katd PEAN, yiatl eival duvatd
va 0dnynBouue oe AavBaoPEVO CUUTEQACUA.

, TO0TE

. . , . L . 6 >4
MNpdyuatt, av apapeooUpEe 1 dAIPECOUPE KATA JEAN TIC AVIOOTNTEG {

KaTaAryoupe oTig aviodtteg 3 > 3 11 2 > 4, tou dev 1oXUOoUV.
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Aviowaoelg pwTou Babuou W evav ayvwaTo

B0 TEQ TNG dlATAENG XPNOolUoToloUvTal KAl Yia TNV eTAUCT aVICWOEWV.

. L , , 3X + 1 3 ,
[a napadelyua, av BEAoupe va ermAlooupe v aviowon x — —% — > 7 Tou evau

MPWTou Babuou pe évav ayvwoto, epyalopacte wg eENG:

MoAAamAaolaloupe kal Ta dUO PEAN NG

aviowong pe 1o E.K.M. Twv mapovouaotwy. “« 3x + 1 - 3
(510 Mapddetypa gxoupe E.KM. = 4 > 0, 2 4
omdte n @opd Tng aviowong dev aAAdlel,
1dotnta P).

a f) 4-x-4- 3X+1>4-i
ATtaAe{poupe TOUG TTAPOVOUAOTEG. J Ax—203x + 1) > 3
Kdvoupe Tic mpdEelc kal Byaloupue TIq nqpsveéoan Ix—Bx—2 > 3

Ak —0bx > 3+ 2

Xwpioupe yvwotoug and ayvwoTtouq (MPoobETo-
VTaC Kat ota dUo péAn Tov d1o aplBud, didtnra q) J

-2x > 5
Kdvoupe avaywyr) opoiwv 6pwv. J
— —2X 5
2 < 2

Alaipoupe Kal Ta dUo AN TNS aviowong Ue Tov
OUVTEAEOTT] TOU AyVWOTOU. (2TO MAPAdELYUA O
ouvteAeotng efval —2 < 0 kat yI' autd aAAAlel X < — k2
N eopd TG aviowong, 1oIdTNTA ). 2

[APAAEITMATA — EOAPMOTEZ

Moleg 1310TNTEQ TNG JLATAENG TIPEMEL VA EPAPPOCOUUE OTNV aviodtnta a > 4 yla
va anodei&oupe TIq MAPAKATW AVIOOTNTEG;
a) -3a + 2 < -10 m%§—1>4 Y) 2(a + 2) < -12

Nvon
Q) a>4 (moAamnAactaloupe kal Ta dUo PEAN TNS avioontag ue —3)
-3a < -12 (MpooBETouue Kal ota dUo PEAN TNG aviodTNTag TO 2)
-3a+2<-12+2
-3a + 2 < -10
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B) a>4 (moManAactdloupe Kat Ta dUo PEAN TNG aviodTNTag Je %)
S ., S .,
7 a>7 4
%’> 5 (apatpoupe kal ard ta dUo PEAN NG aviowong 1o 1)
5a . 5a
T—1 > 5-1, onodte T_1 > 4
Y) a >4 (MpooBEToupe Kal ota dUo PEAN TNG aviowong To 2)
a+2>4+2
a+2>6 (moAamAaotdloupe Kat Ta dUo PEAN TNG aviowong Je To —2)
2@ +2)<-2-6
—2(a +2) < 12
Na Tig daotdoelg a, B evdg opboywviou LloxUouv
4=0=6 K 25 =pB=45. B
Moteq TIHEG uropel va ndapel
Q) n nepipeTpog Tou opBoywviou; B) To euRadOv Tou opBoywviou; a
Nvon
a) H nepiperpog tou opboywviou eival I = 2a + 2B. NMoAAanAacldloupe Ta UEAN
4=0=6 8§=2a=12

TWV QVIOOTHTWV { e TO 2, OTIOTE EXOUNE {

25=B=45 5=28=9
MpoobgToupe KATA UEAN TIQ TEAeUTAlEQ AVIOATNTES KAl EXOUE
8+5=20+2=12+9 4 183=2a+28=21 | 13 =1 =21.
Apa ol TIEG Tou unopel va mdpet 1 epluetpog tou opboywviou eivat and 13
ewa Kat 21.

4=0=6
25=B=45
g€xouv TNV dla popd kal BeTikd PeEAN, omndte MoAAanAacidlovtac Katd PeEAn
gxoupe 4-25=aB=6-451M 10=af=27 1 10=E =27
Apa ol TIUES Tou urtopel va Tidpel To euBaddv Tou opboywviou eival and 10 Ewg
Kat 27.

B) To eupaddv Tou opBoywviou eival E = aB. Ot aviodmteq {

"a omolouodnmoTe MPayuaTikolg aptbuoug x, v, va arodetxtel dtL LoxUel
X2 + y2 = 2xy. [dte woxvel n lodTNTQ;

Nvon
Ma va anodelEoupe OTL X° + y? = 2xy, apkel va anodei&oupe 6Tt n dlapopd Toug
elval peyaAutepn 1 (on Tou undevog, dnAadn x? + y?—2xy =01 (x —y)? = 0.
H teAeutaia oxeon eival aAndng, agou To TETPAYWVO KABe aplBuou eival un
aPVNTIKOC aplOudg.
H 1o6tnta 1oxvel étav (x —y)? = 0, ondte x —y = 0 dnAadn x = .
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O1 paBNTéQ ag TAENG MPOKEUEVOU va TIAVE ULa EKOPON) {ATnoav mpoo@opd and

duo mpaktopeia.

— To npwto npaktopeio {Tnoe 15 eupw yla KABe LaBNTY Kal EPOCOV Ol LaBNTEG
ntav navw and 25, téte 0To OUVOAIKS Tood Ba €kave Ekmtwon 10%.

— To deutepo npakTopeio {Tnoe 12 eupw yla KABe padnt kat 45 eupw yia Ta
dlapopa €€0da (d1odla, vaula QepLUMOT K.T.A.).

Av Ol HaBNTEG TIOU CUMUETEXOUV OTNV ekdpoun eival eploagdtepol and 25, 1oLo

PaKTopeio €kave TNV KAAUTEPN MPOCPOPJ;

Nvon

YroB€toupe OTL Ol HABNTEG TOU TEAIKA CUUUETEXOUV OTnV ekdpopn| elval x, orou
X > 25, 10 3
2T0 MPWTO MPAKTOPE(O TPETEL VA TTANPWDOOUY 15X — 557 15X = 15X — X EUPW,

ev) 01O OeUTEPO MPAKTOPE(O TPEMEL va MANPWoouV 12x + 45 eupw.
Ma va eival kaAUtepn n mPoopopd ToU TPWTOU TTPAKTope{ou, TIPETEL va loXUEl

15x—%x< 12X + 45 11 30x—3x—-24x <90 11 3x <90 1 x < 30.

Enopévwg av ot pabntég eival meploodtepol and 25 kat Atydtepot and 30, Tote TNV
KQAUTEPN TIPOOPOPA €kave TO TIPWTO TTPAKTOPE(O, v av Ol HabNnTEQ elval meplo-
odtepol and 30, TNV KaAUTePN MPOOoPoPd €kave To deUTePO MPAKTOPE(O.

Av ol pabntéq eival 30, TéTe ol TIPOOPOPES Twv dUO MpakTopeiwv eival (dleg.

EPOTHZEIX KATANOH2ZHX

Na xapaktnploete TIq Mapakdtw MPotdcel ue (&), av eival owoteg 1 he (A), av
elvar AavBaopuéveg.

a)Ava < 6, 16te a—-6 < 0.

B) Ava > B, tote —a < -B.

y) Ava < 0, téte —a > 0.

0) Av -3x > —12, T6TE X > 4.

g) Av ﬁ>% TOTE X > .
ot) Avx > 0, T0te X + 5> 0.

) Ava > 6 kal B > -4, 161 a + B > 2.
n) Avx > 2kaly > 3, 1dte Xy > 6.

Na cupmAnpwoete Ta kevd W' éva and Ta oUPBoAa >, <, =, =, (OOTE va TIPOKUYPOoUV

aAnbelg mpotdoelc.
a)Ava > 3, tétea-3...0 B) Ava < BkatB <y, tétea...y
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Y) Ava > 0 kat B < 0, téte a. ..o 0) Avy < Okatay = By, téte a ... B

B

g) Ava # 0, 6te @®... 0 otf)Ava=0katB=0,16tea+B..0

Moleg 1010TNTEG TG dIATAENG xENolhoTiolouhe, wote and TNV aviowon 3x —1111 <7
va ypayoupe 3x < 7 + 4 Kkat ano v aviowon 3x < 11 va ypayoupe x < 37

Me roleg 1d10TnTeg TG ddTagng anod v aviootnta X > 3 TIPOKUTTTOUV Ol TTAPAKATW
aviodTNTEC;
aQx+4>7 B) x-2>1 Y) 5x > 15 d) 6x < -18

Av a > 12 kat B > 3, téte moleg anod TIC MAPAKATW AVICATNTEG TIPOKUTTTOUV ard TIQ
1OL1oMTEC NG AIATAENG;
aa+p>15 B)a-B>9 Y) a > 36 6)%>4

‘Evag pabnmg yvwplilel 6t yia va sivat E = % apkel va oxvel ad = By. Baollo-
EVOG 0 QUTO OKEPTNKE OTL yIa va oXUEL B > % apkel va anodeitel 6t ad > By.

H okeéyn mou €kave eival owoTn;

[POTEINOMENEZ AZKH2EIZ — IPOBAHMATA

b2 [

8 8 6 8 8
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Av loxuel 3(a — B) > 2(a + B), téte va amodelEete oL a > 5B.

Moleg 1010TNTES TG JIATAENG MPEMEL VA ePAPUOOOUE OTNV AviodTNTa X > — 6 yIld
va arnodelEoupue TIG MAPAKATW AVIOOTNTEG;
a) -5x - 30 < 0 B)3x + 18 > 0 Y) 2(x + 4) > -4

Av 2 < a < 6, va Bpeite ueta&u molwv aplbuwy Bpiokovral ol aptBuol
aa-2 B) 2a-5 y) 1-3a

Av a < B, Téte va anodeiete Ot

W)5a-3<58-3 By -2a+4>-28+4 ya< PP

5 9 —5 <8

Av1l < x < 3kal2 <y <5, vaanodelEete OTL:
a3 <x+y<38 B) 4 <2x+y<11 Y) 4 <x-y<1

Av x > 2 kaly > 3, T0Te va anode(&ete OTL:
Q) xy > 6 B) x-2)(y-3) >0 Y) (X +2)y > 12

Av qa, B Betikol aplBuol pe a > B, 1éte va anodeiEete o1l a? > (2.
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2.5 Aviodtnteg — AVIOWOELG e Evav AyVWaoTo

Na amodeiEete Ol

a)Ava > 1, 1tea®>a B) Avx > 2, 1d1e X3 > 2%2
. . . o1 1

Av a > B kal a, B opgoonuol, Tote va arnodeitete Ot q = B

Av x > 3 Kaly < 2, TOTe va anode(Eete OTL:

a x-3)(y-2) <0 B) xy + 6 < 2x + 3y

a oroloucdnmoTe Mpayuatikols aplbuoug x, y, va arnodeiete Otl:
a) x* + 1 =2x B) (x + y)? = 4xy Y) X2 +y2+1=2y
>e KdBe nepimtwon va Bpeite note 1oxUel N 10dTNTA.

Na amodelete Ot
G)AVX>O,T(I)T8X+%Z2 B) AVX<O,T(§T8X+%S—2

Na Bpeite To PUOIKO aplBo Tou eival PeTa&y Twv apBuwy 114 kat 135 kat o ormoiog,
otav dlalpebel pe To 15, divel untdAolro 6.

H tiury evog nmavreAoviou kupaivetat anod 30 €wg 35 € kat piag prAoulag amno 22 €wg
25 €. Av karolog BAel v ayopdoel 2 TtavteAovia Kal 3 UmAouleg, TOTe PETAEU TTOlWV
Moowv Ba Kupaivovtal Ta XPrUaTa Tou TEEMEL VA TIANPWOEL,

M’ éva TouApav Tagdevouy 51 droua (o 0dnyog Kat
50 emBdreg). Av T0 BApog k&Be atduou Kupaiveral
LeTaEU 60 kg kat 100 kg, ol armookeugg KABe emBa-
™ CuyiCouv amod 4 kg €wg kat 15 kg kat To mouAuav
exel anopapo 13,25 t, TOTE va EKTIUNOETE TO CUVOAIL-
KO BApog tou moUAuav. Eivatl duvatdv to mouAuav
va dlaoxioel pla yepupa enapxlakoy dpOuUOouU Tou TO
avwtato emntpenoduevo Bdpog diEAeuong eivarl 20 t;

Na AUOETE TIG AVIOWOELG:

Q) 11 -3x < 7x + 1 B)2x -9 >5x + 6 Y) 4(3x — 5) > 3(4x + 5)
3-4x 3x 6 — X 2X + 1 3 —2x 1 2 X + 4
6)?—E>T 8) 6 X< 3 0T)1—§(X+§)<T
Na Bpeite TIQ KovEQ AUCEIG TWV AVIOWOEWV:
7x—1 <8 + 6x 4x + 3 <9 + 5% 2x+5<§+2
Q) B) Y) 1 1
3x-2 > x— 10 1-x<2x+7 %+1>x+§
N 6 DETIKG aKE 0LG X & X <ﬂ X+ 1 >£
a Bpelte Betikd akEPALo apBPO X, WOoTe =7 <20 KU 5> 70
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[ENIKEYX AZKHXEIYX 2o0u KEOAAAIOY .
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Av a # 3, va AUoeTe TIC eElOWOELG:

Q) (x + o) - (x + B)? = B? - B) 5 -
r

210 dimAavo oxnua Ta tpiywva ABIC

kal BI'A eival opboywvia. Na Bpelte X+ 1

TIC TIMEG TWV X, Y. A

x B

To ywvouevo OUO BeTikwy OladoxIkwy akepaiwv aplBuwy, av diaipebel pe T0
dBpotoud toug, divel mnAiko 7 kat uttdAolrto 23. Na Bpeite Toug apiBuouc.

Na AUoete TIQ eElowoelg, Yia TIQ dAPopeG TIHEG Tou a # 0.
X_ 2x 2 3a N 1 ~ 6x
VD5%-a "x+a_ e-& B) XX—ax X+ ax  x2-c?

Av pia Adon g e&lowone X2 + (A=5)x + A = 0 eivat 0 apiBuodg 1, va Bpeite Tnv AAn Adon.

Aivetal To moAuwvupo P(x) = x® + 3x> — 13x — 15. Na Auoete Tnv eElowon P(x) = 0,
av eival yvwotd 611 1o X — 3 elval mapdyovtag Tou IoAuwvUpou P(x).

Na Bpelte dUo dladoxkoug akepalous aplBuoug, TETOIOUG WOTE TO ABPOIoUA TWV
QVTIOTPOPWV TOUG AQUENUEVO KATA TOV QVTIOTPOPO TOU YIVOUEVOU TOUG va efval (oo e 1.

Na Bpelte TIq dlaotdoelg evog OIKOTIEDOU OXNHAToC opboywviou, av eival yvwotd
OTlL Ol TAEUPEG TOU dlAPEPOUV KATA 2 m Kal To euBaddv Tou olkomnedou eival 399 m2.

-
Afvetat 0pBoydvio Tpfywvo ABI (A = 90°) 3
Kal To UPog tou AA. Av eival AA = X, a
BA = 2x + 9 ka1 ['A = 3, va umohoyioete 49
TOoV aplBuo x. X
A B

Na ouykpivete Toug aptBuoug (1 + a)(1 + B) kat 1 + a + B.

a) Na arnodefEete o1t (@ —B)2 + B-Y)? + (Y- )2 = 2(0® + B + y?>— aB - By — va).
B) Av yla Toug Tipaypatikoug apBpoug a, B, y loxuel a? + B2 + y2 = aB + By + ya,
va arnodelete dtia = B = .



8

1

8 8 8 @

Mépog A - KepdAato 20

. . 1
Na arodeiEete Ot 4 = ) >

Wi Wr v+ yla KGBe BeTIKG aKkEPALO V.

V(v + 1)

Av q, B, y elval Ta urkn Twv MAEUPWV TPLYWVOU, va anodelEete Ot
a) o + B > y? - 208 B) @® + B2 < y* + 208
Y) 0® + B2+ y2 < 2aB + 2By + 2ay

Na diatd&ete Toug BeTikoUg aplBuouc a, B, Y ard To UIKPATEQO TIPOG TO UEYAAUTEQO,
av 1oxuel 2007a = 20083 = 2009y.

Av a > 4, va anodeifete 011 N e&lowon (a + 1)x2— (3a—-2)x + a + 1 = 0 €xelL duo
AJoelg dvioec.

Na urnoAoyi{oete Toug Tipayuatikoug aplBpoug a, B, y TIou KavoTiolouv T OxEon
a?+ B2+ y?-2a-4B -6y + 14 = 0. (Alaywviopog E.M.E. 1995).

Na 1poodlopioeTe TV eAdIoTn Tiur TNe apdotaonc A = a® — 10aB + 27R° -8B + 8.
lMa moleg TIWES Twv a, B n apdotaon A yiverat eAdxiom; (Aaywvioudg E.M.E. 2001).

— O kaBnynmga: x—19 < —17 x—15 X —13

Na AUoete Tnv e&lowon 5001 + 2003 T 2005 T 5007 4.
— O pabnmga:
Kuple, aut n e&lowon oute peExpL To 2020 de AUvetal.
Eoelg umopelte va m AUoeTe;
YnédeEn: MNapatnperiore ot )(2(_)0179 = X_20§8071F 2001 _ x;0200720 + 1, KTA
Na AUoETe TO OTAUPOAEED
a OPIZONTIA
[o) & U 1. Elvainegiowonax? + Bx + y=0uea # 0.
o | | HEN 2. OplCetal peTa&y TTPAYUATIKWY APLOUWY.
| U | | 3. He&lowon autr) emaAnBeletal yla kABe Tiun
G LT L L] tou ayvaorou.
— T 1T [ 4. O aplBuog 2 eivat ................. ™mQ e&lowong
— —° | x-5x+6=0.
1 & (sl 1] = 5. Eivat n Adon g e&lowong (x — 1) = 0.
] 6. H enfAuon ulag e&lowong 2ou Babuou yive-
ol [ ] [T 11 ] TALKQALE oo TETPAYWDVOU.
N 7. H eElowon autr mepi€xel KAdopa pe Ayvwaoto
Al HEEEEN OTOV TIAPOVOUAOTH.
KAGETA
1. To mpdonué TG kabopilel To MANB0Q Twv AUcewv Ulag eEfowong 2ou Babuod.
2. HeElowonax® + Bx +y =0, a#0pueBP—4ay > 0 EXEL .ooevrrrenrnnnnnn. AUoELG.
3. Idiémta rou oxUel kal otn dIATA&N TPAYUATIKWY APLIOUWY.
4. HeElowonax + B=0pea #= 0 EXEL coovvevvreirennn, Auon.
5. Aéyetal kal pica piag e&fowong.
6. Eival n eElowon Ox = 7.
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EMANAAHWH — ANAKEOQAAAIQZH 2ou KEOAAAIOY

7. EZ/ZQSEIZ [TPATOY BAOMOY — [IPOBAHMATA

® H yevikn popen plag eflowong mpwtou Babpou pe évav dyvwoto evatax + B =0pea # 0, . 3x # 78 = 0

® Aulon 1 piCa piag e&owong elval n Tur Tou ayvwaotou Tou Ty enainBelel. .x. o0 aplbudg x= —6 elvat Adon
g eglowong 3x + 78 = 0, apol 3 - (-6) + 18 = 0.

e Hekiowonax + B =0

upnepdopata and tn Alon g e€iowongax + B =0 MNapadeiypara
a#0 éxalpovaélm)\tjonmvx=—% 4X+3:0ﬁ4xz—3ﬁx:—g
o0 B#0 dev €xel Auon (aduvarn) Ox = 2 (advvarn)
a= B=0 | éxelAUon kdBe apiBud (tautdra) Ox = 0 (ravrotnea)

2. EZIZOZEIZ AEYTEPOY BAOMOY — [IPOBAHMATA

® H yeviki pop®n piag eEliowong deutépou Babuou pe évav dyvworto elivat ax? + Bx + y = 0 ye a # 0,
MY 2x°=5x+3=0 pea=2 6=-5 ku y=3
e Heflowonx® =a

SJupnepdopata and mn Avon 1ng e€lowong X* = a Mapadeiypata
a>0 |éxel dUo ANoelc Tic x = Va kat x = —Va X =2dpax=V2 f x=-V2
a <0 | devéxel Aion (aduvarn) X2 = —4 (advvatn)
a=0 |éxeluiaAionm x = 0 (dUTAR) X2 =0 dpa x = 0 (Gindn fvon)

e Heflowonax®+Px+y=0pea#0
Suunepdopata and t Adon g e&lowong ax® + Bx + y =0 pe a # 0

-B+VA . B-VA
a0 Kat X = 20

A >0 | €xelduo dvioeg AJoELg, TIG X =

B* - day

A=0 | €xelpia dmAy Adon, T x = — 2B_a

Awakpivouoa

A

A <0 | dev éxel AUon (aduvatn)

® [apayovrormoinon TplwvUpou:
Av p;, p, elvat ol pieq g eElowong ax®? + Bx + y = 0pea # 0, Tdte ax® + Bx + Y = aX — 0;)(X — P)

3. KNASMATIKES EZIZQZEIS

e  Khaouartikn e&lowon ovoudletal n e{owaon Tou riepl€xel éva TOUAGXIOTOV KAoUa e AyVwoTo OTOV TIAPOVOUACTH.
® 'Evag aplBudg rou undevidel KAmolov TIapovoUaoTr Jiag KAACUATIKAG eElowong dev uropel va eival Aon (A pica) me.

4. ANIZOTHTEZ — ANIZQZEIZ [TPQTOY BAOMOY ME ENAN ArNQZTO

Oploudg didtagng: Ava-B >0, ote  a > B
Ava-B <0, 16t a<p
Ava-B=0, t6te a=8

I316TNTEG TNG SIATAENG | @ Ava >B, 16te a+y>B+y kal a-y>B-y
a
e Ava>fB kat v >0, téte ay > By Kal 7>$
a
® Ava>fB kat vy <0, téte ay < By Kal 7<%

e Ava>B kat y>90, 1éte a+y>pB+ 0
Ava > B kal B>y, 16te a >y (MetaBatikn 1516TNTq)
e Ava>B>0 kat y >0 >0, 16t ay > Bd

Mapatnpnoelg:  © [a kdBe mpaypatikd aplBud a oxlet a? = 0.
® Av yla Toug paypatikoug aptbuoug a, B loxlel a® + B2 = 0, 1éte a = B = 0.
e Aev emuTpENETaAl Va apalpoupe 1 va dlaipoupe aviodTnTeg Katd HEAD.
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3.4 H évvoia Tng ypappikiig €iowong

4 Mabaivw © ovoudleral ypaupikn e&iowon pe 6vo
QyvWaTous Kal nws naplotavetal ypapika.

APAXTHPIOTHTA

Av oto dImAdolo evég aplBuou x mpoabgooupe €vav aplBuod y, Bpiokouue dBpotoua 6.

a) Na Bpeite mola ox€on ouvdgel TOUG aplBPoUg X Kal Y.

B) Molwa and Ta Cevyn (-1, 8), (0, 6), (-2, 7), (2, 2) (3, 0), (3, 5) emaAnBevouv TNV
nponyoupevn oxeon;

y) 2’ éva olotnua a&dvwv va mapactnoeTe ue onueia éoa amnd ta nponyouueva Celyn
enaAnBevouv Tn ox€on. Me Tn BorBela evdg xdpaka va eEeTdoete av OAa autd Ta
onueia Bplokovral mavw oe pia eubela €.

0) Mdvw otnv eubeia e va ndpete €va onolodrmnote onueio M kal va eEeTdoeTe av ol
OUVTETAYMEVEC TOU eMAANBeUouv TN ox€on.

&

H etiowon ax + By =y
Ynidpxouv mpoBAruata mou n emntAuor] toug odnyel oe eElowon pe dUo ayvwaoToug X, Y
Kal 1 omnola eivalr Tng popPng ax + By = .

Ma napddetypa, n e&lowon 2x # ¥ = 6 elval NG HOPPNG aUTNG, e a = 2, B = 1 kaly = 6.
Mapatnpoupe ott yia x = 1 kat y = 4 n e&owon 2x + y = 6 enaAnBeletal, agou
2-1+4 =06, eviylax =3kary = 5 dev enaAnBeletal, apou 2 - 3 + 5 = 11 # 6.

To Celyog twv aplBuwv (1, 4) mou enaAnBelel v e&lowon 2x + y = 6, Aéue Ot elval pia
AUon TnG.

AUon wag e&lowong ax + By = y ovopddetal kdBe (elyog aplBuwy (X, y) TIoU TNV
€MaAnBeUeL.

H e&lowon duwg 2x + y = 6 dev €xel Auon Uovo To Ceuyog (1, 4), aAAd €xel dmelpeg AUCELG.
Modyuartt, yia oroladnmoTe TIUA TOU X UMOPOUUE VA TIPOOJI0PI00OUUE TNV AVTIOTOLXN TN
TOU Yy, OTe TO Celyog (X, ) va eivat AUon g Kal €10t va OXNUAtioouue vav mivaka TIwV.

Ma x=-1 éxoupe 2-(-1) +y =6, ondte y = 8.

Ma x=0 ¢€xouue 2-0+y =6, ondte y=6. « ERE 5
-2+y=6, ondte y=2 8l 6 | 2

Ma x=2 &éxouue
Ma x=3 ¢€éxouue 2-3+y=6, orndte y=0 KTA

o|lw

—~ DN NN

Apata leuyn (-1, 8), (0, 6), (2, 2), (3, 0), ... elvat AUoelg Tng e&lowong 2x + y = 6.
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3.1 H évvola g ypapukng e&cwong

Av 0" éva oUotnua aEdvwy TIPoodlopicoUUE Ta onueia
TIOU KABEVA €XEL CUVTETAYUEVEG UL AUON NG eE(0WONG
2X + y = 6, naparneoupe OTL autd Bplokovtal og uia

AVTIOTPOOWG, av TIAPOUKE Eva OTIOLOdNOTE ONEelo
e eubelag €, m.x. 10 M(4, —2), mapatmpoupe Tl Ol CUv-
TETAYUEVES TOU enmaAnBeuouy Tnv e&lowon 2x + y = 6,
apou 2 - 4 + (-2) = 6. Apa kABe onuelo TNg eubelag
e €xel ouvreraypéveg (x, y) mou eival Adon g
napandvw e&fowong.

>V neplmtwon auth Aéue ot n eEfowon 2x +y = 6
naplotdvel v eubela € kal cupBoAiletal €: 2x +y = 6.

e Av éva onueio avnkel oe pa eubeia, Téte oL OU-
VTETAYUEVEG TOU eMaAnBeUouv Tnv e&lowon g

®  AvOlLOUVTETAYUEVEG eVAG Onpeiou emaAnBelouv
v e&lowon piag eubeiag, Téte TO ONuEelo avikel

yﬂ
(19 |g
eubela ¢.
(0, 6)
o,
2
X
L
AN
()]
2 (2,12) ’
levika
G,0
-1 0 2 X eubeiag.
i M4, 22) \e

EIQIKEC TEQIMTWOELC
H eElowony = k.

otV eubeia autn.

Av Bewpriooupe v e&fowon Ox # 2y = 6, o
elval Ing popeng ax + By = y ue a = 0, tote
urtopoupe va dlamioTwooupe OTL yla oroladr)-
TOTE TIUN TOU X €Xoupe y = 3.

MNa mapddewypa, ta Ceuyn (-1, 3), (1, 3),
(8, 3), K.T.A. elval AUoelg TnC.

Emouévwg, n e€lowon 0x + 2y = 6 MapIoTAVEL Uia
eubela € g onolag 6Aa ta onueia €xouv Tnv
(Ola Tetayuévn y = 3 Kal TETUNUEVN OToLovVOT)-

(-1,3) 3

yl

(1,3 (3,3

ey=3

»

=1

0

>

1 3 X

note aplBud. Apa n e elval pia eubeia mapdAANAn otov d&ova x’'x Tou TEuvel Tov dEova
y'y oto onueio (0, 3). Ztnv nepimtwon auth Aeue 0TI N eubela € €xel eElowony = 3.

H e&lowon y = k pe k # 0 maplotdvel pia eubeia rou eivat mapdAAnAn atov dgova x’'x
Kat T€uvel Tov aEova y'y ato onpueio (0, k), evw n e&iowon y = 0 napiotdvel Tov

d&ova x’'x
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Mépog A - KepdAaio 3o

H e&lowon x = k

y A
e x=2
3 (2,3)
1 (2, 1)
0 ] 2 X
-2 (2v _2)

Av Bewpriooupe v e&lowon 3x + Oy = 6, o elval TNG HOPPNG
ax + By = y ue B = 0, 1é1e unopouue va dAroTWOoUUE OTL
Yl OTIOLAdNTIOTE TIUN TOU Y €XOUME X = 2.

MNa nmapdadelyua, Ta Cevyn (2, -2), (2, 1), (2, 3), K.T.A. eival
AUoelg TnC.

Enopévwg, n eElowon 3x + 0y = 6 maplotdvel pua eubela e
Mg oroiag 6Aa Ta onuela €xouv v (O1a TETUNUEVN X = 2 Kal
TETAYUEVN ortolovdnoTe aptbud. Apa n € eival pia eubela
MapAdANAn otov dfova y'y mou TEPvel Tov dfova x'x OTo
onuelo (2, 0).

>Tnv meplmtwon aut Aéue OTL N eubela & €xel e&lowon
X =2,

H e&lowon x = k pe k # 0 maplotdvel pia eubeia mou eivat mapdMnAn otov dgova y'y
Kat T€uvel Tov agova x’'x oto onueio (k, 0), evw n e&iowon x = 0 nMaplotdvel Tov

d&ova y'y

Heflowonax + By =ypea=p =0

e He&lowon Ox + Oy = 7 dev naplotdvel eubeia, apou kavéva Celyog aplOpwv (x, y) dev
elval Adbon Tng (aduvarn e&lowon).

e H e&lowon Ox # Oy = 0 enaAnBedetal yia Kabe Celyoq
aplBpwv (x, y). Na napddetyua, Ta Ceuyn (-1, 0), (0, 1),
2, 1), (2, 2), K.T.A elval Adoelg g (adptotn e&lowon).
Ta onuela Ouwg, TOU Ol CuvIETAyuEveS Toug elval
AUoelc g e&lowong de Bplokovtal oy (Ola eubela.
Apa n eEiowon 0x + 0y = 0 dev maplotdvel eubelaq, 1,0 10,0
onwg eaiveral oto dmAavé oxnua.

y A
(2,2

©,1) *2. 1)

xy

o(1,-1)

ESlowoelg, dnwg ot 2x + y =6, Ox + 2y = 6, 3x + Oy = 6, 0x + Oy = 7, Ox + Oy = 0,
ovoudlovtal YPaUUIKEG eElowoelg pe dUo ayvwotoug X, y. Onwg darotwoape ota
nponyouueva napadelypara Hévo ol TPEIG MPWTES TapIoTAvouy eubeila. 2TIQ eEloWoEIQ
QUTEG €vag TOUAAXIOTOV aTtd TOUG CUVTEAECTEG TWV X,y elval dlapopeTIKOS ard TO UNdEV.

Mpauukn e€lowon pe ayvwoToug X, ¥ ovopdletal Kabe eElocwon NG LOPPNG
ax + By = y katnapiotdvel eubeia étav a#0 1 B # 0.
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3.1 H €vvola g ypapukng e&icwong

[APAAEITMATA — EOAPMOTEZ

a) Na oxediaotei n eubela € : 2x — 3y = 12.
B) ‘Eva onueio M €xet Tetaypuévn —2. Mota npémnet va eivat n TETUNUEVN TOU, WOTE
TO onueio v’ avrkel otnv gubeia €;

Nvon
a) [Na va oxedidooupe TNV eubeia % \\//\"”
e :2x — 3y = 12 apkel va npoodloplcouue ggﬁr”%
dUo onuela ™mg. 5 3 860 %

MNax =0 €xouue -3y =12, ondtrey =-4.
May =0 éxouge 2x =12, ondre x = 6. -2 3,-2)
Apan e&owon 2x — 3y = 12 naptotdvel eubela

e Tou dlEpxetal ano ta onuela A0, —4) kat
B(6, 0).

A0, —4)

B) To onueio M avikel otnv eubeia €, av ol CuvteTaypeveg Tou enaAnbelouv TNV
e&lowor) Q. APou To onuelo M €xel TeTayuévny = —2 yla TNV TETUNPEVN TOU X
npenetva loxlel2x—3(-2) =12 N 2x+6 =12 11 2x=6 1 x = 3.

Apa n TeTuNuEVNn Tou M eivat x = 3.

Avn eubeia e : ax—y = 1 diépxetal and to onueio A(2, 5), TdTe va npoaodloploTel
N T} TOU a Kat otn cuvéxela va Bpebouv Ta Kowvd onueia tng € Ue Toug Agoveg.
Nvon
Heubela e : ax —y = 1 di€pxetal anod 1o onueio A(2, 5), ondTe Ol CUVTETAYUEVEQ
Tou onueiou A enaAnBelouv Tnv e&lowon ax —y = 1. Apa €xoupe 2a -5 =1 1
20 =6 1 a = 3. Enopévwa n eubela € €xel eElowon 3x —y = 1.
Max=0¢€xouue3-0-y=11n -y=11n y=-1,0nAadn n eubeia & T€uvel TOV
d&ova y'y oto onueio (0, -1).
May =0€xoupe 3x-0=113x=11n x= % dnAadn n eubela e TEUveEL Tov

1
d&ova x'x oto onuelo (g, O).

H nepipetpog Tou dimAavou oxruatog ivat 40 m.

a) Na Bpebel n ox€on nou ouvdéel Ta X, Y. J . J
B) Av n eAdxiotn T Tou y eivat 10 m, mowa eivai n
MEYLOTN TN TOU X; X X
Nvon X X

a) H neplperpog Tou oxnuarog eivat 5x + y + 3x + vy, dpa 1oxUvel
5x +y+3x+y=401 8 +2y =40 1) 4x +y =20 (1).

B) Av n eAdxiotn Tiur Tou y eivat 10 m, Téte N petaBAnT y naipvel tipeg and 10 kat
navw, dnAadn oxlel y = 10. And v woomra (1) éxoupe y = 20 — 4x, ondte
nmpénel20-4x =101 -4x=10-20 11 -4x=-10 | x = 2,5. Apa n YeTABANTA
x aflpvel TIHEG and 2,5 Kal KATw, OTOTE N UEYLOTN TIUr ™G elvat 2,5 m.
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Mépog A - KepdAato 3o

EPOTHZEIZ KATANOHIHX

n Mowa amd ta ¢evyn (3, 2), (1, 5), (0, 6), (-3, 10), (-2, 8) elval Adoelg Tng eElowong
4x + 3y = 18;

Na xapaktnpl(oeTe TIQ MAPAKATW TEOTACELS PE (2), av elval owoTteg i) ue (A), av
elval Aavbaouéveq.

a) To onueio (3, —2) avikel oV eubela e : 3x -y = 7. E]
B) HeubBela e : 5x + y = —10 Téuvel Tov AEova x'x oto onuelo (-2, 0). [:]
y) H eubela € : 2x + 5y = 0 digpxetal and TNV apxr Twv a&ovwv., E]
0) H eubela € : 3x + y = 6 Téuvel Tov A&ova y'y oto onueio (0, 3). [:]

Na oupmAnpwoete Tov mivaka avtiotolxiCovrag oe kKdBe eubela € Twv MAPAKATW
oxNUATwyv pia amnod T eElowoelg:

1y=1 2. x =1 3.y =x 4. x =1
yA . yA L yA c yA
14 1 1 £ 14
of x ol T X G S
(oxriua a) (oxnua p) (oxnuay) (oxriua )

| a | B ]|y ] 5|

O1 eubeieg Oy, O, dixoTopoUV TIG Ywvieg Twv aEdvwyv. Na emAEEETE TN OWOTH AAvInon.
yﬂ yl\

5, 5,

) He&lowon g o, elvat: a) x = 1 By =1 Y)Yy =X d)y =X
i) HeElowon g &, elvat:  a) x = -1 B)y = -1 Y)Yy =X )y =X

Na emAéEeTe TN owoTr| andvinon.
i) H euBela nou digpxetal and 1o onueio (4, —=3) kat eival TapdANAn otov d&ova x’x
exel eElowon:
aAy=4 B)x=4 y)x=-3 o)y =-3 €) 4x-3y =0
i) H euBela mou digpxetal anod 1o onuelo (4, —2) kat eivat TapAdAnAn otov d&ova y'y
gxel eElowon:
aQy=4 B)x=4 y)x=-=2 o)y =-2 €) 4x-2y =0
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3.1 H évvola g ypapukng e&cwong

[POTEINOMENEZ AXKHZEIZ — TPOBAHMATA

Na oxedidoete oto (dlo ouoTnua agdvwy TIg eubelea:
Qe i2x—-y =2 B)e,: —4x +2y =10 y)e;:10x—-5y =20
TI mapatnpelte;

Alvetain eubela € : 6x + 2y = 8 — 2\
a) Na Bpeite Tov apBuod A, wate 1) eubeia € va diEpxeTal amnod TNV apxr] Twv AEOvVwV.
B) Ma A = 4 va oxedidoete v eubeia €.

Av 1 euBela € : 4x + 3y = 12 téuvel Toug A&oveg x'x Kal y'y ota onueia A kal B
avtiotoixwg, TOTE:!

a) Na nmpoodloploeTe TIG CUVTETAYUEVEG TWV onueiwv A kal B.

B) Na unoAoyioete T0 euBaddv Tou Tptywvou OAB, dmou O n apxr Twv agovwy.

Q) 210 (010 ovotnua a&dvwv va oxedldoeTe TIQ eubeleg €, : 2x = —4, &, : 3y = 6
Kal va TIPO00dIOPICETE TIG CUVTETAYUEVES TOU KOIVOU TOUG onuelou.

B) Mota amo Tic napakdTw eubeieg dlEPXETAL ATIO TO MPEONYOUUEVO ONUE(O;
,:2Xx—y =6, G:3Xx+y=10 «Kkal G :-5x+ 3y =16

Q) 210 (010 ocvuoTnua a&dvwy va oxedIAoETe TIG eubeieq pe eElowoelg:
X = -1, =05, y =-2 Kal y=3
B) Na umoAoyioete 10 euBaddv Tou TeETPATMAEUPOU TIOU OXNUATICETAL.

Na Bpelte TV Tiur Tou A, wote n e&lowon (A —2)x +(A— 1)y = 6 va maplotdvel
eubela ou elvat:

Q) MapAANAn otov dEova x’x B) mapdAANAn otov dEova y'y.

Na oxedidoete Tnv avtiotolxn eubela oe k&Be meplmTwon.

Kdmnolog neprndrnoe and 1o onueio A oto
onueio B pe taxumra 4 km/h kat petd
KOAUuMnoe pe taxutnra 2 km/h ug€xpl
va @tdoel oto onuelo . Av 0 OUVONIKOQ
XPOVOQ TIOU ecOAdRNoE UEXPL va PTACEL
oto onuelo I elval wa wpa, ToTE:

a) Na Bpelte TN Ypapuikn eEowon pe v B X A

orof{a ouvdEovTal Ol arootdoElC X, .
B) Av nepndmoe 3 km, TG00 XPAvo KOAUUTNOE;

S
/
/
/

>’ éva Eevwva umdpyouv x dikAva kal y TpikAva dwudtia. Av o Eevivag €xel OUVONIKA
25 kpefdria, Téte va Bpeite TN YpauuIKY) eElowon mou ouvdgel Ta X, y. Na xapd&ete oe
TETPAYWVIOPEVO XapT( TV avtioTolxn eubela kal amod To oxrjua va dlamioTwoeTe Tooa
dlkAiva kat téoa TpikAva dwudrtia eival duvatdv va €xet 0 Eevivag.
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3.2 H évvoia Tou ypappikoU guoTjpatog Kai 1 ypagikr eniluor) Tou

A Mabaivw t Aéyetar ypapuiko avotnpa kai nus enidvecar
ypapIKka.

APAXTHPIOTHTA

1. e tetpaywviouévo xapti va xapd&ete éva olotnua a&dvwy Kal va oxedIoeTe TIQ
eubeleq g, :x+y =5 Kkar & :2x +y = 8.

2. Na Bpeite 10 ZeUyog TWV CUVIETAYUEVWY TOU ONUE{OU TOUAG TOUC Kal va eEETA0ETE
av elval Auon kat Twv dUo eEl0WOEWV.

S J

Av €xoupe dU0 YPAUUIKES eElowaoelg e dU0 ayvwaoToug X, Y,

nx. Xx+y=56 ka 2x+y=8
Kal avalnroupe 1o Celyog Twv aplBuwy (X, y) Tou elval Tautdxpova AUon Katl Twv dUo
eElowoewy, TOTE Ague OTL EXOUUE va ETIIAUCOULE €va YPAUULIKO cuoTnua dUo eElowaewv
pe dUO ayvwaoToug X Kal y.
Mapatnpoupue OTL To Celyog Twv aplBuwy (3, 2) emaAnBelel kal TIg dUo eEI0WOEIG TOU
XxX+y=25 3+2=5
2X+y =28 2-3+2=28
2Tnv nep(mtwon autr) Aéue ot To Celyog (3, 2) elval AUon Tou CUCTAHUATOG.

AUon ypapuikou ouotruatog dUo eElowoswy e SUO ayvwoToug X KAl y oOvOuAZeTal
KABe Ceuyog (X, y) Tou emaAnBevel TIg ELOWOELG TOU.

YPAUUIKOU CUCTAUATOG { , agou {

Mg Ouwe PrtopoUue va erAUCOUPE éva YPAuUIKO ouotnua dUo eElowoewv e OUo
QAYVWOoToUG X, Y; AnAadr nwg unopoupe va mpoadlopiooupe Celyog (x, y) mou va eival
AUon Tou;

‘Eva ypauuikéd ovotua duo eElowoewv e dUO ayvwoToug X, Y eTAUETAlL YOAPIKA AAAA
Kal aAyeBpIKdA.

[pa@IKn emAUON YPAUUIKOU GUOTHUATOC e dUO AYVWOTOUS

20otnua pe povadikr Auon
X+y=25

Ma ™ ypaglkn) enfluon evog yPauuIKOU CUCTHUATOC T.X. TOU { 5 o
X+y=

gpyaloéuaote we eEng:
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3.2 H évvola Tou YpauuKoU OUCTHATOG Kal N YPAPIKn eMiAuor Tou

>xedldloupe oto (Blo ouvuomua a&dvwv TIQ Ay
eubeleg g,: x+y =5 Kal iiisie
€ 12X +y =8, ”*xj,
ol ortoieg dnwg MapatnEoUpe oto dIMAavo oxua S8 ;
Téuvovtal oto onuelo A. TlMpoodlopiCouue TIQ 5 “"g
ouvtetaypeveg (3, 2) Tou Kowvou onueiou A Twv )5—\}9
euBELY aUTWV.
Eredry to onueio A(3, 2) avnkel kat ot duo f L8z
euBeleq, Ol OUVTETAYUEVEG TOU X = 3 Kaly = 2 |
enaAnBevouv kal TIc dUo eElowoelg ToU OUoTh- 0 3 4\5\ X

harog, dpa 1o Ceuyog (3, 2) elvat Auon TOoUu
ouotiuatog. Ot eubeleq duwg €, €, dev €xouv
AA\O KovO onueilo, omdTe Kal To oUoTnua dev €xel
AAAN AUon. Auté onuaivel 6tL to Ceuyog (3, 2) eival
N Movadikny AUon Tou CUCTHUATOC.

Aduvato cuotnua

Ma va ermAvooupe To oUoTnua
{ 2x—-3y =6
4x — By = 24
oxedldloupe TIg eubeleg

€ :2X—-3y =6 Kal 3 X
g, ! 4x — by = 24, @,_2/
ol ortoieg dnwg apatnEouUpe oto dINMAavo oxfua N
elval mapdAnAeg. Autd onuaivel otL dev €xouv 2
Koo onuelo, ondte To ouotnua dev €xel AUo.
>V nepmtwon autr) Aédue OTL To ouotnua
elvar aduvaro.

AdbploTo ouotnua yA
a va emAdooupe To ouotnua
3X—y =6
{ ox -2y = 12
oxedldloupe TIG eubeieg
g :3Xx—-y =6 «Ka
€, 06X -2y =12,
ol omoleg, OTIwG apatnEoupe oto dMAavo oxua,
ouprnintouv (tautiCovtar). Apa €xouv OAa Ta
onuela Toug Kovd Kat EMOPEVWG TO oUoTnuUa EXEL -6
dnelpeg AUCELG. 2NV TIePIMTWOoN auTr) AEue OTL TO /
ouotnua eivat adploTo.

Xy
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MéEpog A - KepdAato 3o

[MAPAAEITMATA — EOAPMOTEZ

a) Na emAuBel ypagikd To guotnua (2 : {

2x + 3y = 14
x-2y =0

B) Na Bpebel To guBaddv Tou TpLywvou Tou oxnuatiCouv ot eubeieg €, : 2x + 3y = 14,

€, : X —2y = 0 kat o0 d&ovag x'x.

Nvon

a) MNa va oxedidooupe TNV eubela
g, 2x + 3y = 14 npoaodlopi-
Coupe dUo onuela mg.
Max=1éxouue 2 + 3y = 14
n 3y =12, ondtey = 4.
Max=7¢&xoupe2 -7 + 3y =14
n 3y =0, ondrey = 0.

Apa n eubela g, diEpxetal amod

4 (1,4)

Ta onueia A(1, 4) kat B(7, 0).
Ma va oxedidooupe v eubela

R A4, 0) B(Z, 00~ X

€, : X — 2y = 0 mpoodlopiCoupe dUo onuela g.

Max =0 €xouue -2y = 0, ondte y = 0.

Max =2 €xoupe 2-2y =0 1 -2y = -2, ondtey = 1.

Apa 1 eubela g, diEpxetal and ta onueia O(0, 0) kal (2, 1).

Mapatnpoupe OTL oL eUBeleq €4, €, EXOUV Eva UOVO KOvO onueio To M(4, 2), ondte

1O odotnua () €xel uia Adon Tnv

(. y) = (4 2).

B) To Tplywvo Tou oxnuartiCouv ol eubeieqg €, €, kal 0 Atovag x'x eivar to OMB, 10
otolo €xel Bdon OB = 7 kat UYog MA = 2.

Apa to guPaddv Tou eival E = 72 7 TETPAYWVIKEG HOVADEC.

2

Na oxediaoete TIG eubeieg: €, :x-y =0, &:x+y=0, g&:-x+y=-38
Méoeg AUoelg €xel kaB€va amnd Ta MAPAKATW CUOTNUATA:

=) {X‘y=° =) :

X+y=0

Nvon
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Ma va oxedldooupe TNV eubeia ¢, :
Ma x = 0 éxoupey = 0 Kalylax =
ta onueia O(0, 0) kat A(1, 1).

Ma va oxedldooupe TNV eubeia ¢, :

x-y =0
{—x+y=—3

x —y = 0 npoodlopiCoupe dUo onueia TNG.
1 €xoupe y = 1. Apan eubeia g, di€pxeTal and

X +y = 0 npoodlopiCoupe dUO onuela mg.

Ma x = 0 éxoupe y = 0 kat yia x = =1 €xoupe y = 1. Apa n eubela &, diEpxetal

anod ta onueia O(0, 0) kat B(-1, 1).



3.2 H évvola Tou ypauuikoU CUCTHATOG Kal N YPAPIKN emMilucr| Tou

>xedlalouue Kal Vv eubela g5 : —x + y = -3. y A
Ma x = 0 éxoupe y = -3 katylay = 0 + R
g€xoupe x = 3. Apa n eubela g; diEpxeTal e ¥
anod ta onueia (0, =3) kat A(3, 0). 3
BEA, YT ACL) 97
N 860 x

To olomua (Z;) €xel upovadikry Auon tnv
(0, 0), apou ol eubeieg €, Kal &, TEUVOVTAL
oto onueio O(0, 0), evdd To ovomua (2,)
elval aduvaro, apou ol eubeleq g, Kal g5 eival / 10,9
TTAPAANAEG.

EPOTH2EIZ KATANOH2HX

Na eTIAEEETE TN OWOTT| ATIAVINON.

To oUotnua { ZX_}: ;_5 ’ €xel WG AUON TIG OUVTETAYHEVES TOU ONUElOU:
a) A3, 2) B) B(1, -1) y) (1, -4) 0) A(2, -3)

Av ol eElowoelg evOQ YPAPUIKOU CUOTHUATOS TaPLoTAvovTal Ue TIG eubeleq &, Kal
€, VA OUPTANPWOOETE TOV MAPAKATW Tivaka avriotolxiCovtag oe kdbe Ceuyoq
eubelwv NG 0THANG A, TO OWOTO CuPTEPAcua and Tn otAn B.

STAAN A 3TAAN B

a. Ot eubeleq €, €, TEUvVOVTAL. 1.To ouotua eival adploto.
B. O1 eubeieq €, €, elval TAPAMNAeG. 2.To oUotnua €xel pia pdvo Auon.
y. Ol eubeieq €4, €, cuuTITTOUV. 3.To ouotnua eivar aduvaro.

(alBly

Me tn BoriBela Tou dimAavol oxrnuaTog va

Bpelte TN AUon oe kKabéva and Ta TMAPAKATW o

ouoThuara. ok

o 2OV oo T N
{—2x+y=4 {2x+3y=12 S

y=20 x=0
Y){2x+3y — 12 6){2x—3y:o
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MéEpog A - KepdAato 3o

[POTEINOMENEZ AZKHZEIZ — IPOBAHMATA

n Na AUoeTe ypaglkd Ta ouoThuaTa:

x =3 y=3 Xx+y=0
C1){x+2y:7 B){—2x+y=1 Y){x—y:O
X-y =2 3x + 6y =9 2x -y =10
6){X—y=0 E:){2><+4y=6 oT){4x—2y=1

Na npoodlopioete ypapikd To TAN00G Twv AUocewv 0g KaBeva amd ta MapakdTw
ouoThuara:
a){x+2y:5 B){X—C’>y:2 {x+y=2
X+ 2y =1 2x -6y = 4 X+ 3y =6

>10 dIMAavd oxnua ¢aiverar to didypapua LHEL A

m/sec
Taxumrag — xpovou dUo auTokivriTwy A Kal B. B
Na Bpelte: 20

a) Tnv apxikn TaxutnTa KABe QUTOKIVATOU. 15
10

B) Ze mooo xpdvo UeTd TNV ekkivnor Toug Ta
dUo autokivnta Ba €xouv TV dla Taxutnta
Kal Tola Ba eivat autn);

‘Evag ¢@iAabAog yia va mapakoAoubrioel y
TOUG QYWVEG MIAG OoudAdag €xel TIQ e&ng 398
duvatdTnreg:

— Na mAnpdvel 20 € yia kabe aydva oy 240
TTAPAKOAOUBEL.
— Na nAnpwoel 60 € we apxikry cuvdEo- 180
M) Kal yla kdbe aywva mou mapaKoAou-
Bel va mAnpwvel 10 €. 120
— Na mAnpwoel 300 € Kkal va mapaKoAou-
Bel booug aywveg emBUpE. 60
H ox€on 1ou ouvdgel To MANBOG TWV AYW-
vwv TIou Ba mapakoAoubnroel o ihabhog |
LE TO XPNUATIKO TI00A TIOU Ba ANPWOEL O 0f 3 6 9 121518212427 «x

KABe mepimtwon naplotdveral pe onueia plag ano Tig eubeleq €, €,, €;.

a) Na avtiotolyioete kdBe mepinmTwon oe pia anod TIQ TPelg eubeied.

B) Moooug aywveg mpernel va mapakoAoubrioel évag eihabAog, waoTe Ta Xprjuata
nou Ba MAnpwoel va eival Ta dla otn delTtepn Kal Tpitn nepimtwon;

Y) Av o @iAaBAog mapakoAouBnoe TeNlkd 12 aywveg, mola mePImTwon \Tav n o
OUuPEPOUDQ,;

0) Av napakoAouBbnoe pévo 15 aywveg kal dev eixe eMIAEEEL TNV TIIO CUPPEPOUCA
nepimtwon, méoa eupw (NUIWONKE;

€) Mdte elval o oup@Epouoa KAbe TepimTtwon yia Tov GIAabAo, edv autdg yvw-
piCel ek TWV MPOTEPWY MOCOUG AYWVEG BA MAPAKOAOUBN0EL;
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3.3 AlyeBpikn emiluon ypappikoU oucTHHATOG

A Mabaivw va fuvw éva ypapuiko avotnpa 6vo e£Iowoewv
e 0vo ayvwotous e th pebooo:
a) tns avtkatdoraons — B) twv avibétwy ouviedeotv
A Mabaivw va fuvw npobinuata pe tn Bonbera guatnudtwy.

APAZTHPIOTHTA

Katd 1 ddpkela evog nmodoopalplkoy mpwTtabAnuarog, and toug 30 aywveg mou
€0woe ula opdda nrmenke otoug 10, evw OToUg UTTOAOITTOUC KEPDIOE T) EPePE LoOTIAAA.
Ma kABe vikn Tng mMpe 3 Babuoug, yia kdbe 1oonaAia mrpe 1 Babud kat yia kdbe rtra
dev mrpe Babuod. Av TeAKA ouykevtpwoe 44 Babuoug, MOoeq POPEQ VIKNoe Kal TO0EG
\écpeps Tofe]atel\ (oK

J

H ypaglikr) emtiAuon evog ouoTtruatog dev 0dnyel mAvToTe otov akplRr} TPoodloplopud TG
AUong Tou, agoU O OPIOUEVES TEPITTTWOEIC Ol CUVIETAYUEVESG TOU KOlVOoU ONnuEeElou Twv
dUo eubelwv Tou dev elval eUKOAO va PoodloploTouv.

H aAyeBpikr) duwg emiluon tou, onwe Ba dolue 0' autr) TNV MapAypapo, pag divel
duvardtnrta va npoodlopifoupe Ue akpiBela t Adon tou (av undpxel) oe onoladnmote
nepimTwon.

Ma va emAvooupe aAyeBplkd éva oulotnua, ermdlwKouue va araAe{Poupe amd pia
eElowon Tov €va amnd toug dUO ayvwoTtoug Kal va Katakn&ouue ae eEiowon e €vav
Ayvwoto. Ao ard TIg uebddoug e TIG OTIoleq eMITUYXAVETAL QUTO elval ol eENG:

a) MeBodoc TG avTIKATACTAONG
x+ty =20

pe ™ uEBodO NS avrikatdotaong
X+ 3y=44

Ma va ermAUcouue To oUoTnua

egpyaloéuaote we eEng:
® AUvoupe pia anod Tig eElowoelg Tou
OUOTAMATOG WG TIPOG £vav AyvwoTo.

AUvoupue Tnv eElowon x + y = 20 wg Pog
X Kal éxoupe x = 20—y

AvtikaBlotoupue To X he 20 — y otnv
eklowon x + 3y = 44 kal €XOULE:
(20 —y) + 3y = 44
20 + 2y = 44
2y = 44 - 20
2y =24 dpa y =12

e AvtikaBiotoUpe oty AAn eEiowon Ttou
OUOTAHATOG TOV AYVWOTO QUTOV Je TNV {on
napdotact| Tou, ondte MPOKUTTEL eElowon
e Evav AyvwaoTo, TNV omoia Kat AUVOULE.

® Tnv TPy TOU Qyv@OToU TIOU BPrikaue v
avtikaBlotouue oty nmponyouuevn eEiowon,
onadre Bpiokoupe Kal Tov AANO AyvwaoTo.

® [TpoodlopiCouue T AUon Tou OUOTr’]paToq.J

May = 12 andé my eflowon x = 20 -y
EXOUE!

x=20-12

X =8
Apa n AUon Tou ouoTUATOG elvat x =8,y = 12,
OnAadn to Ceuyog (X, y) = (8, 12)
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Mépog A - KepdAaio 3o

Ma enaAnBeuon, aviikabloTouue TIC TIMES X = 8 kaly = 12 oTIQ €EI0WOEIG TOU OUOCTH-

partog kat diarotwvoupue ATl To Ceuyog (8, 12) eival Adon tou, apou {

8 + 12 = 20
8 +3-12 = 44.

>Tnv (dla AUon Ba kataArjyaue kat av AUvaue pia anod Tig eEI0Woelg TOU CUOTHUATOC WG

TPOG Y.

B) MéBodog Twv avTIBETWV OUVTEAEDTWV

Av oTIc U0 eEIOWOEIS, Ol CUVIEAEOTERG eVOC ayvwoTou elval avtiBetol aplBuol, Téte uro-
poupe va AUOOUUE TO OUCTNUA TILO YPNYOoPaA, av MPOoBEoouuEe KATA HEAN TIG EEIOWOELS TOU.

3x+2y=12

r . ,
la apAdetyua, oto ouotnua { Sx-2y =4

Ol OUVTEAEOTEG TOU Y eilval avtiBetol aptBuol

Kal av MPooBEooUpE TIG OUO EEI0WOEIC KATA PEAN, TOTE O AyVWwOTOC Y araAelpeTal.

‘ETOL €X0UpE:!

3X +5x =12+ 4 13 8x = 16, ondte X = 2.
AV QVTIKATQOTHOOUE TNV TIUNA TOU X 0g pla anod TI¢ dUo eEI0WOELS, TI.X. OTNV TIPWTN, TOTE

EXOUUE:

3-24+2y =124 2y=61y=3.
Apa n AUon Tou cuoTAuAaTog eival x = 2, y = 3, dnAadn 1o Celyog (X, y) = (2, 3).

Otav éuwg €xoupe va AUooupe To cuotnua {

3x+5y=1
2x+7y=8

oto orof{o dev undpxouv avtiBetol ouvTeEAEOTES OTOV (D10 AyVWoTo TOTE:

e [ToMarnAaoidloupe Ta pEAN kdbe efowong
e KATAMNAO apBud, WoTe va euPpavioTolV
avtiBetol ouvteAeoTég o' évav and Toug dUo
QYVMOTOUC TIPOKEIUEVOU va ToV arnaAeipoupe

® [1pooBEToupe katd PEAN TIC dUO eEIOWOELG,
OTIOTE TIPOKUTITEL €E{0WAN UE Evav AyVWOTO
TNV oroia Kat AUVOULE.

® AvTIKaBI0TOUUE TNV TIUK TOU AyVWOTOU TIoU
Bprkaue oe pia and Tig duo eElowaoelg Tou
OUOTNUATOG, OTOTE BPIOKOUE TNV TIUM KAl TOU
AA\OU ayvmoTou.

® [1poodlopiCoupe T AUON TOU OUCTHUATOC.

Ma va arnaAeipoupe Tov AyvwoTo X,
MOAanAaoLadoupe Ta HEAN TNG MPWTING
eElowong ue 1o -2 Kal TNg deUTtepng Ue
TO 3, OMATE £XOUE:!
3X+b5y=1|-(-2), [-6x-10y =-2
{2x+7y:8 -3 { ox +21y = 24

X~ 10y + 6L + 21y = 2 + 24

11y = 22, ondte y = 2

Apou y = 2, n e&iowon 3x + by = 1
ypdoetat:
X+5-2=17 1
33X =-9 1
Apa n Aon Tou cuoTuaTog eival
x = -3,y = 2, dnA\adr) 1o (euyoq
y) =32

3x +10 =1
X =-3

Ma enmaArBeuon aviikabloTOUWE TIG TIMEG X = =3 KAl y = 2 OTIC €EI0WOEIG TOU CUOTIHATOG

Kal dlarmoTwvoupe OTL To Ceuyog (-3, 2) elval Auon Tou, apou {
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3:(8)+5-2=1
2.(3+7-2=8



3.3 A\yeBpikn emiluom YpappikoU CUCTAUATOG

MAPAAEITMATA — EOAPMOTEZ

Na Bpebouv dUo MaPANMANPWHATIKEG YwVieg, av N uia arnd autéq sival peyalutepn
and to TpMAdoto TG AANG katd 12°.

Nvon
Av w, ¢ eival ol dUo MAPATANPWUATIKES Ywviee, TdTe w + @ = 180°. Av w sival
N peyaAUTepn, TOTE €xoupe Kat w = 3¢ + 12°. INa va Bpouue TIQ ywviee w, ¢
AUVOULE TO OUOTNUA AUTWY TWV €EI0WOEWV.

<w-+¢=18w , <3¢+12°+@:swo° f {&p+@z1&f—1?
w=23p+12° w=23p+12° w=3p+12°
<4cp=168° , <¢:42° § {q)=42°
w=3p + 12° w=3-:42°4+12° w = 138°
Apa ol {nToUpeveg ywvieg elval w = 138° kat ¢ = 42°.
Na AuBel To cuotnua { +2y) +y=7
X+2y=4
Nvon
AVTIKOBIOTOUUE TO X + 2y e 4 OTnV MEWTN eE(0WON TOU CUOTNHATOC, OTIOTE EXOUE:!
{4+y—7 . {y—7—4 . {y—S § {y—3
X+ 2y =4 X+2y=4 X+2y=4 X+2-3=4

y=3 . {y—S . {y—S
{x+6=4 1 X=4-6 f X = -2

Apa n Adon tou ouotiuatog eivat x = -2, y = 3, dnAadn 1o leuyog (X, y) = (-2, 3).

3x-y _x+y _
> ~ g !
Na AuBei To cuotnua
2x -1 y-3

Nvon
Ma va anmAouoteubouv ol eEl0WOEIG TOU OUCTNUATOG, KAVOUWE ATIAAOIPY| TTAQOVO-
HaOoTWV Kal TI§ anartovpeves MPAEeLg, onidTe EXOULE:

S.M_g. Xty _ -1

2 8 B {4@x—w—WX+y)—8 f
{12x—4y—x—y=8 , {12x—4y—x—y=8 . {11x—5y=8
4x -2 +5y-15=20 4x -2 + by = 20 4x + by = 37
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MéEpog A - KepdAato 3o

Ot ouvTEAEOTEG TOU QyvOoTou Yy elval avtiBetol, ondte MEooBETovTag KAtd UEAN
gxoupe: 1Ix+4x=8+37 1 15x=45 1 x=3.
AvTtikaBlotoupe TV Tiun x = 3 ot deltepn eElowon Kal £XoUpE:
4.34+5y=37 f 12+5y=37 1 5y=25 f y=5.
Apa n Adon Tou ouotiuatog eivat x = 3,y = 5, dnAadn 1o feuyog (X, y) = (3, 5).

O KEPUATODEKTNG EVOG UNXAVIMATOG TIWANONG AVAPUKTIKWY OEXETAL KEPUATA TWV
50 Aermtwv Kat Tou 1 eupw. Otav avoixtnke, dlarotwbnke OtL mepleixe 126
k€ppata ouvoAlkng a&iag 90 supw. MNdoa k€puarta unpxav and KAade €(dog;

Nvon

Av X ftav Ta K€ppara Twv 50 AemTwv Kal y rtav ta KEpuata Tou 1 eupw, ToTE
gxoupe TV eElowon  x + vy = 126 (7).

H ouvoAikn a&la Twv kepudtwy oe eupw Ntav - 0,50 - x + 1 -y, ondre €xouue TNV
eflowon 0,50 - x + 1 -y =90 (2).

AUvoupe To oUotnua Twv e&lowoewv (1) kat (2):

{ X+y=126 {x-i—y: 126
050-x+1-y= 90 X -2y = -180

"(=2)
Me mpooBeon katd péAn €xoupey —2y = 126 -180 11 -y =-54 1 y = 54

AvtikaBlotoUpe TNV TIUN y = 54 oty mpwtn e&lowon Kal €XOUlE:
X+54=126 1 x=126-54 1 x = 72.

Apa urmpxav 72 képuata Twv 50 Aentv Kal 54 k€puata Tou 1 eupw.

EPOTHZEIZ KATANOHXHX
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. . . , , , , X+y=06
Na Bpelte molo ano ta napakdtw Ceuyn eival AUon Tou CUCTAUATOC X—y =4
Ma v enfAuon Tou ouoTNUATO { S +2y=5

n n NUATog X 4+y =7
ke TN peBodo NS avtikardotaong eival mpoTindTePo va AUCOUE:
Q) TNV PwTN e&lowon wg TPog X; B) TV mpwtn e&lowon wg mEog Y;
y) ™ deltepn e&lowon wg MEog X; 0) Tn deutepn e&lowon wg MPOG Y;
, 3x + 5y = -1 . . .
Av oTo cuotnua 5 c ) ePAPUOCOUE TN KEBODO TWV AVTIBETWY
X — By = —

OUVTEAEOTWV TTolA artd TIC MAPAKATW EI0WOEIC TIPOKUTITEL;
a) 3x = —1 B) 2x = -9 Y) 5x = =10 0) 5x = 10



3.3 A\yeBpikn emiluom YpappikoU CUCTAUATOG

Me 1oloug aplbuoug mpénel va MoANATTAACIACOoUPE Ta UEAN KABe eElowong yia va
POoKUYOUV avTiBeTOl CUVTEAEOTEG OTOV AYVWOTO Yy 0g KABe oUoTNUAQ;

5x + 4y =9 ‘ ..... 4x — 3y = 1
{—SX +2y =1 {

Me mola pebodo eival poTiudTEPO va AUocoue kaBgva ard Ta MApaKATw CUCTAHATA;
X + 4y = 8 2X + by =7 =3x+2 5 + 3y =2

Q{77 R b v{’ o (T
y=3x-5 5x — by = 18 y=-5x+8 3x-2y =4

>e kabéva amnod Ta MapakdTw ouoTAuATa
2X+y=25 5X -7y = -4
) { ) & o
2x-y =3 -5X + 7y =4
av epapuUOooUpe TN HEBODO TWV AVTIBETWY OUVTEAECTWY, TOTE araAeipovral Kal ol
duo Ayvwaotol. 1olo CUUTEPACUA TIPOKUTTTEL YIa KaBéva amnod Ta CUCTHUATA;

[POTEINOMENEZ AZKHZEIZ — IPOBAHMATA

Na AUoeTe Ta cuotruata:
c1){x—2y=1 {x+3y=—2 {4x—y=10 6{3x+y=—4
y=4 2x+y=0 X+ 3y =9 X+ 2y =-3

Na AUoeTe Ta cuotruata:
G){3x—y=7 ){2x—y=3 ){3x—2y:O 6){—2x+3y=5
2X+y =4 BX +2y =6 2x + 3y =0 6x—9y = 3

Na AUoeTe Ta cuoTtruaTa:

2X + X—1 X=5 2y +1
-3 R 7t =0
%) 33X -y B) X y v) Xx+4 y-6
=4 — + —= — -—F=4
2 6 4 3 2

Na AUoeTe Ta cuoTtriuaTa:
a){4x—3(2x+3y) =20-Xx+Yy B){x(y+4) =y(x—-6)—-15 + 3x
2(x—2y) + 5(x—2) =3y + 4 X=NXx+2y)=Kx+Yy2P-yly+1)

Na AUoete Ta cuotrjuata:
{1.3a—o,8s=2,1 {%—o,ch —15 {2,5X+3,2y=—1,8
a

09a+ 048 =05 3w + 1,4¢p = -1 1,6x — 2,4y = -5,6
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Mépog A - KepdAaio 3o

B &

8 8 8 8 08

138

Na AUoeTe Ta cuotruata:

oz 1,21 2 1_1

a) Xy a B 6 w ¢ 3
By 3 4 5 '\ 6 9

s a"E" % Tt !

Na Bpelte To Koo onuelo Twv eubetdv g, : 2x + 5y = 10 kare, : x—y = 1.

Ot euBeiec: YAV
AN

g :2x-3y =14 Lot
: _ T
€ X +y=-2 5k

€. 3x—y =14
TEUvovTal £Ew amd To xapti oxedlaong.
Mriopelte va BpelTe TIG OUVIETAYUEVEG SED i
TWV KOWVWV Onuelwv Toug; X;\\
?’)

Av3+3+3+..+3+5+5+5+ ... 4+5=410 kalt 10 MANBOG TWV NMPOOBETEWV
TOU TIpWToU PéAoug eival 100, va Bpeite méoeg PopES XENOLUOTIOONKE 0 APIBUAG
3 Kal Méoeg POPES 0 apLBuOg 5.
ax + By =7

Av T0 oUotnua
H {ZOX—By =8

€xel wg Auon x = 1 katy = 2, va Bpelte TIQ TIUEQ
TWV aplBuwyv a, B.

H euBela pe eglowon ax + y = B di€pxetal ano ta onueia A(1, 2) kat B(-3, -2).
Na Bpeite TIQ TIHES TwV a, B.

Na Bpelte Toug aplBuoug A, p, wote 1 eglowon x2 + (A — u)x + g — 2\ = 0 va €xel
piCec Toug aplBuoug —1 kat 3.

2TO MAVW PEPOG eVOG TOIXOU WUNKOUQG
180 cm €xouv TornobemBel mpdolva Kal
yoAddia dlakoounTika TouBAa oe duUo
oelpéq. Na uroAoyioete To prkog k&be
npdolvou kat YaAddiou TouRAou.

«—————180cm——M >

>uokeuaoape 2,5 tovoug ehatdAadou oe
800 doxela Twv 2 kal 5 KIAwvV. Na Bpelte
nooa doxela xpnotuorooaue and kdbe
eldoc.



3.3 AAyeBpikn) emiluom YPQUUKOU CUCTHUATOG

O péoog 6pog ™G Babuoloyiag evog padbntr ot Puolkn kat T Xnueia katd 1o
nPW®To TPlUunvo Ntav 16. 210 deltepo TP(UNVO 0 BaBudg ™G PUOIKNG UEIWBNKE
KATA 2 povadeg, o Babudg g Xnuelag auéndnke katd 4 povddedg e anotéAeoua
ol dUo Babuoi va yivouv {ool. Moloug Babuoug eixe o Habnmg oe kabeva anod Ta
dU0O pabrjuata Katd To MPWTO TPIUNVO;

Ta kévtpa dUO KUKAWV TIOU epATTovTal EOWTEPIKA améxouv 12 cm. Av ol KUKAOL
LETATOTIIOTOUV £T0L WOTE VA ePpAMTOVIAL EEWTEPIKA, TOTE TA KEVTPA TOUG ATIEXOUV
58 cm. Na Bpelte TiQ aktiveg Twv dU0 KUKAWV.

Av ol Habnteg evog TunUaTog kabioouv ava évag oe kdbe Bpavio, Téte Ba peivouv
opblol 8 uabnteg, evwdy av kabioouv avd duo Ba ueivouv kevd 4 Bpavia. Na Bpelte
nooot eival ol uabntég kal méoa Ta Bpavia.

Mia motorolia napackeuace 400 Altpa oUlo meplekTIKOTNTAG 38% vol, avauel-
yvuiovtag dUo moldTNTEG UE TIEPLEKTIKATNTES 32% Vol kat 48% vol avtiotoixa. MNdoa
AlTpa and kdbe moldTNTa XPENOIUoTIoMNoE;

‘Eva autokivnto PeTd v evepyorioinon

TWV PPEVWY TOU CUVEXIZE va KIVE(Tal e

Taxumra u = u, — at, ornou t o xpdvog

mou pecoAdPnoe amd In OTlyury Tou

ppevapioparog. Av 2 sec UeTd TO Ppe-

vdplopa To autokivnto elxe Taxumrta 12m/sec kal 2sec apyotepa eixe taxutnta
4 m/sec, va Bpeite TNV apxIkr TaxUtnTa y, Kat v empPpdaduvon a. 2e 000 XPOvo
anod Tn oTyun Tou gppevapiouatog Ba oTauatroel To autokivnTo;

A6 éva otabud dlodiwv mépaocav 945 auToki-
VNTA KAl MOTOOCIKAETER Kal eloTipdxtnkav 1810 €.
Av 0 00NYOC KABe AUTOKIVATOU TIANPWOE 2 € Kal
0 odnyog KdABe HOTOOIKAETAG TANpwoe 1,2 €,
va Bpelte méoa rav Ta autokivnra kat méoeg ol
UOTOOIKAETEC.

>’ éva AeorTIkO Ttatxvidl oe kABe Ttaiktn untoBdaAAovtal 10 epwTH oIS Kal Yia KABe
owOoTr andvtnon npootiBevral Babuol, evw yia kdBe AavBaougvn arndvinon agal-
pouvtal Babuoi. ‘Evag malking €dwoe 7 OWOTEG AMAVINOEIC KAl OUYKEVTIPWOE
64 Babuoug, evwy €vag AAOG €dwoe 4 OWOTEC ATAVINOEIC KAl OUYKEVIPWOE 28
Babuoug. Mdéoouc Babuoug maipvel évag maiktng yia kdbe owotr) andvinon Kal
nooot Babuoi Tou agaipouvral yia kdbe Aavbacopévn andvinon;

139



Mépog A - KepdAato 3o

ENIKEYX AZKHXEIY 3ou KEOAAAIOY .
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Na emAUoeTte ypagikd To oUotnua { . k’ omou kK mpayuatikog aptdudg.
X+y=

Avoleubelece, : AN+ WX +y =7kKale,: x + (N + 3u)y = 1 téuvovtal oto onueio
A(2, 1), va uttoAoy(oeTe TIG TIUES TwV A KAl .

, [ x-y=3 _{2x+c1y=B
Av Ta cuoTnpata 2): , Kat  (2,) :
i <1){2X+y=9 ) g
€xouv Tnv dla Auon, va Bpeite Toug aplBuoug a, B.
Na uroAoyioeTe TIC TIUES TWV X, Y OTAV:
a)x+y-22+@2x-3y +1)2=0 B) 2x2 + y?—=2xy + 4x + 4 =0
Na AUoeTe Ta cuoTtruata:
2x-=3y + 4)(x +y)=0 Bx—-4y)x +2y) =8 X2+ y2 = 2xy
Q) B) ¢ x Y)
2X+y=4 §+y=—2 X+y=7

Na Bpeite dUo apiBuoug, mou €xouv dbpolopa 100 kal av dlaPECOUUE TO UeYAAU-
TEPO WPE TO UIKPOTEPO, TOTE Ba TipokUPel TINAIKO 4 kal urtdAolro 15.

Av n e&lowon (2A—k = 3)x = k= A + 1 elvalr adplotn, va Bpelte Toug aptBuoUg K, A.

Ta kévrpa dUo KUKAWV Tou epdrtovral eEwtepikd amexouv 18 cm. Av ta eupadd
TwV OUO KUKAWV dlapEpouy Katd 721 cm?, va Bpelte TIg akTiveg Twv dU0 KUKAWV.

Na Bpeite TIq NAikieq dUo adeApwv, av oruepa dlaPePouV Katd 5 xpdvia, evw PeTA

and 11 xpdvia ot nAikieg Toug Ba €xouv Adyo %

>’ éva Tta&(dl pe mAoio, To elommplo Tng A’ B€ong kootilel 18 € kal Tng B’ B€ong
KoOT(Cel 6 € Aydtepa. Av 0’ éva Ta&idl kommkav 350 eloltripla cUVOAIKNG a&iag
4500 €, va Bpeite néoa slompla komnkav anod kabe katnyopla.

Na Bpeite éva dpnoelo aplBud, mou 1o dBpoloua Twv Ynelwv Tou eival (oo pe 10
Kal av evaAdEoupue Ta Ynoia Tou, ToTE Ba mpokuPel aptBudg katd 18 pikpdTepoq.

Av dlaipgooupe éva dPnelo aplbud e to dbpoloua Twv Ynoepiwv tou, Bpiokoupe
nnAlko 6 kal uttéAoiro 3. Av evaA\d&oupe ta Ynoia Tou Kal Tov aplbud Tou
poKUMTEL TOV dlalPECOUUE Ue To dBpoloua Twv Ynpiwv Tou, Bpiokouue mnAiko 4
Kal uttéAolro 9. IMolog eivatl 0 apxIKOG dPNPLOG aplBuog;
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Av EAATTWOOUE TO UNKOG evog opBoywviou Katd 2 m Kal au&rooupe To TIAATOQ
TOou Katd 5 m, 10 eufadov Tou autdavetal katad 94 m2. Av Ouwg, au&rjooupe TO
UNKOG TOU Katd 4 m Kal EAATTWOOUE TO MAATOG ToU Katd 6 m, To gupaddv Tou
ehattwveral katd 104 m2. lMoleg eival ot dlaotdoelg Tou opBoywviou;

Ot moAeg A kat B anéxouv 55 km. ‘Eva

. . . . 80 km/h 60 km/h
QUTOKIVNTO &EKlva amo TNV TOAN A Kal — D
pe peon taxumra 80 km/h Kiveltat mpog
v TOAn B. Aekamévie Aemtd petd A 55 km B

Vv ekkivnor Tou €va AANO QuTOKIVNTO
Eeklva amod v moAn B kal pe peon taxutnrta 60 km/h kiveltal mpog v moAn A.
Méo0o Xpodvo KIvBnke KABe AQUTOKIVNTO PEXOL TN OUVAVINOTY) TOUG;

G

AUO auTokivnTa Kivouvtal he otabepeg TaxUtnTeg Kal arexouv JeTa&y Toug 45 km.
Av Kivouvtal pog v (dla kateuBuvon Ba ocuvavinBouv Petd ano 3 WPEG, evw av
Klvouvtal og avtiBetn kateubuvon, Ba cuvavinBouv oe 20 Aertd. Me 1ola taxutnta
Klveltal kaBe autokivnro;

a8

‘Eva tp€vo Kiveltal pye otabepry Taxutnra.
O xpodvog, mou pecoAaBel amd Tn otyun
mou Ba elo€NBel Og pla orjpayya Unkoucg
180 m UEXPL TN OTLyUr TIOU Kal TO TeAeuTaio
Tou Bayodvt Ba eEEANBel am’ auth, eival
12 sec. 2e ula deUTepn onpayya URKoug
930 m o avtioTtolKog XPovoc Tou pecoAaBel
elval 42 sec. Na Bpeite TNV TaxUTNTA KAl TO
KOG TOU TPEVOU.

Ot avtiotdoelg Ry, R,, av ouvdeBouv mapdAnAa, €xouv oAkr avtiotaon 2,4 Q.
Av n avtiotaon R, ouvdeBel mapdMnAa ue avrtiotaon 12 Q, téte n OANKI TOUQ
avtioraon eivat R;. Na Bpelte 116 TIpEG Twv avtiotdoewy Ry, R..

EMNANAAHWH — ANAKEQAAAIQXIH 3ou KEOAAAIOY

® [papuikn eElowaon e dUo ayvwaotoug X, y ovoudletal kdbe eElowon g HopPrg ax + By =V,
nx.3+2y=7.

e AUon NG YPAUMIKNG eElowong ax + By = y ovoudletal K&Be SaTETAYHEVO CeUyog aplBUWY (X, )
TIoU TNV emaAnBeUel.
[.x. T0 dlatetaypévo Ceuyog (1, 2) efvar Aon g eglowong 3x + 2y = 7, apol 3 - 7 +2 -2 = 7.

® Hypauukn eEfowon ax + By = y naplotdvel eubeia €, ava # 0 11 B # 0.
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Av a#0 kat B#0, 1618 N Av a=0, TéTe 1 YPauIKY| eElowon Av B=0, TGTe N YPAUUIKY| eE(0won
YPAUUIKY eElowon ax+Ry=y elval Tng HopPng y=K Kal apl- efval TNg HopPng X=K Kat Ttapl-
naplotdvel eubela mou Téuvel otdvel eubela apdAnAn otov otdvel eubela mapdAnAn otov
Kal Toug dUo dkoveq. dEova x'x 1| Tov &Eova x'x. dEova y'y 1 Tov dEova y'y.

e Avéva onpelo avrikel oe pia eubela, TéTe ol cUVTETAYUEVES Tou emaAnBelouy TV eElowon Tng eubelag.
M.x. av To onuelo M(3, 4) avrikel omv eubeia ¢ :ax — y = 0, 10te loxlel 3 -a — 4 = 0.

e Av ol ouvteTayuéveg evog onuelou emaAnBelouy v eElowon uiag eubeiag, Téte To onuelo avrikel otny
euBela aum. T.x. To onuelo M(0, —2) aviiket omyv eubela e : 4x — 5y = 70, apol 4 -0 -5 - (=2) = 10.

2. TPAMMIKO ZYETHMA ME AY0 ATNQZTOYE
® H yeviki Lop@r} evdg YPAUUIKOU oUCTAKATOG dUo eElooewy e dUo ayvwaTtoug X, Y elvat:
Jax By =y {3X+2y=4
(Z)'{ X + Boy = Vo X x-3y=5
e AUon Tou YpauuiKoUu ouotiuatog (2) eival k&Be dlatetayuévo Celyog aplOpwy (X, y) Tou enainBelel
Kal TIq dUo eElowaelg Tou. .. To dlateTayuévo Celyog (2, —1) eival AUon Tou ouoTrUATOq
{3x+2y=4 , {3-2+2-(—1)=4
x-3y=5 » 99U 2-3(-1)=5
® 'Eva ypauuikd odotnua pe dUo ayvwaoTtoug X, Y AUVETAL e Toug eENG TPATIOUG:
a) Mpagikd
270 (810 oUotnua atévwy TaploTAvoule TIG eEl0WOEIG TOU OUOTAATOG e dUo eubeleg €, €.

A A A
y y
L S
2 © ~
’+x S 6*// 0 >
Al % i~ X
S L o
\
5 ®
34
—6 0 / X
2 A(3,2) -2
©
=z
X . 'z*/%\‘

0 3 4\ B\ 33
Av ol g, &, TELvOVTAL O’ €va onpelo, Av oL g, &, elval mapAMinAeq Av ot g,, &, TauTiCovtay, Téte £XOUV
1éTe TO oUOoTNUa €xel Movadik AUon  TOTe dev €X0UV Kavéva KOO OAa Toug Ta onpela kowd, ondte
T0 (eUyOQ TWV OUVTETAYUEVWY TOU onuelo, ondte 1o oUotnua dev 10 oUotnua €xel drelpec AJoelg.
onuelou Toung Toug. IM.x. €xel AUon. ZTnv TeplmTwon autr 2TV Teplmrwon autr) Aéue 6Tt To
10 olomua { 2x j- y = 2 éxel A€ue OtL To ouotnua elval aduvaro. ouotnua eivat adpLoTo.

X +y =

povadikr) Adon ) (%, y) = (3, 2).

B) AyeBpika
XpnotdoroloUpe ) U€B0d0 TG avTIKaTdoTaong 1 Twv AvIIOETWY OUVTEAECTWV TIPOKEIUEVOU VA
artaAeloupe Tov évav amd Toug dUo ayvwoTouC TOU CUCTAUATOC Kal va KATaArnEouue og uia
eElowon 1ou Babuou pe évav dyvwaoro.
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ZYNAPTHZEIZ

4.1 H aguvaptnon
y=axpea +0

4.2 H aguvaptnon
y=ox +bxty
pea + 0

[evikes aoknoels 4ov
kepadalou

Enavidngn - Avakepadaivon



J.1 Houvdptnony = ax?pea # 0

A Ouuduar v ovoudlerar ouvaptnon Kol U ASyetal ypapikn napaotaon pas
auvapTnons,

A4 Mabaivw va oxedidlw tn ypagikn napdotaon s owvaptnons y = ax? e a#0.

4 Mabaivw va Bplokw Tov tno ts owvaptnons y = ax* and t ypapikn ts
napaocaon.

APAXTHPIOTHTA

1. Na oupmAnp®oeTe TIC TIAPAKATW MPOTACEIC:
— O aplBudg y mou eival {(00G e TO TETPAYWVO evOG aplBpoU X elvaly = ...
—To euBadov y evog opBoywviou pe TAATOG X Kal JIMAACLIO WNKOG eivaly = ..........
—To epPaddv y evdg KukAIKoU S(OKOoU pe akTiva x eivaly = ..............

2. Ymv mpwtn mpdtaon, étav o x ndeet TIC Tpég -3, -2, -1, 0, 1, 2, 3, Toleg ivat ot
QVT{OTOIXEG TIMES TOU Y,

3. Y& TeTpaywvIougvo XapTi va mapaotiosTe pe onueia ta Zedyn (X, y) Tou Tipoodlo-
ploate kal va oxedldoeTe TNV KAUTIUAN TIou dlgpeTal amnod Ta onueia autd.

H ouvdptnony = ax® ye a > 0

2Tnv mponyouuevn TAEN pdBaue OTL ula 1odTNTA TIoU ouvdEel OUO UETABANTEG X, Y
kKabopiCel ula diadikaoia, n ormoia eival cuvdptnon, étav oe KABe TIUN TOU X AVTIOTOLX(-
Cetal pa Povo Tiun tou y. MNa mapddetyua, n odtnta y = x? kabopilel yla ouvdptnon,
agoU og k&Be TIur) Tou x avtiotolxiCetal pia poévo Tiun Tou Y.
My MNax=1 éoupe y =12 =1,

Via X =2 €XoUpE Y = 2°2 = 4 KT.A.
2’ éva ouotua atdvwy, av TIapacTrOOUlE UE
onuela Ta Cedyn (x, y), orou y eivat n avtiotoixn 8
TIUN TNG OUVAETNONG VYIA HIA TIPr) Tou X, TOTe
TO OUVOAO auTwv Twv onuelwv armoteAel
YPA®Ik mapdoTtaor Tna. M=, ¥) y M(x, y)
Ma va oxedldooupe TN YPAPIKH TIapAoTtacn
MG ouvdpTnong y = x° Kataokeudloupe évav
nivaka Ty TS yla dlAPopES TIUEG TOU X.

) -3 | -2 (-1 [0 | 1 2 3
Yl o |4 [1 |01 4 |9
>’ éva ovomua a&dvwv TaPIOTAVOUUE WE
onueila Ta ¢evyn Tou TIponyouUpevou Tivaka Kat 2

oxedldloupe TNV KAUMUAN Tou dlEpxetal ard il : i
Ta onuela autd. H kaumuAn aut ovopdletal ’ / ’

(_3v 9) 9 (3» 9)

(_2! 4) 4 (21 4)

napaBoAr] kal sival n ypagikn napdoracn g
ouvapmongy = x2 B X2 -1 000 1 2 x 3

\ il
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4.1 Houvdpmony =ax?puea # 0

AT TO Oxfjua TapatnEoUUE OTL:

— HmnapaBoAr] €xet kopuen to onue{o O(0, 0) kat Bpioketal ard Tov dgova x'x kal MAvw,
Tou onpuaivel 4Tl yla omoladnToTe TIUr) Tou X loxuel y = 0.

— Houvdpmon y = x? nalpvel edxiotn T y = 0, étav x = 0.

— Nax=-83n1x=3&xoupey = 9 kat Ta onuela (-3, 9) kat (3, 9) Tng MapaBoAng eival
OUMMETPIKA WG TIPoC Tov déova y'y. Ievikd oe avtiBeTeq TIUES TOU X avTloTolxel n (dla
TIUA TOU Y, TTou onuaivel 6Tt n mapaBoAn y = x? éxel A€ova ouppeTpiag Tov dEovay'y.

\

H GUVdeUW y= x> ME Q < 0 iR e e Loy it 2 x 3

Me Tov (1o Tpdno oxedidloupue Kal TN YPAPIKA EEvaE {11
napdotaon NG ouvdptnong y = —x°, n onoia
elval emiong pla mapaBoAn. =2
A6 TO OxNua apatnEouue Ot
— H napaBoAn €xet kopupn To onueio O(0, 0) -3
Kal BptOK?Tat Icmo ToV anv,a XX KCllI KATW, oA | e
Tou onuaivel 6Tt yla oroladnmoTe TIUr Tou X
loxvely = 0. w
— H ouvdpmon y = —x? nalpvel HEYLOTN TIUN
y =0, 6tav x = 0. 6 .
— 2e avriBeteq TIUEQ TOU X avtlotolxel n dla k i
, , . . M'(=x, y) y M(x, y)
TN TOu Yy, Tou onuaivel ot n napaBoAn -7
y = —x? €xel A&ova ouppueTpiag Tov dgovay'y.
-8
G35 5 @ o)\

[evika H ouvdptnon y = ax?® pe a = 0.

e ‘Exel Ypa®Ikr) TApAoTaon Hia KaumuAn mou eival mapaBoAr pe Kopugr) To onuelo
O(0, 0) kat d&ova cuppeTpiag Tov dEova y'y.

e Ava > 0, 1dte e Ava < 0, tdte
n napaBoAr| Bpioketal arnd Tov agova x'x n apaBoAr Bpioketal amnd tov d&ova
Kal TIdvw Kat 1) ouvaptnon naipvel eAdxiot x'X Kal KATW Kal n ouvdptnon maipvel
TRy = 0, étav x = 0. pEyloTn TR y = 0, dtav x = 0.
VA
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2TA TTAPAKATW OoXNuaTa €xouue oxedldoel TNV mapaBoAr] y = ax? yia dlAPopeC TIMES TOU
aplBuou a. MNMapatnpouue ot

a) O ouvreAeomic a Oev
Kabopilel uovo n B€on
™G TMAPABOANAG Yy = ax?
wq MPog Tov d&ova Xx'x,
aAG kaBopilel kal TO
«dvolyud» TnC.

‘O1av n andAutn Tiur Tou
a au&dveral, téte n ma-
PABOAN «KAglvel.

Xy

Xy

B) Av oxedldooupe TIG MAPABOAEG y = 2x2 Kal y = —2%?
oto (B0 ovotnua a&dvwy, ToTe TIapatneouue Ot eival
OUMUETPIKES WG P0G AEova CUMUETPIAG TOV X'X.

y=2x?

evikd:
Ol mapaBoAég y = ax? katy = —ax? eival y=-2x?
OUMUETPIKEG WG P0G A&ova CUMUETPIAG TOV X X.

MAPAAEITMATA — EOAPMOTEZ

Na Bpebel n Ty Tou a, wote n MapaBoAn y = ax® va di€pxetat and 1o onueio
A (-1, 3).
Nvon
Ma va diEpxetal N mapaBoAr) y = ax? anod 1o onueio A(-1, 3), TIpENeL oL ouvte-
Taypéveg Tou onueiou A, va entaAnBeldouv TV eElowon y = ax®.
Apa, yla x = -1 kat y = 3, €xoupe 3 = a (-1)?, ondte a = 3.

Na oxedlaotel n mapaBoAr y = —-2x? étav -2 < x <= 2 Kal va Bpebel n péylotn Kat
n eAdxioTtn T ou maipvel n petaBAnTn y. Mowa onpueia g mapaBoirg €xouv
TETAYMEVN —%;

Nvon
>xnuatiCoupe Tivaka TIHWY TNG ouvVAPTNONG Y = —2x°.

o —2 | -1
-8 |-2 | 0 |-2|-8

o
—_
N}

146



4.1 Houvdpmony =ax?puea # 0

Me tn Borfeld Twv TPV QUTOV OXedAtoupe ™V o 4 oAy 4 2
napaBoAr). Amd TN YPAPIK) TIapdoTaon TIPOKUTITEL
OTL, yla OAEQ TIC TIMES TOU X, Amd TO —2 €wg Kal TO 2
(-2 = x = 2) ol avTioTolXEQ TIPEG TOU Y elval amd 1o —8
engkalto 0 (-8 =y =0). TR Eametee (1.1-2)
Apa, n Yeylotn T Tou y eivat to 0, dtav x = 0 Kain
eNAXIoTN TIU Tou ¥ elvat o -8, dtav x = -2 1 x = 2.

Xy

Nay = —% EXOULE!

—% =-2x* N x* = % omoTE X = i% —g :
, , o 3 9 3 9 3
Apa ta (ntouueva onpeia eival Ta (—7, —§) Kal (7, —7). .
=
Ta onueia autd propouv va Bpebouv Kal ard Tn YPAPIKN
napdotaaon, agou eival Ta kowvd onuela g eubelag
: = —— A = _2 2.
ey 5 kaimg napaBoAng vy X 55 i e

A T Puoikn eival yvwotd OTL av €va owpa KAvel eEAeUBepn TITwon, TOTe o XPOvo
, . , . , 1
t dlaviel dlaotnpa S, nou divetat ano Tov TUno S = gt? (g = 10m/sec?).

Na oxedlaotel To didypauua dlaoTAUATOG - XPOVou.

Nvon st
To didotnua S yia g = 10 m/sec? divetat and tov 20 ©.20)
TL'JT[OS=%°1O"[2=5'[2.
15+
H ypaolkr) mapdotaon Tng ouvdpmmong S = 5t2
elval mapaBoAry ue kopuer 1o onueio O(0, 0) kat 10
diEpxetal and Ta onueia (1, 5), (2, 20) K.T.A.
O xpdvog duwe dev aipvel APVNTIKEG TIMES, OTIOTE 2 (1, 5)
TO dldypapua Tou dlacTuatog - Xpovou eival to i
TUNMA TNG TTPONYOUNEVNG TTAPAROANC TIou BplokeTal B 1 2 t

oto 1° tetapmmuoéplo.

EPOTHZEIZ KATANOH2HX

n Mola amnd Ta napakdtw onueia avrikouv otV MapaBoAr y = —2x2;

a) A1, 2) B) B2, -8) VL -4 8) A2, 8)
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Moteg amd TIG MAPAKATW CUVAPTAOEIC TIAIPVOUV JEYIOTN Kal TIoleC EAAXIOTN TIUN;
a)y = —4x? B)y=4x Y)y= (% 0)y=—-(4?

Na xapaktnpioete TIq Tapakdtw mpotdoelc ue (&), av eival owotég 1 ue (A), av
elvar AavBaouéveg:
a) HmapaBoAny = 6x° €xel kopuPr) To onueio O(0, 0).
B) O d&ovag x'x eival dEovag oupueTpiag TNG MAPABOAIC Y = X2,
Y) OtnapaBoAegy = 8x2 kary = —8x2 elval OUPUETPIKES WG TIPOQ
Tov &Eova y'y.
0) H ouvdptnony = 3x? naipvel eAdxiom Tiun mv y = 0.
€) Houvapmony = —-2x% nailpvet peylotm tun mv y = 0.
ot) Av n apaBoAry y = ax? digpxetal anod 1o onueio M(-1, 2), téte
Ba diEpxeTal kat amnod to onueio A(1, 2).

210 dnAavo ocuotnua agdvwy €xoupe oxedldoel vA
€va TUNMa NG YPA®IKNG mnapdotaong g
ouvdpmong y = —%xz.

a) Na OAOKANPWOETE TN YPAPIKY TIapAcTacn

MG ouvdpTnong. 0 X
B) 1o (B0 ouvomnua a&dvwv va oxedldoete
Kal TN ypaolkn mapdotacn Tng ouvaptnong
_ 1.
y= ¢
Av n mapaBoAn y = ax? diEpxetal amno to onueio M(2, —4), tdte:
aa=2 B) a=-1 Y) a=-4 6)02%

Na CUUTTANPWOETE TOV MAPAKATW Tiivaka avtiotolxiCovrag oe kABe mapaBoAr Tnv
eklowon na.

1)y = %x2 2) y = -3x? 3)y z—%xz 4)y = x?
q) y B) y A Y) YA 6) y A
O, X N, A X X 0 X
0] )




4.1 Houvdpmony = ax?pea # 0

[POTEINOMENEZ AZKHZEIZ — IPOBAHMATA

Na oxedldoeTe TIC MAPAPBOAEG:

Ay=2¢  By=-20 Vy=-2¢  gy==:x

Na oxedidoete oto B0 ouotnua a&dvwy TIG TTAPABOAES:

c1)y=x2,y=%x2 Kat y = 3x? [3)y=%x2 Kaly:—%x2
yA

Na Bpeite TNV e&lowon TNC MapaBoAng
Tou dImAavou OXMUATOoG.

Na oxedldoeTe TN OUMMETPIKTY) TNS WQ 2ot 1 2L
MPOG Tov akova x'x kat va ypdyete v X
e&loworn Ta. =

glowon g g 1

Na Bpelte Ta onueia g mapaBoAng y = —4x? Tou €X0ouv TeTayuevn —9.

Na Bpeilte v TIun tou A, Wote n mapaBoAr y = (A + 2)x? va digpxetal and 1o
1

onueio M(—%, 5).

Av n ouvdptnony = %xz naipvel JEyLoTN TIUr) Kal N YPAPIKr) TG napdotaon dIEpxe-

Tal ano 1o onueio M(2, A), va Bpeite TNV TIUr) Tou aptBuou A.

Ao T PUOLKY elval YvwoTo OTL 1) KIVITIKY) eVEPYELQ evOG OWUATOG TIOU KIVE(Tal ue

TaxUTNTA U Kat €xel udla m divetal and tov TUmo Ex = %mu?

Q) 210 (010 ovoTnua a&dvwy va yivel 1o didypaupa TaxutnTag - eVEPYELAQ yia Tpia
owuaTa oy €Xouv udleg 1, 2 kat 4 avtlotolxw..
B) Av Ta cwpuata €xouv TV dla KIvnTIkn evépyela E, = 2, téte and 10 didypauua

va Tipoodlopioete molo and Ta Tpia cwuata €xel N ueyaAutepn taxdtnta.
y) Av Ta owuata €xouv tnv dla Taxutnta u = % T6Te and 1o dldypauua va

nPoodlopioeTe, TIOIO AMd TA TPl owuaTa €Xel TN EYAAUTEPN eVEQYELQ.
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4, 92 Houvaptnony =ax®+ Bx+y pe a # 0

4 Mabaivw va oxedidlw tn ypapikn napdotaon tns

ouvaptnons y = ax* + 6x +y pe a # 0.

APAITHPIOTHTA

-

0

1

2

3

4

5

1. Na oupnmAnp®oeTe Tov MAPAKATW TIVAKA TIH®Y TNG ouvdpTnongy = X2 — 4x + 3
Kal 0" éva cuotnua a&dvwy va TapacThoeTe e onuela ta dedyn Tou mivaka:

C
y

2. 710 (B0 ovomua agdvwyv va oxedIAoETe Kal TNV MAPABOA Y = X2,

3. Na anotundoete TV MapaBor] y = x2 0" éva dlapaveéc XapTi KAl va TO JETAKIVI|oe-
TE (OOTE N KOPUPT) TNC VA CUUTIEDEL e To onuelo (2, —1) kal o d&ovag cuppeTpiag
NG VA CUMTECEL Je TNV KATakOpuen eubeia x = 2.

Eival n ypagikr) mapdotaon g ouvdptnong y = x2 — 4x + 3 mapafoAn;

Ol ouvaptoelg y = X% Kat y = —x?, TIou yvwploaue otnv mponyouuevn mapdypao,
OTWC Kal Ol ouvapTNoelgy = 3x° — 1,y = —2x° + 8%, y = x? — 4x + 3 K.T.A., ovoudalovtal
TETPAYWVIKEG OUVAPTHOELC.

Tetpaywvikny ovouddetal KAbe ouvaptnon TG HopPNg vy = ax? + Bx +y pe a # 0.

Av €xoupe dia TeETpAywVIKY ouvdptnon, onwg v y = x> — 4x + 3 kal BEAoupe va
0xedlA00OUUE TN YPAPIKY) TNG TIAPACTACN, KATAOKEUAZoule €vav Tivaka TIHWV TG yia
OLAPOPEG TIUEG TOU X.

0

1

3

4

5

X B
" 8

3

0

—1

0

3

8

2’ éva ouotnua a&dvwyv maploTavoupe pe onuela ta
Cedyn Tou Tponyoupevou Tiivaka kat oxedldloupe
I KAUTIUAN Ttou digpxetal amnod Ta onueia autd.

270 (d10 ovotnua atdvwy oxedldloupue TNV MapaBoAn

y = X°, TNV QmoTutivouue 0 éva dlapaveg xapti
Kal TN METaKivoUuue oplldvtia mpocg Ta defld Katd
2 uovddeg Kal Katakdopupa TPog Ta KATw KATd
1 povdada. Aamotwvoupe Ot N mapaBoAr aum
OUUTITTTEL e TN YPAPIKY TIapdoTaon TS ouvdaeTnong

y=x>-4x + 3.
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4.2 Houvdpmony = ax?>+ Bx + ypuea # 0

Apa n ypaglkn mapdotaon mMe Yy = x2 — 4x + 3 elval emiong mapafoAr], e KoOpuQr) TO
onuelo K(2, =1) kal dEova ouppueTpiag v katakdpuen eubela x = 2.

[evika H ypagikr) mapdotaon g ouvdpmong y = ax? + Bx + y pe a#0 elval
apaBoAn ue:
, . B Ay,
® Kopu®r) T0 onueio K(_ﬁ’ _ﬁ)’ omou A = B? — 4ay kau
® Afova ouppeTpiag TV katakdpupn eubela Tou digpxetal arnd Tnv kopuPr K kat €xel

eElowon x = —%

>TO TPOoNyoUuEVO TTIapddetya ard Tov Tiivaka TV Kal TN YPAPIKT TtTapdotacn dlaroTtw-
oaue Ot N mapaBoAn y = x? — 4x + 3 €xel Kopu@r) To onueio K(2, —1) kat d&ova ouppeTpiag
™V eubela x = 2.

210 {310 ouuMEPaoua KATAAryoule Kal o Tnv mponyoupevn mpdtaar), apou

B -4 A (-42-4-1.3

T2a T T2 T2 KU g T g =1
yA

Opolwg, n ypagikry Tmapdoraon Tng ouvAptnong e :
y = X% — 2x + 3 elval N mapaBoAr) y = —x® UETATOTI- : / 5
opévn TAapdAMNnAa TPog Toug AEoveg, €xel Kopupn No
To onuelo K(-1, 4) kai &&ova oupuetpiag tnv eubeia 1
x = -1, apou - *

B _ 2
20 T o) =-1 Katl

A (22-4.(-1)-3 i
i 7 ) = 4,

AT TIGQ YPAPIKES TIAPACTACEIG TWV CUVAPTHOEWV Y = X° —4Xx + 3 Kal y = —Xx?-2x + 3, TTou
oxedldoape ota rmponyouueva Tapadelyuara, mapatneoUue akoun ott:

— Houvdpmony = x2 — 4x + 3 1ou €xel a > 0 Kal YPaPIKr} Tapdotacn mapaBoAr ue
Kopu®r To onueio K(2, —1) nmaipvel eAdxiom tiun y = -1, étav x = 2.

— Houvdpmony = —x2 — 2x + 3 1ou €xel a < 0 Kal YPAPIKY| TIapdoTaon TapaBoAr| e
Kopu®n To onueio K(-1, 4) naipvel yeylom tiun y = 4, étav x = -1,

. . A
e Ava > 0,nouvapmony = ax® + Bx + y naipvel eEAxo T y = ~ g OTavx = —%

. , . . A B
e Ava < 0, nouvdpmony = ax’ + Bx + y malpvel PEylotn Ty = ~ g 0TV X =-5g
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MéEpog A - KepdAato 4o

[MAPAAEITMATA — EOAPMOTEZ

Na oxedlaotel n ypagIkr) mapdotaon g ouvdptnong y = x2 — 2 kal va Bpeboulv
TA Kolvd TG onuela pe tov agova x’x.

Nvon
H ouvdpmony = x* - 2 elval NG popPricy = ax® + Bx + ypea =1, =0 katy = -2,
. B 0 A 02—4.1.(-2)
OTIOTE EXOUME —55 = —5 1 = 0 kal “Za =~ 7 = -2,
Y A

Apa n ypagikr TNg mapdotaon sival mapaBoAr ue
Kopupn To onueio K(0, —2) kal dEova oupueTpiag
v eubeia x = 0, dnAadr| Tov d&ova y'y.

Ma Tov akplB€oTepo Oxedlaoud TG MAPABOANG
MPoodlopiCoupe PepIk& akOuUn onueia ™mga.

2
B[ 2] 1Jo]1]2]3 &
> V2

i
R L B2 0 123 x
Ma va Bpouue Ta kolvd onuela e mapaBoAng A\Q/

y = x? — 2 Ue tov dEova x'x B€toupe y = 0 (Ta Ba
onueia Tou d&ova x'x €xouv Tetaypevn 0) kat Exoupe x> —2 = 0 1 x% = 2, onote
X =V2 1 x = V2. Apq, Ta kolvd onpela Te mapaBoAic Kat Tou dEova x'x elval
Ta A(=V2, 0) kat B(V2, 0).

Mapatpnon

H mapaBoAry y = X% — 2, TIoU E€xel KOPUPT| TO
onueio K(0, —2), umopel va mpokUyel Kal e
KATAKOPUPN PETATOTION TNG MAPABOANIG Y = X2
nMPog Ta KATw Katd 2 povAadeg (dev umidpxel
opIOVTIA PETATOTIION, YIAT( N TETUNPEVN NG
KopuPng eival 0).

7

ytx?\g

Opoilwg, n mapaBoAry vy = x2 + 2, TIou €xel
Kopupn 1o onuelo K(0, 2) umopel va mpokuyel
KAl Pe KaTtakOpu®n UETATOTION TNG MAPAROANG
y = Xx? Tpog Ta Mdvw Katd 2 povadeg (dev
uTtdpxel opIlOVTIa METATOTION, YIAT( N TETUNUEVN
™mGg Kopueng eivat 0).

Na oxedlaotel n ypa@Ikr mapdotacn g ouvdptong y = (x — 2)? kat va Bpebel
TO KOO NG onueio ue tov dova y'y.

Nvon
H ouvdpmon y = (x—2)? ypdgetaly = x?—4x + 4 kal elval g HoppnG Y = ax?+ Bx+y
uea=1,B =-4kay = 4, onote EXOUUE:
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4.2 Houvdpmony =ax>+ Bx + ypuea # 0

B 4 A (4p-4.1.4 y A
“oq = T =2 KA Tgg =g =0.

9
Apa, N ypaglkn g napdotacn elval mapaBoAr) ue

Kopu®r To onuelo K(2, 0) kat d&ova ocupuetpiag v 1
eubela x = 2. = =
Ma Tov akplBEotepo oxedlaoud NG MAPABOANG

(X\Q)e

4
npoodlopifoupe Peplkd akdun onuela .
BY- (o] 1[2]3]4]5s
BB o 4] 101 ]4]09 ] N
a va Bpoupe To Koo onpuelo g napaBoArnq ol 12 345 o

y = (x — 2)? ye tov d&ova y'y, 6€toupe x = 0 (Ta
onueia Tou d€ova y'y €xouv TeTunuévn 0), omdte €xoupe y = (0 — 2)? = 4. Apq, TO
Kowvo onuelo TNg mapaBoAng ue tov dgova y'y eival A0, 4).

Mapampnon:

H mapaBoAr) y = (x — 2)?, TTou €Xel KOPUQPN
1o onueio K(2, 0), uropel va mpokUyel Kal Ue
opLlovTIa YeTaTornion Tne nmapaBoAng y = x?2
npog Ta 0efld katd 2 povddeg (dev umdpxel
KATAKOPU(PN MUETATOTION, VIATL N TETAYUEVN
™GQ Kopueng eivat 0).

Opoilwg, n mapaBoA) v = (x + 1)?, mou
gxel kopupn 1o onuelo K(-1, 0), uropel va
npokUPel kal ue optlovria JETATOMION NG
MapaBoAng y = x? mpog Ta aplotepd katd 1
povada (dev UTIAPXEL KATAKOPUPN UETATOTILON,
ylati n TeTayuevn g Kopueng eivat 0).

Na oxedlaotel n ypagIkr) mapdotaon TnG ouvAptnong y = x? — 4x Kal va nmpoodlo-
pLoTOUV Ol TIPEG TOU X Yla TIC omoieq eivaty < 0.

Nvon
H ouvdpmony = x? — 4x elval TNQ MOPONG y = ax? + Bx + vy ye a=1,B =-4
- A —4)2-4.1.0
Kary = 0, ondte €xoupe _%:_%:2 Ka _E:_( )4.1 = -4,

Apa, 1 YPAPIKY) TS napdotaon eival mapaBoAr] pe kopugr) to onueio K2, —4) kat
d&ova ouppetpiag v eubeia x = 2.

Ma tov akpiR€otepo Oxedlaoud TNG TIAPABOAAG TIPOodlopioune HeEPIKA aKOuUn
onuela g.
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MEpog A - KepdAato 4o

Bo-1 /0| 1[2]3]4]5 Ly
Y 5| 0| 3[-4([-3]0 5 5| X
>xedldloupe TV apaBoAr| Kal maparneouue OTL Ta

ONUEla TNQ TIOU €XOUV TETAYMEVN Y APVNTIKY eival
eke{va TIoU €XOUV TETUNMPEVN X UETAEU TWV APBUWYV M

X2\4X

0 kat 4. Apq, eivaly < 0, 6tav 0 < x < 4.
-1 o)\ 1 2 3/4 5

(o}
=9

K2, -4)

X

EPOTHZEIZ KATANOH2HX

210 dmAavo oxnua divetal n ypadikr) mapdotaon yA
g ouvdpmong y = x? — 2x — 3. Na ouunAnpwoeTe 4
Ta Kevd oe Kabeuld anod TIC MaPaAKATw TIPOTACELS. 4 24
Q) H ypagIkr mapdotacn eival ..........cccccvvveeeeen... 3 j7
HE KOPUQPN TO ONUED ...ooovvviriiiiii, Kal d&ova 2 i
OUMMETPIOG TNV eUBeld ..o 1 >
B) H ouvdptnon autr TAEVEL ......cccocevveeiiii, TN =2 —1\1 S T e g
Y = e, OTAV X = oovvoieen,
Y) H ypapin napdotaon téuvel Tov dgova x'x ota 3
onueld ................ L e Kal Tov d&ova y'y _4\
OTO ONMED ..o :

Na emAéEeTe TN owoTr) andvinon. H mapaBoAn y = 4x? + 2 €xet:
i) Kopuopr 10 onueio

a) (4, 2) B) (0, 4) Y) (0, 2) %) (2,0)
i) AEova ouppetpiag Tnv eubeia ue eElowon
a)x =2 B)y=0 y) x=0 dy=2

Na xapaktnpl(oeTte TIC MAPAKATW TEOTACELS Pe (2), av elval owoteg i) ue (A), av
elval Aavbaopévec:

a) H ouvdpmon y = -2x? — 5x + 4 naipvel eAax1otn TIun.

B) H mapaBoAry = x> —x + 2 Téuvel Tov d&ova y'y oto onueio A(0, 2).

y) O &&ovag y'y eival d&ovag ocuppeTpiag g mapaBoAngy = 3x2 — 7.

d) H kopur) Tng mapaBoAigy = (x + 1)? elvalr onuelo Tou d&ova x'x.

€) H kopupr Tng mapaBoAngy = x? + 2 eival onueio Tou d&ova y'y.
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4.2 Houvdpmony =ax>+ Bx + ypuea # 0

Na CUUTTANPWOETE TOV MAPAKATW Tiivaka avtiotolxiCovrag oe kABe mapaBoAr Tnv

eElowon nC.
1.y=(x +1)2 2.y =x2-1 3.y =x2+1 4.y = (x—1)2
Q) B) Y) %)
y A yA y A yA
N B P I e
T Tol T 2 3y [ 200 1Ty ol T

Oplopgveg TIMEG TNG ouvdpTong y = ax? + Bx + y ye a < 0 galvovral otov mivaka.

BE 2] 1] o]1]2]3] 4

BB 5] o] 3|43 ]0]-5

Na OUUMANPWOETE Ta Kevd og kKabeutd amd TIG TapaKATw TEOTACEIC:

a) H ypagikr) mapdotaon tng ouvdptnong eivatl mapaBoAr| pe agova oupuetpiag
™V eubeld oo KAl KOPUQT) TO ONUED oo

B) H ouvdptnon autr naipvel UEYIOTN TIHN Y = .ooovivvveeeeens, OTAV X = ovviiiiien,

Y) H ypapkn mapdotaon TN ouvaptnong TEUVEL Tov AEova X'x ota onueia ............,
........................... Kl TOV AEOVA Y'Yy OTO ONMED ..o,

[POTEINOMENEZ AXKHZEIZ — TPOBAHMATA

Na oxedldoete TIG mapaBoAEc:
ay=x>+2x-3 B)y=-2x>+4x + 6

CINE)

Na Bpelte TN pEYIOTN 1) TNV EAAXIOTN TIUN KABe cuvApPTNONG:
a)y = 3x*-12x + 11 B) y = —4x% -8x + 1 Y)y=-2(x-6)2+7

[e2]

Na oxedldoeTe TN YPAPIKA TTAPACTAON TG OUVAPTNONGY = X + 2X yia -4 = x =2
Kal he TN BorBela autrc va Bpebouv oL TIUES TOU X, YIA TIC OTTo{eg 1oxUel X2 + 2x = 3.

=]

Na oxedldoeTe TN YPAPIKY TTAPACTAON TG OUVAPTNONG Y = X2 — 2X + 2 Kal Ye TN
BoriBela autng va amnodelEeTe OTL X2 + 2 > 2X yla KABE TPAYUATIKO aplBuo X.
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MEpog A - KepdAato 4o

[

Alvetal n ouvdpmony = x> + 3x + A

a) [a mola Tur Tou mpayuatikou apiBuou A To onueio A(1, 6) avrkel otn YPAPIKN
napdotaon g ouvaptnong;

B) Av A = 2, va oxedIAoETE TN YPAPIKT TIaEdoTaon TS ouvdptnong yia -4 = x < 1
Kal va Bpelte Ta Kolvd TG onueia ue Toug AEoveg,.

Na oxedldoete Vv MapaBoAn y = x> —6x + 5. Av A, B, I eival Ta kowvd g onueia ue
Toug Agoveg, va uroAoyloeTte To euBadov Tou TpLywvou ABT.

Na Bpeite Toug aplBuoug B kal y, wote n ouvdptnon y = X + Px + vy yia x = 4
va nafpvel eAdxIo TR vy = —7. yA

‘Evac modoopalplotic €3wEe TNV UndAa
and 1o onueio O, n omoia apou diEypage
LI TAPaBOoAIKr TPOXIA YE PEYIOTO UPoQg
10 m €ptaoe oe andotaon 40 m.
a) Na amnodeiEete 6Tl N mapaBoAr)

exel eElowon y = —41—0x2 + X, ue
0 = x = 40.
B) Mowa rav n amdéoraon Mg UndAag and 1o €dagog, dtav autr) BEIoKATav OTo

onueio M, Tou €xel Tetunuevn 30 Kal og Moo AAO onueio NS TEOXIAG N PIdAa
areixe ano 1o £€dagog Tnv (dla andéoraon;

TENIKEX AZKHXEIX 4ou KEOAAAIOY .
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270 (B0 ouotnua a&dvwy, va oxedldoeTe TIC U0 MAPABOAEG, TIOU Ol CUVTETAYHEVEQ
Twv onueiwv Toug enaAnbedouy v e&lowon 9y? = 4x*,

Na Bpeite TNV TIn Tou a, WOoTe ol eElowoelc y = (2a — 1)x? kalty = (1 — 4a°)x? va
aPLOTAVOUV TTAPABOAEC CUMUETPIKES WG TIPOC Tov d&ova x'X.

270 (010 oUotnua agdvwyv va oxedIAoETE TIC YPAPIKEG TTAPACTACELG TWV CUVAPTH-
oWV Yy = —X?, y = 2x — 3 Kal va POoodIOPI(0ETE TIG OCUVIETAYUEVEG TWV KOWVWV TOUG
onueiwv.

Na Bpelte Tnv e&lowon Tng mapaBoAng, mou €xel kopuer To onueio K(2, —3) kat
TEuvel Tov d&ova y'y oto onueio A0, 5).



Mépog A - KepdAato 4o

~

To dBpoloua Twv KABETWV MAsUPWY evog opboywviou Tptydvou ABI (A = 90°) eivat
10 cm.
a) Na anodei&ete 611 TO euaddv y Tou 0pBOYWVIOU TPLYWVOU WG ouvApTNon NG

MAEUPAG TOU AB = x elval y = -5 x* + 5%, pe 0 <x < 10.

B) Na oxedldoete TN YPAPIKY TTAPACTAOT TNG CUVAPTNONG.
Y) Na arnodeiete 11 T0 euBaddv yiveral PeyloTo, dTav 1o 0pBoywvIo TPIywVo elval
KQll LOOOKEAEC.

‘Eva katdotnua oxnuatog opboywviou apxikd oxedid-
OTNKE, VA KATAOKEUAOTE( Je KOG 6 m Kat TIAATog 3 m.

H apxitéktwv Ouwg, TIPOKEIMEVOU va PEYOAAWDOEL TN
Bitplva TOU KATAOTAUATOG OKEPTNKE VA HPEIWOEL TO
UNKOG TOUu Kal Tautdxpova va au&noel To TAATOG Tou 6 m
KaTd ta (dla pétpa.

Mola mpénel va eival n ueTaBoAn kdbe didoTtaong, waote

TO eUPRadodv va yivel YeyLoTo;

>e euBuypappo tunua AB = 10 cm naipvoupe onueio M
Kal karaokeudloupe Ta teTpdywva AMIA kat BMEZ.
Mou mpémel va Bploketal To onueio M, wote To dBpoloua Twv euBadwyv Twv dUo
TETPAYWVWVY VA Yivel EAAXIOTO;

<«—3m—>

A6 1O UnmaAkévL evdg orimioy kat and Uog 6 m and To yA
€0aog MeTdue pia undAa, n oroia dlaypdeel Tapafo-
AIKT) TOOXIA e PEYIOTO UYOog amd To €0aPog 8 m, Onwa
Qaivetal oto oxnua. Av n urdAa TPOOKPOUCEL OTO
€0apog 0’ €va onpuelo ou amneéxel 6 m and 1o eCodPAOUIO, 8 '"'@"Q
TOTE:! S0
a) Na amnodeiEete 611 n e€lowon TNQ TEOXIAG TNG UMAAAG O

oto ouotnua agévwv Tou (aivetal oto oxrua eivat O
y=-5x+2x+6,ue0=x=6. o
6

<y

B) Mola rjrav n anéotaon e UndAag aro To onuelo piyng 0o 2
otav katd tnv kdBodd Tng PBplokdtav kal TAAL oe
UPog 6 m amnod 1o €3aPog;

210 dIMAQVO oXNua Qaivetal 1 KABeT Toun uag

ONPAYYAQ TIOU KATACKEUAOTNKE O€ OXNKaA Tapa-

BOANG pe peyloTo TAATOC AB = 16 m Kal JEYIOTO

Ugoc O = 6 m.

a) Na amnodeiEete 611 n eElowon TNG TAPAROAAG
oto oUotmua a&dvwy Tou OxNUaTog eival

y= -5 %+ 6, ue-8=x=8. - U8 >

B) Molo eival To p€yloto uYog evog poptnyou Tou urnopel va dlacxioet T onpayya,
étav 1o MAATOQG Tou PpopTnyouU eival 3,2 m kat 0 dpduog eival piag kareubuvong.
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MéEpog A - KepdAato 4o

a)

B)

158

ENANAAHWH — ANAKEOAAAIQIH 4ou KEOAAAIOY

H ouvdpmony = ax? ue a # 0

, Afovag . . ' Méeyiotn 1
Kopuon ouppeTplag 2uvteAeoq  [pagikn mapaotaon EAGyiomn Tuf
YA
H ouvdptnon naipvel
a>0 eNdXLoTN TN
y=0,06tavx =0
5 > X
0, 0) x =0
yA
H ouvdptnon naipvel
X MEYLOTN TN
a<0 y =0, 6tavx =0

H ouvdpmony = ax® + Bx + ypea # 0

Kopuon

Atovac
oupuetpiag

>uvteAeOTNQ

pagiky apdotacn

Méylot 1
EAdxiotn Tun

Y

3

H ouvdptnon naipvel
eNdxLoTn TN

A
y =-—, 6tav

4a
B

X~ "oa

H ouvdptnon naipvel
MEYLOTN TN

A
y = —4q otav

= oa
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5.1 iovoha

A Mabaivw tnv évvola tov ouvifov Kal nis napiotdveral éva
auvofo.

A Katavow ndte dvo auvoda eivar ioa kar note éva auvodo
eivar vnoauvofo evos ouvifov.

A Mabaivw va Bpiokw tnv évwon n tnv toun §vo ouviluwv
Kabus kar to auundnpwpa evos ouvodov.

APAXTHPIOTHTA

>Tnv 08dvn evdg umoAoylotr Ypdwaue TIq AéEelg eAeubBeplia — eutuxia.
1. Mowa ypdupata mAnKTpoAoyAoaue yia kGbe AEN;

2. Tola sival Ta pwvrevta Kat mota Ta oUuepwva KABe AEENc;

3. Mota eival Ta Kowd pwvrjevta Twv dUo AEEswV;
4

. Mola eivat Ta kowvd cuppwva Twv dUo AEEEwV;
A J

H €vvola Tou guvoAou

2 & TTOAEQ MePIMTWOoEIC ouvnbioupe va CUAEYoUPE 1) va eTiAéyouue dAPOPA AVTIKE(-
eva kat va ta ta&lvououue oe opddeg 1) katnyopleg. MNa nmapddetyua, Ta BIBAa wag
BIBALOONKNG avAaAoya pe To MePLEXOUEVO TOUC TAEIVOUOUVTAL O LOTOPIKA, AOYOTEXVIKA,
laTPIKA K.T.A. 2Ze kammyopleg ermiong, ta&lvopouue Toug aplBuoug (puolkol, akepalol,
pntoi, dppntol, npayuatikol, Betikol, apvnTikol K.T.A.), Ta ypduuata T aApapriTou
(pwvnevta, oUuPwva, UIKPA, kepalaia K.T.A.) kalt kdBe oudda avTikeluévwy Ta oroia dla-
Kplvovtal peta&y toug pe amoAutn cagrvela. Ouddeg 1) Katnyopieg, onwg ol mapand-
vw, ovoudlovtal ota Mabnuartikd, ouvoAa.

Kdbe avtikeluevo Tou nepléxetal 0’ éva oUvoAo ovoudleTal OToLXelo Tou OuvOAOU.

NapdoTaon ouvohou

Kdbe ouvolo oupPoAiletal W' €va kepalaio ypduua g aAgapntou (A, B, I, ...) kal
TAPIOTAVETAL PE TOUG £ENG TPOTIOUG:

a) Me avaypagrn Twv oTolxeiwv Tou

Mpdgpoupe pia povo popd kabgva and ta otolxela Tou Kal Ye oroladnmote oelpd ta
ToroBetoupe avdueoa oe dUo Aykiotpa. 1.X. To OUVOAO TWV YPAUUATWY TG AEENG
eheuBepia eival A = {&, A, u, B, o, 1, a}, To CUVOAO TwV YNPiwv Tou aplBpoy 2004 sival
B =1{2, 0,4} kTA.

MePIKEG POPESG XPENOLUOTIOIOUE TIAPOPOIO CUMBOAIOUO Yia va TIAPACTHOOUUE KAl
€va oUVOAO TIou €xel TIOAd 1 dnelpa otolxela. Xtnv mepmtwon autrh ypd@ouue
LUePIKA oTolxela Tou Kal yia Ta urtdAolra, mou Ba TpETel va evvoouvTal e oapnvela,
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5.1 Zuvoha

XPNOLPOTIoOIoUPE AnmoolwmMTIKA. [.X. TO OUVOAO TwV MIKPWV YPAUUATWV NG
EMnNVIkrG aApaBritou eivat A = {a, B, Y, ..., X, ¥, ®}, TO OUVOAO TWV PUOIKWOV aPIBUOV
evatN =10, 1,2 3,4, ..}

>1a nponyouueva napadelyuara rmapatnpoue 4Tl To oTolxelo B avikel oto oUVOAO
A, evd dev avrikel oto oUvoho N. Autd ocupBoAiCetal avtiotolxa wg e&ng:

o [IEEENE

B) Me neprypadr) Twv otolxeiwv Tou
To ouvoho A = {0, 2, 4, 6, 8, ...}, TTou éxel WG OToIKEld TOUG AETIOUG PUOIKOUC
aplBuoUg, UmopouUpe va To MAaPAcTNOOUUE Kal WG eENG:
A = {&ptiol puoikol apBpoi} B A = {xEN, drou x dptioc apBudSg}
>Tnv nponyouuevn neplmtwon Ague OTL TAPLIOTAVOUE TO OUVOAO HE TIEQLYPAPT) TWV
otolxelwv Tou.

Y) Me didypauua Venn
‘Eva oUvoAo unopoupe va TO MAPACTr)OOUUE ET10-
TITIKA KAl e TO E0WTEPIKO UIAC KAEIOTNC YOAUMNG.
M.x. To oUvOoAO TwV QWVNEVIWV NG EANVIKAQ
aA@aprtou @aiverat oto dmAavo dldypauua, To
oroio ovouddletal didypapua Venn.

A

‘loa ouvoha

Av ndpoupe Ta olvoha A ={a, e, 1, u} kar B = {pwvAevta e AéEng eutuxial,
napatmpeoUpe 3Tl To oUvolo B pe avaypapn Twv otoixeiwy tou ypdgetal B = {e, u, 1,
a} kat éxel Ta (Bla akpIBMOS otolxela pe To oUVOAo A. STnv Tep(mTtwon auth Aéue 4Tl Ta
oUvoAa A, B eival ioa kat ypdgpoupe A = B.

AUo ouvola eival ioa, dtav €xouv ta dla akplBwg oTolxela.

YrooUvolo guvolou
Av mdpoupe Ta ouvoAa

A={a e ,u} kat B={e A\ u 6, p, 1 a},
napatnpouue OTL KABe otolxelo Tou cuvolou A eival
Kal otolxelo Tou ouvolou B. Ztnv mepimtwon aut
A€ue OTL TO oUvoAo A eglval uTIoOUVOAO TOU GUVOAOU
B kal To oupBoAiCoupe A C B.

"Eva guvolo A ovoudletal unmoouUvolo evog ouvolou B, dtav kdBe atoixeio Tou A eival
Kal otolxeio Tou B.
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Mépog A - KepdAalo 50

AUECEC OUVETEIEG TOU TIPONYOUPEVOU OPLopoU elval Kal Ol TIPOTACEIG:

— Ta kaBe ouvolo A oxlel A C A,

- AVAcCcBkaBcTl, téteAcCT.

Ot yvwotol pag aplBuol kat Ta avtiotolxa oUvoAd Toug cupBoAifovtal wg eENg:

o7 9

Kevo ouvolo

duokoi apiBpol N ={0,1,2, 3,4, ..}

Aképaiot apibpoi Z = {..., -3, -2,-1,0,1,2, 3, ..}

a
B
Mpaypatikoi apBuoi R = {pnroi 1§ dppnrot apBuoi}

Pntoi apBuoi Q = { , OTou a, B aképalol, ue B # O}

Ta oUvoAa e ta omnola acxoAouuaote kABe popd elval
ouvnBwe umoouUvoAa evog eupUtepou OuvOAOU, TIOU
ovopddetal Baalkd ouvolo. AuTO TAPIOTAVETAL UE TO
E0WTEPIKO evOQ opBoywviou Kal cupBoAiletal ue Q.
M.x. pe Baolkd olvoro Q = {0, 1,2, 3, 4, 5,6, 7, 8, 9}
priopoupe va dnuioupyricouude dldgopa UTooUVoAd
Tou, driwc A = {1,2, 3,4, 5}, B=1{2 4,6} KTA

To oUvolo A = {nuépa e epdouddag nou apx(Cel and M} dev riepléxel kavéva oTolxelo,
agou dev undpxel nuépa Tng eBdouddag mou va apxicel and M. ZTnv mepimTwon auth
10 oUvoAo A ovopuddetal kevoé oUvoAo kal oupBoAileTal &.

Kevd auvolo ovopdletal To GUVOAO TIou Jev TIEPLEXEL KAVEVA OTOLXE(D Kal cUpBOAIleTal O,

Aexopaote OTL To KevO 0UVOAO elval UTIooUVOAO OTIoIoUdNTIOTE CUVOAOU.

Mpd&elc pe ouvola

a) ‘Evwon ouvolwv

A

Q

Av mtidpoupe ta ouvoha A = {1, 2, 3}, B = {2, 3, 4, 5}, 161
uropoupe va oxnuatiooupe éva véo oUVOAO TIOU €XEl WG
otolxela Ta Kowvd Kat pn kowvd ototxela Twv OUo CUVOAWV.
To véo autd oUvoAo ovoudletal Evwon TwV OUVOAwV A Kal
B kal cupBoAiCetal A U B.

Apa AUB=1{1 2 3, 4, 5}

A6 ToV TIPOoNYOoUPEVO 0PLoUO TIPOKUTITEL OTL €va OTolXEe(o

avrikel otnv €vwon dUo ouvoAwv A, B, av avrkel oto guvolo A 1) oTto guvolo B,
dnAadr av avrkel 0° €va TouAdxlotov and autd.
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5.1 Zuvoha

B) Tour} cuvoAwv
Av Tidpoupe Ta olvoha A = {1, 2, 3}, B = {2, 3, 4, 5}, B Q
16Te propoUpe va oxnuatiooupe éva véo ouvolo Tou | A
€xel wg orolxela Ta kowvd otoixela Twv dUo cuvoAwv.
To véo autd oUVOAO OVOUACZETAL TOUA TWV CUVOAWV A,
B kal oupBoAiCetal A N B. Apa

ANB=1{2 3}

A6 ToV ponyoUevo opLopd TIPOKUTTTEL OTL €va OTolXelo
avrkel otnv Tour) dUo ouvoAwv A, B, av avrikel kat 0To oUuvoAo A Kal ato auvoAo B.

Y) ZUMMARPwWUA GUVOAOU

Av rtdpoupe To ouvolo A = {1, 2, 3, 4} kal wg Bacikd ouvoAo Q Bewpriooupe To OUVOAO

Q=1{0,1,2 3,4 5,6, 7, 8, 9}, 10Te unopouue va oxnuaticoupe &va véo oUVOAO TIoU

€xel we otolxela 0Aa Ta ototxeia Tou Q TToU dev avrKouv Q

oto A. To vEo autd 0UvoAO OVOUACETAL CUMMANPWHA TOU | «0 A 6

A w¢ npog 1o Q Kal oupBoAietal A’. Apa o7
A"=1{0,5,6,7,8, 9}

Onwg eaivetal kar ard 1o mponyouuevo dldypauua -

Venn, 1oxUouv: 9 A’

AUA'=Q kat ANA' =O

8

[MAPAAEITMATA — EOAPMOTEZ

Na napaoctabolv pe avaypadr) Twv OToLXelwv Toug Ta oUVoAQ:
A = {xeZ, onou -3 = x < 2}, B = {nepirroi puaokoi apBuoi} kat
N = {XER, onou x® = x}.

Nvon
Ta otolxela Tou ouvélou A eival ot aképalol aplbuol x, yia Toug oroioug toxUel
-3=x <2 ondte A =1{3, -2 -1,0, 1}.
Ta ototxela Tou ouvoAou B eival ot meprrtol guolkol apiBuol, ondte B = {1, 3,5, 7, ...}.
Ta otoixela Tou ouvoAou I eival ot AUoelg Tng e€fowong x* =x N x*—=x =0 N
X-=1)=01n xx=1)x+1) =0.
Apa x=0 1 x=-1 1N x=0,ondétel ={-1,0, 1}.

Me Baowkd ouvoho Q = {0, 1, 2, 3,4, 5,6, 7, 8, 9} Bewpouue Ta gUVoAa
A = {xeQ, dmnou x dptiog} kat B = {x€Q, érou x Yneio Tou apiBpolu 1821}
a) Na napactaboulv Ta gUvola A, B pe avaypagr] Twv oTolxelwv Toug Kal va yivel
10 ddypaupa Venn.
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Mépog A - KepdAato 50

B) Na nmpoadioploTolv Ta cuvoha A U B, AN B, A’ kaLB'.
Y) Na enaAnBeutei ot AU B)' = A’ N B’ kat (ANB) =A"UB".
Nvon

a) Ta ouvoAa A, B ue avaypagr) Twv OTolXelwV TOUQ B 0

elvat; A
5

A=1{02 46 8 kaB=1{18 2.
To didypapua Venn gaivetal oto dimAavo oxrua.

o3 o7

B) ‘Exoupe ott: o

AuB=1{01,2 4,628}, AnB-=1{2 8}

A ={1,3579} ka B ={0,3 4,567, 9}

y) Emed AU B = {0, 1, 2, 4, 6, 8}, éxoupe 611 (A U B)’ = {3, 5, 7, 9}. Eniong
A'NB ={3 5,7 9} ondéte AUB) =A"NB".
Ened AN B = {2, 8}, éxoupe 6L (AN B) ={0, 1,3, 4,5, 6, 7, 9}. Eniong
A"UB =1{0,1,3,4,56,7 9} onéte ANB) =A" UB'".

EPOTHZEIZ KATANOHXHX

n Na xapaktnpl(oeTe TIC MAPAKATW TEOTACELS PE (2), av elval owoTteg i) ue (A), av
elval A\avbaougveg:

a) Ta ovvoha A = {1, 2, 3} kat B = {3, 2, 1} elval {oa. ()
B) Ta ouvoha A = {6, 7} ka1 B = {67} eival {oa. ()
Y) AvA = {a, B} kat B =1{a, vy, & ¢}, 1618 A C B. ()
3) To ouvolo A = {XxER, drou Ox = 2} elval To kevd GUVOAO. ()
g) AUA = Q. ()
) ANA =g )

Na CUUTIANPWOETE TOV TTAPAKATW Tiivaka avtiotolxiCovtag oe kdbe ouvoAo NG
otAng A, 1o {00 Tou oUvoAo amod T otAn B.

ZTAAN A ZTAANn B

a. xeR, mouse =4} {0, 1,2}
2.
B. {xEN, drou x2 = 4} X {QZ ) EGR
Y. {xE€7, 6rou 3x = 4} 4' {2} EFEER
5. {xeN, émou x = 2} o 2]
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[IPOTEINOMENEZ AZKHZEIZ — IPOBAHMATA

5.1 ZUvoAa

Ano 1o didypaupa Venn Tou dimAavou ox1uaTtog va B 2
MPOoodloploeTe Pe avaypapr) Twv OTolxelwv Toug Ta A

napakdTw oUvoAa:

) =

A= B =

A= B’ = o) 6 e
AUB= ... ANB= ...

Na OUPTIANPWOETE TOV TIAPAKATW Tiivaka avtloTtolxiCovtag oe kdBe oUvoAo Tng
omAnC A, To oudnAipwud Tou we poc Q = {a, B, v, 8, e} and ™ omAn B.

ZTAAN A 2TAAn B

8} 1.{a, B, v, B, &}

a.
B. {a, B, &} 2. o o [ Byl [c¢e]
3.8, v, &}
Y. {a, B v, 3, ¢}
/ / , 4. {a, 5}
3. {ypduuara g Aéeng dada} 5.0, v, 5. &)
€. g 6. {Y, 6}
Me Bdon 1o dimAavoé didypaupa Venn va kabopioete
TO XPWHA 1) TA XPWHUATA TWV MAPAKATW CUVOAWV:
Q) AUB:
B) A N B
X ) A
O) Bl
€) (AU B) oo
OT)(A N B) 1 oo,

Na MapaoTnoEeTE e avaypagr] Twv OTolXelwyv ToUuG Ta TTapakATw oUVOAQ:

a) A = {xER, érnou x2 = 25} B) B = {xEN, drou x2 = 25}
Y) I = {x€7, érou -2 < x = 4} d) A = {xEN, émou x daipémg Tou 12}

Moo ard ta olvoha A = {0, 2,4}, B ={-1,0}, T ={1,2,3}, A ={(1, 2), (4, 5)} eiva:
a) Yroouvoho Tou ouvérou K = {0, 1, 2, 3, 4, 5};

B) ‘loo ue To ouvoAlo A={dpTiol pualkol aplBuol piIkpdTEPOL TOU 6};

Y) ‘loo pe 10 ouvoho M={XER, démou x? + x = 0};
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Mépog A - KepdAato 50

6

166

Na MapaoTnoETE e avaypagr] Twv OTolXelwV Tou TO OUVOAO:
A = {ynoia Tou apiBuov 2123}
Kal va Bpeite 6Aa Ta uttooUvoAd Tou.

Na mapaotioeTe pe avaypagn Twv OTOIXE(wY TOU TO GUVOAO:
A ={(x ), énou x, yeN Kal x +y = 4}

Na MapaotnoETE e TIEPLYPAPT) TWV OTOIXEIWV TOUQ TA TTAPAKATW OUVOAQ:
a)A={1,35729.} PBB={,0T100p a}l y) T ={0, 2}

Me Baoikd olvoro Q = {1, 2, 3, 4, 5, 6}, BewpoUpe Ta olvola A = {1, 2, 4, 5} kat
B = {2, 4, 6}. Na ta napactioete 010 (d10 didypauua Venn Kat va TipoodloploeTe
Ta oUvoAaQ:

a)AUB B)ANB y) A’ 5) B’

Ailvovtal Ta oUvoAa:

A = {ypduuata g AEENG dAveBpal,

B = {ypduuata te AéEng ppeydrta} kal

I = {ypduuata e AéENG eAdL}.

a) Na ypdyete ta ouvoAa A, B, [ ye avaypagr] Twv oTolXelwv Toug Kal va ta
napaotroeTe oTo (010 didypaupua Venn.

B) Na npoodlopioete Ta cuvoAa BU T, ANB, ANT.

Y) Na enaAnBevoete SIAN BUTN) = (ANB)UANT).

Oewpouue Ta oUvoAQ:

A = {Beatéc g TeAeTq évapEng Twv OAUPTIIAKDY Aydvwy Tou 2004 }.

B = {Beatéc e teAetic AMENG Twv OAUPTIAKDOY AYdvov Tou 2004 }.

>€ Tol0 OUVOAO QVTKEL EKEVOC TTOU:

a) MNMapakoAoubnoe Kal TIG dUO TEAETEC.

B) MapakoAoubnaoe pia TOUAAXIOTOV TEAETT).

y) MapakoAouBbnoe Tnv TeAet évap&ng kat Oxt TNV TeAET) ANENG.

0) Aev mapakoAouBnoe TNV TeAeT €vapéng aAAG oute Kal TNV TEAETH ANENG.

Aivovtal Ta ouvoha A = {abAntéq otiBou} kat B = {pormtée Maveniotuiou}
Ti ouprmepalivete yla ekelvov TIOU AVIKEL OTO OUVOAO:

Q) AU B B)AN B y) A’ 5) B’

g) AN B ot) A’ N B ) A NB



5. 9 AsiypaTikog Xwpog — Evdexépeva

4 Mabaivw T ovoudleral neipapia tuxns, nolos eival o
Jelypatikos Xwpos tov Kal nws autos npooolopiferal.

4 Mabaivw 1 ovopdletal eviexouevo evos nelpapatos tuxns,
note npayparonoleital kal note eivar B¢baro h advvaro.

A4 Tvwpilw nws yivoveal ol npagels petagu evoexouevwy Kal
noila evoexoueva ovopaloveal acuvubibaora.

APAZTHPIOTHTA

1. e mowo and Ta MaPaKATw MEPARATA UMOPETE va TIPORAEPETE TO AMOTEAEOUE TOU
pe ardAutn Bepaldtnra;
a) Pixvouue €va Capl. Mola Ba eival n évdel&r tou;
B) Metpdue ™ Bepuokpacia pag moodtntag kabapou vepou Tou Bpddel. Mola Ba
elvat n évdelEn Tou BePUOUETPOU;
Y) Pixvoupe éva vouloua. lMNMola Ba eival n mdvw oyn Tou;
0) EmA€youue €va Tuxaio dptio aplbud kal tov dlaipouue pe To 2. Moto Ba eival 1o
uréAolro Tng dlaipeong;
€) EmA€youpue otnv TUxN €va TpPnReLo aplBud mou Ta Ynoia tou eival 1 1) 2. Molog
Ba eival o apBudg autog;
ot) Pixvoupe €va Cdpl duo popeEg. MNMolo Ba eival To Celyoqg Twv evdelEewy;
2. Ye kabgéva and Ta nelpduata mou dev Uropselte va MPoBAEYPETe TO ATTOTEAEOUA TOU,
yvwpilete Ta duvard Tou arnoteAéopara; lNola eival autd;

J

A

Melpapa TUxNe - AelyuaTIkog XWPOQ

>e MOA\EG MePIMTWOoelg, dtav KAvoupe éva Telpaua, urnopouue pe BeBaidtnta va mpo-

BAEYOUUE TO amoTéAeoud Tou. Na mapddetyua:

— Av uetprjooupe T Bepuokpaocia plag oodtnrag kabapou vepou mou Bpdlel, elpacte
BERatot 6Tt N EvdelEn Tou Beppopétpou Ba eivatl 100° KeAaoiou.

— Av emuAéEoupe éva Tuxalo ApTio aptBud Kal Tov dlalpEooupe e To 2, eluaocte ermiong
BERatol &1L To uttdAolro g dlaipeong Ba eival undev.

Yidpxouv OuwG Kal Telpduata, ta onola 6oec Ppopeg Kal av Ta enavaAdfBoupe, dev

uropouue va TpoRAEYoOULE TO anoTtéAeoud Toug he andAutn BeBaldmra. ‘Eva té€tolo

nelpapa Aéyetal neipapa Tuxng. MNa napddeyua,

— Av piEoupue éva Capt dev elpaote oe B€on KABe Popd va MEORAEPoUPE TNV EVOELEN
TOU, av Kal yvwpiloupe 6Tl TO OUVOAO TwV OUVATWY ArOTEAEOUATWY Tou elval To
{1,2 3, 4,5, 6}

To ouvoAo autd cupBoAiletal e Q kal ovopdleTal SELYUATIKOG XWPOG TOU TEIPANATOG.

AetyuaTikOG XWPoQg evag Melpduatog TUxNG ovoudZeTtal To gUVOAO TwV SUVATWV
anoTEAEOUATWY TOU kat oupBoAiletal pe Q.
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Ma mapddetyua, katd m piyn evog vouioparog Ta duvatd aroteAéopara sival kepaAn (K)
Kal ypdpuata (1), ondTte 0 SelyHaTikOg XdPog Tou Telpduatog eival Q = {K, '}

To mAn60o¢ Twv otoixelwv evdg detypatikoU xwpou Q cupBoAiletal pe BNKIONN.
M.x. ot piyn evég Caplou eival N(Q) = 6, evw otn pign evog vouioparog eival N(Q) = 2.

EUpeon delyuatikou Xwpou evog TELPANATOS TUXNG

>e ToAAG Telpduata TUXNG, Onwe otn pign evéog Captou 1) evog Vou{ouaTog, uropouue
va TIPO0dIoPIooUUE TO JEYUATIKG XWPEO eUKOAQ Kal dueoa.

Yridpxouv Ouwg Kal Telpduara tuxng ora oroia mpoodlopifoupe eukoAdTEPQ TO
OELYUATIKO TOUC XWPEO, AV ePaPUOCOUNE EIOIKES TEXVIKES I nebddoug.

Ma mapddetyua, av emAgEoupe otnv TUXN €va TPIPNReLo aplBud Tou Ta Ynoia Tou eivat 1
N 2, yla va npoodlop{coupe TO JElYUATIKO XWPEo epyalouacte wg eENG:

rpd@oupe molo urnopel va elval To mpwTo Yneio kat oe kABe mep(mTwon YPAPOUUE TIOLO

uropel va eivat To deldtepo Yneio K.o.K.
1o Yneopio 20 Ynopio il 3o Ynoio
/

7177
Me 10 dinmAavo dldypauua, Tiou ovouddeTal / <
SeVTPOSIAYPANMA, BPIOKOUHE eUKOASTEQA i 172
OAa Ta otolxela Tou JElYUATIKOU XWOEOU. 7
O delydatikdog xwpog Q aroteleltal amnod / 121
OAoug Toug TPWNeLoUG aplBuoug ue Ynoia = < 2 122
11 2, dnhadn eival:
Q = {111,112, 121, 122, 211, 212, 221, 222}, ) / 277
Kal epteExel 8 otoixeia (N(Q) = 8). <:2 212
2
/ 227
2 <
2 222

Av piEoupe éva Cdpl dUo QopEq Kal 2pn . 5, 3 4 5 g

. . . . , 1" piyn

ONUELWOOUPE KABe popa TNV £vOEeLEN Tou,

T]“ ! N p " Er} 1 1,1 1,2 (1,3 (1,4 (1,5 (1,6)
TOTE yla va Tipoodloplooupe eukoAdTepQ

TO JELYMATIKO XWPEO, XENOIHUOTIOUHE TO 2 (21 22 23 (24 25 ((26)
dimAavo mivaka. O deltypatikég xwpog Q 3 3,1 (32 (3,3) (34) (35) (3,6
qr[,ors)\elmllono oAa TIG ,6lC1T8TC1Yp8VC1 4 @1) (42) (4.3) (4.4) (4.5) (4.6)
Ceuyn Tou Tiivaka, dnAadn sivat:

O = {(1, 1)Y (1’ 2)’ (1, 3), . (6, 5), (6,6)}, 5 (5,1) (5,2) (5,3) (5,4) (5,5) (5,6)
Kat reptexetl 36 otolxela (N(Q) = 36). 6 6,1 (6,2) (6,3) (6,4 (6,5 (6,6)
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5.2 AetypaTikdg xwpog — Evdexdueva

Evdexoueva

Av p{Eoupe éva Tdpt, yvwpiloupe STl 0 detypatikog xwpog eival Q = {1, 2, 3, 4, 5, 6}.
To oUvoho A = {2, 4, 6}, mou elval unoolvolo Tou Q, ovoudZeTal eVOEXOUEVO TOU
TEPAUATOG KAl OUYKEKPIUEVA elval TO eVOEXOUEVO VA PEPOULE APTIO APIOUO.

Opoiwe, 10 B = {1, 2, 3} eival To evdexduevo va gpgpoupe aplOud HIKPGTEQO TOU 4.

Evdexduevo evog melpduatog Tuxng ovouddetal Kabe unmogUVoAo ToU JeLyATIKOU
Xwpou Q.

Av piEoupe gva ZapL kal PEPOUE TOV aplBud 6, TIou avrikel oTo oUvolo A = {2, 4, 6}, TéTe
Aéue OTL To evdexduevo A npayuartornoleitat. To evdexduevo duwg A mpayuaroroleral
akOUN Kal av Katd Tn OUYKEKPLUEVN EKTEAEON TOU TIEIPAUATOC €KTOG ard 6 PEPOUNE 2
N 4. '’ autd ta otolxeia 2, 4, 6 Tou evdeXouevou A ovouAlovTal EUVOIKES TIEPITTTWOELS
yla TV mpayuatornoinor) Tou.

Ma €va evdexouevo A, To MANBOG TWV EUVOIKWY TOU TIEPIMTWOEWY, dNAAdN) TO MANB0Q
Twv oToIXElwV Tou, oupBoAiZeTal pe N(A). Ma To evdexduevo A = {2, 4, 6} eivat N(A) = 3.

B€Balo — Aduvato evdexouevo

Av pioupue €va Cdpl, TOTE TO evOEXOUEVO va QEPOUPE EVOEIEN UIkpdTeEPN Tou 7 elval To
Q= {1,2,3, 4,5, 6}. To evdexduevo auTd MEAYHATOMOLETAl OE OTOIAdYMOTE EKTEAEDN
TOU TelpduaTog Kat yi' autd ovoudletal BERAL0 evdeXOUEVO.

To evdeXOUEVO OPWG VA PEPOUUE EVOelEn peyaAUuTepn Tou 6 eival &. To evdexduevo
auto dev MPAYUATOTIOLETAl 08 Kap{a EKTEAEOT TOU TEIPAUATOG Kal yI' autd ovouddeTal
aduvato evdeXOUEVO.

Mpd&elg ue evdexdueva
Onwg eldape, To evdexduevo eival ouvolo, omdte aplotdveral kat pe diaypapua Venn. Ot
npPA&elq peTa&U evdexouévwy Yivovtal orwe Kal ol TPAd&elg ueta&y ouvolwy. Etol €xoupe:

® ‘Evwon duo evdexougvwy A, B ovouddletal To evoexOuevo B @
A U B nou npayuaromnoleitat, dtav mpayuatoroleral éva A
TouAdxlotov ano ta A, B.
Myx. avA={2 4 6} kat B={1,2, 3} 16t
AuUB={123 4,5 6} =
® Toun duo evdexousvwv A, B ovoudletal To evdexouUevo B Q
A N B mou mpaypatoroleltal, dtav mpayuatorolouvtal
Tautdxpova To A Kat To B. 5
Mx. avA={2 4 6} ka B={1,2 3}, té1e
ANnB={2}.
5
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® JuumAfpwHa evog evoeXouEVoU A ovoUAZeTal TO evOex0- 0
pevo A’ Tou mpayuatorioe{tal, otav dev TMPaydato- | A e
noteitat To A.

I.x. oto melpaua TUxNg «pin evog Caplou» av °3
A={2 4 6} e A’ ={1, 3,5}
.5 A/
AcupuBiBaocta gvdexdpeva
>’ éva nelpapa tuxng duo evdexodueva A, B elval duvatdv va o
A B

LNV €xouv Kavéva Kolvod otolxelo, dnAadr| va loxuel
ANB=g@.

M.x. om plyn evée Zapoy, Ta evdexdueva A = {1, 3} kal

B = {2, 4, 6} dev éxouv kavéva Kowd otolxelo, ondte oe

OTTOIAdNTIOTE EKTEAEON TOU Telpduatog dev elival duvatdv va *3

npaypatonomBouv Tautdxpova. 2NV TEPITITWON autr) AEue

o1l Ta evdexoueva A kat B elval acuppiBaocta.

AUo evdexoueva A kat B ovoudlovral acupBipacta, StavA N B = 3.

MAPAAEITMATA — EOAPMOTEZ

2’ éva Toupvoud OKakloU €vag Ttaiktng arnokAe(eTal arnd Tn CUVEXELQ TWV ayWVwV,
av nttnBei pia popd n pEpel duo Loomalieg. Av €vag naiking €dwaoe TO TOAU
TPEIG aywveg, Tola eival Ta aroteAéopara nmou 6a unopouloe va €xel PEPEL
MEXPL EKEIVN TN OTLYUN;

fiorn
H H

To mbavd anotéAeoua evog OKAKI-
OTH yia KdBe axvidl eivat frra (H), H IH

loortaAia (I) 1§ vikn (N). Ta duvard / / /7

AMOTEAEOUATA TIOU €Qepe  E€vag H INH
nalkmg mou €dwoe TO TOAU TPEIQ N <E / IN/
AYWVEG, TIPOKUTITOUV EUKOADTEPA N INN
and 1o JInMAavo dIAypPaAUUa.

To oUvolo OAwv Twv amoteAe- H NH

oo/ H NIH
opdtwv eivat: N / <E / NI/
Q= {H, [H, II, INH, INI, INN, NH, NIH, N NIN

H

/

N

NI, NIN, NNH, NNI, NNN} NNH
N <E

NN/
NNN
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5.2 AetypaTikdg xwpog — Evdexdueva

2’ éva KOUT( urtdpxouv 4 undAeq apBunuéveg and to 1 €éwg 10 4. EMAEyoupe otnv
TUXN Ma pndAa, kataypd@oupe Tov aplBud tng, Tnv enavatonobeTole OTo
KOUT( Kal oTn ouveéxela enavaiapBavoupe tn diadikacia AAAN pa gopd.

a) Na npoodiloplotel 0 SEYUATIKOG XWPEOG TOU TElPAPATog TUXNG.
B) Na npoadioploTolv ta gvdexOueva.
A. O U0 umdAeg €xouv Tov (B0 aptOuod.
B. O aptBudg g nmpwng undiag sivat peyalutepog and Tov apldud mg
deltepng UndAag.
. O aplBuodg plag povo pnaiag eivat 3.

Nvon 2 i
. . . 2 S 4
a) O delyuatikog XwpEog ToU TEIPAUATOC ATTO- 11 undha
Tele(tal ané Ta 16 oroiela Tou dimAavoy 1 (1,1 (1,2 (1,3) (1.4)
nivaka, omndte eivat: 2 21) 22) 23) 24
Q={(1.1),01,2),1,3),.. (4 3) 4 4)} 3 31 B2 33 (34
4 4,1 (42 43 (4,9

B) To evdexduevo A €xel wg otolxela ekeiva Ta CeUyn Tou Q ota oroia 0 MPWTOQ

aplBuoég eival (dlog pe tov deutepo.

Apa: A={(1,1), (2 2), (3, 3), 4 4}
To evdexoduevo B €xel wg otolxeia ekeiva ta Ceuyn Tou Q oTa oroia 0 MPWToQg
aplBuog eival peyaAutepog and Tov deltepo.

Apa: B={(2 1) (3 1), 3, 2), 4 1), 42 423}
To evdexouevo I €xel wg otolxela ekeiva Ta Ceuyn Tou Q ota omoia poévo €vag
anod toug dUo aptBuoug eival to 3.

Apa: T=1{(3,1), (3 2), (3, 4),(1,3), (2 3), (4 3)}.

EPOTHIEIZ KATANOHXHX

n Mola and ta napakdtw eivat melpduata TUxng:
a) Pixvw éva Cdpl kal kataypdpw v mdvw oy Tou.
B) Aprivw €va Bapu owua va MEoel Kal kataypdew TN Gopd NS Kivnong Tou.
Y) Byddw éva @UA\O and uia TpdmouAd Kal onuetovw Toto eival.
d) Avolyw éva BIBAIO kal onuetdvw Tov aplBud Tou avtiotolxel otn 0e&ld oeAida Tou.

2% pabnmq
EruAéyoupe dladoxIkd dUo uabntég Muuvaoiou kat A B r
kataypdgoupe Tnv TAEN orou @olitolv. ‘Evag 1% Haenmg

HaBN™MQ yia va Bpel To JelyUaTIKO XwpEo €pTiate A AA  AB Al
1O dmAavo mnivaka. MAnwg ékave KAarmolo Ad0og; B AB BB Bl
I [A B IT
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172

To BevTpodIdYPaUuaA e To onofo  ISRMIS 30 Yneio

€vag pabnmg nbele va mpoo-
dloploel GAouc Toug TEWNPIOUC
aplBuouqg pe ynoia 2, 3, 5, Tou T
KaBgéva xpnotuoroleral pia povo
Qopd, guelve nuITEAES. Mniopelte
va TO OUUTANPWOETE;

()}

AN

Av 0 BelyHaTikdg XWEog evdg melpduatog tuxng eivat Q = {0, 2, 4, 6, 8, 10}, ol
anod ta napakdtw oUvoAa eival evoexdueva Tou TEPAPATOC;
a) A = {4, 8 10} B)B={0,223,6} Yy Ir={4728 10} d)A={6}

Pixvoupue éva (dpt kat pepvoupe 6. MNola and ta napakdtw evoexoueva mpayua-
ToTolouvTal:
aA={2,46} B B={1375} v) [ ={4,5 6} ) A={12 3}

‘Eva KouTl TieplEXEl KOKKIVEG, KITPIVEG Kal HaUpeq UTTAlEG. Av eTIAEEW pia PrtiAla
molo ard Ta Mapakdtw evdexoueva eival aduvaro;

a) H unihia eivat KOkkivn. B) H umihia eival kitpivn.

y) H umiAla eivat mpdoivn. d) H uni\ia dev eivat pauvpn.

ErmAéyw otnv TUxn €va prjva Tou €rouc. Molo and Ta napakdtw evdexdueva eival
B€Ralo;

a) O unvag €xet 31 nuépPeg.

B) O unvag eival Bepivoc.

Y) To dvoua tou uriva apxicel ano M.

0) O prvag €xel Teploootepeq amno 27 NUEPEG.

Na OUPTANPWOETE TOV TTAPAKATW Tivaka avTiotolxiCovtag oe KaBe evdeXOUEVO TNG
oThANG (A) To oWOoTO ocupmnépaoua and Tn otmAn (B).

—

. Aev mpayuarorole{tal to A.
a. AUB 2. Mpayuatoroleftal £va Touhdxiotov and

Ta A, B.
B AME 3. Aev mipayuartonoleital To B.
Y. A 4. MNpayuarorolovvtal Tautdxpova Kal To A

Kal To B.



5.2 AetypaTikdg xwpog — Evdexdueva

MPOTEINOMENEZ AZKHZEIZ — TPOBAHMATA

To KUAIke(o evdg oxoAeiou dIaBETEL yia Gpayntd oAvTouits (o), TupdTiTa (1), YAUKO (Y)
Kal yla avaPukTiké mopTokaAdda (1), Aepovdda (A).

EmiAéyoupe oty tUxn éva uabntr mou aydpace gva e{dog payntou Kal €va eidog
avayukTikoU Kal kataypd@oupe TNV TPOoTiunor Tou. olog eivat o detyuatikog
XWPEOG TOU TMEIPAUATOC;

Pixvoupe €va voulopa Tpelc popec. MNolog eivat 0 detypatikog Xwpog Tou MEPAUATOC;

>’ évav TIPOKPIKATIKG OUIAO Twv Maveupwmaikwy aywvwy MMAoKeT KAnpwonkav
va mat&ouv t€ooeplq ouddeg A, B, I, A divovrag peta&y Toug amd dUo aywveg
(evtog Kkal ektég €0pag). Me tn BonBela evog mivaka va Bpelte dAa ta (elyn Twv
QVTITAAWV.

>’ éva KouT( uldpxouv TPEeIG UTAAEG, pia KOKKIvN, uia dompn kat pia prAe mou

AlAPEPOUV OVO WC TTPOGTO XPWHA. ETIIAEyouue Tuxaia pla umdAa katkataypdpoue

TO XpWHa Q.

a) Me néoeg 1o oAU KIvr|oelg 6a TTIAPOUPE TNV KOKKIVN UTTAAQ,;

B) Me nmdoecg KIVIOEIG UTTOPOUHE VA AvayVWPEICOUPE TO XPWHA KABE UndAag;

Y) OewpeioTe TV MPWTN kivnon wg Eexwplotd Telpaua. Molog eival o detyuaTikog
TOU XWPOG;

>’ éva AeomTikd malxvidl ocuupeTeéxouv 4 dvtpeg (Anunteng, Kwotag, MixdAng,
Mavaylwtg) kat 3 yuvaikeg (Elprjvn, Zwr, Ztauartiva). EmA€youpe otnv tuxn evav
dvrpa Kal pia yuvaika yia va dlaywvioTouv Kal Kataypd@ouue Ta ovouata Twv
avtindAwv. Na npoodlopioete:
a) To delyuaTikd XWEO TOU TMEIPAUATOC.
B) Ta evdexdueva A: dlaywviomkav 1 Elprivn 11 n Zwn.

B: Ae dlaywviotke o MixdAng.

O SelypaTIkdg XWPOog evdg melpduatog Tuxng eivat Q = {0, 1,2, 3, 4, 5,6, 7, 8, 9}.
Na napaotioete ue dlaypauua Venn ta evdexoueva

A = {x€Q, drou x dlapémce tou 9} kat B = {x€Q, émou x < 6}

Kal va IPoodlopI(oETE TO eVvOEXOUEVO TIOU TIpAyUaTomoleTal, dtav:

a) MNpayuatoroleital €va Touldyxlotov armo ta A, B.

B) Mpayuatorolovvtal Tautdxpova To A Kal 1o B.

Y) Aev npayuatoroleitat To B.

Ot dpdoteq pla kKAomng dlEpuyav W' éva auTtokivnTo Kal PHETA and v katdbeon
AlAPOPWV HaPTUPWV EYIVE YVWOTO OTL 0 TETPAYNPIOC aplBuog TNG Tivakidag tou
QUTOKIVITOU €lxe MPWTO Kal TETapTo Yneio 1o 2. To deutepo Yneio ntav 61181 9
Kal To Tp{to Ynoio Tou NTav 4 1| 7.
a) Moto eival To oUvoAo TwV TIBAVWY APIBUWY TNG TIVAKIDAG TOU AUTOKIVATOU;
B) Na mpoodlopioeTe Ta evdexoueva:

A: To tpito Ynoio Tou aplBuou g Tivakidag eival to 7.

B: To deutepo Ynopio Tou apiBuol g mivakidag eival 6 1) 8.
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5. 3 ’Evvoia Tng méavérnrag

4 Mabaivw tov klaoiko opioud tns mfavornas.
A [vupifw tous Baoikous Kavoves Aoyiopou twv mbavotntiv.

APAXTHPIOTHTA

ErAéyoupue otnv TUXN €va autokivnTo Tou omolou 0 aplBuog KukAogopiag eival Cuyog

Kal kataypd@oupe To TeAeutaio Ynopio Tou.

— O NMwpyog oxupicetal otl eival mbavdTtepo va eival pikpdTepo Tou 6 Ttapd va sival
pueyaAutepo 1) (oo Tou 6. Eival owotdg o 1oXUpIouog Tou;

& J

KAaokog oplopdg mbavotnrag

Av emA€Eoupe otnv TUXN €vav dPTIO PovoyNn®Io GUOIKO aplBud, TéTe O JelyHATIKOG

Xpog tou Telpduaroc sivat Q = {0, 2, 4, 6, 8}.

Av KdBe aplBuog emAéyetal otV TUXN Kal Oev €XEl KAVEVA TIAEOVEKINUA EVaVTl TWV

AMNwvV, TéTE OAOL 0L aplBuol €xouv TNV dla duvardrTa emAOYNG Kal Aéue OTL Ta duvatd

arnoTeA€ouata Tou delyuatikoU Xwpou eival lgomibava.

210 €fng, étav Adue OTL n ermhoyn yivetal otnv TUxn 6a evvoeital 6Tt 0Aa ta duvard

anoteAéopara eival loonibava.

To evdexoduevo va ermAéEoupe amd Ta otolxela Tou delyuatikol xwpou Q aplbud

UIkpSTEPO Tou B, elvat To A = {0, 2, 4} kal mpaypatonoleftal av emAéEoune 0 ) 2 1 4,

ev To evdexouevo va emiNéEoupe aplOud peyaAutepo 1y (0o Tou 6 eival B = {6, 8} kal

npayparoroleTal av emAgEoupe 6 11 8. BAEmouue Aotmdv 6Tt anod Touc 5 aptBuouqg Tou

delyuatikou xwpou Q, 3 aptBuol eEac@aAifouv TNV MpayuaToroinon Tou evoexouevou A

Kal 2 apBuol eEacpaiiCouv v mpayuaronoinon tou evdexouévou B. Ztnv mepimtwon

auth Aéue OTL ) BavétnTa MEAYUATOTIonong Tou evdexouevou A eival = 11 60% Kal

oupBoAiCoupe P(A) = % 11 60%, eva n TIOAVOTNTA TNG TEAYUATOTIOMNONG TOU eVOEXOUEVOU

B eival P(B) = % 1 40%. MNapatmmpoupe Otl oe KABE TEPITTTWON 0 APIBUNTNG TOU KAAOUATOG

efval To TANBOC TWV EUVOIKWY TIEQITWOEWV YIA TNV TTPAYUATOTIOMNON ToU evdexXouEvou, apou
N(A) = 3 kat N(B) = 2, evw 0 mapovouactig Tou KAdopatog eival To TAN60g Twv duvatwov
TEQIMTTWOEWV TOU Ttelpduatog, apou N(Q) = 5.

2’ éva nelpaua tuxng, pe womnibava anoteAéopara, rubavotnta evog evdexouevou A
ovopdletal 0 aplouog

P(A) = MAr00g guvoikwv neputtwoewv _ N(A)

mMAr0og duvatwv neputwoswy  N(Q)

MNa napddetypa, and €va KOoUTl TIou TepLEXEL 25 opoleg PMAAeG, anod Tig oroleg ot 11
elval mpdotveg kat ot 14 eival kKOkkiveg, av BydAoupe otnv TUxn uia, téte ol TBavotnTeg
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5.3 'Evvola Tng mbavdétntag

Twv evdexouevwy M. Bydlw mpdotvn urdAa kat K: Bydldw kKOkkivn prdAa sivat:

N(TT) 1 N(K) 14
P(1) = W = o5 N 44% «kat P(K) = m = 55 N 56%.
Ao TOV TTPONYOUPEVO OPLOUO TIPOKUTITEL AKOUN OTL:
_ N@ _N©@ _
P(Q) =N Q) =1 Kal P(@) = W =0

H mbavétnta kd&be evdexopevou A eival aplBudg upeyalutepog 1 (cog amd 1o 0 Kal
HIKPOTEPOQ 1) (00G and To 1, apou To MANB0G TwV EUVOIKWY MEPITTWOEWY elval MIKPOTEPO
1 {00 amnd 1o MANBoC Twy duvatwy TepIMTWoewy. AnAadr| loxUeL:

0<P(A) <1

Baoikol kavoveg AoylopoU Twv TBavoTATWY

Av piEoupe éva (dpl, TOTE 0 JEIYUATIKOSG XWPEOG TOU TMEIPAUATOS A o3 Q

elvat Q = {1, 2, 3, 4, 5, 6} Tou omolou Ta 6 duvard anoTeAs- 6

ouarta eival toomnibava.

‘Etol n ubavétnta Tou evdexouévou A = {1, 2} efvat i 5

PA) = NA 2 l To oupnAnpwuatikd Tou A eival To o
NQ 6 3

A" ={3,4,5,6} kaln mbavémrd tou eivar P(A") = % = % = %

12
Mapampoupe 6t P(A) +PA) = 7 + 7 = 1.

MNa dUo cupmAnpwpatikd evdexoueva A, A’ oxuel P(A) + P(A’) = 1.

Av Tdpa ndpoupe ta evdexdueva A = {1, 2}, B = {2, 3, 5} kai A

nPoodloploouue TNV Evwaon Kal TNV TOWr) Toug, TOTE €XOUUE:
AuB={1235} kit ANB={2}.

/ 2 3 4 1 o

ApaP(A) = 5. P(B) = 5. PAUB) = & Kai P(AmB)ZE,

Mapampoupe ot P(A U B PAmB—i 1.5 P(A) + P(R) = 2 3 5
PATNPOUHE OTL: P(A U B) + P( )= t5=5 APA+PB = s+ =%

dnAadr) oxvel P(A U B) + P(A N B) = P(A) + P(B).

Ma omotadnmnote gvdexoueva A, B loxtet P(A U B) + P(A N B) = P(A) + P(B)

Tig Tiponyouueveg IBIGTNTES XENOIUOTIOIOUKE OUXVA YIa va UTTOAOY(oOUUE TIIBAVATNTES Kal
YU autd Aéue OTL arnoteAoUv Bactkoug Kavoveg AoyLopoU Twv TIBavoTHTwy.
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[MAPAAEITMATA — EOAPMOTEZ

EruA€youpe otnv tuxn €va prjva tou €touqg. Na Bpebouv ol mbavdtnteg Twv
EVOEXOUEVWV:
A: O unvag apxicet ané M.
B: O pnvag eivat Bepvdg.
I O uARvag éxet 31 nuépeq.

Nvon
O delypatikog xwpog Q mepiExel 12 otolxela, ondte 1o TMANBOC TwvV duVATWY
nepimtwoeswy eival N(Q) = 12.
To evdexdpevo A eival A = {Mdptioe, Mdoc}, ondte To TARBOC TWV EUVOIKWY
MEPITTWOEWY YIa TNV payuaroroinor| tou eival N(A) = 2.

N(A 2 1
Apa P(A) = ﬁ =5 =% 1 Tiepinou 16,7%.
To evdexduevo B eivat B = {lovviog, louNiog, Alyouotog }, onéte éxoupe N(B) = 3.
1
ApoP(B):wziz— n 25%.

NQ) ~ 1 4

To evdexouevo [ eival
I = {lavoudploc, MdpTtioc, Mdiog, louhiog, Alyouatog, OKTdRPLoC, AekEUBPEIOG |,
N(T™)

ondéte N(IM) = 7. Apa P(IN) = NQ)

= % 1 nepimnou 58,3%.

Mia opdda divel duo aywveg. Av n iBavétnta va kepdioel Tov
MPWTO aywva eivat 45%, n mbavotnta va kepdioel Tov SeUTEPO
aywva eivat 60% kat n mbavotnTa va kepdioel kat Toug dUo
aywveg eivat27%, va Bpebouv oLmbavoTnTeg TWV EVOEXOUEVWV:
a) Na unv kepdioel Tov MPWTO aywva.
B) Na kepdioel €vav Touldxiotov amnod Toug dU0 aywveg.
Nvon
Ovopadoupe A 1o evdexduevo va kepdl(oel n opdda Tov TPWTO aywva kat B 1o
evoexOuevo va kepdioel Tov OeUTepOo aywva. To evdexOuevo va Kepdloel Kal Toug
duo aywveg eival A N B, omndte €xoupe:

45 60 27
P(A) = 05: PB) =155 «a P(ANB) = {55

a) To evdeXOUEVO vVa UnV Kepdioel TOV PWTO aywva elival TO CUUNANPWUA Tou A,
onAadr to A’. Tvwpifoupe duwg ot P(A) + P(A’) = 1, omntdTe EXOUE:
45 N , N4 45 N _ 95
700 " PA)Y=1 1M PA)=1-355 N PMA)= 100"

Apa n miBavoTa va unv kepdioel Tov MpwTto aywva sival 55%.

176



5.3 'Evvola Tng mbavétntag

B) To evdexduevo va kepdioel 1 oudda évav TouAdxlotov amd Toug dUO0 AYWVEQ
npayuaroroleltal, étav mpayuaronoleral €va TOUAJdXIoToV arnd Ta evoexoueva
A, B, omdte eivai to A U B.

MvwpiCoupe duwg o6tt P(A U B) + P(A N B) = P(A) + P(B), ondte €xoupe:

27 _ 45 . 60 45 60 27 _ 78
100 — 700 " 700 700 © 700 ~ 100 ~ 100"

Apa n mbavotta va kepdioel €vav TOUAJXIOTOV arod Toug dUo aywveg eival 78%.

P(AUB) +

A PAUB) =

EPOTHZEIZ KATANOHXHX

>e 1olo anod ta napakdtw melpduara ta duvatd artoteAéopuara eival loomibBava;

a) Ao €va KouTi Ttou meplexel 12 duoleq pumdAeg, anod T onolieg 4 eival mpdolveg,
4 KOKKIVEG Kal 4 AoTIPEG, EMIAEYOULE Wia KAl ONUEIWVOULE TO XPWHA TNG.

B) Am6 éva kouti Ttou TieplExel 12 dpoleg UndAeg, amno TIq omoieq 5 eival mpdolveg,
5 KOKKIVEG Kal 2 AOTIPEG, ETUAEYOULE [ia Kal ONUELWVOUE TO XPWUA TNG.

Y) And TN AEEN «xapd» eMIAEYOUE €va YPAUUA KAl ONUELWVOUNE TIOLO efval.

0) Ao Tn AEEN «XWPa» ETUAEYOUE Eva YPAUUA KAl ONUELOVOUUE TIOLo efval.

Av emAéEoupe Tuxala éva ypduua Tng aAgaprTou, téTe n mBavomta va eivat
pwvnev elvat:

1 1 7 17
Q) 5 B) 27 Y) 24 %) 54

Na eTAEEETE TN OWOTT ATAvVINoN.

Na xapaktnpioete TIq Tapakdtw mpotdoelg ue (&), av eival owotég 1 ue (A), av
elvar AavBaouégveg.
a) H mBavétnta evog evdexopevou A unopel va eivat P(A) = 1,02.
B) Av n ruBavaotra evdg evdexopevou A eival 80%, Tote ypdpoupe P(A) = 80.
Y) To BERalo evdexduevo €xel TiBavotta 1 Kal To adUvato evoeXOUEVO
gxel ubavotnta 0.
d) Av n rBavdtnrta va Bpétel eival 32%, téte n TBavoTnTa va un Bpétel
elval 68%.

Av 1 TuBavanrta va npaypatoromBel eva evdexouevo A eival -, Tote n bavotnta

5
va unv npayparoroin®el to A elvat:
o) 3 B 5 v 2 5) &
Na eTAEEETE TN OWOTH AmAvInon.
Ma 500 evdexsueva A, B 1oxtouy P(A) = i1, P(B) = % kal P(A N B) = %
6

‘Evag pabntmg unoAdyloe ot P(A U B) =
Na arloAoyroeTe ToV IOXUPLOPO oag.

T Elval owot n andvrnor tou;

—_
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[POTEINOMENEZ AXKHZEIZ — IPOBAHMATA
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EruAéyoupue otnv TUXn évav aképaio aptBud amd 1o 1 éwg kat To 13. Mola eival n
mbavotnrta va eivat:
a) 4pTiog B) TOAAMAJOL0 TOU 4;

e Ja kANjpwon umndpyxouv 1200 Aaxvol amd Ttoug ormoioug kepdiCel o €vac.
Mdéoo % mbavotnTa £xel va kepdioel KAMoLog TIou aydpace 6 Aaxvoug;

>e Jla TpdnouAa 52 UMWY urtdpxouv 12 gryoupeq. Av eTIAEEOUUE OTNV TUXN €va
@UA\O, Tola elval n mBavamTa va unv eival gryolpaq;

>e €va KouTl urtdpyouv 20 duoleg umdAeg, and TIg omoieg ol 8 eival yaAdlieg, ol 7
elval kitplveg kal ot 5 eivat dompeg. Bydloupe otnv tUxn ula undAa. Na Bpeite TIg
meavoTNTES TWV EVOEXOUEVWV:

A: H undAa va eivat kitpivn.

B: H pymdAa va unv eival dompn.

" H pmdAa va eivatl yahddia ry dormpn.

>tov dinmAavo mivaka gaivetal n BabuoAoyia Twv 25 9 1
HaBNTWV €evog TUAPATOG OTad Mabnuatikd. Av 12 g
emAEEouPe otV TUXN €va padnm, va PBpeite v 13 5
mBavomra va €xel Babuo: 14 4
a) 15 15 3
B) HIKpdTEPO TOU 14 16 2
Y) MeyaAuTepo 1 (oo Tou 16 e 2
d) 1911 20 e .

19 2

20 1

Pixvouue €va vouloua tpelg popeg. Mola eival n mbavotnta va pEPOUUE Kal TIG
TPEIG POPEG TNV (dla EvOelEn;

Pixvouue €va Cdpl dUo popeq. Na Bpelte TIg mbavotTeg TwV eVOEXOUEVWV:
A: ©€pvoupe Kal TIG dUO POoPER 6.

B: ®€pvoupe TV (Bla €vdel&n kat TIg dUO POPEG.

I ®€pvoupe pia Touhdxlotov gopd 5.

A6 Toug 25 abnTég plag Td&ng povo ol 12 é\ucav ula doknon. Av eTlAEEouE
otnv TUXn évav pabnt, mola eival n mbavotnta va pnv €xel AUoel Tnv doknon;



5.3 'Evvola Tng mbavotnrag .

Av 0 TIpWTOG MaBNMG Tou emAéEaue dev €A\uce Tnv AoKnon Kal amd Toug
undlolroug emiAéEoupe otnv TUxn €va deltepo uabntr, ToTe mola eival n
mBavotrta va €xel AUoel Tnv Aoknon;

H mbavétnta va pnv mdet kamolog oto B€atpo eival TpimAdola and Ty meavomta
va 1del. Mola eival TeAikd n mibavotnta va ndel oto B€aTPo;

Ma duo evdexodueva A, B loxuouv P(A) = % PB) = % kal P(A U B)
Bpeite Vv mBavotnta P(A N B).

= l
10°

8

Na

Av P(A) = % P(B') = % kat P(A U B) = % va Bpelte v mBavotnta P(A N B).

—_ —_
N —_

H mbavémra va yvwpicel kamolog AyyAikd eival 42%, va yvwpicel TaAkd eival
21% kal va yvwpicel kal Tig duo yAwooeg eival 15%. Mola eival n mbavétnta va
yvwplCel pia Touhdxlotov amo Tig dUo YAWOOEC;

a8

Ik} O kaBnynmg Twv Mabnuatikwyv dianiotwoe 6Tt oto udbnua g Newuetpiag, anod
TOUG 24 paBnTEG evog Tunuarog, 18 eixav kavova, 14 eixav diapnmn kal 20 eixav
Kavova 1) dlapnm. Av emAeEouue otnv TUXN €vav uadntr, nola eivat n rmbavotnta

va €xel kavova kal dlapn;

H peTaB{Baon XapakTnEIoTIKOY ané yevid oe yevid
- O Mévteh Kkat ot vOUOL TNC KANpovouLkOTnTaC
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. ENIKEL AXZKHXEIX 50u KEOAAAIOY
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Aivovtal ta oUvoha Q = {xEN, érnou x = 8}, A = {x€Q, émou x dptiog } Kat
B = {x€Q, dnou x dlaipémg tou 8}.
a) Na ypdyete ta ouvoAa Q, A, B e avaypaon Twv otolxelwyv Toug Kat va Ta
nmapaoTroeTe OTOo (010 dldypauua Venn.
B) Na mpoodlopioete ta olvoha A U B, A N B katta A’, B" wg npog Bacikéd ouvoio Q.
Y) Av emiAéEeTe Tuxaia éva otolxelo Tou Q, va Bpeite v mBavoTnTa:
i) va avrkel oto A ii) va unv avrkel oto B
i) va avrkel oto A kat oto B iv) va avrkel oto A 1y oto B.

2’ évav kartauktn urndpxouv 12 maywtd, and ta onoia 3 eivat Bavikia, 3 cokoAdra,
3 ppdoula kat 3 plotikl. Mota eival n mbavdmra va ridpeel n Mapia tuxaia éva maywtod
e yeuon ppdouAag Tou povo autd dev Tng apgoel; AUo pEpeg apydtepa 1 maywto
Baviha, 2 maywTtd cokoAdta kal 1 maywtd gpdouAa €xouv KatavaAwBel. Mowa eival
Twpa N mbavémra va ndpetl N Mapia Tuxaia €va maywtd Tou va TG ApEOEL;

Ta 80 madid ™mg M 1déng evog Muuvaciou eméleEav va didaxtouv pia dedtepn
&évn yAwooa avdueoa ora MaAKd kat Ta Mepupavikd. Ta 18 and ta 30 ayodpla
enélegav Ta Mepuavikd, evw 36 koplitola emeAegav Ta MaAAIKA.

a) Na cupnAnpwoete Tov mivaka:

B) EmAéyoupe Tuxaia éva maidi. Na Bpeite v mibavommra:
) va eival ayopl
i) va €xel emAeEel Ta Mepuavikd
iii) va elval ayépl kat va €xel emAEEeL Ta TaANIKA
iv) va efval kop(Tol 1) va €xel etiAeEel Ta Mepuavikd.

Amé to oUvoho {25°, 36°, 65°, 92°} rou TepI€xel WS OTOIXEIQ UETPA YWVIDY, ETTAE-
youpe Tuxaia duo dlagopeTikoug aplbuoug. Av autol ekppdlouv ta HéTpa dUo
YWVIWV evOQ TPLYWVOU, TTold eival n mbavatnta To Tplywvo autd va eival opBoywvio;

Amé 1o oUvolo {8, 12, 16, 20} eruAéyoupe Tuxaia TPEIC dAPOPETIKOUG apIBUOUG.
Mola n mBbavotnTa ot TPelg autol aplBuol va ekppAlouy TaA UNKN TwV TAEUPWY eVOG

TPLYWVOU;

Ané 1o olvoro {1, 2, 3, 4} emAéyoupe Tuxaia dUo aptBPoUS Tov éva PETE ToV GAAO
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Kal he autoug oxnuatiCouue €va kAdopa. O mpdTog eival 0 aplBunmmg Kat o
delTtepogq elval o MapovouaoTng Tou kAdouatog. Na Bpeite v mibavétnta wote
TO KAdoua Q) va ekppdlel aképalo aplBud  B) va eival uikpdTePo TG povadag.

Av yla dUo evdexoueva A, B evog detyuatikou xwpou Q 1oxuouv P(A U B) = % Kal

P(A") + P(B') = 18) va urtoAoyioete v mBavotta P(A N B).

O Nikog 1oxupiCetar ott, dtav pixvoupe dUo Cdpta, n TBavoTnTa va €xouv
dBpoloua 8 eival peyaAutepn amd v mbavétnta va €xouv dbpolopa 7. Eival
OWOTOG O IOXUPLOPOG TOU;

To tpiywvo tov llaokadd kar or Mibavotntes
O TMaokdA xpenotuoroinoe 10 aplBuNTIkd TPlywvo (Tplywvo MNMacKAA) TIPOKEIUEVOU va
npoodlopioel To TANBOC TwV dUVATWY AMOTEAEOUATWY KATA TN piPn evog vou{oparog.
Ma napddelyua, av piEouue €va voulopa pia, dUo, Tpelg Qopég, Tote Ta dOuvatd
amnoTeA€ouata Kal To MA60g Toug gaivovtal oTov MapakATw Tivaka:

MARBog 6uvava

2 =21
KI
2 KK m 1 2 1 4 =22
K
KKI MK
3 KKK  KIrkK MK 1T 3 3 1 8§ =23
KK K

Na Bpelte:

a) To MANBoG Twv duVATWV ATOTEAECUATWY O€ 5 PIPEIS TOU VOUIouATOG.

B) Tnv mBavotnTa va gpepoupe TNV dla €voelEn kal Tig 5 PopEc.

Y) Tnv mbavémnta va pepoupe OAES TIC POPES YPAUUATA, av PIEOUNE TO VOUIOUA 6 POPEC.

EMANAAHWH — ANAKEOQAAAIQIH Sou KEOAAAIOY

A ZYNONA

2UvoAo elval k&Be cuNoYY avTikelevwy, TTou kaBopilovTal ye andAuTn cagrjvela Kat dlakpel-
vovTal To éva ard To AANO.

® ‘Eva oUvolo uropel va mapaotabel e avaypa®r) 1y Ue TiepLlypagr] Twv OTolxelwv Tou Kal Je TO
daypappa Venn.

® ‘loa ovouddovtal dUo cUvoAaq, dtav €xouv Ta (dla akplBwg otolxeia.

® ‘Eva olvolo A ovoudZetal urmoouUvoho evdg ouvolou B, étav kdBe otolxelo Tou A elval kat
otolxelo Tou ouvolou B kat cupBoAiletal A C B.

e Kevd oUvolo ovopdZetal To oUVOAO TIou dev €xel kavéva otolxelo kal cupBoAileTal &.
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OUPBOAICeTal A,

Mpd&eiq e ouvoha

B. AEITMATIKOZ XQPOZ — ENAEXOMENA

e [leipapa TUXNG ovoudletal kdbe melpapa mou doeg PopEg Kal av To enavardpBoupe, dev
uropoupe va TpoPAgPouue To arotéAeoud Tou e anoAutn BeBatdtnra.
®  AglyHATIKOG XWPOG eVAC TIEIPAUATOG TUXNG ovoudZetal To oUVOAO OAWY TwV dUVATWY ATIOTEAE-

oudTwy Tou Kal cupBoAiletal e Q.

® ‘Evwon dUo ouvolwv A, B ovoudletal éva véo oUvolo Tou €xel wg oTolxela ta Kovd
Kal Un Kowvd otolxela Twv dUo cuvoAwy Kal cupBoAietal A U B.

® Toury dUo cuvohwv A, B ovoudletal €va véo oUvoAo Tou €xel wg oTolxela Ta Kowvd
otoixela kat Twv dUo cuvoAwy Kal cupBoAiletal A N B.

® JuunAfipwua evég ouvolou A wg Tpog éva PBaocikd olvolo Q ovopdletal éva vEo
ouvolo Tou €xel wg otolxela éAa ta otolxela Tou Q Tou dev avrikouv OTo A Kal

Evdexduevo evdg melpduatog TUxng ovoudletal kdbe urtooUvoAo Tou delyuaTikol Xwpou Q.
e ‘Eva evdexduevo npaypuatoroleital, dTav To aroTEAECA TOU TIEIPAUATOS OE [IA CUYKEKPIUEVN
EKTEAEOT TOU elval OTOLXElO TOU EVOEXOUEVOU.
e BégRalo evdexouevo evog Melpduatog TUxNG ovouddetal To evdexOUevo TIoU payuatoroleTal
o€ oToladNIoTE EKTEAEQOT) TOU TIEIPAUATOG.
e AdUvato evdexouevo evog elpduatog TUxng ovoudletal To evOeXOUEVo TIou dev TTPAYUATO-
Tole(Tal o Kapld eKTEAEON TOU TIEIPANATOG.

o ZuppoAiopdg| Evaexopevo Znpaacia MNapdoraon
>
G:%_ 3 To A U B mpayuaroroleftat
‘§’< 3 A UB « A1y B» | érav mpaypatonoteftal éva
I8 w TouAdxloTov amd Ta A, B.
>
(AR To A N B mpaypatomoleftat| A Q
‘*:i Y ANB « A Kal B» 4Tav mPayHaTomoloUvVTal
Py = Tautéxpova Ta A kat B. B
o | = ) =
W § To A" mpaypatoroletat
\8_ = A’ « Oxt A» érav dev mpayparonoletal
_ = 0 A
W

e AgupBiBaocta ovopdlovrat duo evdexdueva A kal B, stavA N B = @.

[. [TIGANOTHTEZ

e KAaOOG 0plopdg TG rmeavotntag

2’ éva melpaua tUxng pe ootibava armoteAéopara mbavotnta evog evdexouévou A ovoud-

Coupe Tov aplBud

TTAN60G EUVOIKWY TEQITTWOEWY

N(A)

MANB0G dUVATWY TIEQUTIWOEWY

N(Q)

— Ta kdBe evdexduevo A evdg detypartikol xwpou Q oxlel 0 = P(A) = 1.

— loxtouv P(Q) =1 kat P(@) = 0.

® Baowkoi kavoveg Aoylopou Twv TiBavoTATwyY

2 éva melpapa TUxng

— yla ortolodnnote evdexouevo A toxuel P(A) + P(A') = 1
— yla oroladnote evdexodueva A, B loxdel P(A U B) + P(A N B) = P(A) + P(B).
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1.1 loétnTa TPIyOVRV

4 Buudpal nola eival ta oroixela evos tplywvou
(kupra — Oevtepevovia) Kal ta €idn twv TpIyuviv.

4 Mabaivw note dvo tpiywva eivar ioa kal nola efval ta
KpIThpla 100Tntas tplyuviv.

4 Mabaivw noia elval ta Kprchpia 100tntas opooywviuv Tplyuvuv.

APAZTHPIOTHTA

Av petatortiooupe katdAnAa 1o tplywvo ABIT, xwpic autd va petaBAndei, téte 6a
Tautiotel pe éva and ta Tpiywva Ty, Ty, Tg, T,

A
N
A H 1 K

/ i z \ : \ M
E

P
IS A 2 B r

1. Na anotunwoete 10 Tplywvo ABIT og dlapavée xapti kat va Bpeite pe molo and Ta

Tpolywva T, T,, T,, T, TaUTICETAL.

2. Na oUPMANPWOETE TIC 10GTNTEC:
AB = ... Bl = ..., A = ..., A= ... , B=... kat [ = ...

\_ )

KUpla kat deutepeuovta atolxeia Tptywvou — Eidn tptydvav
A

>e KABe Tplywvo ol TIAEUPEQ Kal Ol Ywvieg Tou ovoudlovtal
KUpla otoixeia tou Tprydvou. Ot TAEUpPES evOg TPLYWVOU Y
ABI™ tou Bpiokovtal anévavtl ano TG Ywvieg Tou A B T

oupBoAiCovtal avtiotoixwe a, B, Y. B a r

R R e R I - e A+ B + I = 180°

H ywvia Tou Tptydvou mou meplEXeTal LETAEU U0 TAEUP®Y AEYETAL TIEPIEXOHEVN YWV(d
TWV MAEUPWV AUTWV, TL.X. TTEPlEXOPEVN Ywvia Twv mAeupwy AB, Al™ elval n yovia A.

Ol ywvieg TOU TPLYWVOU TIOU €XOUV KOPUQPEC Ta dKpa Miag TAeupdg Aéyovtal
npookeiueveqg yovieg g MAeUPAG QUG TL.X. TIPOoKe{ueveq ywvieg g mAeupdqg Bl
eivat ol B kat T

‘Eva tplywvo avdhoya pe To eldog TwV YWVIWV TOU OVouAleTal:

B

A 05 I
B I A B A B
OZuywvio, Stav EXeLONeS | | Aubuyuvio, étav éxel OpBoywvio, tav éxel
TIG Ywvieg Tou Oeleq. Ui yovia appAeia. hia ywvia opbn.
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1.1 lodmTa Tptydvwy

e KABe opboywvio Tplywvo n TAeupd mou PBpioketal amévavil and Tnv opdr ywvia
ovopddetal uttoteivouaa, eva ol AAeg dUo ovoudlovtal KABETEG TIAEUPEG.
‘Eva tplywvo avdAoya e TIG OXECEIQ TTOU CUVOEOVTAL Ol TIAEUPES TOU OVOUAZETAl:

A

B r

Zkadnvo, Stav éxel kaLTIq
TPEIC TTAEUPES TOU AVIOEC.

A

B r

loookedés, dtav éxel
duUo MAeupEg (oea.

A

B H r
loondevpo, Stav éxel ka
TIC TPEIG MAEUPEG TOU (O€G.

>e 10ookeAeg Tplywvo ABIT ue AB = Al™ n Aeupd BI™ ovouddetal BAon tou kal To onueio

A KOpU®Y) TOU.

>’ éva Tplywvo, ektdg amd Ta KUpla otolxela, umdpxouv kal Ta deutepelovta OTOIXE(q,
rou elval ot dldueool, ot dLXoTAOPOL Kat Ta Ugm.

A

B H M H r

Aidueoos  evdg TPLywvou
ovopdletal To eubuypau-
LU0 TUAMA TIOU EVMVEL JIa
KOPU®| TOU TPLYWVOU HE TO
UEoO TNC anévavtl MAeUpAC.

A

B r

B r

H
Aixoropos evég TPLy@VOU
ovoudZetal To eubuypaupo
TUAMA TIOU PEPOUE amd uia
KopuQ, Xwpilel T ywvia oe
duo {oeq ywvieg kal kara-
Aqyel otnv anévavtl mAeupd.

A
Yyos evdg Tptydvou ovo-
udcletal to eubUuypauuo
TUNUA TIOU QPEPOUNE amd
hia Kopuon, eival kdBe-
TO otV eubela NG areé-
vavtl TAeupdc Kal Kata-
Ayel oty eubBela aut.

loa Tpiywva

Av petatomniocoupe €va Tplywvo ABIT oe pia dAAn B€on
Kal Bewprjooupe OTL KATA TN PETATOTION Tou autd Oe
hetaBdAAetal, TOTE ol Kopupeg Tou A, B, I Ba mdpouv
TIC B€oelg Twv onueiwv A’, B, T’ avtiotolxwg Kal To
Tplywvo ABIT Ba ndpet ) B€on tou Tptywvou A'B'T'. B
Apou ta Tplywva ABIC kat A’B'T TtautiCovral, téTe Ol
avtioTolxeg MAEUPEQ Kal ywvieg toug Ba elval {oeg,
agou Kal auteg TautiCovral. ‘ETot €xoupe:
AB = A’AB’, Bl =B'T’, Al = AT’ kal

A=AN B=B,

Fop

Avo Tplywva ABIT kat A'B’'T’, yia Ta omoia oxuouv ol
nponyouueveg 100TNTeg, Aéue OTL elval (oa. AnAadn

A/

B/ rr

e Av dU0 Tpiywva €X0uV TIG TIAEUPEG TOUG (0eq pia TPOG Wia Kat TI§ avTioTOoLXEG YwVIiEg

Toug ioeg, TdTE eival (oa.
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loxUel akOun Kal To avtiotpo®o. AnAadn

e Av duo Tpiywva eival (oa, TéTe Ba €x0uUV TIG MAEUPEG TOUG KAl TIG AVTIOTOLXEG YWVIEQ
Toug {oeq pia mpog uia.

210 €&Ng oe KABe petatdmnion Tplywvou Ba Bewpouue OTL autd de peTaBaMetal. Auto
onuaivel 6T, av €xoupe dUo (oa Tplywva, urmopouue va PUeTAToTioounE KATAAANAQ To éva
anod autd, wote va MEoel MAvw 0To AANO.

Ma va arnodei&oupe 011 duo Tplywva eival (oa dev eival anapaitnto va anode{Eouue OTL
€x0UV OAeC TIC MAEUPES TOUG Kal TIG avTioTolxeq ywvieg (oeq uia mpog uia.

>Tn ouvéxela, 6a pdboupe TIPOTACELG e TIQ OTIolEq dIAMIOTWVOUE OTL Kal Ye Atyotepa
otolxela eivatr duvardv va dlakpivouue av duo Tplywva sival {oa.

Ot mpoTdoelg auTtég elval YVwoTEC wg KPLTrpla 1odTNTAg TPLYWVWV.

Kottrjpla 1o0tntag Tetyovav

1° kpimplo wdtntag (M- - 1)

Ma duo tplywva 1oxUel N mapakdtw Bacikn WBLoTNTa IodTNTAG

Av dUo Tpiywva €xouv dUOo TAEUPES (0eqg Wia TPOoG pia kat Tnv meplexouevn ywvia
Toug (on, tdte elval ioa.

Mpdyuartl, oxedldlouue dUo Tplywva ABIC

A A
kat A’B'T" mou va €xouv dUo TAeupEg (oeq
AB = A’'B’, Al" = AT’ kal TnV rieplexduevn yavia //>\\
TOug {on A=A,
r B r

Av petaromniooupe to Tpiywvo ABIT, étol woten B

ywvia Ava OUMTEDEL e TNV (on TNG Ywvia A kau

n mAeupd AB va cupméoel pe v (on e mAeupd A’B’, tdte n MAeupd AT Ba cuuTiéoel
he tnv {on g mAeupd AT’ kat ol kopuPég B, I Ba cuuméoouv e TIG Kopupeég B, T
avriotoixwg. Apa ta tpiywva ABIT kal A’B'T’ Ba cuuméoouy, omdTte eival (oa.

Ma mapddetyua, ta tpiywva ABIC kat AEZ Ttou

A . z
dimAavou oxnuatog eival (oa, apou €xouv dUO E 2o
nAeupeg (oeq (AB = AE = 4 cm, BI' = EZ = 5 cm) § \
Kal TNV Teplexouevn ywvia toug (on (B = E = 70°). A %
5cm r A

Emouévwg, ta tpiywva Ba €xouv kal Ta urndloma B
avtiotolxa otolxe{a Toug (oa, dnAadm
Al =AZ, T =7 kat A=A,
Mapatnpouue Ot ol (oeg ywvieg I, Z Bplokovrtal anévavtl anod Tiq (oeq mAeupeg AB, EA.
evikd:
2¢ {oa Tplywva anévavtl and (oeq mAeup€q Bplokovtal (oeg ywvieg.
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1.1 lodmTa Tptydvwy

2° kprtriplo wootnrtag (M-MN-T). A A

>xedldloupe duo Tplywva ABIT kat A'B'T mou va
€xouv pia mAeupd ion Bl = B'T”’ KatTig npOOKslus—
VEQ OTNV MAeUPAd auTr) Ywvieg (0eq B=B'kal =r" B
Av petatoriooupe 1O Tplywvo ABIT, €10l oTe n
nAeupd tou Bl va ouunsoa he Tnv (on ™g mAeupd
B'I"" kat n ywvia B va OUPMEQDEL e TNV (on TNS Ywvia B’ té1E N YWVia T 6a ou UTTEOEL UE
vV {on Qg ywvia T kat N Kopu®r A Ba CUUTEDEL Pe TNV Kopupn A’.

Apa Ta tpiywva ABIM kat A’B'T" B8a ouuniéoouv, onote eivatl (oa. Emopévwg

Av dUo Tpiywva €xouv pia mAeupd (omn Kat TIG POOKEIeVEG OTNV MAEUPA QUTY) YwViEG
(oeq uia mpog pia, téte eival ioa.

Mamnapddetyua, tatplywva ABIT kat AEZ Tou dimAavou A
oxnuarog eival (oa, apou €xouv pia mAeupd on (Al = 60 B
AE = 8 cm) Kal TIG TPOOoKe(Ueveg otV TASUPA AUTH

A

ywvieg ioeqg (A=A =60°, T =E =40°).
Ermopévwg ta tplywva Ba €xouv kat Ta urdAlolmna
avrioTolxa orolxeia Toug (oa, dnAadn

B= Z AB=AZ Bl =EZ

r

Mapatnpouue OtL ol {oeq TTAeupég AB, AZ Bpiokovtal arévavtt and Tig (oeg ywvieg T, E.
Fevika:
>¢ (oa Tpiywva amévavtl and (oeq ywvieg Bplokovtal {oeq MAEUPEQ.

3° kptplo wodétntag (M- M- ).

>xedldloupe duo Tpiywva ABIT kat A'B'T" mou va A N
€X0UV Kal TIG TPEIC TTIAEUPEG TOUG (0eq
(AB = A'B’, Bl =B'T'", Al = A'T").
Av petatomniooupe KatAANAa to Tpiywvo ABIT, TéTe B B’
r r

auto Ba cuuneoel pe 1o Tplywvo A'B'T, ondte 1a
Tplywva eival {oa. Emopévwg

Av dUo Tpiywva éxouv TIG MAEUPEG Toug (oeg pia mpog uia, téte eival (oa.

MNa mapddelyua, ta Tplywva ABIT kat AEZ tou
dimAavou oxnuatog eival (oa, apou €xouv Kal TIQ
TPEIG TIAEUPEG Toug (oeg, AB = AE = 3 cm,

Al = AZ = 6 cmkal BN = EZ = 5 cm. Apa Ba €xouv
Kal ta urélolna avriotolxa otolxela Toug (oaq,
onAadn

A=A B=Eka =2

189



Mépog B - Kepdhaio 1o

Kottrpla 1o0tntag opBoywvinv Tptywvwv

Ta mponyouueva Kplmmpla 100TNTac TPLYWVWY UMOPOoUPE va TA epAPUOCOUPE Kal OTa
opBoywvia Tplywva.

r I

A B A B’

/" B’
A Zxnua 2

A

B
xnua 1

210 oxnua 1 ta opboywvia tpiywva ABIM kat A'B'T" elval {oa, yiati €xouv TIQ KABeTeq
TTAEUPEG TOUG (0eq pia Tpog pia kat v Teplexouevn ywvia toug (on, apou autr eival opon.
>T0 oxfua 2 ta opboywvia Tplywva ABIM kat A’B'T €xouv Tnv unoteivouoa Kal pla KABet
mAeupd (on kat onwg npokurrel and 1o MNMubayodpelo Bewpnua Ba €xouv Kal TNV TP
Aeupd Toug (on. Apa Ta Tplywva Ba eival (oa, apou €xouv Kal TIC TPEIG MAEUPEG TOUg (0eq
uia mpog wia.

Ot dU0 aUTEG TEPITTWOELG ouvoiCovTal OTO £ENC KOITHPLO 1oOTNTAG 0PB0YWVIWY TELYWDVWV.
Av dUo opBoywvia Tpiywva €xouv dUo avtioTolxeq nMAeupeqg (oeq pia mpog uia, toéte
elval {oa.

2xnua 3 2xnua 4 2xnua s

210 oxnua 3 ta opboywvia Tpiywva elval {oa, ylati €xouv pia mAeupd {on kal TIqQ
MPOoOoKelueveg otnv MAeUpd auTr Ywvieg (oeq pia mpog uia.

>Ta oxnuara 4 kat 5 Ta opboywvia Tplywva €xouv dUo ywvieg (oeq pia mpog pia, omdte
Ba €xouv kal TNV TPITN Ywvia Toug (on, apou To dBPOoIoua TWV YWVIWV VoG TPLYWVOU eival
180°. Apa eival (oa yiati €xouv uia TMAeUpd (on Kal TIC TIPOOKE(UEVES OV TMAsUPA QU
ywvieg (oeq uia mpog uia.

O Tpelg auteg MepumTwoelg ouvoidovtal oto €ENG KPIMPELO 10ONTAG TwV 0pBoywviwy
TPLYWOVWV.

Av dU0 opBoywvia Tpiywva €xouv pia avtiotolxn mAeupd (on kat pia avtiotown ofeia
ywvia {on, 1dte eival (oa.

ATO Ta TIPONYoUUEVA KOITMPELA L0OTNTAG 0PB0OYWVIWV TPLYWVWV SLATIIOTWVOUNE OTL:

AuUo opBoywvia Tpiywva eival ioa, dtav €xouv

® JUo avtioTolxeg MAeUPES (oeq pia mpog pia n

¢ pia avriotown nMAeupd (on kat pia avriotown o&eia ywvia (on.
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1.1 lodmTa Tptydvwy

[MAPAAEITMATA — EOAPMOTEZ

2 Ll00OKeAEQ Tpiywvo ABIT (AB = Al') pépoupe tn dixotduo AA.

Nvon
Q) Zuykpivoupe Ta Tplywva ABA, AAIT kal mapatnpoupe Ot

a) Na ouykplBouv ta Tpiywva ABA kat AAT.
B) Na arnodeixbeil 01t B = I kat 611 n dixotouog AA eival didueocog kat Uyog.

EXO0UV:

e AA = AA, kowr TAeupd

o AB AF anoé tnv unobeon

° A = A , apou AA dixoTouog TNG Ywviag A

Apa Ta tplywva eival (oa, yiati €xouv dUo TAEUPEG (0eQ
pia mpog pia kal v neplexopevn ywvia toug (on.

B) Emnedn ta tpiywva ABA kat AAT eival {oa, Ba €xouv 0Aa Ta avtiotolxa otolxela

Toug (oq, OT[OT8 B = F BA AI‘ Kar Ay = A,

Agou eival A1 A2 [Nell A1 + A2 = 180°, Ba €xoupe A1 Ag = 90°, ondte N

dxotopog AA eivat kat ugog. H dixotduog AA eival kat didueocog, apou BA = AT

AnodeiEaue Aotrov Ot

2€ KABe L0OOKEAEG TPlywVvo:

a) Ot ywvieg g Bdong tou eival ioeq.

B) H dixotduog, To UPog Kal N JAUECOG TIOU PEPOULIE ATd TNV KOPUPT) TIPOG TN
Bdon Tou cuprimTouv.

A E

2710 duhavd oxnua sivat A=A=wn ka Al =TA.

Nvon
>uykpivoupe ta Tpiywva ABIT, TAE kat mapatnpouue ATt €X0uV:
° AF =[A amnd mv unodbeon
o A= § anod v unodbeon
I

o, =
Apa ta tplywva ABIT kat TAE eival {oa, yiati €xouv pia mAeupd (on kat TIQ
POooKelueveg oe auTr) TNV MAeupd ywvieg (oeg uia mpog uia.

Apou ta Tplywva eival (oa, 6a €xouv kat 6Aa Ta urtdAola avtioTolxa otolxela Toug
{oa, ondte AB = AE.

Na anodeixBel 611t AB = AE. r

B

~

ylati elval KaTakopPUPTV YwVIEG

Na arnodeixBel 611 kKABe onueilo TNG pegokaBETou evog eUBUYPAUUOU TUNATOG
loanéxel anod ta akpa Tou.

Nvon

dE€poupe TN PEOOKABETO € evog eubUypaupou Turuartog AB mou to Téuvel OTo
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Mépog B - Kepdhaio 1o

(&) onueio M. Av 2 eival tuxaio onueio Tng pecokabeTou, Ba
anode{Eoupe Ot1 2ZA = 2B. 2Zuykplvoupe ta opBoywvia
Tplywva AMZ, BMX kal mapatnpoupe OTt €X0UV:

® >M = 2M, Kolvr) TAeupd Kal

* AM = MB,apou 1o M eival pecov tou AB.

Apa ta opboywvia autd Tpiywva eival (oa, yiati €xouv
duUo avrtioTolxeg TMAEUPER TOUG (0eQ pia mpog uia.

Agpou Ta Tpiywva eival {oa, Ba €xouv kat Ta urdAolmna
avrioTolxa otolxela Toug (oa, omdte A = 3B.

XapakmEIoTKA IBI0TTA TwV ONEwY ™G MECOKABETOU VOGS EUBUYPANUOU TAIATOG

Aé 1o TponyoUuevo TIAPAdELYUA CUUTTEQAVOUE AOITTOV OTL:

KdBe onpelo TG HeTOKABETOU evOG EUBUYPAUOU THNUATOG LOAMEXEL artd TA AKPA TOU.
AmodelkvUeTal aKOUN OTL loxUel Kal TO avTioTpo®o, dnAadn

Kd&be onpueio mou toamnéxel and ta dkpa evog eubUypaupou TUAUATOG ival on-
pelo TNG pecokab€Tou Tou eUBUYPAUMOU TUUATOG.

Na anodeixBel 6tL KABe onpeio TG dixoTdoU Ywviag loangxel arnd Tig TMAEUPES TNG.

Nvon

192

d€pvoupe TN dixotopo Oz NG ywviag x(A)y Kal Mavw o’
autnv maipvoupe €va tuxaio onueio A. Av AB, Al eival
ol armootdoelg Tou onuelou A amd TIC MAEUPESG TNQ
ywviag, 6a anodelEouue 611 AB = ATl

Juykpivoupe Ta opbBoywvia tpiywva OAB, OAl kat
napatnEoupe ATl €XOUV:

e OA = OA kown nmAeupd Kkat

° 61 = 62, agpou 1 Oz eivatl dixotéuog Mg ywviag x(A)y.
Apa Ta opBoywvia autd Tpiywva eivat {oa, yati €xouv avriotolxa pia mAeupd Kat
uia ofela ywvia fon.

Apou ta Tpiywva eival {oa, Ba €xouv kal Ta urndAolra avrtiotolxa otolxela Toug (oaq,
omndte AB = Al

XapaKTnPLoTIKA BOTNTA TWV onueiwv TNG dLX0TOUOU UIag ywviag

A6 To ponyouuevo mapddelyua cuuriepaivoupe Aotmov ot

Kd&6e onpeio tng dixotduou uiag ywviag toanéxel and Tig MAeUpEg TNG Ywviag.
AmtodelkvUeTal akOuUn OTL:

KdBe ecwteplkd onpeio ag ywviag mou loanexet arod Tig MAEUPES TNG eival onpeio Tng

SLXOTOMOU NG,



1.1 lodtnTa TpIydvmwyv

EPOTHIEIZ KATANOHXHX

Na e&nynoete yiatli eival {oa ta tplywva ABIT -

kat AEA Ttou dImAavoUu OxNuatog Kal va

QUUHAnp(bAOSTS TIC 10OTNTEQ -
= = kat Bl = ... : B

Na e&nynoete ylati dev eival {oa Ta tplywva
Tou OIMAavoU OxNUaTog, av kal &xouv dUo %

AEUPEQ (0eq Kal pia ywvia {on.
B 7cm I E V4

A A
Na e&nynoete yiati eival {oa ta Tplywva tou  [70° 70°

AIMAavou oXAUATOG KAl VA CUMMANPWOETE TIQ

. _ _ 80° 80°
loomreg AB = ... kat Al = .. B _— = s

N

Na Bpeite T0 Celyog Twv (Owv TPLYWOVWY TOU 60° 75>
dinmAavou oxfuartoc.
Na arttohoyrjoete v andvinon oac. B 7cm TE 7cm ZA 7cm M

A

Eival {oa Ta Tpiywva Tou dimAavou oxruatog;
Na aitioAoyrjoete v andvinon oac.

A
Na e&nynoete ylati eival {oa ta Tpiywva tou £ >
, p , ",
AImAavou oXAUATOG KAl VA CUUMANPWOETE TIG 9
lootreg A = ... , B= ... kar [ = ... B Tom r

Na xapaktnploete TIq Mapakdtw MPotdcel ue (&), av eival owoteg 1 he (A), av
elval Aavbaopuévec:
a) Av dUo Tpiywva €xouv TIC YwVieg Toug (oeg pia mpog uia, tdte eival (oa.
B) Av duo Tplywva €xouv TIg MAeUpES Toug (oeg uia mpog uia, Téte eival {oa.
y) Ze duo Tplywva amévavtl ano (oec mAeupeq Bpiokovral (oeq ywviea.
d) e duo (oa tplywva anévavtl and {oeq ywvieg Bplokovtal (0eq MAeUPEQ.
e) Av dUo Tpiywva €xouv dUo ywvieqg (oeq pia pog pia, téte Ba €xouv Kat
mV TN Toug Yywvia (on.
oT)Av dUo Tpiywva €xouv dUo TAeUPEQ (0eq uia mpog uia, Téte Ba €xouv
Kal TNV Tpftn Toug mAeupd (on.
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Mépog B - Kepdhaio 1o

vs}
m

Eivalr {oa ta opBoywvia o
Tplywva Tou dimAavou 8 cm 8 cm
OXNHaATOG;

Na altiohoynoete v 35°
andavinor oag. Z

r M
Na Bpelte To Gelyog Twv [
(owv TPLYOVWV.
Na airiohoynoete v 40° i

andvnor oag. A Som B A

Ta opboywvia Tplywva
Tou dIMAavoU OXNUATog £ &%
gxouv dUo MAeupsc (oec. © i
Na eEnynoete yiati dev

5cm

vy}
m

6 cm

., A 8.cm r A Z
elvat {oa.
Na atriohoyroete yiati v533
elval {oa ta opBoywvia A r
Tplywva ABI™ kal ArA. )
P
A
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[IPOTEINOMENEZ AZKHZEIZ — IPOBAHMATA

E
270 dimAavo oxnua eivat AB = Al kal AA = AE.
Na anodeiEete 611 BA = E.
r
A y
B

270 dImAavo oxnua n O elval dixotdpog TG
ywviag xOy. Av OA = OB kal 2 Tuxaio onueio o S 3
™g dixotouou, va anodeiete Ot 2A = 2B.

>1n Bdon BI" evdg 1oookeAoUg Tprywvou ABI va dpete onuela A, E, wote BA = TE.

Na arnodei&ete ot AA = AE. A Y

210 dimAavo oxnua eivat OA = O’ kat OB = OA. /r<

Na arodei€ete ot BIT = AA. o X
A B




1.1 lodmTa Tptydvwy

Kdbe mAeupd tou 1oomAeUpou Tptywvou ABIM
elvat 8 cm. Av eival AZ = BA =TE = 3 cm,
va amnodeifete 61l TO Tplywvo AEZ eival
LOOTIAEUPO.

2TIG TIPOEKTAOEIC TwV (owv TAeUpwv AB, Al

evoc 1oookeAoUg Tpywvou ABIT va mdpete

avTioToixwg Tunuarta BA = IE. B r
Na amnodei&ete Ot A= E A

~

>’ éva tetpdnAeupo ABIA n dlaywviog AlM dixoTopel TIg ywvieg A kal
Na amodeiEete 61t AB = AA kat BIM = TA.

b

Na amodei&ete OTL ol anévavil MAeupeG evog maparAnAoypdupou eival (oeq.
Ta tplywva ABIC kat A’'B'T’ tou dimAavouy A
OXNUaTog €xouv TIGQ dixotéuoug AA kat A'A’
(oec. Na amodeiete ot

a) AB = A'B’ . y
B) Ta Tplywva ABI kat A’B'T” eival (oa. B A re o r

0" 30°

210 AImAavo oxfua To onueio A loanéxel and B
Ta onueia B kat [ evdg KUKAOU Tou Exel Q
kevtpo 1o onueio O. Na amodeiete 6Tl Ta

Tplywva OAB kal OATI eival {oa.

>

r

Av O, A eival Ta kévipa Twv KUKAWV TOU
dimAavou oxnuarog, va anodeitete o1t n AO
dixotouel ™ ywvia BAT.

Ta 1oookeAN) Tplywva ABIT kat ABIM tou
dImAavou OxMUaTog €xouv Kotvry Bdon BIr. Na
arnode(Eete 4Tl N AA dixotopel TIC ywvieq A B r

Kat A.
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Mépog B - Kepdhaio 1o

a

8 8 8 &

196

A A
>ta tplywva ABIT kat A’B'T” tou dimAavou
oxruarog ot diduecol AM kat A'M’ eival {oeg.
Av AB = A’'B’ kat BM = B’M’, tdte va armo-
delkete o1l
N B : r B : r
a) B =B M M’
B) Ta tplywva ABIT kat A'B'T" eival {oa.
A
>T0 1000KeEAEG Tplywvo ABIT 1o onueio M
elval uéoo g Bdong BI'. Av eivat BA = TE, A
E

va amnodel&ete Ol
Q) 1o Tplywvo MAE eival 1c0oKkeAEQ B r

M

B) Ta tplywva AAM kalt AEM eival (oa. A E
A

>e 1000keAEQ Tplywvo ABIT (AB = AlN va

pépete AA L AB kat AE L Al Av eival

AA = AE, va anodeiete 611 BA = TE. 5 -

>e TeTpdnAeupo ABITA eival B =A=090°ka AB = AA. Na arnodeiEete 611 BT = A
Kal ot n Al elvat peookdbetog Tou BA.

~

>e opBoywvio Tpiywvo ABI (A = 90°) va pépete Tn dixotdouo BA. Av AE L BI', va
anodeiEete 011 AB = BE.

Mia euBela (g) diEpxetal amnod 1o peoov M evog tunuatog AB. Na amnodeitete o1l ta
onueia A, B loanéxouv amd v eubeia (g).

A A’
Ta Tpiywva ABIT kal A'B'T" €xouv A=A’ kal
AB = A’B’. Av Ta Uyn touc AA kat A’A’ eival
(oa, va anodeitete Ot
a) B=¢ E— rB— r
B) ta Tpiywva ABI™ kat A'B'T eival {oa. A

va arodelEete OTL Kal TA ATMOOTHUATA TOUCQ
OM, ON eival {oa. loxUel To avT{oTpoPo; A0 B

Av ol xopdec AB, I"A evdg kUkAou eival (oeg, r

>10 dinAavé oxnua n AB eival dIAuETPOG Tou A
KUKAOU. Av ol xopdeg Al" kal AA eival {oeg, va A B
anode(Eete OTL kal ol xopdEg Bl kal BA eival w

(oec. A



1.1 lodtnta TpLydvmwv

SNA O<KMA ATIO THN ISTOPIA TERN MAGHMATIKRN

Ynodoyiopdg tng andéotaong £vog mAoiov amdé tn orEP1d
Av éva nnoio Bpioketal otn Oéon A otn Odnaocoa, speis orekopaote orn @éon B otn
otepid kal OéAovue va vnonoyioovpe tnv anooraon AB, to1e:

® Zekivape and 1o onpegio B ka1 nepnarovrag
naveo otnv napafia kabBeta omnv AB
61avvovpe piav anoéotaon BI'. £1o onpegio I A
Bazovpe éva onpadi, m.x. orepedvovLpEe £va
paBdi ka1 cuvvexizoviag navm otnv id1a evBeia
S1avbouvpe tnv anootaocn I'A = BT,

® Y10 onpeio A ago® Banovpe €va onpadi, m.x. A
Hia n€Ipa, KAVOLPE GIPO@N Kal MEPHATOVIAS =
k@0sta on BA otapatape 6tav BpeBolpe o’
¢va onpeio E, ané 1o onoio ta onpeia A ka1 I’

@aivovtal va gival nave omnv idia gvbeia.

H zntoGpevn anéocraon AB eivar ion pe tnv
anootaon AE v omoia pnopovpe va peipn-
oovpEg, a@ov gival nave otn oTEPIA.

Tn péBobo avrn, néyeral, 6m s@dappooe mpiv andé 2.500 xpovia nepimov o Oanng o
MiAnoiog.

INwg ntav oiyovpog o Oanng 6u AB = AE; Mnopeite va 1o anodeiets;
Avazninote 1§ névie nNPotacel§ nov anédeie o Oanng Kalr GNPEIOOTE Mola

an’ auIé§ XPNOIPOMOINCE yla va ULMOAOYIoEl TNV anoéotacn IOV MA0Iov
ano tn CIEPIA.
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1. 9 NAéyoc cuBUyPAPHWY THNHATWY

Mabaivw note papadindes evleies opiTovv ioa qunpata oe
Hia evbeia nov s teuvel.

Mabaivw va Siaipw eva evduypappo turipa oe v foa tunpara.
Mabaivw ©r ovoualetar Aoyos dvo evduypdupwy tunpdcwy
ka1 nws vnofoyiCeral,

Mabaivi ndte 8o evuypappa turpata eivar avifoya npos
dvo ddfa tunuata.

APAXTHPIOTHTA

1. Na xapd&ete pia eubsia & KABeT OTIG YPAUUES TOU TETPAd{0U 0ag Kal va dlariot®-
oeTe OTL TPEIC OLAdOXIKEG YPAUUES Tou TeTpadiou opiCouv otny eubeia € (oa eubu-
YPOUMQ TUApATA.

2. Av xapd&ete pia GAn eubeia e’ mou dev eival KABETN OTIC YPAUUES Tou TETPadiou,
TATE Ol TPEIG TIpoNYoUuEeVES JlAdOXIKEG YPAUPEG opiCouv (oa TuruaTa Kat otny €';

S J

loa TuuaTa petau mapalnwyv eubelwv

A bMDd b

Maipvoupe Ttpelg MapdAAnAec eubeieq €, €, €, TOU £ £

TEUVoUV TNV eubeia € ota onuela A, B, I avtiotoixwg, e, A A

€10l OoTe Ta eublypauua tunuata AB, BIM va eival (oa 1

HETAEY TOUC. & B ; 20 B
:

Av pla dA\n euBela €’ TEUveEL TIQ €, €,, €5 OTA ONUEla

A’ B, T'" avtiotolxwg, tote Ba anodeiEoupe OTL Kal Ta s

eubuypauua turiuata A’B’, B’ eival {oa peta&u toug.

Mpayuatt, av epoupe A'A// €, B'E // € kat ouykpivoupue

Ta Tpiywva A'B’A kal B'T'E mapatnpoupue ot €xouv:

e A’A=B'E  vyiat{l A’A = AB, B'E = BI" wg amnévavtl MAeUPES TwV TTIAPAANAOYPAU WY
AA'AB, BB’El" avtiotoixwg kal and tnv undbeon €xouue AB = BI".

~d_1
m
A

e B =1, yiati eival evtég ekTOG Kat el Ta autd PEPN TwV TTAPAANAWY €,, €, TTOU
TEéUvovtal anod my e'.
e A/ =B/ yiati eival evidg ekTog Kal emni Ta autd uépn tTwv napalniwyv A'A, B'E

Tou TEvovTAl aro v €.
Ta tplywva autd €xouv dUo ywvieqg (oeg, ondte Ba €xouv Kal TNV TPITN ywvia toug (on,
enopevwg elval (oa, yiati €xouv pia mAeupd (on Kat TIQ MPOOoKelueveg oTnv MAeUPd AUTH
ywvieg (oeg pia mpog uia. Apa, Ba €xouv kal Ta urtdAolra avrioTtolxa otolxela Toug (oq,
omndéte A'B’ = B'I"". AnodeiEaue, Aotrdv, Ot

Av rapdAAnAeg eubeieq opilouv (oa Turuata oe pia eubeia, téte Ba opifouv ioca
TUAMATA Kal gg omnoladnmote AAAN eubeia ou TIQ TEUVEL
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1.2 Adyoq eubuypduuwy TUNUATWY

Ma mapddelyua, o’ éva tpanedio ABIMA (AB // TA) av and A
10 pECO M g AA pEpoupe eubeia MN mapdAANAn mpog /
TI¢ Bdoelg Tou, TOTE ol MapdAAnAec AB, MN, A, apou M

opiCouv {oa Tunuata otnv AA, Ba opiCouv (oa TURuaATa Kat /
otnv BI'. Apa BN = NI".

Ouolwg, o' éva tplywvo ABI, av anmd v kopudpn A e)
pepoupe eubela € // Bl kal and 10 péco M e AB /\

pepoupe MN // B, téte ol mapdAnAeg €, MN, BI" apou M \
opiCouv {oa Tunuata otnv AB, Ba opiCouv (oa TuruaTa Kat
omv Al'. Apa AN = NTI".

Anode(Eape, Aotrdv, OtL:

Av and To NECO ULag TIAEUPAG eVOG TPLYWVOU PEPouUpe eubeia TapdAANAn mpog uia
AAAN TAeupd Tou, TOTE autr diEpxeTal and To PECO TNG TPITNG MAEUPAqg Tou.

Awaipeon €uBuypAuuUOU TUNMUATOG 0E V (0 TURUaTa

Av dpoupe €va eubuypaupo Tunua AB = 5 cm kat 8€Aoupe va to dlalp€coupe oe Tpla
(oa Tuiuata, Téte 1O PrKog KAbe Tunuarog Ba eivat 1,66... cm, omndte kabeva amnod autd
dev poodlopiletal ue akpiBela.

Mrmiopoupe Opwg va dlaPECOUPE TO eUBUYPAUMO Ai
Tunua AB oce tpla (oa turiuara pe akpiBewa, av |
gpyaotolue he Tn Borbela kavova kal dlapnTn wg
efng:

Ano 1o onuelo A pé€poupe pila Tuxaia nuieubeia Ax
Kal Mdvw 0’ autryv Taipvoupue ue tov dlapntn tpia
dladoxikd (oa eubuypaupa Tunuata AE, EZ, ZH.
Evwvoupe ta onuela B, H kat and ta onueia Z, E, A
QeEpvoupe ZA, ElN, Ay mapdMnAeg mipog ) BH. Ot
MAPAMNAeC autég opiCouv otnv Ax (oa turuarta, ondte 6a opiCouv (0a TUNPATa Kal otV
AB. Apa €xouue AI" = TA = AB.

Me Tov (D10 Tpdo propoupe va dlalpéoouple To eubBuypauuo AB oe 4, 5, 6, ..., v (oa Tunuara.

I A B

v

H €vvola Tou Adyou dUO0 UBUYPAUMKY TUNUATWY

® Av €xoupue éva eubuypaupo tTunua AB kal oe uia eubela € mdpouue tT€coepa dlado-
XIKA eubUypapua TUUaTa Tou To kabéva efval (oo pe AB, téte kataokeudlouue TO
eubuypappo TuRua M, yia to omoio Ague oTl eival (0o ue 4 - AB kat ypdgoupe 'A = 4 - AB.

H odtta autr) ypdgetal kat wg e&na: % = 4.
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Mépog B - Kepdhaio 1o

>Tnv meplmtwon auty Aéue o1l 0 AOYog Tou A B

o

eubuypappou Tuiuatog A mpog To eubuypappo r . . . A
Tunua AB elval o aptBuoég 4. L 4. pg—

®

e Av dlaipgéooupe éva eubuypaupo Tunua AB oe Tpia (oa eubuypaupa Tunuata A, A,
AB, t0te Agpe ot To TUNUa Al eivat (0o pe 3" AB kal ypagoupe:
_ 1 Al 1

Al 3 AB n ﬁ—g A I A B
Népe awdpn 6t T

2 c AN 2T -
Ab=73-AB N xg=3 T

AnAadr| 0 Adyog Tou euBuyPApOU TUrUaTog AlT Tpog To eubuypauuo Tunua AB eivat %
ev 0 AOYOoC Tou euBUYPAUUOU TUNUATOG AA TIPOC TO euBUYPaUO TUrua AB eival %

Juurnepaivoupe, Aotmov, otL:
O Adyog evdg eubBuypaupou Tunuatog MA mpog to eublypauuo Tuiua AB
OupBOoAieTal o Kal eivat o aptBudg A, yia tov ormoio woxuel F'A = A - AB.

AB
e Av mdpoupe Ta eubuypauua Tunuata AB = 3 cm 3em
Kal FA = 6 cm, 1éTe umnopoUue va dlamioT®- A B
ooupe OTL 0 AdyoQ Tou eubuypAUPoU TUAUATOS 6.cm A

1
AB 1pog T0 eublypapuo Tprua MA eival 7,

dnAadn eival (00g ue Tov AOYO TWV UNKWV TOUG g% = %

O Abyog dUo eubuypduUWVY TUNPATWY elval (00g e Tov AOYO TWV UNKWV TOUG, EQOTOV
€xouv petpnOel pe tnv dla povada pETpnong.

Ma napddetyua, av €xoupe AE = 120 cm kal ZH = 1,5 m, 161e
AE  120cm 120 cm 4

7H  15m ~— 150cm ~— 5

Mapatnpoupe, Aotrdv, 0Tl 0 Adyog dU0 euBUYPAUUWY TUNUATWY elval €évag aplBudg mou
eEKPPALEL TN OXEON TTOU OUVOEEL TA UNKN TOUG. AR
Av yvwpiCoupue Aotrdv Tov Adyo dU0 euBUYPAUUWY TUNUATWY TL.X. ™ = 2, QUTO onuaivel

OTL TO UNKog Tou AB eivatl dimAdoto armoé 1o urkog Tou A, aA\d de yvwpiCoupe TO UAKOG
KA&Be Tunuatog, agpou sival duvatd va eivat AB = 80 cmkat F'A = 40cm 1 AB = 18 cm
Kat'A = 9 cm K.T.A
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1.2 Adyoqg eubUYPAUUWY TUNPATWY

Avdloya euBUypauua Turuata

9cm

A B r A

3cm

Ee 6.cm .7 H

2cm

Av dpoupe ta eubuypaupa Turiuata AB = 9 cm kat 'A = 3 cm, 1éte 0 Adyog Tou AB
AB

npog 1o A eival T = 3. Opoilwg, av mapoupe ta eubuypauua TuRuata EZ = 6 cm kat
HO = 2 cm, 1éte 0 Adyoc Tou EZ mipog 1o HO eival % = 3.

. . .. AB EZ , } oo
Mapatnpouue, Aotrov, Tl A T HO 3, dnAadr) o Adyoc tou AB mpog to A eival (cog

e To Adyo Tou EZ mpog 1o HO. 21NV nepimtwon autr Aéue OTL Ta eublypauua Tunuata

AB, EZ elval avdhoya mpog ta eublypapua turiuata N\, HO.

Ta eublypapua TuRuata a, y eivat avdloya npog ta eubuypappa Tuiuata B, d, étav

Loxuel % = %

H oémrta % = % ovouddetal avahoyia pe 6poucg Ta eubuypaupa TuRuata a, B, vy, o.

Ta euBuypaupa TuAUata a, d ovopdlovral Akpot 6poL, eva Ta eubUypauua TUruata
B, Y ovoudlovtal péoot épol Tne avaloyiag.

>e ula avaloyia pe époug Ta eublypapua TuAudata a, B, y, O XPnoldorolouue TIQ
YVWOTES 1O10TNTEG TWV AVAAOYIWDV TIOU 1oXUOUV Kal OTOUG aplBuouq. 2TV mePImTwon
autr we a, B, Y, d Bewpouue Ta UNKN Twv eUBUYPAUMUWY TUNUATWY.

Ot onuavtikdTePe 1IBIOTNTEC TWV AVAAOYIWV elval:

® >e kdBe avahoyia TO YIVOUEVO TwV AKPWY OpwV
elval (0o pe 1o yIvouevo Twv HECWV OpwV.

® 3¢ kdBe avaloyia pmopoupe va evardEoupe
TOUG MEOOUC 1 TOUG AKPOUC 6POUC Kal va
npokUYel TIAAL avaAoyia.

® Adyol (ool ueTa&u Toug eival kat (oot pe 1o
AOYO TIoU €xel aplBunT To dBpoloua Twv
APIBUNTWY Kal TIAPOVOUACTr) To dBpotoua
TWV TTAPOVOUAOTWV.
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Mépog B - KepdAaio 1o

[APAAEITMATA — EOAPMOTEZ

2€ TETPAYWVIOUEVO XaPTi Exoupe Xapd&el 1o & B
eubuypaupo Tunua AB. Z — A
a) Na ouykplBouv ta Tufjuata Al, F'A kat AB. r
B) Na BpeBouv ot Aéyor AL AB AA 5 A

AB' AA’ Bl g & £ &
Nvon
a) O1 mapdAnAeqg eubeieq €4, €,, €,, €, 0piCouv (0a TuRuata oty eubeia ¢;, ondte
Ba oplCouv (oa Tufuara kat otnv AB. Apa Al" = TA = AB.

B) Apou ta eubuypappa Tunuata AlL, I'A, AB eival (oa, €xoupe:
AL _ 1 AB_3  AA_2_,
AB 3 AA 2 B 2

Av A gival To péoo tng mAeupdg AB Tprywvou ABI,
AE // BI' kat EZ // AB, va amodetxtel Ot
Q) Z To pE€oov NG MAeupdg BIr

B) AE = BT 8 5 r

Nvon
Q) 210 Tpiywvo ABIT éxouue A péoo AB kat AE // BIT, ontéte E p€oo g Al'. Emeldn
E 10 pu€oo g Al kat EZ // AB, éxoupue Z uéoo BI™.

B) To terpdmAeupo AEZB eival mapaANASYPauuOo, apou £l TIG AEVAVTL TIAEUPEG
Tou TapdAnAeg, dpa AE = BZ. Ouwg BZ = % omndte kal AE = %
Aueoa Aomov TpokUTTEL OTL:

To eubUypappo TUAUA TTou uVOEeL Ta Eoa SUO TIAEUP WYV TPLYWVOU eival TTapdA-
AnAo mpog tTnv Tpitn MAeupd kat (0o pe To UIod TNG.

r
Av AA diduecog opBoywviou Tptywvou ABIT (A = 90°)
kat AE // AB, va amnodelxtel ot
a) E pé€oo g mAeupdg Al E
B)As =BT
, A B
Nvon

Q) >10 Tplywvo ABI™ €xouue A péoo tng Bl kat AE // AB, omdte E péoo g Arl.

B) Emedn AE // AB kat AB L Al', Ba eivat AE L Al". Apa, AE pecokdBetog tou Al
Kal arod TN XaPAKTNELOTIKA 131I0TNTA TNG HeookabeTou €xoupe AA = Al
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1.2 Adyoqg eubUYPAUUWY TUNPATWY

Ouwg Al = % omodte Kal AA = % AmodelEape Aotrov Ot

H didpeoog nou avtiotolxel otnv unoteivouoa opBoywviou Tptywvou eival ion
M€ TO Mod TNG umnoteivouoag.

Av A, B, T, A eival diladoxikd onueia plag eubeiag € tétola wote AB = 2 cm,
Bl = 4 cm kat A = 3 cm, va anodelxbel otL Ta eublypauua TuRuata AB, M'A
elval avéhoya mpog ta eubuypauua Tunuata B, Al

Avon
2cm 4 cm 3cm )
A B r A
. AB 2cm 1 " _3cm _ 1
Elval BE  4cm 2 Kal Ar - Bom B

Apa €xoupe % = % mou onuaivel 6Tt Ta eubuypauua Tunuata AB, A eival

avdhoya Tpog ta eubuypauua Tunuata BIN, Al

EPOTH2EIZ KATANOHXHX

n >1o dimAavé oxnua sivat g, // €, // €.
Na uroAoyioete TO X.

Av B'B//TT" /| AN kaln diduetpog 'A Tou
deUTepOoU NUIKUKAIoU elval 4 cm, ToTe va Bpelte
TO UNKOG TOU eUBUYPAUUOU Turuatog AB.

>10 Tpamnédio ABICA Tou dimAavou oxruatog eivat n A B
EZ mapdAAnAn mpog Tiq BAcelg Tou; . /1 5 .
Na artiohoyrjoete v andvinon oac. /‘ )
, . . A r
Na OUUNANPWOOETE TIG I00TNTEG:
AB BIr
@ Br = P)ag =
/e\ 4 cm E} 12 cm _r
AB BI
War=— 9T
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Mépog B - Kepdhaio 1o

AvAB = B = MA = AE
VA CUUTTIANPW®OETE TIG I00TNTEC:

AB _

BA _
Ay =—  Bgg -

Al AE

Al
AE- T OFT T 9T

E r

B Na xapaktnpioete TIq Tapakdtw mpotdoelg ue (&), av eival owotég 1 ue (A), av

elvar AavBaopuévecg.

AB

a) AvAB =8cmkal A =12 cm, 10te =— = %

AB

A

B)Avng T0Te AB = 2 Kal A = 3.

3 )

y) O Adyoc dUo nmAeupwy TeETpAyWvoU eival (oog ue 1.

0) Av AB _ g, TOTE TO eUBUYpauUpo TUNUa AB elval pikpdtepo amnd 1o IMA.

A 5

€) O AOyog G aktivag evog KUKAOU pog T dldueTpo Tou eivat 2.

ot1) Av M elval To u€oo Tou eubUypappou Tunuatog AB, Tote AM_

1
AB ~ 2

0) O AOYOgG piag mAeupdg IOOTIAEUPOU TPLYWVOU TIPOG TNV

, . o1
MepipeTPO Tou elvat 5.

BA€movtag v avaloyia % = % n Maplia 1oxupiomke 61t AB = 1 kat F'A = 4,

evd n EAévn oxuplomke 611 To A elval TetparnAdoto tou AB. Mola and 1ig duo

gxel OlKIo;

[POTEINOMENEZ AZKHZEIZ — TPOBAHMATA

n >1o dimAavo oxrua eivat AB // AE // HO

kal B // EZ /] ©lI.

Av AA = AH, va urnoAoyi(oeTe TO X Kal TO Y.

a) Me kavéva kal dlaBrtn va dlalp€oeTe va
eubuypauuo Tunua AB = 7 cm oe mévre (oa eubuypauua tunuata. Mavw oe

hia eubeia € va oxedidoete Ta dladoxIkd eubUuypauua tunuata M = gAB,

_ 4 _ 6
N = gAB Kat ZH = 5AB.
B) Na umoAoyioete Toug Adyouq:
B AN i ANZ . AB
"as "Fm Wz
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1.2 Adyoq eubuypduu®V TUNUATWOV

>10 opBoywvio Tpiywvo ABIT Tou dimAavou oxfuatog I
va Bpeite Toug Adyouq:
AB Bl Al 5
Adar Pag  YBF i
A 2cm B

~

>e opboywvio Tplywvo ABIM (A = 90°) eivat AB = 6 cm kat BI" = 10 cm. Na uroAo-
yi{oete Toug Adyouq:

AB Al AB
Apr P VA

Na oxedidoete gva 100TIAeUpPO Tplywvo e TIAeupd 4 cm. Na urtoAoyioete To AdYO
Tou UPoug ToU TPOG TNV MAeUPd TOU.

A6 10 Héco M Tng dlaywviou AlM evéc mapaAAn-
Aoypdupou ABIA, éxouue @épel EZ // AA.
Na amodel&ete Ol
a) Ta onuela E, Z eival pe¢oa twv nmAeupwv AB, Al A
QVvTIOTOIXWC. 4
B) Ta Tunuata AB, Al eival avdAoya mpog ta
Tunuata AE, AM. A

Iy,

>10 TeTpdnAeupo ABIMA eival B= A=090" B&
Av M eival To péoov g dlaywviou Al
va arnodel&ete o1t BM = MA.

‘Eva aypoktnua €xel 10 oxnua evog

Tpaneliou ABIA. O 1BI0KTTNG TOU A
BE€Ael va uetpnoel TNV TepiueTpd Tou,
TPOKEIUEVOU va TO TieplppdEel aAAd
™ Bl dev umopel va 1n HeETPNOEL
yiati mapeuBAAEeTaAL €vag veEPOAAKKOG
mou oxnuatiomke amd v TeAeutaia
Bpoxomtwon, onwcg ¢aiverat oTo
oxnua. Mwg 6a umopouce va TNV A r
urtoAoyioel;

"OTduz

vEPOANOKKOG
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1.3 Oswpnpa Tou Oahr

A Mabaivw to Beupnua tov Badn Kar nus va to xpnaiponon
yla tov unodoyiouo tov pnkous evos evuypaupoy TupaTos
ka1 tov Aoyou Svo qunudtuv,

APAXTHPIOTHTA

1. Na xapd&ete wia eubeia & KABETN OTIC YPAUUES TOU TETPAd(OU 0aC Kal VA eTIAEEE-
TE TPEIC YPAUMER Tou TeTpadiou mou va opifouv otnv & dUO0 eubBUypaPUa TUNUATA,
€10l WoTe To €va amnd autd va elvat dIMAAclo Tou dAAou.

2. Av xapd&ete pia dAn eubeia e’ mou dev eival KABETN OTIC YPAUUES ToU TETPadiou,
TOTE Ol TPEIG YPAUMES TIOU eTIIAEEATE TIPONYOUUEVWS opiCouv Kat oty &’ dUo
eubUypapua TURUATa, mou To €va eival JIMAACIO Tou AAAOU;

(. J
Maipvoupe tpelg MapdAnAeq eubeleq €4, €, €; TIOU e €

TEUVOUV TNV eubela & ota onuela A, B, I avtiotolxwg, A/ \A,

€rol wote AB = 2 - Bl &

Av dla AAAn euBela €' TEUVEL TG €4, €,, €5 OTA ONUEl@ 5 M) SR
A", B', " avtiotolxwg, Tdte Ba arnode(Eoupe OTL KAl YIA ¢, B B’

Ta eubuypauua Tuiuata A’'B’, BT 1oxUel ula avdhoyn . r] \r'
oxeon. AnAadr) A’'B’ =2 - B'T". ’ / A

Modyuartl, av and 10 yeco M tou AB @€poupe v
eubela O TMAPAANANAN TIPOC TIC eUBE(ES €4, €,, €;, TOTE Ol TAPANNAEC eUBEleq €4, O, €,, €,
opiCouv otnv eubela e (oa Tunuara, ondte Ba opiCouv {oa TuNuara kat oty eubeia ',
AnAadn loxuel A’M’ = M'B’ = B'l"" kal enopevwg A'B' =2 - B'l”.
Mapatnpouue Aotmdv otL, av AB = 2 - BI' Ba loxvel kat A’'B’ = 2 - B'T’, ondte:

AB 2-BC . AB Bl

AB ~2-8T " AB T BT
AuTO onuaivel 611 Ta eubuypapua Tunuata AB, BI™ eival avdloya 1pog Ta eubuypapua
Tunuata A’'B’, BT,

Av Tpelg 1 eploadtepeg ApAANAeg eubeieg TEUvouv dUo ANAeg eubeieg, TOTE TA
TUAuaTa nou opifovtal otn pia sivat avaloya nmpog Ta avtioTolXa TUrUATA TTou
opiCovtal otnv AAAN. AnAadn:
= " nn//r/1/ . AB _ Bl Ar
av 81 82 83 TOTE A,B/ - Blr/ - W

H mponyouuevn mpdtaon eivat yvwotn wg Bewpnua Tou Oah).
AT TV 100TNTA TWV TPLWV AGYWV Tou OewpruaTog Tou OaAr] €xouue TIC eENC avaAoyieg
AB Bl AB Al

AR - BT U AR T AT
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1.3 Oewpnua Tou OaAn

Av OTIG avaAoyieg autéq evaAAEOUUE TOUG HECOUG OPOUG, TOTE TPOKUTITOUV Kal Ol €ENG
, AB _ A'B’ AB _ A'B’
avaAoyieg BF ~ B KU AF T AT
Ma mapddetyua, o' éva tpiywvo ABIT, av AE // BIM kal
and mv kopupr A @époupe eubela e // BN, téte ol
napdAnAeg eubeieq €, AE, BI" 6a opiCouv oTIq TTAEUPEQ
AB, A" Turjuata avaloya.
AA AB AA  AE

Anhad, R = EF . OMoTE Ka A8 = B

B r

AA _ AE

AmodelkvUeTal akoun OtL, av loylel —= = ——=,
KN KRB T ET

té1e AE // BI". ETTIOMéVWC:

Ma duo onueia A, E twv mAeupwv AB, A" avtioToixwg evog Tptywvou ABI loxuouv:

AA AE
e Av AE // Bl 161e AB = El-

AE |
e Av % = Er Tote AE // BI'.

[MAPAAEITMATA — EOAPMOTEZ

>10 Tpiywvo ABI eivat AB = 9, AE = 4 kaL E" = 6.

Av AE // BI' va urtoAoyloTouv ta X, Y. A
Noon AN
>10 Tpfywvo ABI eival AE // B, onéte and o 5
T0 Bedpnua Tou Oahr éxoupe: 7y 6
AN AB . x 9 B .
E_Al_r]z_mn10x-36r]x-3,6. iy r

Apay = 9-3,6 omdte y = 5,4,

Méoa amod €va owkomnedo ABIMA oxriuarog tpa- i
neiou ue AA = 50 m kat BI' = 60 m népace  |mm
€vag dpOuog TMAPAAANAOG TIPOG TIG TIAEUPEQ
Tou AB, A tou gixe mAatog 10 m kat xwptoe to  El
OlKGMEDO 0Ta 300, OMWS PAiveTal OTO SIMAAVS  :1om
oxAua. Av eivat AE = 22 m kat ZA = 18 m,
VA UTTIOAOYLOTOUV TA MPNKN TV euBUYPAPP®Y
TUNuATwv BH, OI, HO.

Nvon
Emeldny AB // EH // Al ané 1o Oepnua OaAr €xoupe:

A B
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Mépog B - Kepdhaio 1o

208

BH B ., BH 60

AE-AA N 55 = Bo N 50-BH=1320 B BH = 26,40 m.

Emeldn AB // ZO // A" and 1o Oewpnua Tou OaAr] €xoupe

or _BF . or_ 60
ZN  AA 18 50

Apa HO = 60 - (26,40 + 21,60) 1| HO =12 m.

EPOTHZEIZ KATANOHXHX

Av AB, EZ, HO, AT" eivat mapdA\nAeg, va

OUMUTIANPWOETE TIG LOOTNTEQ!
BZ _ 20 _

9 or = B zr = —

98]
@

oy]
=

Av AE // BI', va xapaktnpioete TIq mapakdtw npotd-
oelg pe (2), av elval ocwotég N he (A), av eival
AavOaouéveqg:

AB _ AB AN _ EDl
VEF=ar - Pag=ag
AB _ Al AN _ AE
Y)M—?D B)E_AFO

‘Evag pabntg 1oxupiotnke o1t oto dmAavo Tpamédio
ABIA n EZ elval mapd\\nAn otig Bdoelg tou. Eixe
dikio; Na arttoAoyrnoeTe v arndvinor] oag.

210 dImAavo oxnua eivat g, // €, // €5. Na untohoyloete
Toug AGYOUQ:

OB Bl OA AB
Adgr Por Yos 9 FF

310 dimAavo oxrua eivat AB // € // TA. Na cupnAnpw-
O€Te TOV MapakdTw Tiivaka avtiotolxiCovtag oe kdbe
Adyo TG omAng A Tov {00 Tou aplBud and T omAn B.

aBK 1.2
KT 3
K™ 2.1

B. — . ?

y. BC T o | B | v |
BK 4.3

" 50-0r =1080 1} OF = 21,60 m.




1.3 Oewpnua Tou OaAn

[POTEINOMENEZ AXKHZEIZ — TPOBAHMATA

LA B
n >10 Tpanédio ABIFA n EZ eival mapdA\nAn otig Ba- /6
oelc Tou. Na uroAoyioete To eubUypaupuo Tunua BZ. 18"'E z
14
o A |—
A B -
210 TPamnedio ABIMA n EZ eival mapdAnAn otig Ba- E 5 Z"-..
oelg Tou. Na umoAoyioete Ta eublypauua TUiUaTa 8
BZ kal ZI'. A -
A
X 18
210 Tplywvo ABI eivat AE // BI". Na uttoAoyioeTe TO X. A £
8/ x
B r
21 18
>1o dmAavo oxnua eivat €, // €,. Na unohoyloete ta A C E £
eubuypapua Tunuata O kat EZ. 14 / 10 e,
B /A Z
A
>10 Tplywvo ABI eivat AE // BI', EZ // AB. %\
. E
Na uroAoy(oeTe TO X. A
6
4
S
r
A
u 310 dmAavo oxnua eivat AB // KA // TA. Na urtoAoyi- 12
oete Ta eubuypauua turuata OK kat KT 0
18
B AN

>1o dinmAavo oxrua eivat EZ // Al kat EH // BT,
Na uroAoyioete ta X, Y.

a Kdmolog ouvapuoAdynoe Ui MTUCOOUEVN OLOEQW-

, ; , / S
otpa, Oonwg ¢aiverar oto OmMAavo OxNua  Kat A &, & T
7 7z 7 Ve 7 07
dlaniotwoe ot n oavida dev rrav opliovria. O
S S
Moy éyive To AdBoc; A ® %
B
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1. Opoiodeaia

4 Mabaivw va Bpiokw to opordfeto evos oxnparos.
A4 TvupiCw pe noles oxéoels ouvoéoveal ta opolofera oxnpara,

APAXTHPIOTHTA

1. Na oxedidoete éva tetpdnAsupo ABITA Kal 0T0 E0WTEPIKO TOU va Tdpete €va onueio O.

2. Mdavw otig nuieudeieg OA, OB, OI, OA va ridpete aviiotoixwe Turuata OA’, OB’, O,
OA’ dimAdola Twv OA, OB, OT, OA. Na oxnuartioete to teTpdnieupo A'B'TA’ kal va
OUYKPIVETE TIC TTAEUPECS KAl TIC YWVIES TOU UE TIG AVTIOTOIXES TTAEUPEG KAl YWVIES TOU
apxIkoU TeETpAnAeUpPOU.

3. Mdvw otig nuieudeieg OA, OB, OI, OA va Tidpete avtiotoixwe Turuata OA”, OB”, O,
OA", wod Twv OA, OB, OF, OA. Na oxnuartioete to TeTpdrnAeupo A’B"T"A” kal va ou-
YKPIVETE TIQ TIAEUPEQ KAl TIC YWVIES TOUG UE TIG AVTIOTOIXEG MAEUPEG Kal YWVieQ Tou
apxkoU teTparnAeUpou. Ti TTaPATNEEILTE;

- J

To opolo6eTo onpeiou

Av Tidpoupe duo onueia O, A kat otnv nuieuBeia OA ndpoupe

éva onueio A, t€tolo wote OA’ = 2-0A, 1éte Aéue OTiTo onpeio A A
A’ elval opoldBeTo Tou A pe kévtpo O kal Adyo A = 2.
Av A” onueio Tng nuieuBeiag OA, t€tolo wote OA” = % - OA, o A

" A

, . , . , 1
TOTE TO A" glval opol6BeTo Tou A pe KEvipo O KaLAOYO A = .

H dwdikacia pe v orola Bpiokouue To opoIOBeTO evog onueiou pe kEvipo O kal Adyo A
ovopdZetal opoloBeaia. To onueio O Aéyetal KEVTPO ouoloBeaiag, evdd 0 aplBuog A ovoudZetal
AOYoq ouolobeaiag. Eival pavepd 6t 1o kévtpo O €xel OUoIOBETO ToV £QUTO TOU.

To ouo166eT0 UBUYPAUUOU TUAUATOC

2Tnv opoloBeoia pe kEvipo O kat Adyo A = 2 To ouolOBeTO

evoe eubuypduuou Turiuatog AB elval to euBuypauuo

Tunua A’B’, orou A’, B’ Ta opoldbeta Twv AKpwv TOU

eubuypduuou Tunuarog AB. Emedry OA’ = 2 - OA kal
OA” OB’

OB’ = 2 - OB, Ba €xoupe OA - 0B * 2, onote AB// A'B’.
Eropévng
Ta ouoldbeta eubUypapupa Turpata rou de Bpiokovratl otny dla eubeia eival mapdAAnAaQ.

Av ouykpivoupue ta Tunpata A'B’ kat AB, dlariiotwvouue 0TLA'B’ =2 - AB 1 - 2.
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1.4 OpoloBeaia

Av A"B” eival opoldBeto Tou AB e kevipo O kat Adyo A = % TotE:

p— 1 , AIIBI/ _l
A'B —§°AB n ﬁ_2

To ouo166eTo Ywviag

a va Bpouue To OPoIGBETO UIag ywviag xKy lE KEVTPO
O kat Adyo €va BeTikd aptBud A (r.x. A = 2), maipvoupue
gva onueio B omv mAeupd Ax, €va onueio I otnv mAeupd
Ay kal Bpiokoupe Ta onueia B’, A’, " mou elval avtiotoi-
XWG Ta opoldbeta Twv B, A, I'. OplCetal €101 n ywvia
x’ﬂ’y’, mou efval opotdBetn g ywviag xﬂy.

Av ouykpivoupue TIG U0 ywvieg dlamiotwvoue OTL eival
(oeg, dnAadn x,&y = x’,&’y’. Emouévwg

O1 opoldBeTeq ywvieg eival (oeg.

To ouo166eT0 MOAUYWVOU

>V opoloBeoia pe kévtpo O kat Adyo A = 2, TO OUOIOBETO
evog tetparnAelpou ABITA eival to tetpdmniAeupo A'B'T'A,
orou A, B, T, A" elval avtiotolws Ta OUOIOBETA TwvV
Kopupwv Tou A, B, I, A. Ot TAeUpPEQ Kal Ol Ywvieg Tou
TetpamnAeupou A'B'T'A’ eival opolOBETES e TIG QVTIOTOIXEG
TTASUPEQ Kal Ywvieg Tou ABITA, ondte .oxUouy:

AR _BL T AN o A=A B =B =F A=A

AB Bl TA — AA

A/

To TeTpdnAeupo A'B'T’A’ Tou eival opoltdBeto tou ABIMA pe Adyo A = 2 eival uey€uvon tou

1
ABIA. Av A"B"T"A" gival To opotdBeto tou ABIMA e kevipo O kat AOyo A = 5, opolwg

loxUouV:
A/IB// B Bnl—// |_I/ A/I B A// AII B —I

AB ~ B TA ~— AA 2

kat A=A B'=B, I"=T, A=A

To tetpdnAeupo A"B"T"A” ou eival opoté8eto Tou ABIMA pe Adyo A = % elval opikpuvon

ToU ABIA.

® AUo opoldBeTa MoAUywva €Xouv TIG TIAEUPEG TOUG avAAOYEQ Kal TIG AVTIOTOIXEQ
ywvieg Toug (oegq.

® O avtioTolxeg MAeUpPEG dUO ouoLOBeTWY TTOAUYWVWV TIou de Bpiokovtal otnyv idla
eubeia eival mapdAAnAeg.

® Av 10 TIOAUYWVO I’ eival opotéBeto tou M pe Adyo A, téte 10 N’ glval
— pMey€Buvon tou I, étav A > 1
— opikpuvon tou M, étav 0 < A < 1 kat
— {copeTo I, étav A = 1.
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Mépog B - Kepdhaio 1o

To 0uo10BETO KUKAOU

Ma va PBpoupe TO OHOIGBETO €VOQ
KUKAOU (K, p) pe KEVTpO opoloBeaniaq
O kal Adyo évav Betikd aplbud A

(T.X.

A = 2), Bpiokoupe TO OUOLOBETO Qﬂ,_,_._—_-_-_:‘.:':.‘_'_‘_‘_' --------- @

Tou Ke€vTpou K Kal To opoldBeTo evog
onueiou A Tou kUkAou, Tou eival Ta onuela K’ kat A" avtioTolixwg.

OpiCetal €10l €vag kKukAog (K’, p’), érnou p’ = K'A’, mou elval ouoléBeTog Tou KUKAOU
(K, p). To eubuypaupo tunua K'A" eivat opolvbeto tou KA pe kévtpo O kal Adyo
A = 2, ondte K'A’ = 2 - KA, dnAadn p’ = 2p.

[MAPAAEITMATA — EOAPMOTE2

Me k€vtpo opolobeoiag éva ecwteplkd onueio O tetpaywvou ABIMA, mieupdg 1,5 cm
Kat Adyo A = 3, va oxedlaoTel To ooLdBeTO Tou Kat va anodetxTel OTL eival TETPAYwVO.

Nvon A=

>1¢ nueudeieg OA, OB, OI, OA naipvouue
avtiotoixwg Ta tuRuata OA’ = 3 - 0A,

OB’ =3-0B, Or'=3-0r, 0OA" =3-0A.
To tetpdnAeupo A'B'T'A’ eival opoldBeto
Tou ABIA pe kévtpo O kat Adyo A = 3,
A'B BT T'AN ANA

AB - Br  TA AA S

omnodte:

Apa, AB' =3-AB=3-15=45cm. N

Ouoilwg €xoupe BT =T'A" = A'A” = 4,5 cm

B’

A 15cm B

o

.

Emedn) Ta opoldbeta oxnuara €xouv TIC AVTIOTOIXEG Ywvieg Tou (0eg, TO TETPA-
mAeupo A'B'T'A" mou elval opotéBeto tou ABIMA Ba €xel TIg ywvieq Tou 0pBEQ.
Emouévwg 1o Tetpdnieupo A'B'TA’ elval TeTpdywvo, agou €xel TIG TAEUPEG TOU

(oeq kal TIQ Ywvieg Tou opbES. Apa
To opoldBeTO evdg TETPAYWVOU gival TETPAYWVO.

EPOTHZEIZ KATANOHXHX

212

Na GUPTTANPWOETE Ta TIAPAKAT®W KeVA. e , o B T 4 E

>Tnv opotoBeaia pe kévtpo O kat Adyo

a) A = 5 TO OuOoIO6ETO TOU A eival TO ... B) A =2 10 opowdBeTo TOU B eival To ...
1 . . 3 . .

Y) A= 3 10 opoloBeto tou [ elvat To ... O) A= T 10 opoloBeto Tou E eivat to ...



1.4 OpoloBeoia

>e mola anod ta Mapakdtw oxnuata tTa moAuywva eival ouolobetq;

\ Ul

\\
an L
2X. 1 (2x. 2 (2x. 3)
Na CUUTIANPWOETE TOV TTAPAKATW TTivaKa:
EuBuypappo  Kévrpo Aéyog  Opoiébeto A ) B
TuRua  opoloBeciaq opolobeaiag TUNUATOG

KP A 3 7

PN r >M N

M AA AN M T

BI” A KP

BA B 3

[POTEINOMENEZ AXKHZEIZ — TPOBAHMATA

Na kataokeudoete €va TeTpdywvo ABIA e Aeupd 3 cm.

a) Na oxedldoete 10 ouold6eTo Tou ABIMA e kévipo A kat Adyo: i) A = % i)A = 2.

B) Na umoAoyioeTe TIG TTAEUPES TWV TETPAYWVWV TIoU oxedldoarte.

Na kataokeudoete opBoywvio Tpiywvo ABIT, ue kdBeteq mAeupeg AB = 12 cm kat

Al = 9 cm. Me kévtpo TNV KopuPn A kal Adyo A = % va oxedldoeTe TO OUOIOBETO

Tou Tplywvou ABI™ Kal va urtoAoy(OeTE TIQ TIAEUPEG TOU.

Na oxedldoete TO OUOIOBETO ToU TPtywvou ABIT Tou dimAa-

voU OXNUATOG JE KEVTPO €va omolodnnote onueio O exktdg m

TOU TPLYWVOU Kal AOYo A = 3. r
Na urtoAoyioeTe TIC TTAEUPER KAl TIC YWVIES TOU VEOU TPLYWVOU.

Na oxedldoeTe TO OuoIOBeTO evdg KUKAoU (O, p) ue kEvTpo opotobeoiag O kal Adyo
A = 3. Na anodeiEete OTL 0 VEOQ KUKAOG Ba €xel TPIMAAOCLIO UNKOG Kal evveamnAAdoLo
EUBAdOV.
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214

Na tomobetoete 010 oxfua Ta onueia K, A, M, N av yvwpilete Ot:
— To K elvat opot66eto Tou A e kévtpo I kat Adyo % A
— To A eival opoté6eto tou A pe kévrpo K kat Adyo 2.

2
— To AM eival opoldBeto Tou AB pe KevIpo [ kat AdYo 7

— To AB eival opolo6eto tou KN pe kévrpo I kat Adyo 3. B " " Y

Ot diaywviol tapaAnAoypdupou ABIMA Téuvovtal oto onueio K. Na oxedidoete 10
ouolvBeTo Tou ABIMA pe AOYo 2 Kal KEVIPO OuoLloBeaiag:
a) toonuelo K B) toonuelo A y) éva eEwteplkd onuelo Tou apaMnAoypAupou.

Na ouykpivete Ta Tpia opoIOBETA OXNUATA KAl va JIKAIOAOYTOETE TNV andvinon 0ag.

>’ éva TETPAYWVIOUEVO XapPT( va xapd&ete €va ouotnua a&dvwy Kal va APETE Ta

onueia A(-1, 1), B(2, 2) kat (0, -2).

a) Na oxedidoete tplywvo A'B'T" ouoldBeto tou ABIT ue KEVIPO TNV ApxN TwV
a&évwv kat Adyo A = 2. Na BpelTe TIQ CUVTETAYUEVES TWV KOPUPWV Tou. Me rota
OX€0T OUVOEOVTAl Ol CUVIETAYUEVEG TWV KOPUPWV TwV dUO TPLYWDVWY;

B) Na oxedidoete Tplywvo A"B"T” opoldBeto tou ABIT pe kévtpo to onuelo K(1, 1),
AOYO A = 2 Kal va BPE(TE TIG OUVTETAYUEVES TWV KOPUPWV Tou. loxUel n avdaloyn
OXE0TN VYIA TIG CUVIETAYUEVEG TWV KOPUPWV QUTWV TWV TRLYWDVWV;

211 mAeupeg AB, Al Tprywvou ABIT va opioete ta onuela A, E avtiotoixwg, wote

AD = +AB Kai AE = AT Na anoBefgete 6n AE // BT kai AE = 18I

Na KataokeudoeTe TO OUOLIOBETO
Tou mevraywvou ABIAE omv
opolofeoia katd Tnv orola Ta
onuela A’, B’ eival ouoiébeta
TwV Kopupwv A, B avtiotolixwg.

o>

m




1.5 OpoiétnTa

A Mabaivw note dvo nodvywva eivar duora.
4 Mabaivw note dvo tpiywva eival opola.

APAZTHPIOTHTA

210 OmAavé oxNua, ol TIAEUPEQ
Tou TteTpanAelpou A'B'T'A" (1) 1)
€xouv OIMAdolo Ueyebog amd TIQ
MAeUPEQ Tou TeTpanAelpou ABMA 0
() M) kat o1 avtioTolxeq ywvieg Twv
TeTpanAelpwy elval {oeg. A i
1. Na oxedidoete 10 TETPATAsU- A B
po A"B"T"A" (1) ") Tou eivat
ouoléBeto Tou ABIA e Ké- N\
vipo O kat Adyo A = 2. N
2. Na ouykpivete TO TETPATIASU-
PO TIou oxedldoare pe To M. N
3. Tolo CUUTEPACHA TTPOKUTTTEL
ylaTa apxka tetpdrnieupa | g ;
Kat I'1";

&

Ouota moAUywva
Av €xoupe dUO opoldBeTa ToAUywva, TOTE TO €va elval peyebuvon 1) ouikpuvon Tou
dA\ou 1 elval (oa. Ado moAUywva M kat I’ Tou To éva elval peygbuvon 1) ouikpuvon Tou
AdA\ou 1 elval {oa Ta Aépe dpota kat cupBoAiCoupe M~ ', Ané Tov mponyoUuEeVO OPLOPO
MPOKUTITEL OTL:

/

>

Ta opoldBeta nmoAuywva eivatl duola.

Av Suwg éva ToAUywvo ', dev eival opoldBeto Tou 11 dev eival eUKOAO va eENYHOOUNE OTL
elval opoldBeTo tou MM, TéTE MW UMoPOoUKE va dAMIOTWOoUE OTL elival Opold Tou;

Ac idpoupe duo TetpdnAeupa ABIMA (1 1) kat A'B'T’'A" () ), wote ol TAeupég Tou I
va elvatl dimAdoleg Twv TAeupwy Tou I Kal ol avtioTtolxeg ywvieg toug va eival {oec. Av
oxedldooupe éva TetpdnAeupo A'B'T"A" (| T1") ouoléBeto Tou M pe Adyo A = 2, 1dTe
Ta TetpdnAeupa I kat M” eival (oa, yatl €xouv Kal TIG avtioTolXeQ MAEUPEG KAl YwVieg
Toug {oeg. To M” wg opotdBeto Tou MM, pe Adyo 2 eival peyebuvon Tou, dpa Kal To (0o Tou
noAuywvo N’ eival pueyebuvon tou MM, omndte Ta TeTpdnAeupa I kat 1" eival duola.

To {310 Ba cuvéBalve av o M ftav ouikpuvon tou I1.

Ta apxikd TetpdrAeupa ABIA kat A'B'T'A’ ta oxedldoaue, Wote va IoXUOUV Ol OXETEIG:

A _BL A _ 44 A=A B =B M=F M=2 @

AB - BF A - A —2 () xa
Kal dlariotwoape Tl elval duola.

[evika Av 3U0 TIOAUYwVa €XOUV TIG TIAEUPEG TOUG AVAAOYEG KAl TIG AQVTIOTOLXEG
ywvieg Toug (oeg, TéTE €ival duola.
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Mépog B - Kepdhaio 1o

AUO 0molecdNMOTE AVTIOTOIXEC TAEUPES Opolwv TOAUYWVWY €xouv Tov (Blo Adyo
A'B’

X "AB

Eidape Aowmdv 611 dUo moAUywva eival opota, av eival 1) urnopel va yivouv opotébeta kat

EMOPEVWQ Ba 1oxUoUV Kal yI' autd ol IBIOTNTES TWV OPOLIOBETWY OXNUATWY, dNAQdN:

Av dUo noAuywva eivat dpola, Tote €XOUV TIG OOAOYEG TIAEUPEG TOUG AVAANOYEG Kal

TIG avTioTolxeqg Ywvieg Toug (oeq.

= 2), YU autd A€yovtal oudAoYeQ Kal 0 Adyog Toug AéyeTal Adyog ololdTnTag.

Ao ™ oxeon (1) Kat yvwotr) 1d10TNTa TWwV AVAaAOYIWV €XOULE:
A'B" BT [T'A" A'A A'B +BT' +T"A" + A’A” nepiperpog M

AN="RB " BF ~TA ~ A - ABIBF+TATAA ~ mepiperpoc -0

O Adyog TwV TMEPETPWYV dUO SUOoLWY TIOAUYWVWV glival (cog e Tov AdYo opoldtNTdg TOUG.

Adyoc ouoldtntac - KAiuaka

Ot xdpteg ouvnBwg MapoucIAlouV UIa YEWYPAPIKY TieploXr) 0e ouikpuvon, dnAadn
apouclAlouV €va OxXNua OPOLo Pe To TIPAayUaTtike. To puéyebog TG ouikpuvong kabopi-
Cetal anod TNV KAluaka Tou XAptn mou avaypdgetal mavw o' autdv. H kAluaka eivat o
AdyoC TG andoTaong oTov XAPTN TPOC TNV avIioTolxn mpayuatikry andotaon, dnAadr)
elval o Adyog opoldmrag Twv dUo OXNUATWV.

Ma napddetypa kAipaka 1 : 2000000 onuaivel 6tl, 0 AOyog opoldTNTAG TOU OXNMATOC OTOV

omdte 1 cm otov xdptn eivat 20 km otnv

. L - 1
XAPTN TIPOG TO TIPAYUATIKS eival A = 3565600"

npayuaTikoTnTa.

[MAPAAEITMATA - EOAPMOTE2

Na anodeixtel 6t1 dUo Kavovikd nevidywva eivatl duola.

Nvon
Ot mAeupER evog KAVOVIKOU TIOAUYWVOU
elval {oec. Apa Ta kavovikd mevidywva
ABIAE kat A'B'TA’E’ €xouv TIQ TIAEUPES E B
Toug avdhoyeg, dnAadn loxuel:
AB BI” A AE EA

W = W = |_IA/ = AIEI = E/AI
agou Kal ot aplBuUNTEG Kal Ol TTAPOVOA- A r
OT€qQ eival peta&u Toug (ool.

Ta Kavovikd mevidywva €Xouv Kal TIG YwVIeQ Toug (oeg epdoov KabBeuld and autég

elval @ = 180° — 320 = 180" - 72° = 108°.

A
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1.5 Opowdtnrta

Apa Ta Kavovika TIevtdywva €xouV TIG TIAEUPES TOUG avAAOYEG KAl TIG AVTIOTOLXES
ywvieg Toug {oeg, omdte elval duola.

AUo kavovikd rmoAUywva Tou €xouv To {dlo TIAi8og TMAeupwv eival éuola.

210 dumAavo oxrHa paiveTaln agpoPpwTo-
ypagia evog QaypoOKINUATOG TIOU E€XEL
oxnua opboywviou kat €xel eplPppaxtel B
pE oupuaTtomAeypa prkoug 270 m. Na
BpebBouv ol TpayUaTIKESG SLAaOTACELS TOU
aypoktiuarog. Me tmowa kA{paka é€xel
PWTOYPAPNOel TO AYPOKTNUA; A I

5cm
Nvon
To opBoywvio ABIMA g aepopwtoypadiag eival ouikpuvon Tou TPAyPATIKoU
aypoktuarog A'B'T'A’, ontdte eival duolo mpog auto.

AN AT
M_A/r/ _)\ (1)

O Adyog opoldtnTag A eival (0og pe Tov AOY0o TwV TEPIUETPWY TOUG.
H mepluetpog Tou ABMA eivat 2 - 4 + 2 - 5 = 18 cm, evd Tou A'B'TA’ elval (on ue
TO UAKOG TOU OUPMATOTAEYUATOG, OnAadn 270 m 1 27000 cm.

, 18 A AN AT
Apa A= 57000 ~ 7500 OMOTE = = 7500

AN T AT 1500
ETouévwg €xoupe:
A’'A" = 1500 - AA = 1500 - 4 = 6000cm 1 A'A" =60 m.
A'T" =1500 - A’ = 1500-5=7500cm 1 AT' =75m.
AnAadr, ol TPAYMATIKEG dlACTACEIQ TOU AYPOKTNMATog elval 60 m kat 75 m. H KA(-

Apa oxUel

Haka pwtoypdlong eivat {on e Tov Adyo opoldtntag A = 151W onAadn 1 : 1500.

EPOTH2EIZ KATANOHXHX

n Na xapaktnpioete TIQ Tapakdtw TPoTAcelg Ye (&), av eival owotég 1 he (A), av
elvar AavBaouéveg.
a) Auvo teTpdywva eivat éuola.
B) Auo opbBoywvia eival duola.
Y) Av dUo TIoAUywva €Xouv TIC MAEUPEG Toug avAAloyeg, TOTe elval duola.
d) Auo pdupol eival oxrjuata éuola.
€) Av dUo noAUywva eival (oa, téte elval duola.
oT) AUO Kavovikd oAUywva eivat ouola.
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Mota and ta noAUywva Tou dMAavou OXNUaTog | T
elval opolq; L My
el -1 0
L1 || s
L
win| L

>e Kabéva ano Ta MapakdTw oXAUATA VA CUUTANPWOETE Tov Tivaka ue Tig dlaoTd-
OEIG TWV aVTIoTOolXWV MapaAnAoypduUWY Kal va Bpeite mota ar’ autd eival duola.

A
E V4
A K [
; ‘
A r ABraA A T ABrA
0 Tl ezHo AEZH|
[ A B E ©
L] K | [ | | AGIK
1 pov 1pov
Av Ta Tetpdmieupa ABIA kat A’B'TA’ gival A__B
ouola, va CUUNANPWOETE TIQ TPOTACEIC: o
a) O Adyocg opotdtntag tou ABIA mpog o A
A'BT'A eivat ...
B) O Adyog opotdtntag tou A'B'TA’ mpog
TOABIA elval ...oooovvii,
Y) Av n ywvia B eivat 110°, téte Kat n ywvia ....... eivat 110°.
. _AB + BT +T"'AN + ANA
d) O Aoyog A = B LB < TA - AA elval (oog e .......
€) H mAeupd BI™ elval (on pe ....... cm.
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MPOTEINOMENE2 AXKH2EIZ — TIPOBAHMATA

2e Tola and TIG MApakATw TEPITTWOEIG Ta mapalnAdypaupa ABIFA kat EZHO
elval dpota; Na artiohoynoete v andvrnor oag.

Q) A 6.cm B

£

o

[sp]

A r z
E 5cm 7
fg
O
(V]
e H i



1.5 Opowdtnrta

Av Ta tetpdnAeupa ABITA kal EZHO eival éuola, va Bpeite 10 x oe kabeuld anod TIg

TMEQIMTWOELG:
Cl) A B
o E
&
3)
©J X
A H
60,77
9 cm 7

‘Eva mapaAMnAdypaupo €xel MAeUpEQ 24 cm kat 18 cm. 'Evag padnmg 6€Aovrag
va Kartaokeudoel €va mapaANAOYPAUUO Ouolo W autd aAAd Tou va €xel
heyaAutepn TAeupd 20 cm, OKEPTNKE VA MEIWOEL Kal TNV AAN Aeupd katd 4 cm.
‘Htav owotr n okéYn Tou; Na alttoAoyrnoeTe TV andvinor oag.

Ot dlaywviol evée maparnAoypdupou ABIMA téuvovtar oto onueio K. Na
anode(Eete ATI TO TETPAMAEUPO TIOU TTEOKUMTEL AV eVWOoouue Ta peoa twv KA, KB,

KI™, KA eival mapaAnAdypapuo opoto pe 1o ABIA.

10 MapaMnAGYpauuo ABIA eivat AK = AT, EZ // AA kai HO // AB.

4
Na amodel&ete Ol

a) To napar\nAdypauuo AEKH eival éuolo ue
T0 ABIA.

B) To mapaAAnAdypaupo AEKH eival duolo pe
10 KOTIZ.

B ‘Evag pabntg Eekivnoe 1o mpwi arnd 1o omiTl Tou
M Kkat agou akoAoubnoe tn dladpoury Tou
Qaiveral oto OxED0, €PTace OTO OXOAE(O TOU
>. To peonuépl enéotpee oOTitl Tou ard AAAO
OpAUO TIPOKELUEVOU va Tiepdael Kal and To OTITl
evocg ¢ilou Tou Tou Bplokdtav oto onueio ®. Av
N OUVOAIKY dladpour) TIoU €kave 0 Labntig frav
640 m, va Bpeite 60O AMEXOUV TA OTITIA TWV
duo ¢iAwv. Mota eival n kAipaka Tou oxediou;

Nav) /

0}
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Mépog B - Kepdhaio 1o

B3 Ouowa tpiywva 4

Auo Ttplywva ABIT, AEZ, énwg Kal %5 A

dUo moAUywva, elval opola, av B r IS

€XOUV TIC TAEUPEQ Toug avdhoyeg /\/ v

Kal TIG avTioTolxeg ywvieg Toug (oea. B r E Z
. AB _ AL _ B[ A-A B-E [-=7

AnAadn av €xouv AE - A T EZ kat A=A B=E T =2

Ma va eival Aomdv dvuo Tpiywva Ouola TPEMel va LoxUouv OAEQ Ol TIPONYOUUEVEQ

lootNTeS; EUuTUuX®G OXL.

Ma mapddelyua, ag ndpoupue duo Tpiywva ABIT kat AEZ mou €xouv dUo ywvieg Toug (oeg

(2\23 Kal E%:E).

Av TomoBetrooupe To Tplywvo AEZ mdvw oto ABIT, wote n ywvia A va OUMTEDEL YE TNV

{on g ywvia ﬂ 1é1e N MAeupd EZ Ba ouunéoel pe ) BT Kal ol ywvieg @ B’ fa sival

(oec. Apa B'T” // BI" kat and 1o Oewpnua Tou OaAr| €XOUUE:
%éégzéﬁAB:%ABmAP:%AB

Apa 10 Tpiywvo AB'T’ elval opoldbeto tou ABIT otnv ouoloBeoia ue kévipo A kal Adyo

%, omdte AB'I" ® ABI". Emedn Ta tplywva AEZ, AB'T eival (oa, 6a eivat kat AEZ ® ABT".

Enopévwag

Av dUo Tplywva €xouv dUo Yywvieg Toug (oeq pia mpog pia, téte eival duola.

E{dape Aomdy, 6t av duo Tplywva €xouv dUo Ywvieg Toug (0eg pia mpog uia, téte eival duola,
omdte Ba €xouv Kal TV TPITN ywvia Toug (on Kal TIG OHOAOYEG TTAEUPES TOUC AVAAOYEG.

[MAPAAEITMATA — EQAPMOTE2

‘Evag nipoBoA€ag M Bpioketal oto £dagpog kat pwTtilel €va dévtpo BI'. H okid tou
Oévipou OTo amévavtl KT{plo QTdvel PEXPL TNV 0po®r] Tou 4ou opdpou. Av TO
LOOYELO Kal KABe OpoPog €xouv UYog 3 m Kkal n andotacn Tou dEvTpou arnd Tov
npoBoAéa eivat 8 m, evwy and to kTiplo eivat 12 m, va Bpebel To UPog Tou dévtpou.

Nvon
Ta tplywva MBI kal MB'T" eival opboywvia,
apou B =B = 90° ka €xouv T ywvia n
Kowr. Emopévwg, €xouv dUo ywvieg (oeg,
oTaTE elval dpola Kal Ba €xouv TIC OUOAOYEQ
MAEUPES Toug avdioyeg, dnAadn

Bl rnB
gr ~ e (7

r/
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1.5 Opoldta

H okid kaAdrrel 1o 100Yelo Kal 4 opdpoug, ondte Ba €xel UPog BT =5 -3 = 15

m. Apa n woétnra (7) yivetat ?—g =3 f12 n 20 - BI" = 120, omndte 10 UYog Tou

dévrpou eival B = 6 m.

>’ éva opBoywvio Tpiywvo ABIT pe unoteivouoa Bl = 10 cm kat AIT = 8 cm va
xapaxBel To UPog AA. Na anodeixBel dTL Ta Tpiywva ABIM kat AIA eivat dpota kat
va ypagouv ot icot Adyol. Na urnoAoylotouv ta Turuata Al kat AB.

Nvon

Ta tplywva ABI™ kat AAT eivat opBoywvia, apou A=A=90°kal €xouv TN ywvia r
Kowvr. AnAadr, £xouv dUo Ywvieg (oeq pia mpog uia, ondte eival dpola kat Ba €xouv
TIQ opdAoyeg TIAeUPER Toug avaloyeq. Ot opdAOYEC TIAEUPERS TWV TPLYWVWY elval Ol
AEUPEG TToU Bplokovtal armévavtl anod Ti¢ (0eq ywvieg Toug.

LS A=A =90° TkowvA o=@
AmévavTi mAeupd Bl AB Al
oTo Tpiywvo ABI

Al AA Al

AmévavTi mAeupd
oTo Tpiywvo AAI

Al 8.cm
, , BI” AB Al
Apa €xouue AT = AN - AT (1).

Ano TI¢ 1odétnTeg (1) €xoupe BL_ACL ., 10_ 8
Apa 10 - Al' = 64, ontéte Al' = 6,4 cm. Entetdn) Bl = 10 cm kat AI' = 6,4 cm éxoupe
BA = 10-6,4 dnAadry BA = 3,6 cm.

EPOTHIEIZ KATANOHXHX

Mota ard ta napakdtw Ceuyn TPLYOVWY eival OuoLa;
a)

B) Y)
o 50°
50 P
/ /\ Z\ F\
50° o o o,
60° 60 0° 60

221



Mépog B - Kepdhaio 1o

A
, , . , A
Na egnynoete yiati ta tplywva tou dirmAavou
oxnuarog eival éuola. '
B r E z

Na ypdpete Touq {(ooug AOyoucg OTa MAPAaKATw CeUyn TWV OUOlwY TPILYDVWV.
a) B) 5 E Y) A
/gw | W 74 };
B r Z
A r B ~
A A

r

Na xapaktnploete TIq Mapakdtw Mpotdcelg ue (&), av eival owoteg 1 ue (A), av
elval Aavbaouéveg.
a) Auo 1odmAeupa Tplywva eivat ouola.
B) Av dUo opboywvia Tpiywva €xouv uia ofela ywvia {on, eival duola.
Y) AUo dpola tpiywva €xouv TIQ OHOAOYEG TIAEUPES TOUC AVAAOYEG.
d) Auo opBoywvia Kal .oookeAn Tpiywva sival éuola.
g) Av dUo 1000KeAN Tplywva €xouv uia ywvia 40°, eival éuola.
o1) O AOYoQ TwV TEPIPETPWY dUO OUOIWV TPLYWVWY,
elval (oog pe Tov Adyo opoldtTdg TOouG.

A ; r
a) Na eEnynoete yiati ta Tpiywva ABA kat EZH

e 7 H
elval épola. 1 @_'_ﬁ

B) Av duo moAUywva anotehouvtal and tov (dlo
aplBuod opoiwy TpywvWy, eival mavtote duola; A L

[POTEINOMENEZ AZKHZEIZ — TPOBAHMATA

Na uroAoyioete TO x 0g KaBeuld amnod TIC MAPAKATW TIEPIMTWOELG:
Y)

R
D

9cm

12 cm
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1.5 Opowdtnra

Aivetal opBoywvio Tpiywvo ABIM (K = 90°) kat AA 1o Uog Tou. Na arodeiEete o1
Ta Tplywva AAB kal AAT eival éuota. Av AB = 4 cm kat Al = 9 cm, va Bpelte 10
UNKOG TOU TuNuatog AA.

>TIQ kGBeTeg MAeupeQ AB = 8 cm kat AlT = 12 cm evog opBoywviou Tptywvou ABIT
va mdpete avriotoixwg ta onueia A kat E, wote AA = 2 cm kat AE = 3 cm. Na
anodeiEete OTL:

a) AE // BI"

B) Ta tplywva AAE, ABI™ eival duola.

Na Bpelte 10 nmAdtoc AB Tou motauou,
av Al =12m, TA =15 m, EA = 60 m kal A ,—’B

A~ ~ -

A=A=90" L

Na amnodeiete ot1 Ta Tplywva AE, BEA
elval dpola Kal va UrmoAoy(oeTe TO X.

Mmnpootd oto udtl pag kat oe andoraon 0,4 m

Kpatdue katakopupa gva paBdi AB = 0,5 m. Av

heTakivnBouue kal ortabolpe oe éva onueio Z B
TET010, Wote ol eubeleg OA, OB va kataAryouv 05m
oTn BAon Kar otnv Kopupry g Kepalag evog

padlopwVvikoU otabuou, JdlarmoTwvoupe OTL N

anéoraon pag anod TNy kepaia eivat NZ = 16,8 m.

Mrmopelte va uroAoyioete To UYPog ™G Kepalag; r E 7

A B
>T10 tpanédio ABIA eivat EZ // AT, / Ncm
BH // AA kat EO© // AA. Na arnodel- z m X NE
Eete OT1 Ta Tplywva BHE, EOT eival

‘ / 18 cm
Ouola Kal va UTTOAOYIOETE TO X.

57 cm
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Mépog B - Kepdhaio 1o

a O vyiog €xel upog 1,36 m.
Molo eival To UPog Tou
natépa Tou;

SNA OKMA ATIO THN IETOPIA TRN MAGHMATIKRN

H OBswpia tov opoiov oxnpdiov ntav yvowotn and ta péca tov 7ov aiwva n.X. Me tn
BonOszia tng Bewpiag aving o Oanng o Minnoiog (624 - 547 n.X.), évag and 10UG £ntd
00@OVS Tng apxalotniag, KatopOwoe va vnonoyicel 1o VYPog Tng peyanng nupapidbag tov
Xéonog and 1o pNKog ING OKIAS NG, anoon®viag 1o Oavpaocpd tov Bacinia tng Aryvnrov,
10V Apaot.

Ae yvwpizovpe akpiBwg 11§ TEXVIKEG MOL Xpnoiponoince o Oanng ¢’ avtd 1o emitevypa
tov. O [NhovTapxog, motdoo, pag dinyeitar ta £§ng:

«A@ob éotnoe 10 pabéi tov o Oanng

oT0 TéN0G TNG OKIAS TG nupapiéag

ané ta 6Vo opola Ipiyova mnouv

NPOKVNTOLV amd 1INV £na@n ing

aktivag tov nAiov, anédeife om

0 AOyo¢ mov €iXe n OKIA 1Nng

8 nupapiéag npog tn okid tng paBdov

B’ nrav o ié10¢ pe tov Adyo mov eixe

’ . 10 Uwog g mupapiSag mpos To
pnkog g paB&ouvs.

A\r\\‘ rl

O Aloyévng o Aaéptiog, paniota, 10xvpizetar 611 o Oanng pérpnoe In OK1A Tng nupapidag,
6tav 10 pnkog tng paBdov £yive i0o pe 1o PNKOG NG OKIAG TNG.

Mnopeite va e§nynosete, nog o Oanng vnonodyioe teAIKA TO VYOG TNG Mupapidag,
a@ol pPnopooE va PEIPNCEl TO0 PNKOS TNG MAEVPAG TNG TEIPAYWVIKNG Baong

ng nupapidag xai tng okiag AA’;
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1.6 N6yog spBadwvV OpOIWV OXNUATWVY

A Mabaivw tn oxéon nov ouvicel ta euBada opoiwv
nodvyuvay.

APAZTHPIOTHTA

‘Evag unxavikég oxediaoe éva ynmedo Undoket pe kAlpaka 1 : 50. To ox€dlo eixe
dlactdoelg 60 cm x 30 cm.
1. Na urnoAoyioete TIC TpayUaTikée SlaoTdoelg Tou ynrédou.
2. Na uroloyioete Tov Adyo Tou eupadol Tou oxediou mPoc To
avtiotoryo eupadd Tou ynmédou.
3. Na ouykpivete Tov AOYOo TToU BENKATE UE TO TETPAYWVO
™G KAlUaKag Tou oxediou.

A J
>xedldloupue éva opboywvio ABIA ue dlaotdoelg a, A

B. Av oxedldoouue kat To opBoywvio A'B'T'A" pe 8
TpinAdoleg dlaoctdoelg, TOTe To opBoywvio autd elval A . r

OUOLO TIPOC TO APXIKO e AOYO opoldtnTag A = 3. A’ , , B’

Ta epPadd E’, E twv dUo opboywviwy eivat: 3 3
E'=3a-38 kat E=a-8 e b

omdte o Adyog Toug eival: 38
E_3a-3B _ e e
E a-B ! 1
Iy | 3a | r

Mapatnpoupe Aotmdv OTl, 0 AOYOoQ TwV euBadwV Twv opoiwy autwyv opboywviwv eival (cog
e TO TETPAYWVO TOU AOYOU OUOoLOTNTAG TOuC.

Ouolweg, av ot kd&Beteq mAeupég AB, Al evog 5

opBoywviou Tptywvou ABIT mdpoupue Ta onueia A, E

avtiotolxwg, wote AA = %AB kKal AE = %AI’, TOTE | A

oxnuartiCetal To opBoywvio Tpiywvo AAE, Tou eival

opoloBeto tou ABIT pe kévipo opoloBeoiag A kat o -
E

AGYO % Apa 1o Tplywvo AAE eival éuolo e To

Tplywvo ABI™ e Adyo opoldtntac A = %
Ma 1a epPadd (AAE) kal (ABIN) Twv opoiwv autwyv TpLyOvVwY LoxUEL:

CADCAE ap AE_§.§:(§)2
AB - Al 5 5 15

"~ AB AT T

>
™
3
N|—| No—
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Mépog B - Kepdhaio 1o

Mapatnpouue, Aotrdy, ATt 0 Adyog Twv euBadwyv Twv opoiwv Tptywvwy AAE, ABI™ eival
Kal TIAAL (00Q e To TETPAYWVO TOU AOYOU OoldTNTAG TOUG.

O Adyog Twv gppadwv dUo opoiwv oxnuATwy eival (0og e To TETPAYWVO Tou Adyou
ouoldtTNTAG TOUG.

Ma napddelyua, oto dimAavéd oxrjua 1o ToAuywvo (M)
elval opolo pe 1o ToAUywvo (M) kat dUo opdAoyeQ
MAEUPEG Toug elvat 2 cm kat 4 cm avtiotoixwg. O Adyoq

opotémrag tou (M) mpog 1o (M) elvar A = % = % n

. . , . E 12 1
omdte yia ta eupadd toug E kat E’ 1oxUel ?:(7) =7

MAPAAEITMATA — EOAPMOTE2

2V m\eupd AB Tprywvou ABIT naipvoupe onpueio A,
. 2 . . .
T€Tol0 wote AA = 7z AB. And 10 A p€poupe TIapAA-

AnAn otn BI" mou téuvel tnv Al' oto onueio E. Av to 1
eMBaddv Tou Tptywvou ABI eivat 18 cm?, va Bpebel
TO eupaddv tou tparmeliou AEMB.

B r
Nvon
Ta tplywva AAE kat ABI™ €xouv Tn ywvia A KOLVT| Kal 31 = @, yiati eival evtég ekTog
Kal enl Ta autd uépn tTwv napalnAwv AE, BI™ rtou Téuvovtal arndé v AB.
AnAadr), Ta Tplywva autd €xouv dUo ywvieg (oeq uia mpog uia, ondte eival duola

2
e AOyo opotdtnTag A = % = 3. Apa yia ta eppadd (AAE) Kkat (ABI) loxuel

(AAE) 2\ , (AAE) 4 | _ 5
mmv‘(?)”'??‘_9 N (AAE) = 8 om?
To Tpamnédio AEIMB €xel eppaddv (AEMB) = 18 cm? — 8 cm? = 10 cm?.
H
>e éva teTpdnieupo ABIMA ipoekteivoupe TG AB, AT,
AA katd {oa Tufuata kat oxnuatifoupe to TETPA-
nAeupo AEZH. MNdoeg popég neyalltepo eival To
euBadodv Tou teTpanAeupou AEZH and to eupadodv
Tou ABIA; r

E z

Nvon
To TetpdnAeupo AEZH elval opoldBeto tou ABIA pe kévtpo A kat Adyo 2.
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1.6 Adyog euBadwv ouoiwv oXNUATWY

, N (i (ABMA) _ (ABy (1) 1
ApaAEZH~ABI‘A,on0T8m—(AE) —(2) - 4

Enopévwg, (AEZH) = 4(ABI'A), dnAadn 1o tetpdnAeupo AEZH €xel tetpanAdolo
euBadov anod to terpdnAeupo ABITA.

EPOTHZEIZ KATANOHXHX

Av ta moAUywva Iy, M, eival dpola, va CUUMANPWOETE TN OXEon Tou oUVOEeL Ta
eupada toug E;, E,.

2cm

ry

Na cUUTTANPWOETE Ta KeVA OTIC TIAPAKATW TIPOTACEIG:

a) Av TpimAactdooupe KABe TAeupd evog TeTpaywvou, Tote To euaddv Tou yivetal
....................... POPEG HEYAAUTEPO.

B) Av dinmAaoctdooupe KABe TAeUpd evdg 1OOTIAEUPOU TPLYWVOU, TOTE TO euBaddv

TOU YIVETAL v.vvveveeiiii, POPEC UEYAAUTEPO.
Y) Av €vag poupog €xel MAeupd 6 cm Kal €vag AANOG Ouoldg Tou pouBog €xel
mAeupd 3 cm, T0Te 0 OeUTePOC POUPBOG €XEl EURADOV ..oovvviiveiiiiiiin. POPEQ

UIKPATEPO amd TO euBaddv TOU TIPWTOU POUBOU.

‘Eva opBoywvio 1, eival éuolo pe 1o opboywvio MM, pe Adyo opoldtTag %

O lMdvvne oxupiCetal 6Tt To epPaddv tou I, eival To 16% Tou eupadou tou I,.
‘Exel dikio;

[IPOTEINOMENEZ AZKHZEIZ — IPOBAHMATA

A
>1o dimAavo oxnua eivat AE // B, S
Na unoAoyioete Tov Adyo (AAE) /
(ABT) A :
q/()
B r
A

>1o dimAavo oxnua eivat AE // B,

Av 10 Tplywvo AAE €xel eppaddv 18 cm?,

TdTE va unoAoyioete To euBadodv Tou A
Tprywvou ABI.
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Mépog B - Kepdhaio 1o

8 08

228

>e Tpamnédio ABIA pe Bdoeig AB = 1 cm kat T'A = 5 cm, ot dlaywvieg A" kat BA
téuvovtal oto O. Na umoloyioete ndoeqg popeg To eufaddv Tou Tprywvou OMA
elval peyaAutepo and 1o euBaddv tou Tprywvou OAB.

Av A, E, Z eival Ta p€oa twv nAeupwv BIT, M'A, AB Tprywvou ABIT avtiotoixwg, Tote

va uroAoyioete Toug Adyouc:
(AZE) (AEZ) A
9 @en B aen

Av E eival To eupaddv Tou tprywvou ABIT, AZ // Bl kal

AH // AT, téte va amnodeiEete 6TL yia Ta eufadd E;, E,, é “
p 4 1 <)
E; loxUouv: E, = gE, E, = 5E kal E; = E,.
3 LOX’ 1 9 2 9 3 1 B H r

B

>10 opBoywvio Tplywvo ABIT va ¢pépete 1o UPog AA

mou avrlotolxel oty unoteivouocd. Na uroAoyioete

Toug AdYouQ: £

(ABA) (ABA) ¥ A

9 narn P @Een

A r

3cm

>TO eowTeplkd TPlydvou ABIT va mdpete tuxaio
onueio O. Av A, E, Z eival avtioToixwg Ta H€oA TwV
OA, OB, Or, téte va amnodeitete Ol

Q) 1o Tplywvo AEZ eival dpoto pe 1o Tpiywvo ABI.
B) TO euPaddv NG XPWUATIOUEVNS ETUPAVELAQ

efval (oo pe ta % ToU guBRadou Tou Tptywvou ABI.

‘Eva opBoywvio €xel epPaddv 40 cm?. Na Bpeite 10 euaddv Tou opboywviou Tou
Ba mpokUYel, av pwTOoTUNNOEL:
Q) ueygbuvon 120% B) ouikpuvon 75%.

Av KdBe TAeupd evog TeTpaywvou auénbel katd 30%, tote va Bpeite moco %
Ba au&nbel To eupaddv Tou.

A B
Ot dlaotdoelg evdog opboywviou OIKOTEDOU Uelwbnkav K
Katd 20%, ylati au&nbnke tO TAATOC TWV JIMAQVWOV
Opouwv. Na Bpelte méoco % pelwbnke To euPaddv Tou
OLKOTIEDOU. M A

A r




Mépog B - Kepdhaio 1o

. FENIKEYX A2ZKHXEIX 1ou KEOAAAIOY

A
n Av ta Tpiywva ABI™ kat AAE tou dinmAavou oxfuatog
elval .oookeAr, va anodeiEete o1l BA = TE.
B™A E
A VA B
Aivetal Tetpdywvo ABIA kal onueia Z, E Twv mAeupwv
AB kat Bl avtiotoixwg, tétola wote AZ = BE. £
Na anodeiete ot a) AZ = AE B) AZ L AE.
A r

>e eubela e va ndpete ta dladoxIkd onueia A, B kat . Mpog 1o {dlo uépog Tng
euBelag va kataokeudoete Ta looTAeupa Tpiywva ABZ kat BI'H. Na amodei&ete o1
AH =T2Z.

>e duo Tpiywva ABIT kat A'B'T eivat BI" = BT, B = B kat ol dixotéuol BM kal
B'M’ eival {oeq. Na anode(Eete o1l Ta Tplywva ABIT kal A'B'T eival (oa.

>10 dimAavo oxrjua eivat BA // Al kat AE // TB.
a) Na urtohoyioete ta eubuypappa turuara OA kat OE. 4
B) Na anodeiEete 611 OB? = OA - OE.

a ‘Eva 1o6mAeupo Tpiywvo €xel mAeupd 6 cm. Na Bpeite v TAeupd evog dAAou
LOOTIAEUPOU TPLYWVOU TTIoU €Xel DIMAACLO euBadov.

A 8cm B
. . . , Ep M
Ot dlaywviol Tetpaywvou ABIMA téuvovtal oto onueio O.
A6 1o péoov M tou OB va pépete ME L AA kat MZ L TA. 5
Na unoAoyioete 1o euBaddv Tou TeTpaywvou MEAZ. \
A Zr
z
B Me mAeupd tn dlaywvio AlT, tetpaywvou ABIFA nAeupdg
X, va oxnuartioete 10 TeTPdywvo AIEZ.
. . (ATEZ)
a) Na urtoAoyioete Tov AOYO (ABFA)" A S B E
B) Av (Ar'EZ) = 200 cm?, va utioAoy(oete TNV MAeUpPd X.  «x X
A X r
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Mépog B - Kepdhaio 1o

A
5

a 270 TPlywvo ABIT Tou dinmAavou oxruatog eival AE // BI” o

Kal (AAE) = E(ABI'). Na urnoAoyioeTe 1O X. )? E

B r
A

210 tpiywvo ABI Tou dimAavou oxruatog eivat AE // BT, loos

AZ /] Al kat EH // AB. Na anodeiEete ot A E

16 S /
a) BZ=TH B) (AEHZ) = g - (ABI) 3 S 4 r

EMANAAHWH — ANAKEOQAAAIQIH Tou KEODAAAIOY

A. 1ZA TPITONA

‘loa tplywva Aéyovtal Ta Tplywva Tou €xouv TIQ TTAEUPES TOuG {0eq uia Tipog wia kat TIq avtioTolxeq
ywvieg Toug (oeg.

Kotmpla 1oétnrag Tptywveyv. Ado tplywva eival (oa étav éxouv:

— AUo mAeupéq (oeq pia mpog uia kat v Teplexouevn ywvia Toug fon (M- -M).

—  Mia mAeupd (on kal TIq Mpookeleveg otny MAeupd auTr) ywvieg (oeg pia pog pia (M —T11-T1).

— Tig mAeupég Toug (oeg pia pog ia (M =11 -11).

Kptmpla 1oétnrag opboywviny Tptydveyv. Ao opboywvia Tpiywva sival ioa dtav €xouv:

— AUo avtiotoixeg TAeupEg {oeg pia mpog ia.

— Mia avtiotoin mAeupd fon kat pia avtiotoxn o&ela ywvia (on.

B. NOI0Z EYOYIPAMMON TMHMATIN — QEQPHMA BANH

MapdMnAeg eubeleg, av opifouv (oa Turuara oe pia eubela mou TIQ Téuvel, Téte Ba opifouv (oa
TUAMATa Kat oe omoladnmote AN eubela Tou TG TEUVEL.

Aéyog evdg euBUypaupou Turuatog MA pog 1o eublypaupo Turua AB eival o aplbudg A yia Tov
orolo oxUel A = A - AB.

Ta euBUypauua TuRUaTa a, v eivat avdoya 1pog Ta eubuypauua Tuiuarta B, 8, étav loxuel %:%.
Oewpnua Oaln. Teelg 1) ieploodtepeg eubeleg, av Téuvouv dUo dMeg eubeleg, TETE TA TUNUATA TIOU
opiCovral ot pia efvat avdhoya mpog Ta avtioTola TUruata mou opilovral otnv AdAAn.

/. OMO/OOEZIA — OMOIOTHTA

Ouotébeto evog onuelou A wg o To kévtpo O kal Adyo A ovoudZetal To onueio A’ Tng nuieubeiag
OA yia to orolo loyuet OA" = A - OA.

Ta opoldBeta eubUypauua Turuata ou de Bpiokovtal oty dla eubela eival mapdAAnAa.

Ol opotdBeteg ywvieg eival (oeg.

AUo opotdbeta moAUywva €xouv TIC TIASUPES TOUG avAAoyeg Kal TIC avT{oTolxeg ywvieg Toug {oeg.
‘Ouota moAUywva Aéyovtal Ta TToAUywva Tou To éva elval yeyebuvon 1 ouikpuvon Tou dAou.

Ao ToAUywva efvatl dpola, dtav €xouv TIQ TAeUPES Toug avAAoyeg Kal TIG avT{oToIXeS Ywvieg Toug
(oec kal avTiIoTPOPWS.

Ta opoldBeta moAUywva efvat dpola.

AUo Tplywva tou €xouv dUo ywvieg Toug {oeq uia ipog uia elvatl duola kat Ba €xouv TIC opdAoYEQ
AeUpEg Toug avdloyec.

Av dUo moAUywva efval éuola, téte:

— O A\dyoc Twv TePIUETPWY Toug eival (0og e Tov Adyo ouoldTdg Touc.

— 0O Adyocg Twv eupadiv Toug elval (0og pe To TeETPpdywvo Tou AdYoU OuoLdTNTAG TOUC.
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TPITANOMETPIA

2.1 Tpiywvoperpikor apiguoi
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2.1 Tpiywvopetpikoi apiBpoi ywviag w pe 0° = w = 180°

4 Buudpar nws opilovial ol tplywvouerpikol apiuol o&eias

ywvias opfoywviou tprywvou.

4 TvwpiCw nws opiCovtal ol tprywvopetpikol apiBuoi ywvias w

pe 0° =w = 180"

A Mabaivi va unofoyiCw tous tpIywvouctpikous apifuous fas
ywvias pe tn Bonfela evos opfokavovikou auothparos aEovuv.

APAXTHPIOTHTA

|

>e gva opBokavovikd cuotnua atdvwv Oxy QEPAUE TNV i
nuieubeia OM, mou oxnuartiCel pe Tov nuid&ova Ox ywvia w. d
1. Na npoodiopioeTe TIQ ouvteTayuéveg Tou onueiou M kat | 3 M
va urtoAoyioete Tnv amnéotaon Tou M amnd v apxn O. 2
2. Na BpsiTe ToUC TPIYWVOUETPIKOUG aplBuolc TN Ywviag w. ' w
O {1 2 34 X

J

2V nponyoupevn TAEN pdbape nwg opifovtal ol TPYWVOUETPLIKO! aptBuol ulag okelag
ywviag opboywviou Tprywvou, Tou oroiou yvwpiCouue TIG TAEUPEG TOU. 2ZUYKEKPIUEVQ,

pabape ot r
_amévavtl kaBetn meupd Al
U@ = uroTevouoa - Br
_ TIPOOCKe(lpuevn kaBem mheupd _ AB
ouvw = urtotelvouoad Bl
_amévavil kadet meupd Al o
EPW = H500Kelnevn KAPETN TAeUPd AR B A

Ot Tptywvopetpikol apiBuol piag ofelag ywviag opicovratl kat pe ) Borbela evog opboka-

VOVIKOU OUOTHUATOG QEOVWV.

Av o €éva opbokavovikd ouotnua a&ovwv Oxy
ndpoupe to onueio M(4, 3) kal pE€poupe MA L x'x
kal MB L y'y, téte éxoupe OA = 4 kat OB = AM =3
Ot TprywvopeTpikol apiBuol Mg ywviag w = xOM
urtoAoyiCovtal arnod 1o opBoywvio Tplywvo OAM.
Ao 1o MNubayodpelo Bewpnua oto Tplywvo autd yia
mv anéotaon p = OM €xoupe p? = 42 + 32, ondte ol |

p = V4 + 3= V25 =5 Apa
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w

- N
S

Y

€
’\\ ?\1

TETAYPEVN TOU M
amnéotaon Tou M ané 1o O

Nuw =

TETUNUEVN TOU M
artootaon tou M arto 1o O

3

5

_ 4
oW = 5
3 Tetaypévnou M

4 7 tetunuévn tou M

EPW =



2.1 TpywvoueTpikoi aplOpoi ywviag w pe 0° = w = 180°

Me Tn BonBeta duwg evdg 0pBoKAVOVIKOU CUCTHHATOS a&OVWV yA
UTTOPOUUE VA OPIOOUPE TOUG TPLYWVOUETPIKOUG aplBuoUq hiag

ywviag w kat étav autr dev sival ofela. M, y)|
Av €xoupe pia auBAeia yovia w, Téte TNV Tonobetolpe 0’ €va
0pBoKavoVIKO ouotnua agovwv Oxy, €101 MOTE N KOPUYT) TNG P
va ouprnéoel e v apxn O, n pia mAeupd TG va CUUTEDEL ©
he tov BeTikd nuidEova Ox kal n dAAn g mAeupd va Bpebel IS
OTO 20 TETAPTNUOPLo. Av OtV TAeupd autr TIAPOUUE Eva

ortolodnmote onuelo M(x, y), dlapopetikd and 1o O, TéTE yia

mv andotaon p = OM oxUel
p=Vx*+y?

Ot Tpltywvopuetpikol aplBuol g ywviac w eivat:

><"

_ TETAYPEVN TOU M y
MO = “grndotaontouMandt0 O — p
. TETUNUEVN Tou M _ X
ouve = anéotaontou Manét 0 O  p
- TeETAYUEVN TOU M oy
EPw = TETUNWEVN TOU M - X

Mapatnpouue Ot
* Avnywvia w eivat o&ela, 1éTe elvat x>0, y>0, p>0, ondre: nuw>0, cuvw>0, epw>0.
® Avnywvia w eivat appAeia, éte eival x<0, y>0, p>0, ondte: nuw>0, ouvw<0, epw<O0.

Ot tponyoupevol TUroL yevikevovtat kat étav w = 0° 1 w = 90" w = 180°.
‘Etol, pmopouue TWpa va UMOAOYIOOUHE KAl TOUG TPLYWVOPETPIKOUG aplouous Twv
yoviav 0°, 90° kat 180°.

y y4 y4
M(0, 1)
M(1, 0) . " - M(-1,0) 1o .
(0] X o) X 0 X
EGE W £ 90° w = 180
Av M anueio tou nuiagova Ox Av M onefo Tou nuia&ova Oy Av M onueio Tou nuidgova Ox’
LY. 10 M(1,0), Téte @=xOM=0° | T1.X. T0 M(0,1), T6TE W=XOM=90" LY. T0 M(=1,0), 76t 0=xOM=180°
kat p=0OM=1. Apa: kat p=0M=1. Apa: kat p=0OM=1. Apa:
o Y 0 o Yy 1 o Y 0
nuo _p_T_O nuoo0 _p_T_1 nui180 _E_T_O
o X 1 X 0 o X -1
ouv0 = o= T° 1 ouval = o 77 0 ouvi180 = o T° -1
o O o e o O
ep0” = % = 7=0 €90 dev opiletal ep180° = % =7 = 0
(yiati x=0)
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YrevOupiCouue
apBuolg Twv ywviwv 30°, 45° kat 60° mou
gaivovtal otov dinmAavo Tiivaka.

Kal TOUG TPLYWVOPETPIKOUQ

5 b maﬁ

MAPAAEITMATA — EOAPMOTEZ

>e opBokavovikd ouotnua agovwv Oxy maipvoupue to onueio M(—4, 3).
Na urtoAoyloToUV oL TPLYWVOETPLKOL aplBpol TG ywviag w = xOM.

Avon A
Ma v andotacn OM = p €xouue: M(-4, 3) 3
p=Vx2+y2=V(-4)2?+3=V25=5
" _y _ 3 X -4 4 AS
Apa: Mo = 5 = 5, OWw = 0o~ 5°-"5

4 (0] X
Kal e w=l=—3=—§
® X -4 4

2e opBokavovikd cuatnua agévwv Oxy pépoupe z y4
nuieudeia Oz, wote xOz = 135°. Ndvw otnv Oz -
naipvoupue to onueio M pe TeTunuévn —1. r
Na urtoAoyloToUv oL TPLYWVONETPLIKOL aptBpol TG S ab°
ywviag xOM = 135°. B(10) O X

Nvon

®époupe MB L x'x kat MI™ L y'y. Emedn xOM = 135° kal x6y = 90° 6a sival
FOM = 45°, omndte 10 opboywvio Tplywvo OMI gival Kal LIOOOKEAEG.

Apa O' = MI" = OB = 1 kal 1 TeTaypévn Tou onueiou M eivaty = 1.

AnAad éxoupe M(=1, 1) kat p = VX2 + y2 = V(=1)2 + 12 = V2,

Apa nu135° = %=\/l§ =5 ouv135 = o= \;—_2:_@

Kall 8(|)135°=% = _1—1 =-1.

EPOTHZEIZ KATANOHXHX

n Ma 1o onueio M(5, 12) eivatp = OM = 13. Av w = xOM va OUMUTANPWOETE TIG
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2.1 Tpywvopetpikol apduol ywviag w pe 0° = w = 180°

Avn yovia w = xOM eival auBAeia, TOTE va OUPMANPWOETE TA MAPAKATW KeVA UE TO
olupBoro > 1 <.
nuw ... 0 ouvw ... 0 epw ... 0

Na OUUTANPWOETE TOV TTAPAKATW THivaka avTioTolxiCovtag oe KABe TPIYWVOUETPIKO
aplBuoé g omANng A Tov (0o Tou aplBud amnd T omAn B.

a. nuoo°
B. ouvi80’

o 1 0
Y. €090
0. ouv900 o _1
e. nuo
OT. el 89 3 ]
¢. ouv0
n. nuigo’

Na xapaktnploete TIq Mapakdtw TPOTACEIQ Y (2), av elval owaoTeEQ 1 ue (A), av
elval Aavbaouéveg.
a) [Na kdbe ywvia w 1oxvel -1 = ovvw = 1.
B) Av n ywvia w eival apPAeia, Tote epw < 0.
Y) Av yia Tn ywvia w 1oxlel nuw > 0, téte n w elval o&ela.
0) To nuitovo omolacdnmote ywviag Tpltywvou sival BeTikdg aplBuoc.

[POTEINOMENEZ AZKHZEIZ — IPOBAHMATA

n Na urnoAoy(oeTe TOUG TPLYWVOUETPIKOUC aptBuoug TnS ywviag w = x(A)M, otav:
a) M(3, 4) B) M(-5, 12) y) M(0, 3)

Mia euBela € €xel eElowon y = —2x.
a) Na oxedidoete TV eubela € kal va Poodlop(oeTe TNV TETAYUEVN eVOG Onuelou
™GQ M 1ou €xel TeTunuévn —1.
B) Na umoAoyioeTe TOUC TPIYWVOUETPIKOUG aplBuous g ywviag w = xOM.

A
‘Eva nAoio M avaxwpenoe and 1o Apdvt O kat Kivronke Y
BopeloavaToAlkd MPog uia kateuBuvon mou oxnudTile -
ue Tov dfova Ox ywvia 30°. Na Bpelte TIq ouvreTa-
YUEveg Tou TAoiou peTd amnd dadpoun] 10 pAiwy. p
30° >
0 X
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>10 dinmAavo oxrua to Tpiywvo OBM eival

LOOTIAEUPO.

Na umoAoyioete:

Q) TIQ OUVTETAYMEVES TOU M.

B) TouC TPIYWVOUETPIKOUG aplBuoug TG
ywviag 120°.

310 AImAavo oxnua 1o Tpiywvo OBM eival

LOOOKEAEG.

a) Na amnode(Eete 0Tl Ol OUVTETAYUEVEG TOU
M eival (-V3, 1).

B) Na umoAoyioete TOUG TPIYWVOUETPIKOUG
aptBuolg Tng ywviag 150°.

210 dmAavo oxnua eival epw = —% Av n

TETUNPEVN Tou onuelou M eival -1, téTe va
uroAoyioete:

Q) TNV TETAYUEVN Tou onueiou M.

B) TO NUW Kal TO CUVW.

‘Eva ntupoBoAo onAo Bploketal ot B€on O
Kal €xel OTPEYEL TNV KAVVIN OTO OTOX0 2. Av
0 0TOX0G 2, WETAKIVNOe( otn B€on 2,, ToTE
va unoAoyioete néoeg uolpeg mpgnel va
otpagel N k&vvn Tou TIUPoBOAoU OTAOU YA
va onuadelel To OTOX0 OTn véa Tou B€on;

(Na xonoiuoroinoeTe TorywVoUETOIKOUG TTIVAKEC).

y
M
60 ° ~
B(-2, 0) 0 X
A
y
M
2
o0 150 R
o) X
A
y
M i
o .
- 0 X
A
20 5,
16
12
8
b?
A ?/
4
1 8 12 16 20 x




2.9 TpiywvopeTpIKOi apIOpOi TAPATIANPWHATIKWV YWVIOV

TvwpiCw nola oxéon ouvoeer:
A Tous tpIywvopcTpIKOUS apIBHOUS napaninpupatikuy yuviLv.
A Tis ywvies nov €xouv to 010 nyitovo.

APAXTHPIOTHTA

>e opBokavoviké ocuotnua atdvwv Oxy va Tidpete 1o onueio M(3, 4).

1. Moiec eival ol ouvteTayuéveg Tou onueiou M’, Tou elival CUPHETPIKO Tou M we Tpog
Tov d&ova y'y; R R

2. Na eEnynoete yiati ot ywvieg xXOM = w kat xOM’ = ¢ eival MTapanAnNPwUATIKES.

3. Na BpeiTte TOUG TPIYWVOUETPIKOUG APIBUOUS TWV YWVIWV W Kal ¢ KAl T OXEon mou

TOUG OUVOEEL.
(. J

>e opBokavovikd ocuompua a&ovwv Oxy maipvoupe 10 onueio M(3, 4) kal Bplokoupe TO
OUMMETPIKO TOUu onueio M’ (-3, 4) wg mpog Tov d&ova y'y.
Av ovouAdooupe w N Ywvia xaM, TOTE AOYW O/L\JUUSTpl'GQ
elval xX’OM’ = w, ondte yla T ywvia ¢ = xOM' 1oxUel y
¢ = 180" — w, Mou onpaivel 6Tl ol Ywvieg M'(-3, 4) M(3, 4)
w Kal ¢ efval TaPamANPEWUATIKES, apou w + ¢ = 180°.
‘Exoupe akéun ot

p=0M=0M =V9 + 16 = V25 = 5, ondre;

N W M

4 3 4 A
N = 5, 0w = &=, epw = 7 Kal Zg s
X/ — —2 —1 O 2 3 X
4 3 4
Y = 5, oW = —&, 9P = —7.

Mapatnpouue Aotrodv, ot
Ol mapan\npwHAaTIkég Ywvieg w, @ = 180°- w éxouv To (Bl0 nuitovo kat avtiBetoug
TOUG AA\OUG TPLYWVOMETPLIKOUG aplBuoug.

[eviKa Ma 300 MaPANANPWHATIKEG Ywvieg w kat 180° — w oxUouv:
® Nu(180° - ) = Nuw e guv(180° - w) = -ouvw  ® gp(180° - w) = —-€Pw

Me Toug mponyouuevoug TUTIOUG UTTOPOUUE VA UTIOAOYIOOUUE TOUC TPLYWVOUETPIKOUG
aplBpoug plag ywviag, av yvwplCoupe TOUG TPLYWVOUETPIKOUG aplBuous TNG mMaparnAn-

PWUATIKNG TNG.

Ma napddetyuaq, 1

nu150° = nu(180° —30°) = nu30° = >

ouv150° = ouv(180° -30°) = —ouv30°® = —@ 150°
30

ep150° = ep(180° - 30°) = —-ep30° = —g
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>T0 TponyoUuevo apddetyua BAEMoupe Tt Ol TIAPATANPWUATIKES Ywvieg 150° kat 30°,
av kal dev elval {oeg, €xouv To (dlo nuitovo. Emouévwg:

Av U0 ywvieg éxouv To {dl10 nuitovo kat eival ard 0° péxpt kat 180°, Tdte eival (oeg 1y
TIAPATIAN PWATIKEG.

Ma mapddetyua, av nux = nud5° kat0 = x = 180°, téte eivatx = 35° 11 x = 180° - 35°,
dnAadn x = 35° 1 x = 145°.

[MAPAAEITMATA — EOQAPMOTE2

Na urtoAoytatei n Tiur} g napdotaong A = nui40° + ouv170° —nu40° + ouvi10®.

Nvon
Ot ywvieg 140° kat 40° eival MapanANPwUATikéS, omndte Ba €xouv To (Blo Nuitovo,
dnAadn eivat Nu140° = nu40°.
Ol ywvieg 170° kat 10° elval mapamAnpwuatikég, omndte HBa €xouv avtiBeta
ouvnuitova, dnAadn eivat ouvi70° = —ouv10°. Apa:
A =nul140° 4+ ouv170° —nu40° + ouv10” =nu40° —ouv10® —Nu40° + ouv10® = 0.
Av A, B, T eivatyovieg evéc Totydvou ABI e A = 80° kat B = 70° va arnodeiyOel
ot a) nu(A + B) = nulr B) ouv(A + B) = —ouvll
Nvon
Ol ywvieg /& @ I tou TPLYWVoU €xouv dBpotopa 180°, dnAadr eival:
80° + 70° + = 180°, ondte T = 30°. Apa:
a) Nu(A + B) = nu(80° + 70°) = nu150° = nu(180° - 30°) = Nu30° = nur.
B) ouv(A + B) = ouv(80° + 70°) = ouv150° = ouv(180° —30°) = —ouv30° = —ouvr .

EPOTH2EIZ KATANOHXHX

n Na xapaKtneIoeTe TIC MAPAKATW LOATNTES e (Z), av eival owoTeEg N he (A\), av eival

AavBaouéveg:

a) nu150° = nu30° B) ouv135° = ouv45°®
Y) ep100° = e80° d) ep75° = —ep105°
g) ouv110° = —ouv70° oT)Nu140° = —nu4o°’

Av yia T ywvia x 1oxUel 0 = x = 180°, va OUUNANPWOOETE TIQ MAPAKATW TPOTACELS:
a) AV nux = nu60°, TOTE X = coiieiin,
B) Av  ouvx = —0uv20°, TOTE X = ...,
Y) AV epx = —e30°, TOTE X = e,
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2.2 TpywvopeTpkol apBpol mMaparAnPWHATIKWY YWVIOV

Na OUUTTANPWOETE TOV TTAPAKATW TTivaka avTioTolxiCovtag oe kKABe TPLYWVOUETPIKO
aplBué ™G omMANg A Tov (00 TOU TPLYWVOPETPIKO aplBud and tn otmAn B.

. 1. nu4o’
a. nul40” o Gyy40°
. 3. ep40°

B. ouv140 4. —40°
Y. 8(|)1 40° 5. —ouv40°
6. —e40°

MPOTEINOMENEZ AZKHZEIZ — IPOBAHMATA

[

=& &

B &8 &

Na uttoAOY(OETE TOUG TPLYWVOUETPIKOUG aptBUOoUG TWV YWVIWV:
a) 120° B) 135° y) 150°

Na amodei&ete Ot
a) Nnu108° + ouv77° —nu72° + ouv103°® =0
B) ep122° — ep58° - ep135° = 0

Na amodei&ete Ol
a) ouv?45° + ouv?135° = 1 B) Nu230° + Nu60° + Nu2120° + Nu2150° = 2

Na amnodei€ete 6t Nu(140° + x) = NuU(40° —x) kat ouv(158° —x) = —ouv(22° + X).

Na Bpeite ™ ywvia x, étav:

Q) Npx = @ B) Nux = 1 —nux Y) Ouvx = @
) ouvx = — % g) epx = -V3 oT) 26X = 1 + £px

Na arodeiEete 6Tl ol ywvieg evdg mapaAAnAoypdupou €xouv To (Blo nuitovo.
loxUel TO (D10 KAl YIa TA CUVNUITOVA TWV YWVIWV TOU; r

)

Alvetal TetpdnAeupo ABIMA e B = A =90°. Na arnodeitete Ot
a) nuA + ouvA —nul + ouvl =0 B) epA + el =0

£

2710 opBoywvio Tpiywvo ABIT Tou dimAavolu oXAUATOg va UTIo- ®
AOY(OETE TOUG TPLYWVOUETPIKOUC apIBOUS TWV YWVIWDV W KAl ). P A

B 6 cm

A
Alvetal 1o6mnAeupo Tpiywvo ABIT e Aeupd 6 cm kal onueio A ]
cm
™G Aeupdg Bl T€tolo, wote BA = 2 cm. Na unoAoyioete Toug
TPLYWVOUETPIKOUG aplBuoUs TWV YWVIWV W Kal ¢. 5 L -
2cm
A

239



2.3 Zxéoeig PETAEU TPIYWVOHETPIKWV APIOPWV HIAG Ywviag

A4 [vwpiCw noies eival o BagIKES TPIYWVOUETPIKES TAUTOTNTES
Kal pabaivy nws anodeikvvoveal,

4 Xpnoiponotw s BagIKES TPINWVOUETPIKES TAUTOTNTES yla ThV
anddeiEn aldwv anduv tprywvouetpikuv tavtotntwy.

APAZTHPIOTHTA

> e opBokavoviké ocuoTnua a&dvwy va ndpete éva onueio M oto 101 0To 20 TETAPTNUOPLO

e OTIOIEC OUVTETAYUEVEG DEAETE.

1. Na unoAoyioete Toug TPIYWVOUETPIKOUG aplOpoug TN Ywviag w = xOM.

2. Na uroAoyioete v tapdotaon (Nuw)? + (Ouvw)?2 Kal va OUYKPIVETE TO AoTéAeoua
TOU BPNKATE UE TA ATIOTEAEOUATA TIOU BPNKAV Ol OUMMABNTEG oac.

7 2 nuw 7
3. Na uroAoyioete Tov Adyo Suve KOl VO TOV OUYKPIVETE HE TNV EQW.

- J

2 mponyouuevn evotnta pdbaue OTL yla TV andotaon yA
P evog onuelou M(x, y) amd v apxr Twv a&dvwy LoxUel \

O =VxX+y’n p?=x°+y2

Av dlalp€ooupe Kal Ta dUOo UEAN UE TO P?, TOTE EXOUUE:

(x, y)

02 X2 V2 . (x)2 v\ _ P >
s R AN 0 x
Enedn nuw = % Kal oUV®W = % n oétnTa (1) yivetal

(ouvw)? + (NUW)? = 1 1 ouvToudTEPA NUPW + OUV?W = 1.
Anode(Eape Aotrdv ATl yia oroladnoTe ywvia w 1oxUel

Av Blaipéooupie Katd UEAN TIC I0GTNTES NUW = % Kal oUVW = % He TNV poUnéBeon
OTL ouvw # 0, EXOUE:

NHw

_ nuw  yp ,  nNuUw y
ouvw

T Sovw — x0 " owe — x @

y
o

X

g

Anode(Eape Aotmdv ATl yia oroladnmoTe ywvia w e ouvw # 0 1oxUel

Ot mponyoupeveg 1odTNTEG AEyovTal BACIKEG TPLYWVOUETPIKESG TAUTATNTEG, YIATI UE TN
BonBeld Toug amnodelkvUoupue Kal AAEG TAUTOTNTES TIOU TIEPIEXOUV TPLYWVOUETPIKOUG
aplBuoug.
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2.3 Zx€oelg MeTAEU TPLYWVOUETPIKWY APLOU®V Hiag ywviag

[APAAEITMATA — EOAPMOTEZ

Av yia Tnv appAeia yovia w loxiel nuw = % TATE va UTtoAOYLoTOUV Ol AAAOL TPLYW-
voueTplkol aptBuol Tng ywviag w.
Nvon
ATS TV TAUTOTNTA NUPW + ouv?w = 1 €xoupe
3
owv’w = 1 - nNuPw fouvew =1 - (—)2

5
ow?w = 1 - 9 ouv2w = 16 ouwvw = +i
25 'l ~ % 5
Emedn) n yovia w elval auBAeia €xoupe ouvw < 0, ondte ouvw = 5
3
Ané Tnv TAUTOTNTA €W = NH® EXOULE P = S oToTE EQPW = 3
ouvw _ % ’ 4

Av yla Tnv ofela ywvia w 1oxuel epw = 2, TOTE va UTTIOAOYLOTOUV Ol AAAOL TPLYWVO-
METPIKOL aplBuol Tng ywviag w.
Nvon

‘Exoupe epw = 2 dnAadn s

vl 2, Onote NUw = 20uvw (7).

Av oTnv TautoTNTa NUPW + 0UV2W = 1 AVTIKATAOTI)OOUKE TO NUW HE TO 20UVW EXOULE

(2ouvw)?> + ouv’w =1 1 4ovvw + ouv’w =1 1 50uv°w =1 1 ow’w = =

5 )
. __\V5
dpa ouvw = \/— N owvw = ==
Emedn n yovia w eival o&ela €xoupe ouvw > 0, oTIOTE OUVW = @
AT TV 100N Ta (1) £XOUUE NUW = 2 - \/_ N NUw = &
Na anodelxbouv ol TauToTNTEG: ’
a) (NUX — ouvx)? + 2nuxXouvx = 1 B) 1 + ep2w = o]
Nvon
a) 'Exoupe
(NUX — OUVX)? + 2NUXOUVX = NU2X — 2NUXOUVX 4+ OUVZX + 2NUXOUVX = NU2X 4+ ouveX = 1
B) Exoupe
o NHW \2 nww  ouvw + Nptw 1
THego=1+ (ouvw) =1 ouvlw OuV2Ww oUW
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EPOTHZEIZ KATANOHXHX

n Na xapaktnpioete TIQ Tapakdtw mpotdoelg ue (&), av eival owotég 1 ue (A), av
elvar AavBaopuéveq.

3 2
Q) Av npPw = 5 T0Te ouv2w = =

B) Av ouvw = 0, ToTe dev opiletal N ePW.

y) Ma ké&Be ywvia w 1oxvel nu?w = ouvew — 1.
S
12

odud

S 12 B
0) Av nuw = 13 Katoww = 13 T0TE QW =

)

O Ztépavog 1oxupliCetal 6Tl dev UMdPXel ywvia w, Tétola wote Nuw = 0 Kat ouvw = 0.
‘Exel dikio; Na artlohoyroete v andvinor oag.

=

Na CUUTTANPWOETE TA KeVA OTIG TTAPAKATW TPOTACEIS!
a) Avnuw = 1, T6TE OUVW = .............

B) Avnuw = 0, TOTE OUVW = ..o
3
Na eMAEEETE TN OWOTH AnAvinon. AV NUW = 5 TOTE TO OUVW elval (0o pe:

4 2 2 4 4
Q)g B)g Y)g ﬂ—g 5)g r]—g

[IPOTEINOMENEZ AZKHZEIZ — IPOBAHMATA

, , , 5 , .
Av yla v oela ywvia w 1oxUet nuw = 33, TOTE va uroAoy(oete Toug AANOUG TPL-

.

YWVOUETPIKOUG aptBuouc g ywviag w.

1 7 P
—3, T0te va UTIOAOY(O€ETE TOUG AAOUQ

[be]

Av yla Tnv agpAeia ywvia w 1oxlel ouvw =
TPLYWVOUETPIKOUG aplBuoug Tng ywviag w.

, , , 3 , .
Av yia TV o&gla yovia w 1oxUel epw = 7, TOTE va UMOAOYIOETE TOUG AANOUG TPL-

[e2]

YWVOUETPIKOUG aplBuous g ywviag w.

, , 4 , .
Av yla Tnv appAeia yovia w oxvel nuw = T, T0Te va UTIOAOY(OETE TNV APACTAON:

)

A—1 +§ Y ~ L
= 3THW + FOWVW ~ 55 EPW.
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2.3 Xx€oelg HETAEU TPLYWVOUETPIKWY apIOUWY ag ywviag

Na amodeiEete Ol
Q) NUW + NUWOUVPW = NUW® B) ouv?w — ouv*w = NUPWOUVZW

a Av glival x = 3ouvw Kal y = 3nuw, Tote va anodeifete OTL:
Q) Xouvw + ynuw = 3 B) x> +y?>=9

Na amodeiEete Ol
Q) ouvla — nu?a = 2ouvla — 1 B) nu2aouv?B + nulanuB + ouvéa = 1

a Na amodeiEete Ol
Q) MUW + ouVw)? + MUW — OUVW)? = 2
B) (anuw + Bouvw)? + (Bnuw — aouvw)? = a® + 2

n Na amodelete Ot
UX + OUvX

Q) OUV2X EQP?X + OUVX = 1 B) n1+—8q>x = OUVX

m Na amodelete Ot
OuVv3X OuvX o 1

0)1+WX=1—Y]HX B)8(|)>(Jr1+r]px_ouvx

Na urtoAoyioeTte TIQ MapaoTAoElC:
a) Nu50°Nu130° — ouvs0°ouv130°
B) Nu214° + nu114° + ouv?166° + ouv266°

Na amodei&ete Ol
a) ep70°0ouv70° —ep110°cuvi10® =0
B) ep?40°0uv?40° + ouv140° =1

Av eivata = 30° kat B = 60°, t1éte va anodeiEete OtL:

V3
4 Na to

Kapivphow,

NU?X NUa NUPR + ouv?x ouva Cuvp =

C MAGHMATIKO AINITMA )

Eival ywvia, ox1 o&ela,
+ 1
A+ 3
—2\V3

+ 3"

nuitovo €xel Tov aplBud Kal

ouvnuitovo €xel Tov aplbud

Mola ywvia eival;
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2.4 Nobpog Twv NuIT6VWV - NOpoG Twv UVNUITOVWV

A4 Tvupilw TOUS VOHOUS NITOVWY Kal  TUvnpItovwy  Kal

pabaivi va tous epapudlw otn Avon npobinudtwv.

APAXTHPIOTHTA

‘Evag tonoypdgog dev propel va yetpnoel v arndotaon B
duo TuAvwy Mg AEH, yiatl avdueod Toug mapepBAMeTal

hia Aluvn. Tt autd emiAéyel pia B€on A rou amnéxet 100 m and r
Tov TUAWva [ kat and v orola (pcuvowcu Kat oL dUo rtu)xwveq &
Q
Me €va YoVIOUETPO PETPAEL TIG YwVI(EQ A=45"ka B=230°. | S
45°
A A

1. Mrmopefte va umoloyioete v andotaon B, apoy

30°

Tponyoupuévwe umoAoyioete To UPog A Tou TPLywvou

B A

~ Kal elval {ool.
nu4s nu30

41l ot Adyol

o

Adyol autol elval (ool;

ABTI™; O Tomnoypd@og duwc uttoAdyloe v arndotaon B o ypriyopa, yiati yvwplle

2. Me Touc UTIOAOYIOUOUG TIOU £08(C KAVATE, UTOPELTE va IATIOTOOETE AV MPAYUATL Ol

NOuog Twv nuITdvwv

>Tnv mponyouuevn TAEN udBape va uroAoyiCoupe TIC TIAEUPES Kal TIG ywvieg evog
opBoywviou Tprywvou, dtav yvwpiloupe dU0 TAEUPES TOU 1) dia TTAeUpd Kat pia oeia
yovia tou. Mg OUwS UMOoPOUUE va UTIOAOYIOOUPE TIG TIAEUPEC Kal TIG Ywvieg evog

Tplywvou otav dev eival 0pBoYWVIO; r
>xedlalouue €va ofuywvio Tpiywvo ABIT kal gp€poupue TO
ugog MA. Ané ta opBoywvia tpiywva AAlT kat FAB €xoupe:

A B
nHA = 5= n TA=pnuA (1)

A

nuB=-— n fM=auB (2 A A
Ano Tic 1odtntec (1), (2) Exouue A=anuB N in.
G LootTeg (7), (2) exoupe  Pnp BN R T B
Opolwg amodelkvieTal Ot B Y
nuB  nub
AnodeiEape Aotrdv, 0Tl oe KABe 0EUYWVIO TPlYwVOo IOXUEL
a B v

nuA ~ nuB "~ nur
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2.4 N6pog Twv NUITOVWY — NOPOG TwV CUVNIITOVWY

H mponyouuevn oxéon amnodelkvietal OTl loxUel kal otav 1o Tpiywvo ABIT eival aupAu-
YWVIO 1) 0pBOYWVIO Kal ovOudZeTal VOUOG TWV NTOVWV.

O1 mAeup€g KABE TPLYwVoU eival avAAoyeg POG TA NUITOVA TWV ATEVAVTL YWVLIWV TOU.

Me Tov VOUO TwV NUITOVWY, av YVwPICouue pia TAEUPA evOC TPLYWVOU, TNV Ameévavtl ywvia
™G Kal pia dAAN mAeupd 1 yovia Tou, téte unopoupe va uroAoyiooupe ta urdAolrna
npwtelovta otolxela Tou (MAeUPES — YwVvieq).

MNa mapddetyua, oto Tplywvo Tou JdImAavoy OXAUAToQ
UTTOPOUUE PE TOV VOUO TWwV NUITOVWY va UTIOAOY{oouue TN

yowvia I, apou ) o 70°
a Y 8 . o /
_ ;= 8nul” = 6nu70
nuA ~ mur ompzos T e TOSTHE = ok
Bnu70° _ 6.094 - B a=8 r
MUl = —a— N MUl = —z=—— 1N nul" = 0,705.

ATO TOUG TPLYWVOUETPIKOUG Tivakeg dlariotwvoupe Ot I = 45°.

B3 Nouog twv ouvnuitévwv

>’ éva Tpiywvo ABIT, av yvwpilouue TIG TPelC TMAEUPEG Tou 1) dUO TAEUPEQ Kal TNV
TEPLEXOMEVT YWVI{A TOUC, TOTE PE TOV VOO TWV NUITOVWY dev unmopoUue va urtoAoy{oouue
Ta uttéAolna otolxela Tou Tptywvou, apou de yvwpelCouue pia MAeUPd Kal TNV arevavrl
ywvia Tng. r

Av 1O Tplywvo elval o&uywvio Kal pEpoupe To UYog IMA, Tote
and 1o Mubaydpelo Bewpnua oto opboywvio Tpiywvo ABIT
gxouue: a2 = A2 + AB2 (7).

a
Eredn AB = y — AA, n loomta (1) ypagetal: g
=AM+ (Y-AA?Z 1 a® =AM+ v+ AAN2-2y - AN (2).
Ao 10 opBoywvio Tplywvo AATIT €xouue: A Ay B
Al? + AA? = 32 Kal OuvA = % n AA = BouvA.

(eleRNlelernnite WAVt l0 eIl O° = B? + Yy — 2ByOUVA

H mponyouuevn oxéon arnodeikvietal Ot loxUel kal étav 1o Tplywvo ABIT elval aupAu-
Y@VIO 1) 0pB0OYWVIO KAl OVOUAZETAL VOUOG TWV TUVNUITOVWV.
Opoilwg amodelkvuetal 0Tt o KABe Tplywvo ABIT 1oxUouv

B? = y? + a2 - 2yaouvB

Y2 = a2 + B2 - 2aBouvl
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Mépog B - Kepdhalo 20

Me Tov vOUO TwvV ocuvnuItévwy, av o éva Tpiywvo yvwpeilouue TIQ TPEIG TIAEUPES TOU
11 OUO TAEUPEQ Kal TNV TEPLEXOPEVN Ywvia Toug, TOTE PMopouue va UrtoAoylooupe Ta
urtéAolra npwteldovta otolxela Tou.

Ma mapddetyua, av oro Tpiywvo ABI™ eivata = 9 cm,
B=7cm kat y = 6 cm, TOTe UMOPOUUE VA UTIOAO-
yiooupe TIG ywvieg Tou.

M.x. yla va urtoAoyiooupe tn ywvia B EXOULE!

B? = vy? + a®—2yacuvB 1
77=6°4+92-2-6-9-0uvB n a=9cm
49 =36 + 81 -108 - ouvB 1y 108 ouvB = 68 1

ouvB = %z 0,629. ATIO TOUG TPLYWVOUETPIKOUQ Tiivakeqg dlATOTWVOUNE OTL B=51°

MAPAAEITMATA — EOAPMOTE2

e Tpiywvo ABI givat A = 120°, B = 45° kat a = 30 cm. Na uroAoyloTel N ywvia
I kat n nmAeupd B.

Nvon
AMS T oxgon A + B + T = 180° éxoupe
120°+ 45°+ T = 180° 1
T =180°-165° 1§ [ =15°.
AT TOV VOUO TWV NUITOVWY €XOUUE

a B , 30 B

A~ muB 1 nui20° T nuds’

a=30cm

N B-nui20° = 30 - nu4s5° (7).

Emedn) nu120° = nu(180°- 60°) = nue0°= @ Kal Nu45° = g n wémra (1)
ypdoetal:
V3 V2 o, 30V2 30V6
X2 _30. 25 = =2= = — = 10V6 cm.
B> > NB=—7 N8B s NP
Auo pdpol ¢, ®, anéxouv peta&u toug 10 pila. n@/
‘Eva mAolo I Bpioketal oe pia 6€on, onwg Qaiverat y
oto oxfjua. Na urtoAoylotoulv oL anooTtdoelg X, y ToU X o
m\olou amné K&Be pdpo. s 751
o Y7 4o

Nvon
>10 Tplywvo Md,d, €xouue w + 59° + 75° = 180°,
ondéTe W = 46°. AT TOV VOUO TWV NUITOVWY £XOUUE
10 — x _ y
nu4e™  nu75°  nus9°
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Nvon

2.4 N6pog Twv NUITOVwY — NOPOoG TwV CUVNIITOVWY

. . 10 x| 10 -nu75° . 10-0,966 _ ,
A6 Tnv 1odtnTa 46"~ 75" EXOUME X= 46° N x= 0719 =13,44 pika.
10 y 10 - nu59° . 10 - 0,857

Ané v lootta =11,92 piNa.

nu46°  nps9° FROUHEY= e YT 0 719

Emopévwe to mAolo M anéxel and tov pdpo @, 13,44 uiha kai ano tov pdpo ®, 11,92 pila.

>e Tplywvo ABI eival A= 60°, B = 4 cmkaty = 2 cm. Na urtohoylotei n mAeupd
a Kat oL ywvieg B, T'.

AT TOV VOLO TWV CUVNUITOVWY EXOUUE:
a2 = BZ +Y2_ZBYOUVA r‘] @@=42+22-2-4-2-0uv60°
ﬁo%ﬂ6+4—m-% Hoa? =12,

Apa a=V12 dnhadf a = 2V3cm.

Opolwg €xoupe:

B2=V2+ a2-2yaouvB 1 42 =22 + (2V3)2-2-2V3-2-0uvB A
16 = 4 + 12 - 8V3 - ouvB n 8V3 - ouvB = 0 1 ouvB = 0, omdte B =90°.
ApoU A+ B + T =180° kat A =60°, B = 90°, éxoupe I = 30°.

Avo duvdpuelg F; = 4 N kat F, = 3 N epapudlovral o” €va uhiké onueio O kat
oxnuartifouv ywvia w = 60°. Na uroAoylotel ) ouviotauévn toug F.

Nvon

H ouviotapévn F twv duvduewv Fy, F,, ottwe
gaiveralr oto oxnua, eivat n dlaywviog Tou
napaAnAoypduuou OAZB. And Tov vOuo
TWV ouvnuItévwy oto Tplywvo OBX kal
enedn B2 = F,, €xouue:

F2 = F? + F5 - 2F,F,ouvw (7).

Ot ywviec ouwg w kat 60° eivat
TIAPATMANPWUATIKEG, OTIGTE OUVW = —0UV60°
Kal 0 TUNog (1) ypdgeTal:

F2 = F{ + FZ + 2F,F,ouv60° 1 F2=42+32+2-4-3-%rﬁ F2 = 37, ondte

F=V37N 7 F=608N.
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EPOTHIEIZ KATANOHXHX

80°
Na ypdyeTe ToV VOUO TWV NUITOVWY OTO TPlYWwVOo ToU w y
AmAavou oxuatog - - i
X

. . . A
Na ypodyete ToV VOUO TWV NUITOVWV: A
a) oto Tpiywvo ABA = =

( AAl = =

B) oto Tplywvo 5 -

A

Na xapaKTNEIoETE TIC MAPAKATW LOGTNTES He (2), av elval owotég 1} ue (A\), av eival
AavBaopgéveq:
Q) e KdBe tpiywvo ABI 1oxUel anuB = BnuA.
B _ v
nu100®  nu20°"
Y) 2e kdbe tplywvo ABI™ 1oxUel 2BYOUVA = B2 + y2 — 02
3) Av oe Tplywvo ABI eivat A = 70°, T = 80°, Téte W0xUel
B2 =vy? + a®-2yaouv80’.
g) Av oe Tplywvo ABI eival r= 60°, ToTe 1oXUel Y2 = o2 + B2 — aP.

B) Av oe Tplywvo ABI eivat A = 60°, T = 100°, t6te

Na CUUTTANPWOETE TIG TIAPAKATW (0OTNTES CUUPWVA UE
TOV VOUO TWV OUVNUITOVWV:

Na CUUTIANPWOETE TIG TIAPAKATW TIPOTACEIQ
a) H ywvia x urtoAoyiZeTal e TOV VOUO TWV ....vvv.........
arnod IV IOOTNTA ...

B) H mAeupd x uttoAoy(CeTal e TOV VOUO TWV ....vveevnee.
anod Vv 1odTNTA ..o

Y) H ywvia x urtoAoyiletal pe ToV VOUO TWV ......covvvv.
anod MV 1O0TNTA ..o

3) H mAeupd x UMOAOY(ZETAL HE TOV VOUO TWV ... X 10
anod MV 1O0TNTA ..o .



2.4 N6pog Twv NUITOVWY — NOPOG TwV CUVNIITOVWY

[POTEINOMENEZ AXKHZEIZ — TPOBAHMATA

Na urtoAoyioete 10 X 0g Kabeuld amnd TIC MAPAKATW TIEPIMTWOELS:

Q) B) Y)

15 8 S

X

Q) B) Y)

5V3

Na urtoAoyioeTe TIC urtdAoITTEC Ywvieg Tou Tptywvou ABIT, dtav:
a)a=2 B=V2 kuB=30° B)B=V2, y=V3 kal [ =60°.

Av oe Tplywvo ABI™ eival B = 30°, B = 10, a = 10V3, Té1e va anode(Eere 4Tl TO
Tplywvo eival opBoywVIO 1) IOOOKEAEG.

Na uttoAoyi(oeTe TO UAKOG TNG JlAadPOPNG X
TOU evagplou oldnpodpduou oTo dImAavo
oxnua. (Na xonoiuomnoinoete 1olywvVoueE-

TPIKOUG TIIVAKEG). 130°  go°

200 m

‘Evag pabnmg aneubuvopevog oTov Kabnyntr Tou Twv Mabnuatikwy eime:

— Kdupte, oe éva BIBAo Bprika pia doknon otnv onola €dilve gva Tpiywvo ABIT pe
a=12,B =6, B = 60° kau (ntouoe va Bpebouv Ta utdAolna oTolxeia Tou.
Mg Advetal;

O kabnynmg aeou &{de Tnv doknon Tou elne:

— Kdrmolo AdBog €xelg kdvel, yiati dev untdpxel TETOLo TPlywVvo.

Mg 10 KAatdAaBe 0 KABNyNMG;
Fi

Ot duvdpelg Fy, F, éxouv ouviotauévn F = 10 N

Tou oxnuarticel ue mv F, yovia 28° kal pe v F,
ywvia 35°. Na unoloyioete Tig duvduelg Fy, F,. :
(Na xpnoiomnoinoeTe TplyWVOUETPIKOUG MIVAKES). o L F,
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‘Evag tomoypd@og yla va JETProel TO E
Ugog evog Ynhou Ktipiou TommoBETNOE TO

YWVIOUETPO TOU OTO onuelo A kal Bprke

™m ywvia EfZ = 46°. >Tn OUVEXELQ UETAKI-

vrnonke katd 30 m, TOTIOBETNOE TO YWVIO-

HeTPo Ot Bgon B kat Bprike ™ vovia o e r e 7
EAI = 26°. Molo Atav 1o Uoc Tou KTiplou,  [1.40m |

av 10 YWVISHETPO éxel Uoc 1,4 m. EE L

(Na xonoluUoIToINoeTE TOIYWVOUETOIKOUG TIVAKEC).

Na urtoAoyioete 10 X 0g Kabeuld amnd TIC MAPAKATW TIEPIMTWOELS:

a) B) Y) %)

A
&2% \ M
5

X

Na urtoAoyioete TIQ (0eg TIAeUPEG B, Y loookeAoUq Tplywvou ABIT, av A = 120° Kau

a = 3V3.

>e KUKAO pe aktiva R = 10 cm, 1 xopdr) AB avrtiotoixel
oe T6€0 120°. Na urtoAoy(oeTe To UrKog g XopdNQ.

120°

Na unoAoyioete TiQ dlaywvioug mapalnAoypdupou ABIFA pe AB=4, BI'=3 kal
A =120°.

Mia texvikn eTaipeia B€Ael va Katabgoel Uia TeooPo-
pd yla TNV Kataokeur) uag onpayyag AB. ‘Evag
UNXavikdée TN etaipelag ue Toug ouvepydTeg Tou
€0Tnoe €va YWVIOUETPO otn 6€on M mou 1 andotaoct

Tou amd 1o A ftav 100 m kat ané 1o B rjtav 154 m. A B
ApoU pETpnoe TN ywvia AMB = 73°, 1o0xuplotnke

ATl Ye auTd Ta otolxela unopouce va uroAoyioel To 100 m 73° 154 m
UrKog Tng onpayyag. Eixe dikio 1) ddiko; Mdoo rrav ™

TeEAIKA TO unkog g onpayyac; (Na xonoiuoromroere M

TOLYWVOUETPIKOUC TTIVAKEG).



2.4 NOSpog Twv NUTOVWV — NGOG TV CUVNIITOVWOV

‘Evag mupooBeoctnpag autouatng KatdoPeong
npokeral va ompixtel mavw and Tov Kauotpa
evog kaloplpep. 'Evag Texvikog B€Ael va kata-
okeudoel ) Bdon ompPEIENG Tou Kal JlaBETeL TPEIQ
HETAANKEG BEpyeg AB = 0,70 m, Al = 1,30 m kau
BI" = 1,80 m. Na va koAoel OuwS KATAAMNAA TIQ
Bépyeg AB, Al, énwg aiveral oto oxNUa, TIPEMEL
va yvwpiCel m ywvia w. Mmnopeite eoelg va mv
urtoAoyioete, wote va Bondrioete Tov TeXVIKO; (Na
XPNOLUOTIO|OETE TPLYWVOUETPIKOUG TIVAKER).

Ynohoylop6g TG anéaTaone anpdoitwv anuelwv.

ENIKEX AXKHZEIX 20u KEQAAAIOY

Na anodei&ete Otl:
1 + ouvx NUX 2

a) (1 —nux + ouvx)? = 2(1 = nux)(1 + ouvx) B) X + T ook = T

>e opBokavovikd cuotnua a&dvwv Oxy divetal To onueio A(4, 0) kat To onueio M
TOU €xel TETUNUEVN -5, TeETayuévn BeTIKT Kat 1 artéotact] Tou ard 1o O eival 13. Av
w elval n ywvia AOM, va urtoAoyioete To ouvw Kal v ardéoracn AM.

>e Tplywvo ABI eivat B = 30 cm, B=45° kat T =75°.Na Xapd&ete TN SLXOTOMO
AA Tou Tprywvou ABIT, va eEnynoete yiati To tpiywvo AAI elval I00OKEAES Kal va
UTTOAOY(OETE TO UNKOG TNG dLXOTOHOU AA.

A

Av AA dixotéuog Tptywvou ABIT, va amodeiEete Ot

Y _ Nue B _ nuw y _ BA
G)BA_W B) )

A nuA,

B A
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a) Na arnodeitete 611 T0 euBaddv Tou Tprywvou ABIT Tou

dimAavou oxrjuatog eivat E = %By NUA.

B) Na umoAoyioete ™ Ywvia A Kkal TO
eupBadov tou knmou ABIT Tou dimAavou

oxruaroc.

28 m

a) Av 0’ éva Tplywvo ABI 1oxUel nu?A = nu?B + nu2l, 1éte va anodeléete OTL TO
Tplywvo eivat opBoywvio.

B) Av o’ éva tplywvo ABI 1oxtet nu(B + IN) + ouv(B —T) = 2, téte va anodeitete
OTL TO Tplywvo eival 0pBOoYWVIO KAl IOOCKEAEG.

>e KdBe tplywvo ABIT va amnodei&ete ot
a) auB —nul) + Bl = npA) + y(NuA -nuB) =0 B) a = Bouvl” + youvB

5) OWA _ owB _ ouwl _ a? 4+ B+ y?

a B Y 2aBy

Y) B? - v? = a(Bouvl — youvB)

Na Bpeite TIQ MAeUPEQ TpLywvou ABIT, av Ta urkn toug eivat diladoxikol Gpuolkol

aplBuoi, n y elval n pikpdtepn MAeupd Kal ouvl = %

AUOo @pi\ol TotoBETNOAV TA YWVIOUETPA TOUQ
org 6goelq A, B plag akmig Kal mapatn-
pnoav dUo Bpdxoucg Tou mpoeEeixav amnod
mv ermedvela e BdAaccag. Av n ano- r
otraon AB ritav 30 m kat Ta arnoteAéopara
TWV UETPNOEWV TOUC (paivovtal oto dmAavo
OxNua, Téte va unoAoyioete v andotaon
Twv dUo Bpdxwv. (Na xpnoiuoroirjosre

TOIYWVOUETPIKOUC TTIVAKEG). A g B
m
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EMANAAHWH — ANAKEOQAAAIQIH 2ou KEODAAAIOY

e Tprywvouetpikoi aptBuol ywviag w pe 0° = w = 180°

2e opBokavoviko ocuotnua agovwy Oxy, av eivat w = xOz,
kalt M(x, y) elvat éva onotodnnote onueio g mAeupdg Oz,
dlapopeTikod amo 1o O, tdte:

M(x, y)

y
p=0M=Vx%+y2 kKat nuw = % ouvw = % eQW = %
M.x. av M(1, 2), téte p = V12 + 22 = V5, —!
_ 2 _ 25 _ 1 _ 5 _ 2 _
npw—\/g—T, ouvw—\/g—T, epw 1—2

® Tanpdonua TwV TPLYWVOUETPIKWY apIOuwY
ulag yoviag w pe 0° = w = 180° galvovral
otov dmAavo mivaka:

Xy

e Ol MapaAmnMANPWHATIKEG YWVIEG €xouv TO (Blo NuiTovo Kal avtiBeToug Toug AAAOUG

TPLYWVOUETPIKOUC aplBuoug. AnAadn),

Nu(180° - w) = Nuw ouv(180° — w) = —ouvw ep(180° — w) = —ePpw

M.x. nu160° = nu20° ouv160° = -ouv20° ep160°

® OL BaOIKEG TPLYWVOUETPIKEG TAUTOTNTEG elval:

nuwPw + ouv?w = 1 (loxdel yia oroladnmote ywvia w).

_ Npw , , .
EPW = Guve (loxuel yla omoladnrmote ywvia w ue ouvw # 0)
oo 2aEe _ o NU35°
M.x. nu#35" + ouv?35 1, ep35 OUV35E"
® >¢ KA&Be Tplywvo ABIC loxUouv
a B _ Yy

— NOJpo Ovwv: = =
MOG TWV NUITOVWV A B T

— Nopog Twv ouvnuitévev:  a? = B2 + y2 - 2By OuvA
B%2 = y2 + a? - 2ya ouvB

Y2 = a® + B2 - 2aP ouvl

-ep20°

253



TPIFTQNOMETPIKOI APIOMOI TQON F'QNIQN 1° - 89°

Fwvia , , , Fwvia , , .
(ot poipegy|  NHITOVO OUVNPITOVO | EQATITOMEVN B (0 uoipeq) | NHITOVO OUVNUITOVO | EQATITOHEVN
1 0,0175 0,9998 0,0175 46 0,7193 0,6947 1,0355
2 0,0349 0,9994 0,0349 47 0,7314 0,6820 1,0724
3 0,0523 0,9986 0,0524 48 0,7431 0,6691 1,1106
4 0,0698 0,9976 0,0699 49 0,7547 0,6561 1,1504
5 0,0872 0,9962 0,0875 50 0,7660 0,6428 1,1918
6 0,1045 0,9945 0,1051 51 0,7771 0,6293 1,2349
7 0,1219 0,9925 0,1228 52 0,7880 0,6157 1,2799
8 0,1392 0,9903 0,1405 53 0,7986 0,6018 1,3270
9 0,1564 0,9877 0,1584 54 0,8090 0,5878 1,3764
10 0,1736 0,9848 0,1763 55 0,8192 0,5736 1,4281
11 0,1908 0,9816 0,1944 56 0,8290 0,5592 1,4826
12 0,2079 0,9781 0,2126 57 0,8387 0,5446 1,5399
13 0,2250 0,9744 0,2309 58 0,8480 0,5299 1,6003
14 0,2419 0,9703 0,2493 59 0,8572 0,5150 1,6643
15 0,2588 0,9659 0,2679 60 0,8660 0,5000 1,7321
16 0,2756 0,9613 0,2867 61 0,8746 0,4848 1,8040
17 0,2924 0,9563 0,3057 62 0,8829 0,4695 1,8807
18 0,3090 0,9511 0,3249 63 0,8910 0,4540 1,9626
19 0,3256 0,9455 0,3443 64 0,8988 0,4384 2,0503
20 0,3420 0,9397 0,3640 65 0,9063 0,4226 2,1445
21 0,3584 0,9336 0,3839 66 0,9135 0,4067 2,2460
22 0,3746 0,9272 0,4040 67 0,9205 0,3907 2,3559
23 0,3907 0,9205 0,4245 68 0,9272 0,3746 2,4751
24 0,4067 0,9135 0,4452 69 0,9336 0,3584 2,6051
25 0,4226 0,9063 0,4663 70 0,9397 0,3420 2,7475
26 0,4384 0,8988 0,4877 71 0,9455 0,3256 2,9042
27 0,4540 0,8910 0,5095 72 0,9511 0,3090 3,0777
28 0,4695 0,8829 0,5317 73 0,9563 0,2924 3,2709
29 0,4848 0,8746 0,5543 74 0,9613 0,2756 3,4874
30 0,5000 0,8660 0,5774 75 0,9659 0,2588 3,7321
31 0,5150 0,8572 0,6009 76 0,9703 0,2419 4,0108
32 0,5299 0,8480 0,6249 77 0,9744 0,2250 4,3315
33 0,5446 0,8387 0,6494 78 0,9781 0,2079 4,7046
34 0,5592 0,8290 0,6745 79 0,9816 0,1908 5,1446
35 0,5736 0,8192 0,7002 80 0,9848 0,1736 5,6713
36 0,5878 0,8090 0,7265 81 0,9877 0,1564 6,3138
37 0,6018 0,7986 0,7536 82 0,9903 0,1392 7,1154
38 0,6157 0,7880 0,7813 83 0,9925 0,1219 8,1443
39 0,6293 0,7771 0,8098 84 0,9945 0,1045 9,5144
40 0,6428 0,7660 0,8391 85 0,9962 0,0872 11,4301
41 0,6561 0,7547 0,8693 86 0,9976 0,2698 14,3007
42 0,6691 0,7431 0,9004 87 0,9986 0,0523 19,0811
43 0,6820 0,7314 0,9325 88 0,9994 0,0349 28,6363
44 0,6947 0,7193 0,9657 89 0,9998 0,0175 57,2900
45 0,7071 0,7071 1,0000
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ANANTHZEIX

KepdaAaio 10

1.1

Mpd&elg e mpaypatikoug aptduoug

A. O npayuatikol aplBuoi kat ot PAEELg Toug
Ho s p 10 v)-7 320 BE2004 E)65km 25km

Boletv-l.9-3 Bo-7 58 v
B Ho+- 9+ v-+3-+EHap v

Na BydAete TiQ mapevBEéoelq Kal va KAvere TIC TIPAEELS.
EA 4—(x+y)+ @+ Q=2 B=1+ x+y)— (@ + w)=3
ElVCll a+B=28 y+3=16, ondte

A=-24+ (a+B)+2(y+9d) =236
Mapatmperote 6Tl To dBpoloua dSAwV Twv apBuw@y eival 0.

B. Auvduelg mpayuaTikwy aplopwyv

Ho> y) 105 8) 5%, €) 3% o1) 35, Q) (%)4 n) 32
.(14[3 5 V) 1. 8)-27, € 10.000, m)16:)9,n)1
E o) 5¢° p) x5y, y) -8x, d) —323_;, £) —108x2, oT) —%

Bla=0 B=-1r=-100.000 A =125 B Ewd popéc.

. PiCeg

Ho-2Vv5 p3vi- 4\/_y) ,8)9 B a), ), v), 8 Na

B) 10y) 6 I8 1n ypapyn:
12V2,10. 2nypauun: 12V2, 16, 3n ypauur: 12V2, 18, 10
KAVMN B o) 10, B) 6V2, y) V3 - V5, 3) 2 Ea)\/—E

2\/_ \/— 52+v2 Hax=V5 p)x
& x = 0 E\/—g“

BE = V50 +V8 = 7V2 Eival BI = 3V5 kat AE =V5,
ondte B = 3AE [ {|l ) Ar=2V5, B) 4+2V20, 2(2+V?20).

eQAPUAoETE 1BIGTNTES PILWY [ a)

B) =% Y)
Y) x = 8,

E Mapatnerote 4Tl

1.2 Movwvuua - Mpd&elg pe povovuua

A.  A\yeBpikég mapaotdoelg — Movavuua
HospsB-205 Blov=0pv=3 yv=4

Bo«-

v=2y)A=-4 k=3 v=2BE=anp, V:%npa E=1256,

v = 2, \ ornoloodnnote aplbuog B) A = 4, k =3,

V:@ Ex + 9, (x 0 apBpdQ TwV VIKAWV) [l X*+ 25, 169
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- YNOAEIZEIX TON MNMPOTEINOMENQN AZKHZEQN KAI TIPOBAHMATQON

MEPO> A’ — AATEBPA

B. Tpd&eiq pe povwvupa
B o -5 p) Sy, ) 04ap,

-, y) =X
a) —15x%°,

S or) 0
o) ‘%X“QS, 0 Xy’ a) -4, B) X, y) -

& Bt
€) —— ]
) 5xyw

B) 9, ¥) -6¢Y", 8) Bxyw, €~
y

g) 4xa*w, o) —%QBS Q) %X"’ys, B) X,

v ey Bla)se B2y v+, o) 4+ D

QB3

0) —7xw?,

£) 2xy + ”TXQ — @), ®, ® B Evaoa.
1.3 TMoAuwvupa - Mpdobeon kat Apaipeaon
TMOAUWVU WV

Ho ¢ + 2¢-5¢+ 3+ 10, B) 2¢-6x + 1,
yY) 2 - 3 + 7x + 7, O —x* + x - 5

24 a) 9, B) v —3xy? + 2x%. O Babudg wg mpog x Kat y efvat 3

a) P(-3)= 3 kai P(2) = 3, B) P(1)= -5 kat P(3) = 15

Mep.= 2nx + 200, EpB. = mx® + 200x,

a

B; Mepi.= 388,4 m, EyP. = 8826 m?

a 3 + 7% - 2x + 1, B) 2% + xy - V3
Y) @® = 7af - 2B%, d) 3w?® + w + 3, g) —%xZ %x +g,
o-r)4x3+2x2+4Ea)5x3—x2—4x—2,
B) 2¢¢ + 3% - 2x + 4, y) x® + 5 - X + 14
Q) —7x%, +3, —4x B) +5%, 23, -1 E 1n ypauur: 6x2
— 2X +1 2n ypauun: 5x° + x — 2, X2 + 5x — 6 3N Ypauun:
3x-x 8¢-1 a=-3 p=7 y=-4lge+20t 125m,

1.4 TMoAAanAaclaoudg MoAUWVUP®V

a) 15x% — 6x%2%  B) 8x® — 4x3, y) —x® + 9x
3) -2x%y + 2xy° a) -8a% + 16aB — 682 B) X,
Y) 6x4 — 39x% + 45x%, ) x + 20, €) -6x* + 11x® + 9x® —

o1) -3x3 + 14xey — 3xy? - 20y° [ @) 12x¢ — 29x3 + 23x2 -
6, B) 2x' + 43 -5x + 11x -6, y) 22x° + 41x%y — 8xy?
—3y® a) B) Na kdvete TIQ TPAEEIS Kal avaywyr} opoiwv
6pwv B a) -8x3 + 30x2 - 37x + 15, B) 2 — 11x2 + 18x -9,
y) -8x¢ + 24x2 - 30x + 10 a=-6, B=18,y=-12,5=0
y. E Mapatnpenote Ot E; = x(x+5) kat E, = (x+2)(x-1)

1.5 Atloonueiwteg TQUTOTNTEQ
Blo o+ 4x+4 B)y2+ 10y + 25, y) 402 + 40 + 1,

O) K2 + 4KA\ + 4N%, €) Oy* + 12yB + 4B oT) x* + 2¢% + 1,
OV + 2y +y2 1) axt + 123 + 9, 0) x@ + 2V2x + 2,

) X + 2Vxy + v, lG)OZ-I-O-F%,lB)(DZ-FS-F%
Hoe-6x+9 By -10y + 25 y) 9 -60 + 1,



O) 4k? — 4K\ + N2, g) 9y? — 12yB + 4% oT) x* — 4 + 4,
Oy - 28 + 2, 1) 4%t - 2003 + 25x2, B) X2 — 2V3x + 3,
) x - 2Vxy + v, 10)02—3c1+%18)w2—4+§

BHos+2V3 )11 +2V30, y) 11 -6V2, 8)8-2V7
Blo) x+32=x+6x+9 B)(y—4)?2=y2-8y + 16,
Y) (4x — a)® = 16x*> — 8xa + a?, d) (X° - 2w)* = x* — 4x°w +
40y a) x4+ 3¢ 4+ 3x + 1, B)y® + 12y2 + 48y + 64,
y) 8a® + 12a? + 6a + 1, d) 27a® + 54?3 + 36ap? + 8%
€) X + 9x* + 27x% + 27, o1) V& 4+ 3y° + 3yt+ o
0 x® — 6x2 + 12x — 8, 1n) y® — 15y2 + 75y — 125,
0) 2703 — 270 + 9a — 1, 1) 8x3 — 36x%y + 54xy? — 27y5,
) yo — 6yt + 12y2 — 8, 1B) w® - Bw® + 12w* - 8w?
Ea) =1, B)y>—4, y)9-w? ) 16 — %3, g) y>—
or) X2 —y2 Q) 42— 49y, ) x> -2, B) x -y P(x) =20
= otafepd E a) Alagopd teTpaywvwy (3 Gopgqg), B)

Mponyoduevn  tautémra via a = 10 kat B = 1
Blo 5 g 2708 S6A2) 45005 1)

a) x* - 27,

a) 5 + 12x + 41,

By y¢ + 8 vy) 8w + 1, d) 1 -
B) —2x2 + 10, y) 4x%2 — 2xy +
6y?, 0) 64, €) 16a® + 12a, ot) 6a® + 12a, () 6a° + 2a°,
n) —48a* + 13a - 1 a), B), Y) Na kdvete Tiq mpd&elq
oto a’ yéhog, 9d), €), ot) Na kdvete TiQ PdEelg oe kdbe
uéhoc &) 4, B) 12V5, y) 28, &) 144 [ a) Na kdvere
TIg mpdéelg oto a’ pélog, B) Mponyouuevn TAUTATNTA YIA
a = 2005, x = 20 8] Na amnode(Eete 6t1 oto Tplywvo MAB

loxUel to MubBaydpelo Bebpnua Na amodeitete v

, (a+B)*—(a-B)? p g
Tautotnta aB =4 a) Na kdvete TpAgelqg

oto B’ péhog, B) Na xpnoluormoroete TEONYOUHEVN
Tautémra (E = 1510 epBaddv, apou

(@-B)a+B)=a-p

24 cm?)

1.6 [Mapayovtomnoinon aAyeRplkwv
MapaoTATEWV

H o 30 + 2p), B)
2), €) 4aB(2a + B),

2(x = 4), y) 2w(dw + 3), 8) -3x(3x +
or) X(x -y + 1), ¢ aBla + B - 1),
n) 2a(a-2 + 3g), 6) V2y(x-3 + 2y) Bl a) (a-B)(x +Y),

B) (x + )@+ B), V) x-2@x-5), §) (a-2)( + 3),

€) x—1)@x -1), or) 2x(x — 3)(-2x + 9) i) a) x(x+1),

B) y(2y-5), V) (u) 3)(W+2),d) 3aa-1)i)a)x =0 1 x=-1,

B)y—Ony— , Yo=3nw=-2 0a=0n1a=1

a) (x + Y)(X +a), B) (x=1)0 + 1), Y) xK=5)( + 4),

Anavtrioelg — YIodei&elq TwV MPOTEWVOUEVWOV AOKATEWY KAL TIPOBANUATOV s

) 2x - 3)(2 + 2), &) (x—-2)(4x — ), oT) (a - 2B)(9B - 5),
) (3x—2y)(4x—5), 1) (X + V2)(& + 1), 8) (V3x + 2)(V2x - 1)
a) (a + B)(7a + 3B), B) (x—y)(Ox-3y), Y) (Xx=y)(3x + 2y)
E a) (@ + B)@B - 1), B) Na anodelEete 61t a = - n
ap=1 .a a-1@a+B+x, B (@-2)2B + 5 + 2y)
Bl o) x-3)x +3), B) @x-1)4x + 1), ) (@-3P)(a + 3p),
3) (@B-2)(@B + 2), €) 5w —1)(7w + 5), o) (X + 8)(5x — 4),
9 (= 1)l + ). M) (= VBx + V), 8) (x= V2y)x + V2y)
Blo2x-49x+4), B7C-y)@ +y)Y) 2Xx - )X + 1),
B) 5a(x — 4)(x + 4), &) 2(x—3)(x + 1)

Na xpnotuomolioeTe Ty TautdtnTta: o? — B2 = (a—B)(a + B)
a) 45, B) 0,35 v) 24\ Ella)x=7 1 x=-7, B)x=0

r’]x:%r’]x:—%, Yx=0nx=11x=-3 d)x=-

n x=-3 1 x=-1
B) (y + 2 -2y + 4),

aQ (X -3 + 3 + 9,
Y) (W + 4w - 4w + 16),

0) (2x - 1)(4)(2 + 2x + 1), € By + 1)(9y 3y + 1)
BB o) 3x- 2)0¢ + 2x + 4), B) 2a(2a + 1)(4c2 - 2a + 1),
Y) gn R -p)(R* + Rp + p%), 8) aB(a + B)(a® - aB + B?)

B ) x¢-27 = (x-3)0 + 3x + 9),

B) 8 + y® = (2X + y)(4x% —2xy + V?),

y) @ - 8f° = (a-2B)(0” + 20B + 4p?),

3) a® + 1258° = (a + 5B)(a? - 508 + 257 B @) (x - 1)

B) (y + 27 Y) (w-23798) (a+95)?¢e) (1-2B32 or) 3 +

12 0 @2y =37 m) 1(4>§ +yp 6) Ga-PB3 Y (@+B-1)?

a) (%— 3) , 1B) (x +§)

Q) 3(x + 42, B) -y - 27 ¥) 2(a-2B), 3) al2a + 37

a)xX®+2xy +y4 B)x+y x+1 a) (x+1)(x+2),

B y-Dy-3, V) (@+ 2w+ 3, 5 (@ + 1)@+ 5),

g) x-4x-3), or)y +3y-4), 9 -23)w-F6),

n) @+ 5)a-2) By a) x+2x + V3), B) (x+ 20)(x + 3p),

y) x+3)x-V2) Bl a) 2(w + 1)(@ + 4), B) 3@-5)(a + 1),

Y) ax — 1)(x - 6) A - a) Na BydAete kowvd napdyovia 1453,

B) Na BydAete kowvé mapdyovta 801,y) Alapopd TETpayWOVQY,

d) Mapatnperiote 6t 999 = 1000 — 1, 1001 = 1000 + 1,

€) 999 + 2999 + 1 = (999 + 1)2,

ot) 972+ 6-97 + 9 = (97 + 3)?

B o) x-2)(x + 2y~ 1)(y + 1), B) (X + 1)x=1)(€ + x + 1),

Y) (X=1)2(x + 1)(x® + x + 1), ) (x—3)3(x + 3),

g) (@-P)a-B-1), o1) x-y-w)x-y+w), 1 +a-p)

(1T-a+B), Ny-5+x(y-5-x),

8) (x— 1)(x~ 2)(-3x + 14), | (y + 2y - 3)(y - 1),

) @-B+y)a-p-y)@a+B+y)@+p-y), B) @x-30)?

H mAeupd X pelwbnke katd 2 eva n TAeupd y Jelwonke
Katd 1.
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1.7 Awaipeon noAuwvUpwy

.a ) IX) = 2x2 = 3x + 3, u(x) =0, B) m(x) = 2x> - x
-3, u(x) =8, y)T(x) =6x3+ 6x>+5x + 7, ux) =0,
O) m(x) = 2x2 + x + 3, u(x) = -5, ¢ n(x) = x> - 2x +
1, u(x) =5%, ot)mx) =32+ x-1, ux) =0, 0 nx)=
4 + 3, ux) = 0n) m(x) = x> - =x, UX) = -=x - 4

g 3

a) AX) = 6x2 + 22x + 12, B(x) = 3x + 2, T(X) = 2X + 6,
B) Ax) = 2x® + 10x®2 + 2x + 20, d(x) = x + 3, T(X) =
22+ 4x-10, ux) =50 E2¢+x2+2x+5 B} a),
B) Na amodelEete 611 n dalpeon P(x): Q(x) elivat téAela
Bonx=x-2x+1, ux =0, B) (x—3)(x + 3)(x—1)2
E a) Na kdvete m Olaipeon, B) (x + 1) . @o €Kave
™ daipeon (@ + B : (@ + B) E a) nKx = x2 - 5,
UK) = & —6x + 7, B)TI(X) = X3 + 6, U(X) =—6x+27 9]
mx) =6x°+6x +6, ux) =a+6kaa=-6 2x+3
Mapatneriote 61t 10 euBaddv Tou dwuartiou eival
45x2 + 56xy + 16y?, Mrkog = 9x + 4y.

1.8 E.K.IM. akepaiwv alyeBpikwv
napaotdoewv

E o EXN = 72¢%0 MKA. = 6xyw?, B) EK.
30ax?yiw?, MLKA. =5, y) EKI = 24xy3(x + y)?(x —
M.K.A = x(x +) a) EKM.=12(x+y) (x-y)%, M.K.A.=2(x~
B) EKM. = a@@ - @ - 2@ + 2), MKA = a -
y) EKIL = a?(a + 1)(a-1)% MKA. = a(a-1).

y),
y),
2

1.9 Pntéq alyeBplkég mapaoTaoelq

a)x¢4, B)yaé% Yo #-1, ) x#0kax # 3
Ho: B% )%, 5)%, g)1, o) -1, C)ﬁ n) 1
805 98 v 5 08 X 1
T R LR R
Ho o5 o6 gyfg v) 0)2:11’ 5 &% B H ugon
TaxutnTa efva % _ & Zt 2t

1.10 Mpd&elg pntwv napactdoewv
A. MoA\amaotapédg — Alaipeon pntwy mapactacewy

& 4% a 3w 6
) Wv B) 4_y’ Y) 3 d) Ev ) Rt oT) l
4x2 = —1 8
A o) 5 B g, V) g 9 20x Bl 7o
X 1 X+1 y+3 _ 1
Y)O)(X-H.O) )Cl )va)m ad @) 3, B) -1.y) ——

Arnavinoelg — Yodel&elq Twv MPOTEIVOUEVWV AOKNOEWY KAl TIPORANUATWY

(x+2)2

—2 1
; B) 2(x+3)?

1
3) FARURl > EP e

m £) Y)

B. Mpdobeon — Apaipeon pntwyv nmapactdoewv

Mo o oy v 3 9 gy

D1 B~ V) 5 O g & o 9 arg
Q-1 B LT 8 g B X2
B) Xf’ W oy Blayic B2 v L

O+B E a) Na arhoroioete 10 kAGopa, B) Na epapud-
oeTe MV (Q) yla x = 56,y = 44 B) Na epapudoete v
(@) yla x = 100

levikég aoknoelg 1ou kepahaiou
—% Na AdBete undyn oag ot 2v+1 eival mepittog,
eva o 2v elval 4pTog A=4 B=3 B) Mapatnperote
611 P(-99)=P(1-100)
oto B’ péAog,

=P(100) a) Na kdvete Tiq mpdelq
B) Na xpnoluoromoete 10 (Q),
, E a) Na xpnotdomoloete Tnv
@+ p)?*-
q) a) Anode(Ete Ol (x-y)(x+Yy) (x*+2)=0, B) AnodeiEte

Y) Na
xpnoluoroirjoete 10 (B)

Tautéta o® + B = 2aB, B) Na xpnoluoromoete

o xy)2x+y)=0 B a) x+1)x+3),  (x+3)(x-1)
— 3 p
B A = TR E B) Na xpnotworojoete 10 (a)

(1) R=4x+1, B)R=4x2+1 a) K2 + K = K(K+1) kau
évag arnd toug duo eivat dptiog, B),
10 (Q) a) x5-1=(x-1)(C+x*+x3+x2+x+1), va Béoete x = 7

y) Na xpnotuornoloete

B) X3+1=(x+1)(x*x3+x>~x+1). Mapamprote ot 2'5+1=
=(2%)°4+1=8%+1 Kal va Béoete X = 8.

a) Na kdvete TIq ipdEelg oto delTepo PEAOG.

KepdaAalo 20
0

2.1. He&lowonax + B =

a)x >

a) x = -1, B) Tautétra, y) AdUvam, &) x = 2 0
apBude 6 Nev uropel yiatl eixe 60 € Av midpoupe

— 2 B) AdUvam, y) Tautéma, 8) x = —23

Tuxaio aptBud x, Téte mpokUTTTEL 1) eElowon 0x = 0 (Tautdtnta)
E >e 2 OpeQ.



E€&lowoelg deutépou Babuou
A. Eni\uon e&lowoswv deutépou Babuou pe
avdAuon o€ YIVOUEVO TTapayOVTWV.

Qx=4r1 x=
= =
no=-z
G Aon), B a)x=0 1 x=7, B)y=
YYo=61 o=-6 0 Adlvam, & ¢ =4 1§ ¢ = -4,

o)z=01z=3F 9gx=01 x=1, B)x=0 1

-1, By=0ny=-5 yyw=3
1
2
-9,

J)x=0Nx=7 ¢€y=0y=6010=

0onys=

X =—4, y) Adlvam, d) x =0 1 x = 18, a)x:1r']x:%,
o) x=0 1 x=-2V3 a)x:—% nx—%
By=7"ny=-5y)o=41N 0o=-4 a) = 2 (dmA\Y
Non), Bly=3ny=-4 yo=5n1w=-3 dt=2n
t:% e p=1n cp:%,m)z:—1 n z:%
B ox=-1 @mason), B)y =2 15 y = -2 (3 Addon),

y) Na aviikataomoete 1o 2006w pe 2007w — w, w = 1 1
w=-2007. M )x=a 1 x=B B)x=V3 f x=-1.

B. Emni\uon e&lowoeswv deut€pou Babuou
pe TN BonBela Tumou.

inoepd: ¥-x+2=0, a=1 B=-1, y=2. 2noepd:
X-2x=0 a=3 B=-2, y=0. 3noepd: x>+ 1 =0,

-1, B=0,y=1 Ax=-1Hx=2 By=-11

= A :—§ = A :l =
Yyo=2n1nw 2,6)2 1nz 2,s)t

1
5
-3 (B Adon),

1
7
(ButAry Addon), oT) x = % (®tA Adon), Q) x =

y:

nx=-11n x=5, G)Aéovam Qx=0n x=7,
Byx=41x=-4 & a)x:1r’]x:%, Byy=-11n
y =5, vy)® =4 @&\ Adon), 8) Asivam Bl o) x =2 7
X = %B)y——(émm)\uon) )t*1r’]t:%,6)w:\/7§

fw=23 B ox-2x+6. 8 3ly-2)y-1.
V) 2@-1o-2), 3 x-87 &9y +2) o9 -(@-57
a) Eval A = (2a-1)2= 0, B) EvalA = (@-B2 =0
E Na delEete o1l a? = B2 + Y2

2.3. MpoBAnuata eElowoewv deUTEPOU
Babuou
A x=10m,B)x=7m, yY)x=4m, ) x=6m Q)

Arnavinoelg — YIodel&elq Twv TPOTEIVOUEVWV AOKNOEWY KAl TIPORANUATWY s

4,8)6,Y)3 2.dm 50 m 5kal7 1 -7 kal -5
E O1 oelideg elval 22 kai 23 16 ouddeq E X=2
E 35 kat 2 18 cm, 24cm 3m R 4m
6 sec, 180 m.

2.4. Khaouatikég eElowoelg

a)x =5 B)y=-9 y)adlvamn, d) a =2, &) x elval

oTIol0odNTOTE APIBUOG e Xx#3, oT) aduvatn a)x =1

N x=3, B)y=5ﬁy=%, Vo=11w=-3 §a=3

N a=-2 ¢ adlvam, ot)y =4 a) x =10, B) y eivat
omoloodrmoTe aplOuog e y#2 katy#-1, y) aduvam, ) a=1
a)y =2, B) adlvam, y) x=01 x=3, d) a = 1

7
H ox- 4WX2*4BX_GEGV—m B R CLBEY
v)S =B, 5)T1——|1)M\1/I2-,8)R %oﬂ _25_1(6’
Q) v = BE?;,n))\:%. 7 &) )4Kal4 B) 5,Y) 6 kat 8
B o- 7 B2 - 290 1y x= 10
.12 _02 —25,x=1,2gr/0m3%:%_3,
x=10 @20 210 - T eokm.

2.5. Aviodtnteg — Aviowoelg pe gvav
ayvwoTo

Mapampenote ot 3@ - B) - 2(a + B) > O
a) MoMamAaotdloupe kat Ta dUO PEAN pe To -5, Kal
otn ouvéxela agalpolpe kal amd Ta duo péAn 1o 30, B)
MoA\arAaotdlouple Kal Ta OUo [EAN Ue TO 3 Kal OTn OUVEXELD
mpoaBgtoupe kal ota dUo uéAN To 18, y) MpooBEToupe Kal
ota dUo PéAN To 4 Kal ot ouvéxela TToAanAactaloupe Kal
Ta OUOo EAN |J€TO2 a0<a-2<4, B)-1<2a-5<
7,¥)-5>1-38a>-17 a), B) Na xoenoluomnotroeTe TIq
1Blomreg e didtagng, y) Mapammpenote 6t 2a < a + B, d)
Mapampriote dtta + B < 2B Kal E Na xpnoluoroiioete
TIQ 1d16TNTEG TN dldta&ng i Na moManAaotdoete Katd pEAn
TIC aviodreg a > B kat a > B B a) Na moAamAaotdoete
Kal Ta OUo ueAn g aviodttag a > 1 ye 10 a, B) Na
TTIOMaMAQCIdoeTe Kat Ta dU0 PEAN TNG aVIGOTNTAG X > 2 LUE TO X2
E Na daipéoete Ta pPéAN g aviodtntag a > B ue ap > 0
a) Mapatnprote 611 x—3>0 kal y —2<0,

B) Mapatmpnote Ot xy + 6 — 2x — 3y = (x-3)(y-2)

a) Mapatnpenote 6t (x — 1)2 = 0. H 1o6tnTa 1oxvel dtav
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x =1, B) Mapatmnpnote 6t (x —y)? = 0. H 1ootTa 1oxuel dtav
x =Y, Y) MNapamperiote 1t X% + (y — 1) = 0. H .oétnta 1oy Vel
otavx =0 katy = 1. a) H aviodmra vivetat (x-1)2= 0,
B) H aviodétnta yiverat (x + 1)2 =0 126 R&] Meta&y
126 € ka1 145 € f 16,51 <B < 19,10 - var [flf a) x > 1,
B) x < -5, y) aduvatn, d) x < —4, €) aknBeUel yla kABe TN
Tou X, 0T) x>0 a)-4<x<9 B)x>-2 y)x<-=2

x=3.

Fevikég aoKnoelg 20u kepahaiou

a)x =-a-3, [3)x=—[3x:3,y:5 15 kat 16
c)x:—%q, B)x=% ><=2 E Na kdvete ™

dlalpeon P(x) : (x — 3) kat ot Adoelg eivat 3, -1, -5 2 ka3
E 19m kat 21m E Mubaydpelo Bewpnua ota Tplywva
ABA, AAT, ABI, omtéte x = 9 [l8] Mpoadiopiote To mpdonuo
g dlagopdg Toug, étavaB >0, aB <0, aB =0 a) Na
KAvete TIQ TiPdEelg oTo MPWTO PEAOG, B) Na XpnoluoTIon|oeTe
10 () MoA\amnAaotdote Kat Ta OUo WEAN pe v(v + 1) (v +
2)>0 a) Na xPnoLUoToIoeTE TNV TPLYWVIKY aviodtta
a+ B>y, B) Na XpnolUOTIOMOETE TIQ TOLYWVIKES AVIOOTNTES
a<B+ykaa+y>B, v)Naxpnoluomnolroete KUKAIKA TO
epdmpa (B) Mapampriote

ot %>1 Kal %>1 H diakpivouoa eival A=5a(a-4)> 0

Mapampriote 6t (a-1)24+(B-2)? + (y-3)°=0, ondte a=1,
B=2 kaly=3 Mapatmpriote 6Tl A=(0-5B)?+2(B-2)° = 0,
n eAdxiot g A efval 0 étav a=10 kat =2 H e&lowon

’ - 1 1 1 1 =
yivetar (x 2020)(2001 " 2008 * 2005 2007) o

ondte x = 2020.

3.1 H évvola tng ypauuikng e&lowong

el & Il & a)A=4 a) A3, 0), B0, 4),
BIE=6 ] o) 2 2, B) & B B) Sxnuariteta opboydbvio
e euBadadv 30 B AA=2, BA=1 Q) X + 2y = 4,
) 15 emd B 2x + 3y = 25, (2,7), 5, 5), (8, 3) (11, 1).

3.2 H évvola Tou YPAUUIKOU CUCTANATOG
KAl n ypagLlkn emniAuor tou

a) 3.2, B) (1.3), ) (0.0, 3 (1. 1), &) Adptoro,

ot) AdUvarto a) Kapuia, B) Arelpeg, y) Mia a)0
m/sec, 10 m/sec, B)t = 10 sec, u = 20 m/sec a) 1n
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neplmtwon: €, 2n meplmwon: €,, 3n nepimtwon: &;, B) 24
aywveg, Y) 2n, 8) 90 €, €) 1n meplmtwon: av mapakoAouBroeL
HEXPL Kal 6 aywveg, 2n TeplmTwon: av apakoAoubrioel arnd
6 UEXPL Kal 24 aywveg, 3n TeplmTwaon: av mapakoAoubroel
and 24 aywveg Kal mavw.

3.3  AAyeBplkn emihuon ypauuikou

OUOTAMATOQ
Ax=9,y=4 Bx=2y=-2 Yx=3y=2
3) x =1, y = -1 a)x:11,y:26,[3)x:%,y:—%,

Y) x =y =0, & adivaro a x=y=4 B)x=-3
y=-=2yx=5y=4 B ax=0y=-2 px=3
y==3 Baoa=18=-1,po=29==5yx=-=2
y=1 E a)x =1,y =2, B) NMoMarniaotdote Ta PEAN TS
MPWTNG e&lowong Ue To —2 Kal MPOOHETTE KATA PEAN, a = 2,
B = -6, y) MNoAamhaotdote Ta pEAN g mpwg eowong
e 3 kal ipooBéate Katd pEAN, w=0p=3 [ M(175 %)

ﬂ Kolvé onueio Twv &, Kal &, eival To (-4, 2), Kovd onueio
TWV €, KAl & efvat To (3, —5) kat kowvd onpelo Twv g5 Kat g, elval
10 (8,10) Y 45 a1 55 a=5, B=1 a=-1, p=1
A=5pu=7 m=20cm, vy =230cm 500
TV 2 KAWV Kat 300 Twv 5 KIADV ®uolkn) 19 kat Xnpeia
13 35 cmkat 23 cm 0=16,u=24 250 kau
150 Aftpa U, = 20 m/sec kal a = 4 m/sec® — 2e 5 sec
E 845 autokivnta kat 100 POTOCIKAETEG 10 Kat 2.

levikég aoknoelg 3ou kepahaiou

Aduvato av K # 1 kat adploto av K = 1 A= 5kal
M==2 a=2KQIB=1O a)x=y:1,B)x=y:—2
Qx=1y=2 1 x=4, y=-4), B)x=-2kKa
y =-1, y)x:y:% E83KG[17 )\:2K01K:1
E 11 cmkat 7 cm E 9 ka4 A’ Bgon: 50 elompla
— B’ 6¢on: 300 eommjpla 64 75 32 m Kal 28 m

30 Aertd kaw 15 Aerttd 75 km/h kat 60 km/h
25 m/sec kat 120 m R, = 4Q, R, = 6Q.

KepdAalo 40

41 Houvdpmmony = ax?pye a #0

Kal Epyaortelte onwg oto mapddelyua 2



_ 1 _ 1 2 3 _3 _
By--1x y=1x .A( -9), (E' 9)
A=0 E A=-2 . a) Na kdvete Ta dlaypdpuara
E = %UZ, E = 3
(LikpdTePN), Y) Ekelvo Tou €xel pdla 4 (ueyaAutepn).

E = 2uv? B) Ekelvo mou €xel udla 1

4.2 Houvdaptnony =
a#0

), B) Epyaoteite énwg oto napddetyua 3 24 a) EAGxiom
T =1, B) Méylom tun 5, y) Méylom try 7 x=1,x=-3
MNapatmperiote ott loxUely > 0 yia KABe Tiur Tou X Q)
A=2 B)(-1,0), (20,02 B 10 Mapamprote
=47 =4+ 4B +Yy B =

ax? + Bx + y ge

ot —

H «

(20, 1

nofm

-8kaly =9

=

MNapampriote 6Tl —-2% = 20 kat Ta onpela (0, 0) kat

o

) avrikouv otnv tapaBoAr, B) 7,6 m—N(10, 7.5).
Fevikég aoknoelg 4ou kepahaiou

y:i%XZ H.-0 H A

y =2x-8x + 5 4 a) MNapamperote 61t Al=10-x > 0,

~ 1), B(3, -9)

Y) To epBaddv yiveral péyloto, dtav x=y=5 cm
BcE=-6-03+x%, x=15m Av AM = x, T6te
E= 2x>-20x+100 — >10 uéoov Tou AB E a) Mapatnpenrote ol

72% = 2 kal Ta onueia (0, 6), (2, 8) avrikouv otnV aPaRoAY),

B) 4m E a) Mapatnpnote Oty = ax? + 6 Kal To onuelo
(8, 0) avrkel otnv tapaBoAr|, B) Mpoodlopiote TNV TETAYUEVN
ToU onpelou Tou éxel TeTunuévn 1,6 kat Ba Bpelte 5,76 m.

5.1

a)A={55} BB={5} y)I={101,2 3,4}
8)A={123,4 6 12} ACK FCK A=AB=M
A={1, 2, 3}. YmoouvoAa tou A eivau: {1}, {2}, {3}, {1, 2},
{2,3},{1.3A@ A=1{(04),(13),22),31), 407}
a) A = {nepirroi Quolkoi apibuol}, B) B = {ypduuata
™mg AéEng totoplal, y) I = {Ynola Tou apiBuoy 20}
BoAuB=1{1245286, BANB-=/{2 4}
Y) A'={3, 6}, ) B'={1, 3, 5} a) A={a, A v, & B, p},

B={p,pevat F={ANaol, BBUT =
{0,0,6V,0, LA}, ANB={a,v,& p}, ANT ={a, A ¢},
Y) ADBUT = {a,\Y,¢p} ﬂ aANB, PRYAUB,

>UvoAa

Anavtrioelg — YIodei&elq Twv MPOTEWVOUEVWOV AOKATEWY KAL TIPOBANUATOV s

vVANB, A NB BN a Eval abAmig Tou otiBou 4
@ottng Tou Maveriomuiou, B) Elvat abAnt|g Tou otiBou kal
Qoimmg tou [Maveromuiou, y) Aev elval aBAnmg Tou
otiBou, 0) Aev elval gportnmg Tou Mavemomuiou, €) Elval
aBANTAG Tou oTiRou Kat OxL poltnTrg Tou Maveriotnuiou, oT)
Aev elval abAnmce Tou otiBou aM\d eival @ortnce Tou
Maveruotuiou, C) Aev eival olte aBANTQ Tou otiBou oute
@ortn¢ Tou Maveriotnuiou.

5.2 Aeltypatikég xwpog — Evdexdueva

Q = {om, oA, T, TA, VT1, YA} Q = {KKK, KKT, KK,
KIT, FKK, TKT, ITK, TTT} AB, AT, AA, BA, BI, BA, TA,
B, A, AA, AB, A" B a) Q = {K, A, M}, B) Me Tpelg 10
oAU Kivrioelg, y) Me duo kivroelq a) Q = {AE, AZ, A3,
KE, KZ, KX, ME, MZ, MZ, TE, MZ, NZ}, B) A = {AE, AZ, KE,
KZ, ME, MZ, TE, T1Z}, B = {AE, AZ, A>, KE, KZ, K2, TE, T1Z,
s} B o9AUB=1{0123459} BANB= {1,

3}, Y)B =1{6,7,8, 9} Q) {2642, 2672, 2842, 2872,
2042, 2972}, B) A = {2672, 2872, 2972}, B = {2642, 2672,
2842, 2872},

5.3 ’Evvola mbavotntagq

6 3 o 40 _
Ho2 s Box BZ HPrPy-

PB) =2 PO =23 B ol B)% ) 13, 8) =
2 1 6 13 12
—_ 7 = = _=_

&l 8 PR 36° PE) 36° E 25" 24

E1n25‘7.1. B 28% %f]SO%

levikég aoknoelg 50u kepahaiou

a) Q=1{01223456728, A={0 2 4, 6 8},
B={1,24,8}, BAUB={0,1,24,6,8} AnNB= {2, 4,8},

={1,3 57} B ={0,3567} Y)i)PA = %
i) PB) =5, i) PANE = 3 MPAUB =S
%’% a) n ypapun: 12, 36 - 2n ypauun: 18, 14
B ) g g5 W) og5 M g 4] 2

3y 4 6 2 )
S B % A 8 H=2
. Z N 75% E Q) 5 B) 5 . 10 E Aev sival
owoTés, agoy, P@8) =  evi P(7) = ..

B 36 36
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MEPO> B' — TEQMETPIA — TPITQNOMETPIA

1.1 lootnta TpLydvev

Na ouykpivete Ta Tpiywva ABA, ATE (M- - )
Na ouykpivete ta tpiywva OAZ, OB, (M- -T11) Na
ouykpivere ta Tplywva ABA, AFE (I — T — 1) Na
ouykpivere Ta Tplywva OAA, OBl (M- -M) Ta plywva
AZE, BAZ, TAE elval ioa (M -T —T7) E Ta tpiywva BIA,
BI'E eivat (oa (M-T—-) Ta tplywva ABIT, AI'A eivat (oa
(r=n-n) E Na p€pete pia dlaywvio Kal va ouykpivete Ta
Tplywva mou oxnuaticovrat E a) Na ouykplvete Ta Tplywva
ABA, AB'A (T-M-=T), B) C-MN-T) (M=1-1
Na ouykpivete ta tpiywva OAB, OAT (M- -T1)
Na ouykpivete Ta Tpitywva ABA, ATA (M- -T1T) a)
Na ouykpivete ta tplywva ABM, A'B'M’ (M-T1-T11), B) (1N
- =T a) Na ouykpivete ta tpiywva BAM, TEM (11
=1, B) (M-n-rn Na cuykpivete Ta opboywvia
Tplywva ABA, ArE Na ouvykplvere ta opBoydvia
Tplywva ABI, AFA — Idiétnta ™G UecokaBgTou Na
OUYKpivere Ta opBoywvia Tplywva ABA kat EBA Na
pépete AA” L e, BB’ L e kal va ouykpivete ta Tpiywva
Tou oxnuatiCovral a) Na ouykpivete ta opBoyivia
Tplywva ABA, A'B’A’, B) (T=T-T) E Na ouykpivete ta
opBoywvia tpiywva OAM, OFN. Nat, 1oxUel To avtioTpopo.
Na pépete TIg xopdEg BIN, BA kal va mapatmeroeTe Ol
Fr= A=090".

1.2 Adyog eubuypdUUWV TUNUATWV

Na epapudoeTe TO BeDPENUA TWV (OWV TUNUATWY LETAEU
MapalAwV eudsldv B) i) % i) 2, i) 2, iv) 2,

6
Hozpl vE Bal

g B a) Na epapudoeTe T OXETIKY TIPATACN TOU

2
B V>

AB Al
AE S AM =2 Mapatner-

ote 61t BM, AM eival diduecol opBoywviny TpLywvawy Tou

loxUel oe Tpiywvo, B) Eival =

avtiotoyouv otnv (Bla uroteivouoa. E Na pépete and

T0 péoo NG AA TapdAANAn Tpog TIG BAcelg Tou Tparediou.
1.3 Oewpnua OaAn

BZ=7 BZ=3,2, ZM=4,8 x=12 [§ or=1s,
EZ=12Bx=75 ok=15 kr=9 [ x=108, y=6

OA _Or

E MNava eival = OB~ OA pia Adon etval OA = 62 kat O =31

262

ArtavTroelg — Yodel&elq Twv MPOTEIVOUEVWV AOKNOEWY KAl TIPORANUATWY  mm—

1.4 OupoloBecnia

B) i) 1,5 cm i) 6 cm
6.cm, 8cm, 10 cm
K A'=90°, B =F"=45°
kat A'B" = AT" = 6 cm,
B M N r BT =6V2cm

n Mapatnperiote 6TL 0 opoldBeTOq KUKAOG Ba €xel TpIMAdoLa
activa B Eivar foa a) A’(-2, 2), B'(4, 4), (0, —4).
Efvat dimAdoteg B) A”(=3, 1), B"(3, 3), (-1, -5). Oxt

E Mapampriote 6Tl To AE eival opoldBeto Tou Bl e kévrpo A

E Mapatnper|ote 6Tl To KEVTPo opoloBeaiag eival To

onuelo Toung Twv A’A, BB kai 0 Adyoq opoloBeaiag sivat %

fom ]
Kat AGyo 3

1.5 Opoldénta
A.  Opola moAUywva

Bl 5t B’ nepirmtwon a)x =42cm, B)x=50° Oxt.
Aev elval ol TTAeUpEQ avaloveg Eival opoléBeto tou ABIMA

e kévtpo K kat Adyo % a) AEKH opoté6eto tou ABIA e
KEVTPO A Kal Adyo % B) KOI'Z opotéBeto tou ABIA pie k€vipo
[ kat AGyo % KOrz ~ ABMA ~ AEKH [ 120 m, 1: 4000.
B. Opowa tpiywva

a ) x = 6cm, B) x = 6Ccm, y) x = 3cm AA=6(:m

.a |OXU8l2é AE , B) Exouv ywvieg (oeq .AB 48 m

Bx-4 Emm .x:10cm Bi7om

1.6 Adyog epupadwv opoiwv oxnUATWY

29_5 SOCm2 .25(pop8q .a % B) %
foe By (2 En — 2 16
I'IapampnOTs ot —EL = (3) Kal —E2 7( ) Ea 5

% a) To AEZ eival opoléeto Tou ABI™ pe kévipo O

(BEZ) _ (1} 2
(ABN) (E) E a) 57,6 cm?,

El 69% 36%.

levikég aoknoelg 1ou kepahaiou

Kal Adyo % B) Eival

B) 22,5 cm?

Na amodeiEete 611 Ta Tplywva BAA kai EAl sival {oa
a) Na ouykpivete Ta opBoywvia Tpiywva AAZ kat ABE,

B) Mapampniote ¢t AAZ = EAB Na ouykpivete ta



Tplywva ABH kat Br'Z Na ouykplvere kat’ apxnv Ta
tptyova BrM, BT'M’ Bl a) OA= 9,6 cm kai OF = 12,8

cm B6v2em E36cm® Bao) 2 g)10cm EX1em
a) Na xpnoluoToloeTe 1o Bewpnua Tou Oaly,

B) Mapamprote 61t (AEHZ) = (ABM)—(AAE)—~(BAZ)~(TEH).

2.1 Tpwywvouetpikol aplBuol ywviag w ue
0° =w=180°

_ 4 _ 3 _ 4 =12
Bl o) nuo = £ oo = 2. epw = 2, B) nuo = 3£,
ouvw = — 153 ePw = — 152 Y) Nuw = 1, ouvw = 0, epw dev
optZsml. a) 2, B) Nuw = %5 ouvw = —\/Tg, ePW = —2
nevs 5 B o M-, V3, B nuizo= Y2,
ouvi120° = 7%, epl120°= -V3 a) Na cpépsTs
MK L x'x kat mapampenore 6t MK = 1, B) nu150°=

?
ouv150° = 7\/—? s(p150°:7\/§ 6 O 3, B) nuw:§

2 8 4 5
ouvw = —% Mapatnpnote 61t 2,(10, 7) kal 2,(20, 18),
5,05, =7°.

2.2 TpywvoueTplkol aptdBuol mapaninpw-
MOTIKWOV YWOVLIWOV

V3

Bl o) nu120°= 22 ouvi20°= - L, ep120°= V3,
B) Nu135°= \/TE ouv135° = 7\/75, ep135°= -1,
Y) Nu150°= 2 owv150° :—\/—5 ,ep150° :_\/Tg

B o) Napampriote 611 108°+72°=180° ka1 77° +103° =180°,
180° a), B) Na

QVTIKATAOTNOETE TOUG TPLYWVOUETPIKOUG aplOpolg e TIG

B) Mapampenote 6t 122°+ 58° =

TIWEQ TOUQ Mapatneriote 61l oe kdBe TepimTwon ol
yovieg eival naparnowpatikée Bl a) 45° 1 135°, B) 30°
H 150°, y) 30°, &) 120°, €) 120°, ot) 45° B Napampriote
0Tl ol dUo ywvieg evédg mapalnAoypdupou eival {oeg 1

TIAPATANPWUATIKEG — OXL a), B) Mapatnperiote Otl
A+T = Enpw=%,ouvw=%scpw:%m1
W, O TIAPATIANPWUATIKES YwViEQ E Na @épete 10 UPog
AK, nuw = 3\1/?, oww = 1—\/Z epw = 3V3 kal , ®

TIAPATIANPWUATIKES YWVIEG.
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2.3 2x€oelg ueta&u TPLYWVOUETPLKWY
aptepc()v pth ywviag
2v2

nouvw— T3 €W = 12 .nuw— , epw = —2V2
A=0 Na BydAete

Kolvd Ttapdyovta a) To Nuw, B) To cuv?w E a), B) Na

3 4
3 = 2 =
H nuo = oo = =

QVTIKATAOTNOETE TA X, Y a) Na avTikataotroeTe 1o NpPa
pe 1 —ouvla, B) And toug dUo TIPWTOUG 6PoUC va BydAete

Kolvd mapdyovia To nula E a), B) Na avartuEete TQ

TAUTOTNTEG E a) MNapatneriote OTL ePX = n“); B) Na

QVTIKATAOTHOETE TNV EPX LE % K8 o) Napampriote 6u

ouvx =1 —nux = (1 = nux)(1 + nux), B) Na xenaotuorotr-
O€Te TNV TAUTOTNTA EPX = Q— al, B)2 Q)
Mapatnpenote ot ep70° = MH70 _ yoi 70° + 110° = 180°,

ouv70

nu40
v40°

B) Mapampeniote Ot ep40° = Kat40° + 140° = 180°

Na avrikaraotrjoete Touq TplYO)VOpSTleOUQ aplBuoug
TV yovidv a = 30° kat B = 60°
Mabnuatiké aiviypa: Emedn ()\+1 ) +( _iit\ég

A+3
w>90° eivat A=1 kat w = 150°.

2
)=1 Kal

2.4 Nopog Twv nuItévwy — Népog tTwv
OUVNULITOVWV

Elo22 B5v6 y)4ave Bla) 90°, B)30°,y) 90°
BoA=-45"ka F=105" 13 A=135"«kaf =15°,

B) B=45"«ka A=75° Na xpnotuorooete Tov
VOUO TWV NUITOVWY Mepimou 448 m E Ané Tov véuo
TOV NUITOVWY TPOKUTTEl NUA = V3 mou elval aduvaro
F,~644N kat F,527N 2906 m Ela) 5
B) 120°, v)2,8) x=90° B =v =3 EH10V3cm
BB Ar =13, BA = Va7 BB Eixe dikio. Na xpnotornonjoete
TOV VOUO TwV ouvnuItévwy. To uriKog TNg onpayyag frav
157,19 m EE126°.

MevikEQ aOKAOELg 20U KePalaiou

n a) Na kdvete TIc PAEelg oe K&Be pEAog, B) Na KdvsTs
OpWVUA Ta kAdopata oto 1o péAog owvw = —-2 kal

13
AM = 15 Eivat AAT = ATA. Eivat AA = 10V6 cm.

a) B) Na xpnOoloToIceTe TOV VOUO TWV NUITOVWY,
Y) Mapatenote Tt NUE = NUW B) A = 120°,

(ABIN) = 60V3 m? a) Na xenolUoToIOETe TOV VOO TWV
nutévewy, B) Evainu®B + M) = owwB -T) = 1 a) Na
XPNOIUOTIOMOETE TOV VOO Twv numévwy, B), y), d) Na
XPNOIUOTIO|OETE TOV VOO TWV CUVNIUITOVWY Eivata =
6, =5 y=41nNa=5 p=6 y=4 E Mepimou 65 m.
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Bdaoei Tou v. 3966/2011 1a di1dakTIKA BIAia Tou AnuoTikou,
Tou [upvaaoiou, Tou Aukeiou, Twv EMAA. kai Twv EMA.Z.
TuTTwvovTal atd 1o ITYE - AIOGANTOZ kai diavépovTal
dwpedv ota Anudoia ZyoAeia. Ta BiBAia ptropei va
dlaTiBevTal TTPOGg TTWANGCN, OTav QEPOUV 0T OEEIR KATW
ywvia Ttou gutrpoaBé@uAou Evdeitn «AIATIOETAI ME
TIMH NQAHZHZ». Kd&B¢ avritutto 110U diaTiBeTal Tpog
TTWANGCN Kal 8ev QEPEI TNV TTAPATTAVW EVOEIEn Bewpeital
KAEWITUTTO Kal O TTapaBATng SlwKETal CUPGWVA HE TIG
dlatagelg Tou dpBpou 7 Tou vopou 1129 1ng 15/21 MapTiou
1946 (PEK 1946,108, A').

ArmayopeveTal n avamrapaywyr OTToIOUOATTOTE TUNRMATOC
autou Tou PBiBAiou, moU KaAdmTETQl aATTO  OIKQIWUATA
(copyright), N n xpNnan Tou o€ OToIAdNTIOTE HOPYH, XWPIS
N yparrh Géeia tou Ymoupyeiou MNaideiag, Epeuvag Kai
Opnokeuudrwv / ITYE - AIOQANTO:Z.
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