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KE®AAAIO 1°: OPIO — $YNEXEIA YNAPTHZHX

1.1 IIPAI'MATIKOI APIOMOI
1.2 YYNAPTHXEIXY

1. 'Eotw A €va uttooUvoAo Tou R . Ti ovopddoupe TpaypaTiKil ouvdpTnon e medio opiopou 10
A;

Atrdvrinon : (2005 EZzIN. B, 2018B, 2019)

‘Eotw A €éva utmrooUvoAo tou R. Ovopdloupe mpaypaTikl ouvdptnon pe medio
opiocpoU 1O A pia diadikacia (kavova) f , pe TV omoia KABe oToIXEiO XeE A
avTioToIXi(eTal 0€ £€va HOVO TTPayHaTIKG aplBud y. To y ovouddletal TiuA TG f oTO X KaI

oupBoAiZetar pe  f(x).

ZXOAIa :
MNa va ekppdooupe Tn diadikacia auTth, ypaeoupe : f:A—>R, x— f(x).

e To ypdupa X, TTOU TTAPIOTAVEI OTIOIOONTIOTE OTOIXEio Tou A AéyeTal ave§dprnTn
METABANTA, evw TO YPAUUA Y, TTOU TTAPICTAVEI TNV TIWA TNG f 01O X, AéyeTanl e§apTnUévn
HeTABANTA.

e To medio opiopou A Tng auvapTtnong f ouvnBwg oupPoAifeTal pe D, .

e To oUvoAo mou €xel yia aToixeia Tou TIG TINEC TNG f o€ OAa Ta X € A, AéyeTal oUvoAo
TIHWV TG f kKai oupPBoAiletal ye  f(A). Eival dnAadn:

f(A)={y|y=f(xX) yiakamoio xe A}.

2. Ti Aéue ypOA@IKN TTAPACTAON MIOG ouvApTNONG f ME TTESiO OPICHOU TO CUVOAO A ;

Armrdvinon :

Mpagikn TTapdotacon TnGg fAEuE TO OUVOAO Twv OnNeEiwv M(x,y) yia Ta OTroia I10XUEl
y = f(x), dnAadr 10 oUvoAo Twv onueiwv M(x,f(x)), HE xeA.

ZXOAIa :
¢ H ypagikr) Tapdotaon Tng f kar cupBoAideTal cuvABwg pe C .

e H egiowon, Aoimoy, y =f(x) emaAnBedetal povo ato Ta onpeia ng C,. Emopévwg, n y = f(x)
eival n e€iowaon Tng ypa@ikAg TTapdoTaong Tng f.

o ETmeidf kdBe xe A avtioToixifetalr oe éva poévo yeR, dev umdpyxouv onueia NG
ypa@ikng Trapdaotaong g f pe tnv idia teTunuévn. Autd onpaivel 011 KABE KATAKOPUPN
euBcia €xel pe Tn ypa@ikn mapdotacn tnG f 10 TTOAU éva Koivé onueio (Zx. 7a).

‘ET01, 0 KUKAOG &€V ATTOTEAET YPAPIKN) TTOPAOTOON OUVAPTNONG (ZX. 7).

y; yk @

P Hx [6) \+h/ X

@) 5
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e Orav diveral n ypagiki mapacTacn C, piag cuvaptnong f, 1o1e :
a) To medio opiopoU Tng f gival To cUVOAO A TwV TETUNUEVWY TWV ONUEiwv Tng C, .
B) To ouvoho mipwv Tng f ival To gUvoAo f(A) Twv TETAYUEVWY TV GNuEiwv Tng C. .
y) Hniun ingfoto x, € A givai n TeTaypévn Tou anueiou Toung TG gubeiag x = x, Kai NG C,

(ZX. 8).
y y X=Xo
E Ci
L )
Ol Ol )I(o X

#) 6

e Ortav divetal n ypa@iki mapdataon C,, yiag auvaptnong f ymmopoulpe, emiong, va
oXeOIAO0UNE KAl TIG YPAPIKEG TTAPACTACEIG TWV guvapTAoewy —f kal |f].

O

y=f(x)
\ M(x.f(x))

<

7

a) H ypaogik mapdotacng tng ouvdptnong -f  eival
OUMHETPIKA, WG TIPOg Tov dAfova x'x, TNG YPOO®IKAG AN
mapdoTtaong Tng f, yiati amoteAcital amd TA OnuEia 5 > — *
/\\ j/ \\
Mx-(0) \

M'(x,—f(x)) TTOU €ival CUPHPETPIKA TwV M(x,f(x)), WG TTPOG

: 'x. (ZX. 9).
ToV agova x'x. (ZX. 9) / \y=-f(0

Y O,

N
AN
B) H ypagikn TmapdoTtacn Tng | f| amoTteAcital amd Ta y=If (0] . y=f(x)
TuAuara g C. Tou BpiokovTal TTAvw amd Tov dgova \\
x'x Kal ammd Ta CUMUETPIKE, w¢ TTPOg Tov Géova x'x, O/ X
Twv TUNUAatwyv Tng C, Tou BpiokovTtal K&GTw amd TOV
agova autov. (£x. 10). /

v) H ypagikr rapdoTtacn Tng cuvaptnong Y = T (—X) eival ouppetpikh wg TTpog Tov dfova y'y Tng
yPAQIKAS TTapdoTacng Tng ouvaptnong Y = f(X).

3. Na xapdageTe TIG YPAPIKEG TTAPAOCTACEIG TWV BACIKWY CUVAPTATEWV
a) f(x)=ax+p B) fF(X)=ax’, a=0 y) f()=ax®, a=0
8) f(x)=", a0 £) 10)=x, g0 =+fx.

Amrdavinon :

O1 ypagikég TTapacTAoEIS QaivovTal TTAPAKATW :
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a) H moAuwvupikn ouvaptnon f(x) =ax+ f

ped

N

[¢) X ) \ X [¢) X
a>0 a<0 a=0
B)H ToAuwvupiki ouvéptnon f(x)=ax®, a#0.
n n ®
0 X
0 X
o>0 a<0
y) H moAuwvupiki ouvéptnon f(x)=ax®, a#0.
y y ®
o X 0 X
>0 a<0
d) H pnt ouvaptnon f(x) = g, a#0.
X
®

N
~

o>0

>y

a<0

v=X, x<0
£) O1 auvaptioeig f(x) =X, g(x) =X = <Y
Jx, x>0
y y ®
y=x =
0 X 0 X
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4. Na XapAageTe TIG YPUAPIKEG TTOPAOCTACEIS TWV TTAPAKATW CUVOPTACEWYV :
a) f(x)=nux , f(x) = cuvx f(x) = epx

B) f(X)=a*, O<a=1l y) f(x)=logx, O<a=1

Armdvinon :

O1 ypa@ikég TTOPACTACEIG QAivOVTAl TTAPAKATW :

a) O1 Tpiywvikég ouvapTtioelg : T (X) = ngux,

f(x) =ovvx, f(X)=epx

______ s @
E/\ R
. F’ ,,,,,, ™~ N\ 5
- y=npx | (a)
/y{l\
(¢} T /-;> X
_______ %\_/\/
- Y=o | ()

1
1
1
1
1
1
I
I
I
|
—m/2]
i
]
1
1
1
1
I

I
I
I
I
I
I
I
I
I
|
/2 37/2)
i
]
I
I
I
I
I

XYy

y=g@X )

YTrevBupifoupe 611, o1 guvapTioelg f(X) =nux kai f(X) =ocvvX cival TTEPIODIKEG PE TTEPIODO

T =27, evw nouvaptnon f(X) = egx eival TTeEPIOBIKA pe TTEPiodo T = 7.

B) H ekBemikA ouvaptnon f(X)=a*, O<a #1.

v Y @)
alo-
|
1 i 1
|
: - 4 >
(O X O 1 X
1 @ 0<a<1 ®

1816TNTEG ©

YTrevBupiCoupe 6T :

e Ava>1,161e: @ <a” < X <X,

e Av0<a<l,10te: ™ <a™ & X > X,
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y) H AoyapiBuikr) ouvaptnon f(x)=log x, O<a=1

y y
1’7/ 14
1 I
i AN
(0] 1 «a X Ol a \ X
a>1 () 0<a<l B
1816TNTEG *
1)logx=y=a =x
2)log a* =x KOl &% =x

3) log,a=1 kai log,1=0

4) log,(x,x,) = log x, +log X,

X
5)log, (ZIJ =log x, —log,x,

6) log x; = xlog x,
7)Av a>1,1071€: log X, <log x, =X <X, ,evw av 0 <a<1, logx, <logXx, =X, >X, .

8) a* =™, apoU a=¢™.

5. MNoéTe duo ouvapTnoelg f,g AéyovTal iOEG ;

Amavinon: (2007,2008 OMOI, 2012 B', 2016, 2021)

AUo ouvaptroeig f kal g Aéyovtal ioeg oTav:
o £X0uV TO id10 TTEdiI0 OpIoHOU A Kal

e YIO KGBe X € A 1oxUel f(X)=g(X).

ZXOAia :
> ‘Eotw ol ouvaptioelc f:A—>R kai g:B—>R kai I' éva ummoolvolo Tou ANB. Av yia

kGBe x e ' givar f(X) = g(X), 1é1€ Aépe 6T 01 cuvaptroelg f kal g eival ioeg oto cUvolo I

> Ta va e€etdooupe av duo ouvaptioelg f, g eival ioeg, TTPETTEl TIPWTA VO EEETACOUNE AV EXOUV
T0 id10 TTEdio opIopoU A Kail UoTepa va eAéyéoupe av T (X) = g(X) yia kdBe x € A..

» Ol ioeg ouvapTAoEIg €XouUV TNV idla ypa@IKr TTapAcTOoN.

» Eivai AdBog va 1Toupe 0TI «duo ouvapTroeig AéyovTal ioeg, av £xouv 1o id1o TTedio opIoPOU Kal
Tov id10 TUTIOX. M.X. ol suvaptioeic f(X)=x? kar g(x) =x*, xe A= {— 1,1} eival ioeg, xwpig
va £Xouv Tov idlo TUTTO.

ETTIMEAETIA : TTAAAIOAOTOY TTAYAOZ PPONTIZTHPTIA «BAKAAHZ>» 5




6. Nwg opifovTal ol Tpdgeig TNG TPOOBeoNG , aPaipeEONS , YIVOUEVOU Kal TTAikou 600
OuvapTACEWV f,g;

Amrdavinon :
OpiCoupe wg dBpoiopa f +g, dlagopd f- g, yivouevo fg kal TTNAIKO % Ouo ocuvapTioswy f, g

TIg ouvaptioelg pe TUTOUG 1 (f+g)(X)=f(x)+g(x), (f-g)x)=f(x)-g(x), (fg)(x)="f(x)g(x),

g f).
[9]0() a(x)

To medio opiopol Twv f+g, f—g Kai fg €ival N Touj AnB Twv TTEdiwv opiopou A Kal B Twv

ouvapTAoewy f Kal g avTIoToiXWwG, VW TO TTEQIO0 OPIoHOU ThG f givalr To AnB, eCaipoupévv TWV
g

TIMWV TOU X TTOU PNJEVICOUV TOV TTAPOVONAOTH g(x), ONAadr) TO GUVOAO :

{x|xeA kal xeB, ye g(x)=0}.

7. TI Aépe o0vBeon TnG ocuvAdpTnong f ME TR ouvdpTnon g;

Amrdavinon :

Av f, g gival duo cuvapThoeig e TTedio opiopou A, B avTioToixwg, T0TE ovopdadoupe ouvBeon Tng f
ME TNV g, Kal T oupBoAidoupe pe gof, TR ouvapTNON PE TUTTO (gof)(x) = g(f(x)) .

ZXOAIa :

a) To 1redio opiopou NG gof amoteAeital amd OAa Ta oToIXeia X Tou Trediou opiopou Tng f yia Ta
otroia 1o f(x) avikel oTo Tedio opiopol TG g. AnAadn eival To oUvoho A ={x e A|f(x)eB}. Eiva

@avepo 0TI N gof opidetal ,av A =, dnAadr av f(A)nB = J.

B) e Mevikd, av f, g eival dUo ouvapTtroelg Kal opifovTal ol gof Kal fog, TOTE QUTEG BEV  Eival
UTTOXPEWTIKA iOEG.

e Av f, g, h cival TpeIg cuvapTroelg Kal opieTal N ho(gof), TOTE opideTal Kail N (hog)of Kail IOXUEI

ho(gof) = (hog)of . Tn ocuvdptnon autr) T Aéue ouvBeon Twv f, g Kal h kalr TN ocupBoAioupe pe
hogof . H oUvBeon OUVOPTACEWY YEVIKEUETOI KAl YIO TTEPICOOTEPEG ATTO TPEIG CUVAPTHOEIG.
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1.3 MONOTONEYX XYNAPTHZXEILY - ANTIXTPO®PH XYNAPTHXH

8. Moéte pia ouvdpTnon f AéyeTal yvnoiwg augouoa Kal TTOTE YvNoiwg @Bivouoa o€ éva
didoTnpa A Tou TEdiou opIoHOU TNG ;

Atmrdvrnon : (2007 OMOTr" ., 2007 EZI., 2010 EZN., )

e H ouvdptnon f Afyetal yvnoiwg avgouoca o’ évadi1ao 1n pa A Tou Trediou opigpou Tng, 6tav
YIO OTTOIABATIOTE X,,X, € A pe x, < x, 10x0er f(x,) < f(x,)

e H ouvdptnon f Aéyetal yvnoiwg @Bivouoca o’ evad 1ad o 1n p a A tou mediou opioyou Tng, oTav
yia otroladAToTe X, X, € A pe x, < x, 10x0er: f(x,) > f(x,)

Av pia ouvdptnon f eival yvnoiwg augouca r| yvnoiwg @bivouca o’ éva didoTnua A Tou TTediou opiouou Tng,
T6TE Aépe OTi N f €ival yvnoiwg povétovn ot1o A. 21V TrePITITwon TTou 10 Tedio opiopou Tng f eivar éva
didotnua A kai n f eival yvnoiwg povatovn o’ autod, 161 Ba Aéug, amAwg, 0TI n f gival yvnoiwg povoTtovn.

e auéouoa o’ éva diGdaTnua A, 61av yia OmmoIAONTIOTE x,x, 4 HE x <X, IOXUEl f(x)< f(x,).
e @Oivouoa o’ éva diaarnua A, 6tav yia ommoIadATTOTE X, %, €4 HE X, <x, IOXUEl f(x)=f(x,).

9. MNéte pia ouvdpTnon f e TESi0 OPICUOU A AEHE OTI TTAPOUCIAJEl OTO X €A OAIKO PEYIOTO

KOl TTOTE OAIKO EAGXIOTO ;

Amdavinon : (2004 OMOTr ., 2010 B", 2014 EZzI1.)

Mia ouvdpTtnon f pe medio opicpoU A Ba Aéue OTi:

e [Mapouoiddel oo x, € A (0AIKO) péyioTo, 10 f(X,), 6Tav f(x) < f(x,) yia KGBe x € A

o [Mapouoiddel oo x, € A (0AIKO) eAdxioTo, TO f(X,), dTav f(x) > f(X,) YIO KABE xcA.

Kdtroleg ouvapTioelig mmapoucidfouv Pgovo pEyioTo, AAAeg pbdvo eAdyioTo, GAANEG Kal PEYIOTO Kal
eAAXIOTO Kal AAAEG oUTE PEYIOTO OUTE ENAXIOTO.
To (0AIKO) péyioTo Kai To (0AIKO) eAdxioTO piag cuvdptnong f Aéyovtal (OAIKA) akpéTata TnG f.

10. NMéTe pia cuvdpTnon f HeE edio opiopoU A Aéyeton 1-1;

Amdavinon : (2003 OMOTr ., 2005 B’, 2012 OMOT ., 2015 B")

Mia ouvaptnon f:A — R Agyetal cuvaptnon 1-1, étav yia ommoladnTIoTE X, X, € A I0XUEI N

ouveTraywyn: Av x, #x,, T01E f(x) = f(X,).

ZXOAIa :

a) Mia ouvdptnon f:A — R eival ouvaptnon 1-1, av kair HGvo av yia OTTOIAdNTIOTE X, X, € A 10XUEI
n ouvemmaywyn: av f(x,) = f(x,), 10T x, =X, .

B) Atté Tov opIoud TTPOKUTITEI OTI pia ouvépTtnon f eivar 1-1, av kal yévo av:

e [0 KABe OoTOIXEIO Yy TOU OUVOAOU TIHWYV TNG N e§iowon f(x) =y €XEl akpIBwG i AUON WG
MPOG X.
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o Agv UTTAPXOUV CNEia TG YPAPIKAG TNG TTAPACTACNG WE TNV id1a TeTaypévn. Autd onuaivel OTi
KA0e opi1dovTia gubeia TEPVEI TN Ypa@IKh TTapdoTtaon TnG f 1o TTOAU o€ éva onpeio.

o Av pi1a ouvdapTnon gival yvnoiwg povortovn, ToTe gival cuvdptnon "1-1".To avrioTrpogpo
YEVIKA eV 10YUEl. YTTdp)xouv dnAadry ouvapTtoeig TTou gival 1-1 aAAd dev gival yvnoiwg

MOVOTOVEG.
MNapédeiypa  (MaveAARvieg 2018) ’
X x<0 y=9(x)
H ouvaptnon n ouvaptnon g(x) =1 1 (Zx. 34).civan 1-1,
; , X> 0 0 X
0AAG O¢ev gival yvnoiwg povoTtovn.

MNaparnpnoEig :

e Av yvwpi¢oupe OTI pia ouvaptnon eivar 1-1 101 : f(x,) = f(X,) < X, = X,. Tnv ic0duvayia
QUTA TN XPNOIMOTTOIOUNE YIa €TTIAUON £Gl0woewv. ETriong 1oxver : f(x,) = f(X,) < X, #X,.

e [a va arrodei¢oupe 611 pia ouvaptnon eival 1-1 apkei @ f (x,) = f(X,) = X, = X,.
e Avnfdev gival 1-1, TOTE UTTAPXOUV X, X, € A T.W. X, # X, Kar f(x,) = f(x,).
o upovorovic = 1-1 o6uwg 1-1=% povorovia

e Oyt povorovia = oyt 1-1 o6pwg oyt 1-1= oyt povorovia

11. NMéTe pia ouvdpTnon f HE eSO OPIOCUOU A AVTICTPEPETAI KOI TTWG ; (2019)

Armrdvinon :

Mia ouvdptnon f:A—R avTioTpEPETAI, AV KAl Jovo av gival 1-1.H avtioTpogpn ocuvaptnon 1ng f

TTou oupRoAieTal pe £ opieTal amd T oxéon (f(x) =y < f(y)=x

ZXOAIa :
a) loxoerom: fH(f(x))=x, xeA kar f(fi(y)=y, ye f(A).

B) H avtiotpopn TnNg f £xel TEdio opiopoU To GUVOAO TIHWYV f(A) TnG f, Kal oUVOAO TIHWYV TO TTEDIO
opiouou A Tng f.

Ma Trapddeiypa, £E0Tw N €KBETIKA ouvdptnon f(x) =a . OTTwg gival yvwoTd n cuvaptnon
auTh €ival 1-1 pe medio opiopol 10 R Kal aUvoAo Tipwv 10 (0, +0) . ETTopéving opileTal n
avtiotpopn ouvaptnon f* g f. H ouvdptnon auti, oluewva pe O6ca EeiTTaye
TTPONYOUNEVWG,

— €xel medio opiopou 10 (0, + )

— €€l oUvoAo TIHWV TO R Kai
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— avTioToixiCel KGBe y € (0,4 ) o010 povadikd xe R yia 10 otroio 1oxlel o =y. Emeidn

Opwg o =y < x=log, y

Ba civar f*(y)=log, y. Emouévwg, n avrtioTpopn tnNg £kBETIKAG ouvaptnong f(x)=a*,
0<a #1, eival n AoyapiBuikr) ouvaptnon g(x) =log, x.

log, x

ZUVETTWG log,a" =x, xeNR KAl « =x, xe(0,+x).

y) O1 ypagikég TapacTdoelg C kal €' Twv cuvapTioewy f kal f gival CUPUETPIKEG WG TTPOG TNV
€uBtia y = x TTOU JIXOTOMEI TIG YWwVieG xOy Kal x'Oy’.

Arodeign :
Ag TTapoupe pia 1-1 ouvdptnon f kai ag Bewpricoupe TIg T Map @
YPOQIKEG TTapaoTdoel C kai C' twv f kai Tng ' oTo )

id10 ouoTnua agovwyv (Zx.37). Etreidn

M(B,0)
f(x)=y < f(y)=x, %‘

av éva onueio M(a, f) avikel otn ypagikr mmapdotaon C \
g f, 1616 TO Onueio M'(B,«) Ba avrkel oTn YPOYIKN e
mapdotaon C' tng f' kol avrioTpopws. Ta onueia, y=xX ]
OMWG, auTA €ival CUPMETPIKA WG TTPOG TNV €uBeia TTou

dIxoTOuEl TIG Ywvieg xOy kal x'Oy’.

e
¥
e
(@)
Q
<y

Maparnpnosic :

o fi!l-1o f:avaowéywun,

e (P =t

e Av f yvnoiwg povétovn oto idotnua A, 161 n f ™ gival yvnoiwg povétovn ye 1o id10 idog
wovotoviag : m.x. av f T oro A161e é0TW Y, Y, € D..=f(A) pe y, <y,, 101!

f(fF 7 () < f(f’l(yz));f’l(y1)< f7(y,) apa £ T 010 D, = f(A)

ETTIMEAETIA : TTAAAIOAOTOY TTAYAOZ PPONTIZTHPTIA «BAKAAHZ>» 9



1.4 OPIO XYNAPTHXHY XTO x,ewR

H ENNOIA TOY OPIOY

e Eotw n ouvaptnon f(x)=

x% -1

. H ouvdptnon auth

éxel edio opiopou 10 ouvodo D, =R {1} kai ypdapeTal
F(x) = (x-D(x+1) _
x-1

Emopévwg, n ypa@ik Tng TapdoTtaon e€ival n eubegia
y=x+1 pe €gaipeon 10 onueio A(1,2) (2x. 38). 210
OoX\Ha auTo, TTapaTnPoUuE OTI:

‘KaBwg 1O X, KIVOUPEVO HE OTTOIOVONTIOTE TPOTTO TTAVW / O| X—leX X
oTov afova x'x, TTpooeyyiel Tov TTpaypaTikd apiBud 1, 1o
f(X), Kivouuevo TTAvw OTov afova Y'y, TTpooeyyilel Tov
TTpaypaTikd apiBud 2. Kai yahiota, ol Tiyég f(x) eival Té6oo kovtad ato 2 600 BEAOUE, yia
OAa Ta x =1 TToU €ival apKOUVTWGS KOVTd oT1o 17,

2TNV TTEPITITWON AUTr YPAPOUUE IXiLnl f (x) =2 ka1 diaBdaloupe “10 6pI10 TNG f(X), OTAV TO X

X+1, X#1.

Teivel oTo 1, givan 27,
levikd : Otav o1 TIPéG piag ouvaptnong f TrpooeyyiCouv 600 BEAoupE évav TTPAYPATIKO
apIBuod 7, KABWG TO X TTPOCEYYICEl HE OTTOIOVONTIOTE TPOTIO TOV APIBHO X, , TOTE YPAPOUUE

lim f(x) =¢ ka1 dlaBafoupe “to 6pio g f(x), étav 1o x Teivel 0TO X, , €ival £ 1) “T0 O6pIO

g f(x) oTto x, €ivanr /”.
f(x)

f(xo):f
£(x)
—

0]

ZXOAIO
AT Ta TTAPATTAVW OXAHATA TTAPATNPOUME OTI :

— lNa va avadntriooupe 10 6plo NG f aT1o Xx,, TTpétel n f va opifetal 600 BEAoupE “KovTa
oT0 X, , OnAadA n f va gival opiopévn o’ éva oUvoAo TNG HOPPNAG :

(@, %Xy) W (Xg, B) n (@, X,) n (X0, B) -

— To x, pTmopei va aviikel oto 1Tedio oplopou NG ouvdptnong (£x. 39a, 39B)  va unv
avAkel o’ auTo (Zx. 39y).

— Hmiy NG f oT10 X, , 6TAV UTTAPXEI, MTTOPEI Va gival ion PE To OpIO TNG OTO X, (ZX. 390)
1 dIaQOPETIKN atrd auTd. (Zx. 39B).

ETTIMEAETIA : TTAAAIOAOTOY TTAYAOZ PPONTIZTHPTIA «BAKAAHZ>» 10



, . , x+1, x<1
e EOTW, TWPA, n ouvdpTtnon : f(x)= ,
-X+5 x>1

TNG OTTOIAG N YPAPIKA TTAPAOTACN ATTOTEAEITAI ATTO TIG

NUIEUBEiEG TOU dITTAOVOU OXIUATOG.

Mapatnpouue oTi :

— Ortav 10 X TTpooeyyilel To 1 atrd apioTepd (x <1), 10TE 01 TIWEG TG T TTPoOCEYYi(ouv 60O
BéAoupe Tov TTPAYUATIKO OPIOPO 2. TNV TTEPITITWON AUTH YPA@oupe : lim f(x)=2.
Xx—1"

— Ortav 10 X Tpooeyyilel To 1 amd de€ia (x>1), 161E 01 TIHEG TNG f TTPoOoEeyyifouv 600
BEAoUNE TOV TTPAYUATIKO APIBUO 4. ZTnV TTEPITITWON auTr) Ypa@ouue : lim f(x)=4.

x—1"
evika:
— Orav o1 TIgég piag ouvaptnong f Tpooeyyiouv 6oo BEAOUPE TOV TTPAYUATIKO apIBuo 7,
KABwWG TO X TTPOCEYYICEl TO X, QTTO MIKPOTEPEG TIMEG (X < X,), TOTE Yypapoupe : lim f(x) =/,

Kail dlaBadoupe : “To 6pio NG f(x), 6TAV TO X TEiVEI OTO X, OTTO TA APIOTEPQ, €ival /,”.

— Orav o1 Tiyég piag ouvaptnong f rpooeyyifouv 600 BEAoupE Tov TTpaypaTikd apiBud 7,
, KOBWG TO X TIPOOEYYiCEl TO X, OTIO HEYOAUTEPEG TIUEG (X > X,), TOTE YPAPOUME :
lim f(x)=/¢, kai dilaBadoupe : “To 6plo TG f(x), 6TAV TO X TEivel OTO X, aTTO TA OEEIQ,

X—>Xg

givar £,”.

(@ ) o

Toug apiBuoug 7, = lim f(x) kai £, = lim f(x) Toug Aéue TrAgupika épia TG f oTO X, KOI

=X
OUYKEKPIYEVA TO 7, aploTePO Oplo NG f oTO X,, evw TO 7, BELIO Opl0 TNG f OTO X, .
AT Ta TTapaTTdvw oxnuarta @aivetal ot :

lim f(x)=/, av kai povo av lim f(x) = lim f(x)=/

X=X X—Xg

MNa Tapddeiyua, n ouvapTtnon f(x):m (Zx. 42) dev €xel y
X

f(x):l(z_

OpIo 01O X, =0, agpou:

x—0"

— vyia X< 0 gival f(x):_—xz—l, otméte lim f(x)=-1, evw o) X X
X

— 4 1=f(x)

— via x>0 eival f(x):zzl, omdte lim f(x) =1, Kal €101
X

x—>0*
lim f(x) = lim f(x)
x—0" x—0"

ETTIMEAETIA : TTAAAIOAOTOY TTAYAOZ PPONTIZTHPTIA «BAKAAHZ>» 11



12. Mola TrpdéTaAON OUVOEEI TO OPIO TG f OTO X KOI T TTAEUPIKG O6pIa TNG f OTO X ;

Amrdavinon :

loxuer 611 : Av pia ouvaptnon f eival opiopévn o€ €va ouvolo NG pop@rg (a,x,) u(x,,pb), TOTE
IoXUel n 1Igoduvayia: lim f(x)=¢ < lim f(x) = Iim+ f(x)=1¢

X=>Xq X—Xg X—Xg

f(x)
o
Sxg)=1
f

f(x)

—-/

=\x
e Av uia ouvapTtnon f eival opiopévn o€ €va diGoTnUa TG HOPPAS ’

(Xo, ), aANG dev opileTal g dlAATNUA TNG HOPPNS (a, X,), TOTE

opioupe : lim f(x)=lim f(x).

Mo mapaderypa, lim Jx=limJ/x=0 (Sx. 44)

x—0"

e Av i ouvapTtnon f gival opiopévn o€ éva dIAcTNUA TNG HOPPNG Y
(a,%,), GAAG Bev opiCetal o didoTNUa TNG HOPPNS (X,, B), TOTE y=i-x
opi¢oupe : lim f(x) = lim f(x).

=<V

Ma mapddeiypa, limv-x = lim V- x =0 (Zx. 45) 0

x—0"

Mapatnpnoeiq :
a) loyuel om :

(@) lim f(x)= ¢ < lim (f(x)- ) =0

(B) lim f(x)=¢ < limf(x, +h)=¢

B) Toug apiBpoug ¢, = lim f(x) kot ¢, = lim f(x) Toug Aéue TTAEUpIKG Opia TG f aTo X, Kal

OUYKEKPIYEVA TO (, apIoTEPO OpIo TNG f oTO X, , eV TO £, BEGIO OpIo TNG f OTO X, .
y) — lNa va avagntriooupe 10 6pi1o g f oTo x,, Tpémrern f va opidetal 600 BEAoupe “kovTd oTO
x,”, dnhadn n f va eival opiopévn o’ éva olvoAo TnG Hop@PAg(a,x,) v (X,.p) 1 (a.x,) i (x,.p).
— To x, pTTopEi va avrkel aTo edio opIooU TG ouvapTnong (Zx. 39a, 39B) A va unv avnkel o’
auTod .
— H1ipn ng f 010 X, , O6TAV UTTAPXEI, UTTOPET VA €ival ion pe To 6p16 TNG OTO X, (ZX. 390)
O1a@opETIKY aTTd AUTO.
) loxuel 6T lim x =x, kal limc=c

X—Xg

X=X
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€) Ammodeikvuetal OTI TOo lim f(x) €ival avegdpTnTo TWV AKPWV «, B TWV dIACTNUATWY (a,X,) KOl
X—XQ
(X,,8) OTO OTTOIO BEWpPOUE OTI gival opiopévn n f.

MNa mapddelypa, av 6éAoupe va Bpouue 10 OpI0 TNG OUVAPTNONG

y

| x-1 , , B

f(x) :—1 010 X, =0, TrepIopIfOPOOTE OTO UTTOOUVOAO ! |
X— ! o

(-1,0)u(0,1) Tou TTEdIOU OpPICPOU TNG, OTO OTIOIO QUTH TIAIPVEl TN i i vl

: —(x-1) : , , , o] 1 X

popoeny f(X)= =-1. Emopévwg, O6TTwG @aivetal Kal amd To ! :

x-1 e —

OITTAQVO OXNua, 1o {nToUulEeVo OpIO Eival Iirr(l) f(x)=-1. ! !

OT) 2Tn OUuvéXela, OTav AEue OTI pia ouvdptnon f €xel Kovrd oTo x, pia 1B16TNTa P Ba evvoouue
OTI I0XUE Pia aTTd TIG TTAPAKATW TPEIG CUVONKEG:
i) H f eival opiopévn o€ éva oUVOAO TNG HOPONAS (a, X,) U (X, B) KOl OTO OUVOAO QuTO €XEl TNV

1010TNTO P.

i) H f eival opiopévn o€ Eva oUvoAO TNG HOPPNS (o, X,) , EXEI O° auTd TNV 1IB16TNTA P, aAAd dev
opieTal o€ oUVOAO TNG HOPPNGS (X,, f) -

iii) H f eival opiopévn o€ éva oUVOAO TNG HOPPNS (X, B) , EXEI O’ auTd TNV 1IB16TATA P, aAAG dev
opieTal o€ OUVOAO TNG MOPPNG (a, X,) -

la mapadeiyua, n ouvaprnon f(x) =X eivar OeTIK) KovTd a1o X, =0, agou opileral aT0 GUVOAO
X

[—g ,Oj U [0, gj Kail giva O€TIKT o€ auTo.
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1.5 IAMIOTHTEY TQN OPIQ2N

13. Na ypAweTe TIG 1810TNTEG TOU OPiOU OTO X, .

Amrdavinon :
MNa 10 6pIo 10KUOUV OI TTOPAKATW IBIGTNTEG :
a) @ewpnua 1° (mpdonuo ouvaprioewv Kai 6pia)

e Av lim f(x)>0, 101€ f(x) >0 KOVIQ OTO X,

X~>Xo

e Av lim f(x) <0, T0T€ f(x) <0 KOVTA OTO X,

X%Xo

Maparnpnon :

e Avutdpxel 1o lim f(x) kai givar f(x) >0 kovrd aTo x,, 16T€ lim f(x)>0

X—Xg

o Avumapxel 1o lim f(x) kai givar f(x) <0 kovra oT0 X,, T6T€ lim f(X)<0

X—Xg X—Xg

B) Oswpnua 20  (didraén kai 6piq)

Av o1 ouvapTioeig f,g £XOUV OpIO OTO X, Kal IOXUEl f(x) < g(x)

KOVT& OTO X, , TOTE lim f(x) < lim g(x)
X‘)XO X*)XO

Naparipnon :  Av utdpyouv 1a lim f(x) kar lim g(x)
e Av f(x)<g(x) kovra oTo X,, TOTE lim f(x) < lim g(x)
e Av lim f(x)> lim g(x), 1o1€ f(X)>g(X) KOVT& OTO X, .

e Av lim f(x)< lim g(x), 1ote f(X)<g(X) KOVTA OTO X, .

Y) Oewpnua 30  (mpdéeis ouvapTHoswy Kai 6pia)

Av uttdpxouv oto R T1a 6pia Twv ouvapTioewv f kai g oo X, , TOTE:
L. lim (f(x) + g(x)) = lim f(x) + lim g(x)
2. lim (kf(x)) =k lim f(x), yia KGBe 0TABEPA Kk € R

3. lim (f(x)-g(x)) = lim f(x)- lim g(x)

lim f(x)
. f(X) X—>X . .
4, lim —=="2 , EpOoov lim g(x) =0
X—>Xg g(x) )!Ln;(‘ g(x) (p X=X 9( )

5.Xlinx1 | f(x) I:‘xlim f(x)

6. lim ¥/f(x) = t/lim f(x) , pdooV f(x) >0 KOVT& OTO X, .

ETTIMEAETIA : TTAAAIOAOTOY TTAYAOZ PPONTIZTHPTIA «BAKAAHZ>»

14




MapaTtnpnoceig :
o 011016TNTES 1. Kai 3. 1I0¥KUOUV KAl VIO TTEPICCOTEPES ATTO dUO CUVAPTAOCEIG.

o Ta avrioTpoga TwV IBIOTATWY 1., 2., 3., 4., 5. Aev IoXU0ouV TTavTa. [Na TTAPAdEIYUA YTTOPE va
UTTAPXEI TO Iim[f (x) + g(x)] Kal va unv utrdpyouv Ta épia Twv f kai g oto x,.

-1, x>0
Kal g(x)= . Mpogavwg 1a épia Twv f kai g

1, x<0

1,
MNa rapadeiypa : f(X) :{ L %<0
-1 <

oT1o 0 dev utTdpxouV, OUWG

0, x>0
0, x<0

> |irr3(o- f(x)= lim0=0

=0 yia ka6e x %0, dpa Iing)[f(x)+ g(x)]= lim0=0

> (f+g)(x)={

> lim(f (- g(0)=lim(-1)=-1

> Iim(M)= lim(-1) = -1

x—0 g(x) x—0
> IX|LT(1J|f(x)|: lim1=1
8) Eivar: lim[f(x)]" =[Iim f(x)} , ve N’ yiamapadeiypa lim x” =x;
X—=XQ X=X X=X
€) 'E0Tw T0 TOAUWVUPO P(x) =a,x' +a, X' +--+ax+da, Kal X, €R. Eivair: lim P(x) =P(x,)

A1Tod¢eién :

2UPQWVA PE TIG TTOPATTAVW IDIOTNTEG EXOUE:
lim P(x) = lim(a,X" +a, ;X" +-+a,) = lim (@, x") + lim (o, , X" ) +-++ lim oy =
X—XQ X—=>X0 X—>Xg X—>Xq X—>Xp

=a, imx" +o,, limx'™ + 4 lima, =a,X) +a, X" ++a, =P(X,) . Apa : XILTO P(x)=P(x,).

X—>X0 X—>X0 X—>X0

oT) 'EoTw n pntA ouvdptnon f(x) = (F;((i)) , OTTOU P(x), Q(x) TTOAUWVUMA TOU X KaI X, €R pe
P(x) _ P(x,)

Q(x,) =0 . Oa gival TOTE lim

=% Q) Qx,)
¢) Kpitipio TrapepBoAng

, 610U Q(X%,) # 0

YtoBétoupe 011 “KOVTA OTO X,” Mia ouvaptnon f
‘eykAwBicetal” (Zx. 50) avapeoca o€ dUoO
ouvapThoelg h kal g. Av, KoOBwg TO X TEivEl OTO
Xo, Ol g Kal h é€xouv koivd 6plo ¢, TOTE, OTTWG
QaiveTtal kal oto oxnua, n f Ba €xel 1o idio 6pIo
¢. Auto divel Tnv 16éd  TOU TTOPAKATW
BewpnuaTtog TOU Eival yvwOTO WG KPITAPIO
mapeUPBOARG.
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KpITp10 TTapeUBOAT (2016 B, 2020 MN.z. B", 2021)

‘EoTw o1 ouvapTioeig f,g,h . Av

¢ h(x) < f(x) <g(x) KOvT@ OTO X, Kal

e limh(x)=Ilimg(x)=1€R TOTE lim f(x) = ¢
n) loxuel 6T (TOIYWVOUETPIKG OpIa)

o |nux|<| x|, yia kGBs x eR .H 106TNTA 10X UEI HOVO OTAV X = 0.

e lim nux =npx, e lim ouvx = ouvx,
X—Xg X—=Xq
. X ouvx—1
° Ilm & =1 e |lim =0
x—>0 X x—0 X

14. MNMwg utroAoyifoupe To 6pI0 TG OUVBETNG oUVAPTNONG fog OTO X .

Atmravinon :
Av B€Aoupe va uttohoyiooupe To 6pIo TNG OUVBETNG ouvAPTNONG fog OTO ONUEIO X,,dNAadr 10
lim f(g(x)), TOTE EPYACOUOOTE WG EENG:
1. ©€TOUPE U =g(X).
2. YmohoyiCoupe (av utrapxel) To u, = lim g(x) Kai
3. YmroAoyi¢oupe (av utrdpyel) 1o ¢ = lim f(u) .
U*)UQ
Av g(x) #u, KOVTa 0TO X,, TOTE TO {NTOUPEVO OPIO gival ioo pe ¢, dnAadr| I0XUEL:
lim f(g(x)) = lim f(u)-

X—Xg
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1.6 MH IHEINEPAXMENO OPIO XTO x,eR

15 .Na ypAweTe TIG 1810TNTEG TOU ATTEIPOU OPIOU OTO X, .

Amrdavinon :

O1wg oTNV TTEPITITWON TWV TTETTEPACTHEVWY OPIWV £TO1 KAl YIA TA ATTEIPA OPIA CUVOPTACEWY, TTOU
opiovTal o€ £va aUvoAo TNG HopPng (o, x,) w(x,,B), 10XUOUV Ol TTAPAKATW IGCODUVAMIES:

a) XILrDOf(x):+w & lim f(x) = lim (x) = +o0

X—)XO X—)XO

B) limf(x)=—0 <« lim f(x)= lim f(x) =

X=X,
0 XXy X—X5

Y) Av lim f(x) = 40, TOTE f(x) >0 KOVTA OTO X, EVW QV lim f(x) = - , TOTE f(x) <O KOVTA OTO X, .

XA)X X*}Xo

8) Av lim f(x) = +o , TOTE Ilm( f(x)) = -0 , eV av lim f(x) = —o , TOTE Ilm( f(x)) = +o0 .

X—>Xq X—>Xq

£) Av Ilm f(x)=+0 { —o0, TOTE hmi=o.
%, x-x F(X)

oT) Av lim f(x) =0 Kal f(x) >0 KoOvid OTO X, , TOTE lim SR 400, EVW @V lim f(x)=0

X—>Xq X=X (x) X=Xy

. 1
Kal f(x) <0 KOVI& OTO X, , TOTE lim —— = -
x-% F(X)

QAV lim f(x) =+ N —o, TOTE lim | f(x)|=+w0.N) AV lim f(x) =+, TOTE lim §/f(x) = +o .

8) i) lim—~ =+ ka1 yevika lim— =0, veN' (oxfua a)
x>0 ¥ x>0 x4

® | )

1
i) lim ==+00 Kal yeVIKA lim —— =+, veN
+1
x0T X x—0" X
.1
lim —=—co KOl YEVIKA lim =-o, veN

x>0~ X x—0 X vt

1 1
Emropévwg, Sev utrdipxel oo pndév 1o 6pio Tne f (X) = = kai yevika g F(X) = i veN,
X

(oxrua B)
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16 . Na ypaypeTe To OEWPAHATA TOU ATTEIPOU OPiOU OTO X,

Amrdavinon :
Mo 1o dépoioua Kal To YIVOUEVO 1I0XUOUV TA TTOPAKATW BswpipaTd :

OEQPHMA 10 (6p10 aBpoiocuarTog)

Av oT10 XoeR
10 6pIo NG f €ival: adeR | aeR 400 -00 400 -00
Kal 1o 6pIo TNG g €ivat: +00 -00 +00 -00 -00 +00
TOTE TO OPIO TNG f+g 400 -00 +00 -00 ; ;
givair:
OEQPHMA 20 (6p10 yIvopévou)
Av OTO Xge R,
TO OpI0 TNG f
givat: a>0 [ a<0 | o>0 | a<0 | O O | +o | 40 | -0 | -0
KAl TO OpI0 TNG | +o0 +00 -00 -0 | +o | -0 | 40 | -0 | 400 | -0
g sivar:
TOTE TO OPIO +00 -00 -0 +00 X : +00 | -00 -0 | +oo
n¢ f-g €ivai:

Mpaéeig oTo oivoho R =R U {— 00,400}

(Me Baon 1i¢ 1610TNTES TWV ATTEIPWYVY OPiwV, ETEKTEIVOUNE TIC TTPAEEIC TOU R OTO GUVOAO
R=RU{-o0,+0})

(+00) + (+0) =+00  KaI  (—00)+ (—00) =—00

(+0)+a =+0 Kai (—0)+a =—00, yia KGBe o €N

(+00)-(+0) =+00  kar (—o0)-(-0) =400 KalI (+00)-(—00) =—0c0

. _|Hoo, av a>0 q o N_|mo, av a>0
@ (+Oo)_{—oo, av a<0 a( Oo)_{+oo, av a<0

% _p,yiakabe acR.

too

ZxO6AI0

2TOUG TTIVOKEG TWV TTapaTTavw BewpnudTwy, OTTOU UTTAPXEI EPWTNHATIKO, onuaivel T To 6pio (av
uTTapxel) e€aptdaral KABe @opa aTTO TIG CUVOPTATEIG TTOU TTAIPVOUUE. ZTIG TTEPITITWOEIG AUTEG AEUE
OTI €xoupE aTTPoodI6pIoTn pop@n. AnAadr, atTpoadIOPIOTEG HOPPEG Yia Ta Opla aBpoicPaTOG Kal
YIVOUEVOU CUVAPTHOEWY Eival Ol :

(+00) +(=0) «kar  0-(+o0).
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f
Emedn f—g="f+(-0) kot —=f 1 aTTPOCdIOPIOTEG HOPPEG YIa Ta Opla TNG dIaPOoPAS Kal TOU
g g
TINAIKOU GUVAPTACEWY €IVl OI © (+0) + (—0), 0-(£0) , (+0)—(+0), (~©)-(-x) , % =
lNa mapadeyua .

. . 1 1
— av mdpoupe Tig ouvaptioelg f(X) =—— kar g(x) =—;, 161 £xoUpE:
X X

. . 1 . .1 . . 1 1
leirgf(x):lxlm)(—x—zj:—oo, Ixmg(x)—lxl_rEF:wo Kal leﬂg(f(x)+g(x)):lem)(—x—2+x—2j=0

EVW,

. . 1 1
— av mdpoupe Tig ouvaptioelg f(X) =—-—+1 kai g(x) =—, 101€ £XOULE:
X X

. . 1 . .1
lem) f(x)= lem)(—x—zﬂj:—oo, leirg g(x)= !(I_r]gx—z—+oo Kal

x—0

|im(f(x)+g(x))=|im(—i2+1+i2j=|im1=1. (2018 BY)
Xx—0 x—0 X X

AvdaAoya TTapadeiyuata UTTOPOUHE VO OWOOUNE Kal YIa TIG AANEG HOPPEG.
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1.7 OPIA YYNAPTHXHY XTO AIIEIPO

17. Na ypdyeTe TIG IB16TNTEG YIA TO 6PIO OTO ATTEIPO .

Atmravinon :

a) [Na ToV UTTOAOYIGHO TOU 0PIOU OTO 4o I —o EVOG HEYGAOU apIBUOU CUVAPTACEWY XPEIGLOPOOTE
Ta TTapakdTw Bacikd épia:

. .1 .
o limx =+0 Kal lim—=0, veN

X—>+0 x—+0 X

+0, @v v dapTio o1 .
P c, Kal lim—=0, veN .
-0, AV v TEPITTOC x—>-0 X"

° Iimx”:{

X—>—00

B) MNa Tnv TTOAUWVUUIKA ouvaptnon P(x) =a x' + o X" +-+a,, ME a_ # O 1oXUVEL
v v-1 o] v

lim P(x) = lim (o x") Kair lim P(x) = lim (o x")
X—>+0 X—>+0 X—>—0 X—>—0

v v-1
a X +a X +-e+ 0oL X+ O ,
v v ! o, a,#0, B _#0 10x0el

lMa ™0 pntry ouvdptnon f(x) =
y) Mam pntA ouvapmon f(x) BX 1B X T AP B

. .o, x” . o [oax
lim f(x) = lim | = kar lim f(x) = lim | —
X—>+00 X—>+%0 BKXK X—>—o0 X—>-o0 BKXK

0) MNa 10 6p10 €KBETIKNAG - AoyapIBUIKAG ouvapTNoNng IoXUEl OTI

e Av o >1 (Zx. 60), TéTE

lima* =0, lim o* = +o0
X—>—0 X—>+0

limlog x =-x, lim log x =+
x—0 o X—>+00 o

e Av O<a<1 (2x. 61), T0TE

lim o = 40, limo*=0

X—>—0 X—>+0

limlog x =+ limlog x=-w
x—0 ga 1 goc
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ZxO6AIa

e [la va avadntriooupe 1o 6pIo piag ouvaptnong f o1o +wo, TTpéTel N f va gival opiopévn o€
d1doTnua TNG HOPPNS (o, +w) .

e [0 va avalnTAoouE To Oplo piIag ouvdaptnong f oto —o TTpéTrel n f va cival opiopévn o€ didoTnua
NG HOPPAG (—,B).

e [10 TG OPIA OTO +00, —o0 ITXUOUV O YVWOTEG IDIOTNTEG TWV OPiWV OTO X, ME TNV TTPOUTIO8e0N OTI:

— Ol CUVOPTACEIG gival opiouéveG € KATAGAANAG cUvoAa Kal

— Ogev KaTaAfyouue o€ atrpoadIiopIoTn HopPn

18. Na dwoeTte Tov opIouo TnG akoAoubiag.

Atmravinon :

AkoAouBia ovoudletal KABe TTPAYHOTIKA ouvdptnon o N~ — R,

19. T1 evvooUpe 61av Aéue 611 pia akoAouBia (o) €xel 6plo 1o | R ;

Amravinon :
Oa Aéue 611 n akoAouBia (a,) éxel 6pio 10 | € R kal Ba ypdgouue !iglav =(, 61av yia kéBe € >0

, UTIdipxel v, € N™ TéT010, OTE yia KGBE V> Vy va ioxUel |a, —(|<e
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1.8 YYNEXEIA XYNAPTHXHY

20. NoTe ia ouvapTnon f AEYETAI CUVEXNG OE Eva ONEIO X TOU TrEdiou opiopoU TNG ;

Amravrnon : (2001 OMOTI"., 2006 OMOTI'., 2009 B, 2010 OMOI"., 2015)

‘Eotw pia ouvdptnon f kai x, éva onueio Tou 1rediou opiopou TnG. Oa Aéue 6T n f eival ouvexrg
aT10 X,, otav lim f(x) =f(x,).
X—Xq

la mapddeiyua, n ouvaptnon f(x) =| x| eivar ouvexng oto 0, agou Iin?) f(x)= Iirrg) | x|=0= f(0).

ZXOAIa :
a) ‘Eotw o1 cuvaptioceig f,g,h Twv omoiwv o1 ypaikég TapacTdoelg divovtal oTa TTAPAKATW

oxnuara.
‘

/.

Mapartnpoupe OTI:
— H ouvdpmnon f eivai opiopévn oto X, kai ioxvel @ lim f(x) = f(x,)

— H ouvdptnon g eivai opiopévn ato X, aha lim g(x) = g(x,) .
X—>Xg

— H ouvaptnon h givai opiopévn 010 X, aAAG deV UTTAPXEI TO OPIO TNG.

ATIO TIG TPEIS YPAPIKEG TTOPOOTACEIG TOU OXNMOTOG WOVO n ypa@ikr mapdoTtacn Tng f  &¢
OIAKOTITETAI OTO X,. Eival, eTTopéving, QUOIKO va OvOUAOoOoUUE OUVEXH OTO x, UOVO TN ouvdpTnon
f.

B) ZUppwva pe Tov TTAPATTAVW OPIoKO, pia auvapTtnon f Oev eival ouvexng oe Eva onueio x, Tou
TTedioU OpIoUOU TNG OTAV:

i) Aev uttdpxel T0 6pI6 TNG OTO X, N

if) YTrapyxel 1o 6p16 TG 010 X, , AAAG gival SIAPOPETIKG atrd Tnv Tiur g, f(x,), oTo onueio x, .

MNa mapadsiypa,
) X*+1, av x<0 ) . .
— H ouvapmon f(x) = dev gival ouvexng ato 0, apou
2—-X, av x>0
lim f(x)= Iirr(1)(x2 +1) =1, evd
x—0" X—=>
lim f(x)= Iing(Z— X) =2, omoTe dev uTTdpyel To Oplo TNG f oTo 0.

x—0"

x? -1
— Houvapmon f(X)=1 y_1" av X1 dev gival ouvexng oT1o 1, apou
3 ov x=1
. . (x=-(x+1) .
Iquf(x)=lqu¢:hrq(x+l):2, evw f(@)=3. (2019)
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Y) Mia cuvdptnon f mou givail ouvexng oe 6Aa Ta onueia Tou Trediou opiopoU TnG, Ba AéyeTal,
ouveXAg ouvdapTnon.

8) — Kabe moAuwvupiki ouvdptnon P gival guvexng, agou yia KABe x; € R 10XUEI lim P(x) = P(x,) -

X—>Xq

— Kdbe pntrj ouvépTtnon g gival oUVEXNG, aPou yia KABe x, Tou Tediou opIopoU NG I0XUEI

P(x) _ P(xo)
SR Q) Q)

— O1 ouvaptnoelg f(x) =nux Kal g(x)=ouvx tival ouvexeig, apou yia KaBe x, € R 10xUEl

JLT nNEX =Nnux, Kal lim ouvx = auvx, .
0 0

— O1ouvaptioeig f(x)=a* kar g(x)=log,x, 0 <a =1 gival CUVEXEIG.

21. Na S10TUTTWOETE TTPOTACT) TTOU A@QOPA Th CUVEXEIN KAl TIG TTIPAEEIG TUVAPTHOEWV.

Amrdvinon :

MNa TN cuvéxela Kail TIG TTPAEEIC CUVAPTHOEWY 1I0XUEI TO TTAPAKATW BEWPNUa :
Av o1 auvapTnoelg f Kal g gival ouvexeig oTo X, , TOTE €ival CUVEXEIG OTO X, KOl Ol GUVOPTACEIG : i.

f+g,ii.c-f,0mOU ceR,iii.f-g, iv.i , V.| £ Ko Vi XF ME TNV TTpoUTTé0ean 6T opiovral o€ £va
g9

dIAOTNUA TTOU TTEPIEXEI TO X, .

ZxO6AIo Ta avrioTpo@a TwV i., iii., iv., v., Kal ii., yila ¢ =0, dev 1oxUouv. AnAadry, UTTOpPEI oI
ouvaptnosig: f+g, f-g, i |£], 0- f va eival ouveyeig oTo x, kaior f,g va unv eivar cuvexeig
g9
0TO X,.
i 1, x>0 -1, x>0
MNa rapadeiypa : f(x) = kar g(Xx) = . Npogavwg o1 ouvaptioeig f kai
-1 x<0 1, x<0

g O¢v eival ouveyeig o1o 0, SUWG O CUVOPTAOEIG :
> (F+9)(x)=0, xeR,
> (f-g)(X)=-1, xeR,

> (i](x):—l, XeR,
g

> |f()|=1, xeR,
» 0-f(x)=0, xe®R
eival ouvexeig oto 0.

22. Na S10TUTTWOETE TTPOTACT TTOU APOPA T CUVEXEIO OUVOETNG oUVAPTNONG .

Armrdvinon :

Ma ™n ouvéxela ouvBeTng cuvapTnong I0XUEN TO TTAPAKATW Bewpnua :

Av n ouvaptnon f eival ouvexng oTo x, kal N ouvapTtnon g eival ouvexng oto f(x,), T16Te N oUVOeOT

TOUG gof €ival OUVEXNG OTO X, .
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23. Mote pia ouvdpTnon f AEyeTal OUVEXG OE £va AVOIKTO didoTnpa (o,B)Kal TTOTE OTO
KAEIOTO didoTnpa [a,B]

Atrdvrnon : (2001 OMOTr"., 2008, 2012, 2012 EZzIl., 2017, 2021 B")

o Mia cuvdpTtnon f Aéue OT1 eival cuvexg o€ éva avoikTd didoTnua (a, ), OTAV €ival CUVEXNG O€
KGBe onueio Tou (a,B) .

o Mia ouvdptnon f Ba Aéue 6T cival ouveXAg o€ Eva KAEIoTS diIdoTnua [a,f], OTAV ival CUVEXNG O€
KABe anueio Tou (a,p) Kai emMTTAEOV : lim f(x) = f(a) Kai lim f(x) = f(B)
x—>a* x>~

2XO6AI0
Avdahoyol opiopoi dlIaTuTTWVOVTAl YIa SI0CTAPATA TNG HOPPNS (o, B, [a.B) -

Maparnpnosiqg :
e Avnouvaptnon f eival ouvexng oe kaBéva ammd Ta Eéva diaotriuata («, ) kai (£,7), 10T N

f eival ouvexng oto alvoro A = (a, B) U (B,7).
e Av pia ouvaptnon eival GUVeXNGg oTo X, , DEV ival UTTOXPEWTIKA GUVEXNG KAl OE WIa TTEPIOXH TOU

X, -

24. Na diaTtutTwoeTe TO OcWwpnua Tou Bolzano.

Amavinon: (2013 OMOTr ., 2014 EzI. B', 2020 N.Z.)

‘EoTw pia ouvdpTtnon f, opiopévn o€ €va KAEIoTO didoTnua [a,p]. Av:
o N f €ival ouvexNg oTo [a,B] Kal, ETMTTAEOV, IOXUEI

o f(a)-f(B) <O,

TOTE UTTAPXEI £va, TOUAAXIOTOV, X, € (a,B) TETOI0, WOTE f(X,)=0.

AnAadn, uttdpxel pia, TouhdxioTov, pi¢a Tng e¢iowong f(x) =0 OTO AVOIKTO BIACTNHA (a,B) .

ZXOAIa :

o Av pia ouvaptnon f gival ouvexng oe éva didotnua A kai & undevifetal o’ autd, T0TE AUt A
gival BeTIKA yia KABe xeA 1A eival apvnTikA yia KaBe x e A, dnAhadn diatnpei TPOONUO OTO
diaoTnua A.

o Mia ouvexng ouvaptnon f diatnpei Tpdonuo og kKaBéva atd 1o dIBCTHUATA GTA OTTOIA Ol
d1ad0xIKEG piCeg TNG f Xxwpidouv To TTEdiO OPICUOU TNG.

Maparnpnosig :
e Av n ouvaptnon f eival ouvexng ato didatnua [o,p] Kailoxvel f(a)- f(F) <0 té1e uTtdpxer éva,
TouAaxiaTov, X, €[a, f] téToI0, WOTE f(Xx,)=0.

o To avrtioTpo@o TOU Bewpriuatog Bolzano, dev 1oxUel Tmavra. AnAadh, uttdpxel ocuvdptnon
fila,f/]>R mou éxe pila oto (a,) aAA@ dev civar ouvexng oto [a,B] 4 dev IoXUEl

f(a) f(B)<0

o Av dev IoXUouUV oI uTToB£0EIg Tou Bewpripatog Bolzano, dev éxouue wg cupttépacua o1 n f dev
£xel pica oTo (a,B).
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25. Na epunveloeTe YEWMUETPIKA TO Bswpnua Tou Bolzano. |

Amrdavinon :

270 JITTAQVO OXAMO €XOUME TN YPOQPIKN TTOPACTACN MIOG CUVEXOUG y

ouvaptnong f oto [a, g]. ETeI®A Ta onueia A(q, f(a)) Kol B(B, f(B))
BpiokovTal ekaTEPwOEV Tou agova x’x, N yPa@IKA TTapdoTtacn NG f (p) B(B.f(5))

TEPVEI TOV GEOVa O€ Eva TOUAAXIOTOV OnUEio.

f(a) k-

26. Na S10TUTTWOETE Kal VO a1TodEi§eETE TO OeWPNUA TOU EVOIOUETWY TIMWV.

AlaTiTTWON

‘EoTw upia ouvdptnon f, n otroia gival opiopévn o€ €va KAEIOTO dIdoTnua [o,B]. Av:
o N f €ival ouvexng oTo [a,p] Kal
o f(a) = f(B)

TOTE, YIa KGOe apiBué n petagl Twv f(a) Kai f(B) UTTAPXE! évag, TOUAAXIOTOV X, € (a,B) TETOIOG,

wote f(x,)=n

ATrodeIgn : (2001 OMOT., 2005, 2010 EZI. B, 2013 EXTI1., 2015, 2020 N.z.)

Ag uttoBéooupe 0TI f(a) < f(B) . ToTE Ba 10XUEl f(a) <m < f(B) (ZX. 67). Av Bewpriooupue TN |
ouvdaptnon g(x) = f(x)-n, x e [a,B], TTAPATNPOUUE OTI:

e N g €ival oUVeXAG OTO [a,B] Kal y
e g(c)g(®) <O, f(ﬁ)—————————————————/B(ﬁ,f(ﬁ»
. n :
ApouU g(a) = f(a)-n <0 kal gB)=f(B)-n>0. ‘I/\T\/Ir ———
Etropévwg, oUJ@WVa Pe To Bswpnua Tou Bolzano, utrdpyel f@@)-- PICRION .
X, € (a,B) TéTOI0, WOTE g(X,) = f(x,)-n=0, omdTE f(X,)="n. L : L ,
Ol a x X, Xy B X

FEWUETPIKNA EPUNVEIT

Av n f gival ouvexng ouvdptnon oto [a,B] kai Ta onugia A(e, f(a)) kai B(S, f(5)) Bpiokovtai
ekaTépwOEV TNG eubeiag y =7, T61E N C, Téuvel TNV €ubeia y =7 o0€ éva TOUAAXIOTOV OnuEio

M(X,,7) ME TETUNREVN X, € (a1, ).
ZXOAIa :

a) Av pia cuvaptnon f dev gival ouvexrg oto didotnua [a,B], TOTE dev TTAIPVEI UTTOXPEWTIKA OAEG TIG
eVOIAUEDEG TIPEG.

B) H eikdva f(A) evog dlaoTApatog A péow MIag ouvexoug Kal pn otaBepng ouvaptnong f eivai
oldoTnua.
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27. Na S1aTuTTWOoETE TO BEWpnua MEYIOTNG KAl EAGXIOTNG TIMAG.

Amrdavinon :

Av f gival ouvexig ouvaptnon oTto [a,B], TOTE N f TTaipvEl OTO [a,B] MIO pEYIOTN TIMA M Kol pia
eAAYIOTN TIUA M.

AnAadn, uttdpyouv x,,x, €[a,B] TéTOIO, WOTE, av m = f(x,) ka1 M = f(x,) , va 10x Vel

m< f(x)<M, yIa KABE x e [a,f].

ZXOAIO :

A1é 10 TTapaTdvw Bewpnua Kal To Bewpnua EVOIGUECWY TIMWYV TTPOKUTITEI OTI TO OUVOAO TIMWYV
MIag ouvexoug ouvapTtnong f pe edio opiouoU 1O [a,p] €ival TO KAEIOTO diAoTNUA [m, M ], 6TTou m

n eAaxiotn TiuA kar M n géyioTtn TIPA TNG.

y
MNa Tmapddeiypa, n ouvaptnon f(x)=nux, xe[0,2z] £€xel 1
oUVOAO TIHWV TO [-1,1], agou gival ouveXAg oTo [0,27] YE m=-1 3n/2 X
kal M =1. ci NP

e T€AOG, atrodeikvueTal OTI:

Av pia ouvdptnon f eival yvnoiwg av§ouoa kal ouveXng oc éva avolktd didotnua (a, B), 101e
T0 oUVOAO TIHWV TNG oTo didoTnua autd eival To didotnua (A,B) (Zx. 71a), 6mou
A=1lim f(xX) kai B=lim f(x).

x—a* X—>p~
Av, ouwg, n f eival yvnoiwg @Bivouca kai cuvexng oto («, B), 1é1e T0 0UVOAO TIWV TNG OTO
didotnua autd givar To didotnua (B, A) (Zx. 71B).

MNa rapadsiypa,

— To olUvoho Tiywv TG f(X)=Inx+1, xe(0,e), n omoia eival yvnoiwg alfouoa Kal TUVeXAG
ouvdpTtnon (Zx. 72), ivai 1o didoTnua (—,2), agou

x—0"

lim f(x)=—0 ka lim f(x)=2.

y4 /’@ y @

1
— To olvoho miywv g f(Xx)==, xe(0,1), n omoia eivar yvnoiwg @Bivouca Kal GUVEXNG
X

ouvapTtnon, (Zx. 73) eivai To didotnua (1,+w), agou : lim f(x) =+w kai Iirq f(x)=1.
x—0* X
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EPQTHZEIZ ZQITOY — AAGOYZ 1°Y KEDGAAAIOY AMO NANEAAHNIES 2000 — 2023

> ZYNAPTHIEIZ

1) Av f,g eivai dUo ouvapTtroeig pe Tredia opiopou A,B avTiaTtoixa, 10Te n g o f opideTal av
f(A)nB=J.

2) Kabe ocuvaptnon, trou ival 1-1 gT1o medio opiouou Tng, ival yvnoiwg povoTovn.

3)Mia ocuvdaptnon f: A — IR gival ouvdptnon 1 — 1,av kKal yévo av yia oTroIadATTOTE X;, Xo € A
IOXUEI N CUVETTAYWYA:  av X; = X, TOTE f(X1) = f(X,) .

4) Av f, g givai 0o ouvapThoeig pe Tedio opiopou IR kai opifovtal ol cuvBéoelg fog kai gof, TOTE
QUTEG Ol CUVBEDEIC gival UTTOXPEWTIKA iOEG.

5) O1 ypa@ikég TTapacTdoeic C kai C” Twv ouvapticewyv f kai f €ival GUPPETPIKES WG TTPOC
TNV €uBgia y = x TTou BIXOTOoEI TIG Ywvieg XOy kal X Oy,

6) Mia ouvdptnon f Aéyetal yvnoiwg ¢Bivouca o€ £va didoTnua A Tou TTediou opiGuoU TG, 6Tav yia
OTTOIOBATTOTE X1 , X2 € A ME X1 < Xz 1OXUEL f(X1) < f(Xy).

7) Av n f éxer avtioTpoen ouvéptnon ' kai n ypagikr TapdoTtacn Tne f €xel kKoivé onueio A pe TNV
guBeia y = X, TOTE TO onEio A avAKEl Kal 0TN ypa@ikA TTapdotaon g .

8) Av yia duo cuvaptioelg f, g opifovrai ol fog kai gof, T10T€ €ival utTtoxpewTiKé fog # gof.
9) H ypagikr TTapdcTacn Tng ouvaptnong f(X) = \/N , Xe R éxel aova ouppeTpiag Tov y'y.

10) Mia ocuvdaptnon f pe medio opiopol A Ba Aépe OTI TTapouaidlel oTo X,EA (OAIKG) eAdxioTo, TO
f(Xo), 0Tav :  f(X) < f (X,) yIO KAOE XEA.

11) Mia ouvdptnon f: A — IR givar 1 — 1, av kal gévo av yia KABe oToIXEio Yy TOU GUVOAOU TINWV
NG N €€icwon f(x) =y éxe1 akpIBwg Pia AUoN WG TTPOG X .

12) Mia cuvdapTtnon f givar 1-1, av kal pévo av kKdBe opidvTia eubeia (TTapAAANAN OTOV XX') TEUVEI
TN YPAQIKN TTAPACTACT TNG TO TTOAU O€ €va OnEio.

13) H ypagikry TapdoTaocn Tng ocuvapTtnong —f €ival CUPUETPIKA, wg TTpog Tov dfova XX, TNG
YPA®IKAG TTapdoTaong g f.

14) Av f, g, h gival Tpeig ouvapTAoelg Kal opideTal n h o(g of), TOTE OpPICETAI KAl N (h og)of Kall
loxUel ho(gof) = (hog)of.

15) Av pia ouvéptnon f:A— IR gival 1-1, 10Te yia TNV avTiotpogn ouvdptnon ™ 1oxvel:
fHF(x)=x, xeA «kar f(f(y)=y, yef(h)
16) Ymapyxouv ouvapTioelg Tou gival 1-1, aAAd dev gival yvnoiwg povoToveg.

17) Mia ouvaptnon f pe medio opiopol A Aéue OTI TTAPOUCIACel (OAIKO) EAGXIOTO OTO XoEA, OTav
f(x) = f(xo) y1a KGBe XEA
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18) H ouvaptnon f eivar 1 — 1, av kai pévo av k&b opifdvTia eubeia TEUVEI TN YPAQPIKA TTAPACTACN
NG f 10 TTOAU o€ éva onpeio.

19) Av opiCovtal o1 ouvapTroelg fog kai gof, Téte TTAvTOTE I0)UEI fog = gof

20) To medio opiopoU piag ouvdptnong f eival To oUVOAO A TWV TETUNUEVWY TWV CNMPEIWV TNG
yPaQIKNG TTapdcTacng Cs TNG cuvapTnon..

21) MNa k&Be ouvaptnon f n ypagikh TapdoTacn Tng |f| atroteAgital atmd Ta TuAPaTa TnG Cy, TTOU

Bpiokovralr Tédvw atd Tov Afova x'X, KAl aTTd TA CUMMETPIKA, WG TTPOG Tov Agova X'X, TwV
THNPATWY TNG C;, TTOU BpiokovTal KATw atrd Tov dfova X X.

22) Mia ouvaptnon f:A— R Aéyetal cuvaptnon 1-1, 6Tav yia OTTOIQONATIOTE X1, Xo.EA 10XUEl N
OUVETTAYWYN: QV X1 # X,, TOTE f(X1) # f(X2)

23) O1 ypagikéc mapaotdoeig C kai C” Twv cuvaptioewy f kai 1 eival CUPPETPIKEC WE TTPOC TNV
€uBcia y = x TTou dIxoTouEl TIG ywvieg XOy kal X' Oy”.

24) Mia guvdptnon f pe edio opiopou A Ba Aéue 6T TTapouaiadel 0To XoEA (OAIKO) péyioTo TO f(Xo),
otav f(x) < f(xp) yia KGBe XxEA

25) Av pia ouvdptnon f eival yvnoiwg povotovn oe éva didotnua A, 161€ €ival kai 1 — 1 oTo
d1doTnuUa auTo.

26) Mia ocuvaptnon f €ivar 1 — 1, av kalr Jovo av yia KABe OToIXEIO Yy TOU CUVOAOU TIMWYV TNG N
eCiowon f(x) =y €xel akpIBwg pia AUon wg TTPOgG X.

27) H ypagikr TTapdoTaon Tng ouvdptnong —f €ival GUPPETPIKA, wg TTPOG Tov agova X X, TNG
YPOQIKNG TTapdoTaong Tng f.

28) Av uia ouvaptnon f eival 1 — 1 oto 1edio opIouoU TnG, TOTE UTTAPXOUV CNMEIa TNG YPOPIKAG
TapdoTaong TnG f Ye Tnv idia TeTaypévn.

29) lMNa otroladATIoTE AVTIOTPEWIUN ouvdptnon f ye Tedio opiopol A ioxuel ot f ( f ’1(x)) =X, yla
KGBe X e A.
30) Av n ouvéptnon f: A — R eivar 1 — 1 161 1ox0e1 . T H(F(X)) =x,x € A

31) Av n f gival 1-1 kai To onueio M (a, B) avAkel otnv ypa@ikA TTapdoTtacn C tng f, 161E TO

M'(B, o) Ba avrikel GTNV ypa@IKA TTapdotaon C' g ™ kal avTioTpdpwc.

> OPIA
32) Av UTTGpxe! To GpIo TG cuvapTNang f aTo o kar lim[f(x)| =0 161e lim f(x) =0.
33) Av lim f(x) > 016T¢e f(Xx) > 0 KOVT& OTO X .

34) Av uttdipxouv Ta Opia Twv CuvVapPTAoEWV f Kal g OTO X, , TOTE I0XUEL:
lim (F(x) +g(x))= lim f(x)+ lim g(x)
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35) Av uttdpxouv Ta 6pia Twv cuvapTioewy f Kal g o1o X, , TOTE ICYUE:
lim (F(x) - g(x))= lim f(x) - lim g(x)
X—>Xq X=X, X—>Xq

36) Av uttdpxouv Ta Opla TwWv cuvapTHoewy f Kal g oTo X, TOTE ICXUEI :

fx) lim f(x)

X=X

m - . ]
= g(x) - lim g(x)

€poOOOV lim g(x) #0 .

37) lim f(x)=AeR , avkaipovo av lim f(x)= lim f(x)=1.

X=X X—Xg

38) Av uttapxel 1o 6pio TnG f oTO Xo, TOTE lim §/f(x) = K/Iim f(X), epdoov f(x) = 0 KovTd OTO Xo, ME
k € INkark = 2.

39) Av uttdpyer 1o lim (F(x) + g(x) ) 1€ Kar avaykn utrapxouv Ta lim (f(x)) kar lim (g(x)).

40) Av ol cuvapTAoeig f, g £xouv 6pIo OTO X, Kal IoXUel f(X) < g (X) KovTd GTO X,, TOTE :
lim f(x) > lim g(x)
. e i L
41) Av x # 0, 161€ 10X Vel lim —- = —o0.
X=0 ¥
42) Av utidpxel o0 R T0 OpIo TNG ouvapTNONG f 0To X, EIR, T0TE :  lim (k f(X)) =k lim (f(x)) yia

K@Be oTabepd keIR .

43) Av lim f (x) = +oo 161€ f(X) >0 YIO KGBE X KOVTG OTO Xo.

44) ‘Eotw f mpayuatiki ouvaptnon Pe medio opiopou 1o A Kal XoeA. 'EoTw emmiong f(x)#0 yia kdBe

XEA. Av lim f(x) =+ T16TE lim L =—0 .

X—Xq X—Xg (X)

45)Ava>1 161€ lim o* =0.

X—>—00

46) Av uttapxel To Oplo TnG ouvdapTtnong f o1o XER kar lim f(Xx) < 0, 167 f(X)<0 KOVTA OTO Xo.

47) 'EOTw Mo ouvaptnon opiopévn O éva OUVOAO TnNG MOP®AS (A, Xo)\U (Xo, B) Kai ¢ €vag
TTPAYUATIKOG apIBudG. ToTe 1Io0xUEl N iIcoduvapia: lim (f (x)): (< lim({f(x)-¢)=0

cuovx—-1
X

48) loxver :  lim 1
x—0

49) Av lim f(x) =0 kai f(x) < 0 KovTa 0710 X, 761 |liM % = 400
X—Xg x=xo T(X
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I|m NkX =0
X

50) loyuver :
51) loxUel [nux|<|x|, yia ke xeR".

52) Av lim f(X) =+ | —0, TOTE |umi=o

X—>Xg X—>Xg (X)

x—0

53)I|m( L j 400, yIa K&Be v e N.
X

54) Av ol ouvaptioeig f, g £€xouv OpI0 OTO X,, Kal IoXUEl f(X) < g(X) KOVTA OTO X,, TOTE IOXUEL
lim f(x) < lim g(x)

55) loxuel o lim le

X—>+0 ¥

1
56) Av I|m f(x) =0 kai f(x)>0 kKovTé& OTO Xo, TOTE lim ﬁ = 40
X—)XO X

57) Av givai lim f(x) = +oo, T6TE f(X) < 0 KOVTA OTO X

X—>Xq

58) Av eival 0 <a <1 101e lim o = +o0

X—>+00

59) Av givar lim f(x) = +oo, T6TE f(X) < 0 KOVTA OTO X9

X—Xg

60) Ma TNV TTOAUWVUUIKA ouvaptnon P(x)=a,x"'+a,..x" ™" +... aix + dg g a, # 0 1ox0er: lim P(X) = a,,
X—>+00

61) MNa k&e Levyog ouvaptioewy f: R —-> R kal g: R —> R, av lim f(X) =0 kai I|m g(x) =+

X—>Xo

, 161 lim[f (x)-g(x)]=0.
62) loxUe 6T npx| < [X| yia kaBe xER
.. . ouw-—1
63) loxuel om: lim—— =1
x—0 X
64) Av lim f(x) = —0, 10T lim (- f(x))=

65) Av gival lim f(x) = —o 1é1E liM |f (X)| =+

66) Av lim|f(x)| =+ T167€ lim f(X) = —0 7/ lim f(x) = +0
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> ZYNEXEIA
67) Av n ouvdptnon f gival opiopévn oTo [a,B] kal cuvexng oTto (a,B], Téte n f Taipvel TTédvroTe O0TO
[a,B] pia péyioTn Tipn.

68) Av n ouvdpTtnaon f eival cuvexng oto didoTnua [a, B] kal uTTapxel Xoe(a, B) TéTolo woTe f(X)=0,
TOTE KAT avaykn Ba ioxvel f(a)-f(B)<0.

69) Av f gival ouveyrng oTo [a, B] pe f(a)< 0 kar uttapxel ¢e(a,B) woTe f(§)=0, Té1e KaT'avaykn f(B)> 0.

70) Av uia ocuvaptnon f eival guvexng o€ éva didotnua A kal 8 undevifetal ¢’ autd, TOTE AQUTA A
gival BeTIKn yia KGBe XEA 1) gival apvnTIKN yia KGBe xeA, dnAadr diatnpei TTpoonuo oTo didoTnua A.

71) H eikova f(A) evog diaocTApaTog A HEoWw MIOG ouvexoUg Kal un oTaBepng auvdaptnong f eivai
dldoTnua.

72) Av n ouvdptnon f €ivar ouveXAg OTo Xg Kal n ouvdptnon g €ival ouveXAS OTO Xg , TOTE N
oUvBeon Toug gof gival cuvexAg OTO Xp .

73) H gikéva f(A) evog dlaotipatog A péow piog ouvexoug ouvdaptnong f eival didotnua.

74) Av uia ouvaptnon f eival yvnoiwg at€ouoa kal ouveXAS o€ £va avolkTd didotnua (a,B), ToTE TO

0UVOAO TIHWV TNG OTO BIGoTNUa auTo gival To didotnua (A,B) 6mrou A= lim f(X) kar  B=lim f(x).
x—at Xx—>B~

75) Av f gival ouvexng ouvdptnon oto [a,B], Téte n f TTaipvel oto [a,B] pia péyiotn Tiul M kal pia

eNaxioTn TIiuA m.

76) Mia ocuvexng ouvdptnon f diatnpei Tpoéonuo o kaBéva atrd Ta JIACTAUATA OTA OTToiId Ol
d1ad0XIKES piCeg TNG f xwpidouv To TTEdIO OPICUOU TNG.

77) Av pia ouvaptnon f eival yvnoiwg @Bivouoa kai ouvexng o€ €va avoikto didotnua (a,B), T1o1e 10

oUvoAO TIHWVY TNG 0T SiGoTNa auTé gival To didoTnua (A,B), éTou A = lim f(X) kaiB = lim f(x).
X—a X—=p~

78) To oUvoAo TINWV HI0G ouvexoUg ouvdapTnong f pe medio opiouou 1o KAeIoTé didoTnua [a, B]

gival 1o kKAe1oT1é didatnua [m, M], 6trou m n eAaxioTn kai M n p€yiotn TIPn mg.

79) Mia ocuvexig ouvdptnon f diatnpei Tpoéonuo o kaBéva atrd Ta dIACTAUATA CGTA OTToia Ol
d1ad0XIKES piCeg TNG f xwpidouv To TTEdIO OPICUOU TNG.

80) Av pia ouvaptnon f gival ouvexng oe éva didotnua A kar dev undeviletal o€ auto, 101E N f
dlatnpei Tpdéonuo oTo diIdoTnua A.

81) Av n f givai cuvexng ouvdpTtnon oo [a,B], TéTte n f TTaipvel oTo [a,B] pia PéyioTn Tiun, M, kal gia
eAayIoTn TIPA, M.

AMNANTHZEIZ EPOQTHZEQN 2Q3TOY — AAOOY2 AMNO MNMANEAAHNIEZ 2000 — 2023

1° KEQAAAIO SEA. 173
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IZXYPIZMOI & ANTINAPAAEICMATA

BAZIMENA 2TO ZXOAIKO BIBAIOTIATO OEMA A”

1. OcwpnOTE TOV TTOPAKATW ICXUPIOHO :
«Av f(x)-g(x)=0 yia kGBe xe A 101E f(X)=0 VIO KGO xe A 4 g(X)=0 yia K&be
XeA.»
a. Na XapoKTnEIioeTe TOV TTAPATTAVW I0XUPIOPO YPAQPOVTOG OTO TETPAdIO CAG TO

ypaupa A, av gival AAnBRig, 1 To ypauua W, av givar Weudnig. (Movada 1)
B. Na aitloAoynoeTe TNV aTTAVTNOT 0AG OTO EPWTNUA d. (Movadeg 3)
Amrdavrnon :

a ¥

B. EoTw o1 ouvaptioeig f(x)=x—|x, xeR kai g(x) =x+|x, xeR. Exoupe Aoimmov ot :
f(x)-g(x) = (x—|x|)-(x+|x|)= X2 —|x* =x* - x* =0.
2T0 TTAPOKATW OXAMA @aivovTal Ol TTAPATTAVW OCUVAPTACEIG KOl OTITIKOTTOIEITAI TO
aTTOTEAEOUA :

flx)=x—|x

2. OewpnoTe TOV TTAPAKATW I0XUPIOUO :
«Av f,g duo cuvaptroeig he edio opiopou A, B avTioToixwg Kai [T éva utTTogUVOAo Twv

A,B kai yia k@B6e x eT" 1ox0el f(x) =g(x) 16T€ 01 cuvapTAcelg f kal g eival ioeg oTo
ouvolo MN»
a. Na YXapoKTnpPioETE TOV TTAPOATTAVW IOXUPIOKO ypA@ovTag OTO TETPAdIO COG TO

ypauua A, av givar AANBRg, A 1o ypduua W, av givalr Weudrc. (Movada 1)

B. Na aitloAoynoete TNV aTTAVTNOT 0AG OTO EPWTNUA O. (Movadeg 3)
Amrdavrnon :
a. A
B.

- . x' -1 X' 4x . .
o tepddetypa ot oovaptioss  f(x)= . g(x)= OV EYOVV EOiU
xX— X

opiclov ta oivoria A=R-{1} ko1 B=R-{0} avtictoyju. eivol iceg 610 GUVOLD
I=R-{0.1}. apoi yiu kdbs xl 1oyver 6Tt fix)=g(x)=x+1
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3. OewpnaoTe TOV TTAPAKATW IOXUPIOUO :
«Av f,g duo ouvapTtAoeig pe Tedio opiouou A, B avTioToixwg kai opiovtal ol f o g Kai

go f 1OTE UTTOXPEWTIKA I0XUEl go f =T og».
a. Na XapoKTnEIioeTe TOV TTAPATTAVW I0XUPIOPO YPAQPOVTOG OTO TETPAdIO CaG TO

ypaupa A, av gival AAnBAg, 1 To ypauua W, av givar Weudnig. (Movada 1)
B. Na aitloAoynoeTe TNV aTTAVTNOT 0AG OTO EPWTNUA O. (Movadeg 3)
Amrdvrnon :

a ¥

B. Eotw o1 ouvapTtAceig f(x)=Inx kai g(x) = Jx.
H ouvaptnon f €xel medio opiopou 10 D = (0,+x), evio n g 10 D, =[0,+x) .
MNa va opigetal n mapaoctaon (go f)(x)=g(f(x)) mpémel : xeD; kai f(x)eD, A,
IcodUvapa,

f(x)zo© Inx>0 X>
go f kaigival : (gof)(x) =g(f(x))=g(Inx) = JInx, D, =[L+»)
MNa va opiCetal n mapdotaon (f og)(x) = f(g(x)) mpémel : xe D, kai g(x)eD; n,
IcodUvapa,

x=0 x=0 20 x>0, BnAai TpgTE x> 0. Emopévwg, 0 iCeTan
P < R ’ ) ’
g(x)>0  |Vx>0 x>0 veen e e r]

f og kai givar : (fog)(x) = f(g(x)) = f(Vx)=In/x, D, = (0,+00). TeANka
TTapaTnpouue o1l gof # fog .

x>0 x>0 x>0
{ { = { 1 < x>1, dnhadn Tpétrel X >1. ETTopévwg, opieTal n

4. OewpnROTE TOV TTAPAKATW ICXUPIOHO :
«Eotw f,0,h 1peig ouvapTtAoelg. Av opietain ho(go f), TOTE UTTOXPEWTIKA I0XUEI

ho(gof)=(gof)oh ».
a. Na YXapoKTnpioeTe TOV TTAPATTAVW IOXUPIOKO ypA@ovTag OTO TETPAdIO OOG TO

ypauua A, av givar AANBRG, A 1o ypduua W, av givalr Weudrc. (Movada 1)
B. Na airloAoynoete TNV aTTAVTNOT 0AG OTO EPWTNUA O. (Movadeg 3)
Amrdavrnon :

a ¥
B. Eival weudng kabwg oTnv auvBean dev I0XUEI N AVTIMETABETIKA 1810TATA OTTWG £€NYRONKe
o710 2. aAA& n TpoceTalpioTKr 1010TNTa ho(go f)=(hog)o f .
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5. @ewpnoTe TOV TTAPAKATW I0XUPIOUO : (MaveAAnvieg 2018)
«Av f gival yia ouvdpTtnon opiouévn o€ €va oUvoAo A kail “1-1” TOTE €ival Kal yvnoiwg
pjovoTovn 0710 A».

a. Na YXapoKTnpioeTE TOV TTAPOATIAVW IOXUPIOKO YPAPOVTAG OTO TETPADIO OOG TO

ypaupa A, av givar AAnBnig, f o ypauua W, av givar Weudnig. (Movada 1)
B. Na airloAoynoete TNV aTTAVTNOT 0AG OTO EPWTNUA d. (Movadeg 3)
Amravrnon :
a ¥
B. Ymdapyxouv cuvapTtroeig Tou gival “1-1” aAAG dev gival yvnoiwg HovOTovEG, OTTWG Yid
X , X<0O
Tapadelyua n ouvaptnon 9(x) =11 x>0 ™S OTT0IOG N YPOQIKA TTapAcTACN
X

QiveTal OTO TTAPAKATW OXAMA :

6. O@cwpnoTe TOV TTAPAKATW IOXUPICUO :
«Av 10 6pI0 Iim|f(x)| =1#0, 16110 liIMm f(X)=1 4 lim f(x) = ».

) X—Xg

a. Na YXapoKTnpioeTe TOV TTAPATTAVW IOXUPIOKO ypA@ovTag OTO TETPAdIO COOG TO

ypauua A, av givar AANBNg, A 1o ypduua W, av givalr Weudrc. (Movada 1)
B. Na airloAoynoete TNV aTTAVTNOT 0AG OTO EPWTNUA O. (Movadeg 3)
Amrdavrnon :
o ¥
B.

. P X| = r , .
I'o mopaosypa, n covapinon _f[x]:T OEV EYEL Op1O GTO x, =0, agov:
- —X - - -
— 7w x<0swvol f(x)=—=-1, omote Im f(x)=-1., evo
X x—l"

— 7o x>0 eivat _f{x}:le_. omoTe lim f(x)=1.
x +

x—0
kot éTor lm f(x) = lim f(x)
x=0" =07

| x

=—=1 &= opocto x, =0K0 eivon

| x

X|

X

Evé n ovvapman | f(x)|=

wnp o) i= Tyt =1
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7. OewpnoTE TOV TTAPOAKATW I0XUPIOUO :

«Av 10 6p10 limf2(x)=1#0, 161e TO lim f(X) =1 7 lim f(x)=—I».
a. Na XapoKTnEIioeTe TOV TTAPATTAVW I0XUPIOPO YPAQPOVTOG OTO TETPAdIO CAG TO
ypaupa A, av gival AAnBRig, 1 To ypauua W, av givar Weudnig. (Movada 1)
B. Na aitloAoynoeTe TNV aTTAVTNOT 0AG OTO EPWTNUA O. (Movadeg 3)
Amdvinon :
o ¥
B.

| x|

Mo mopddoetypa, 1 covaptnon f(x)=— 0&v £yl 0pLO GTO x, =0, APOV:
X

— Y10 x < 0&ival f(x)=_—x=—1_. omoTe Im f(x)=—1, &vd
X x—0"

— 1o x>0 eivat f{x}:ﬁzl, OTMOTE 1im+f{x}=1.
x a0
kdt €101 Im f(x)= m f(x)

=0 a0
3 )
o e (1XIV_IXF_, ,
eve ncovapmeon f(x)=|— | = =1 &ye16po 610 x; =0k eival
X

2
X

limf*(x) =liml1=1.
x—=0 x—0

8. OewpnoTe TOV TTAPAKATW ICXUPICUO :
«To 6pio lim f(x), eivar avegdptnTo TWV AKpwV a,B Twv dlaoTNPaTwy (0, X,) Kal (X,, 5)
oTa oTroia Bewpoupe 6T N ouvapTnon f eival opiouévn»
a. Na YXapoKTnpioeTe TOV TTAPATTAVW IOXUPIOKO ypA@ovTag OTO TETPAdIO OOG TO

ypauua A, av givar AANBRg, A 1o ypauua W, av givalr Weudrc. (Movada 1)

B. Na airloAoynoete TNV aTTAVTNOT 0AG OTO EPWTNUA O. (Movadeg 3)
Amrdavrnon :
a. A
B.

- § , . | x-1
INo mopaoerypa av BELovLe TO OpLo TS CUVEPTI|OTNS f{x] = l 10 Xo=0
xX—

mepropilonacte oto (-1, 0)u(0. 1) tov mediov opiGuob TNC. GTO OMOi0 TUipVEL TNV

., —(x—1) , . . : ..
wopeny f(x)= (x 1 -=—1. kot emopévae to (nrovuevo opro eivar lim f (T) =1

X— x—
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9. OewpPnoTE TOV TTAPAKATW ICXUPIOUO : (MaveAAnvieg 2020 I1.%.)

«lMNa k&Be ouvaptnon f e I|m f(x) =0, 1ox0e1 611 lim T—+ n lim %:—oo »
X—>Xg X X—>Xq X
a. Na xapokTnpioete Tov TTOPATTAVW I0XUPIOUO YpA@ovTag OTO TETPAdIO 0OG TO
ypaupa A, av givar AAnBnig, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na airloAoynoete TNV aTTAVTNOT 0AG OTO EPWTNUA d. (Movadeg 3)
Amravrnon :
a ¥
B. Aivetar n ouvaptnon f(x)=x*" ue Iirrg f(x)= Iing(xz”l) 0. Opwg T0 Ilm% dev
X—> X—> X
1 : 1 - 1 . 1
uTTapxel Kabwg I|m = lim —— =+, gvid lim = lim —— =—w.
—0" f(X) x—0" X v Xx—0" f(X) x—0~ X
10. OewpAOTE TOV TTOPAKATW IOXUPIOUO : (MaveAAnvieg 2018 EmravaAnmrikég)

«Ma k@Be Ceuyog TTpayuaTikwy cuvapTicewyv f,g:(0,40) - R, av IoxUel Iing f(X) =+
kar lim g(x) = oo, 10T Iing[f (x)+g(x)]=0».

a. Na XapoKTnEioeTe Tov TTAPATTAVW I1I0XUPIOPS YPAQYOVTOG OTO TETPAdIO CAag TO

ypaupa A, av givar AAnBRAg, 1 To ypauua W, av givar Weudnigc. (Movada 1)
B. Na airloAoynoete TNV aTTAVINGCT 0AG OTO EPWTNUA O. (Movadeg 3)
Amrdvrnon :

a ¥

B. Av TTapoupe TIg cuvapTAoelg f(x) = iz +1 kal g(x) = —iz, TOTE EXOUE:
X X

x—0 X

lim f(x) = Iim(i2 +1j = +00, Ilm g(x)= Ilm(— izj = —00 KOl
x—0 x—-0\ ¥

x—0

I|m(f X)+g(x)) = Ilm(—i+1+ ij =liml=1.
X X

11. OetwpAOTE TOV TTOPAKATW IOXUPIOUO : (MaveAAnvieg 2019)
«lMNa kaBe ouvaptnon f:A —> R, 6tav ummdpxel 1o 6plo NG f KABWS TO X TEivEl OTO

X, € R, TOTE QUTO TO Oplo IocoUTal HE TRV TIMA TG T OTO X, ».
a. Na XapoKTnpEioeTe Tov TTAPATTAVW 1I0XUPIOUO YPAQYOVTaG OTO TETPAdIO 0ag TO

ypaupa A, av givar AAnBni¢, ) To ypauua W, av civar Weudnic. (Movada 1)

B. Na aitloAoyroeTe TNV ATTAVTNGCT 0AC GTO EPWTNHA O. (Movéadeg 3)
Amrdavrnon :

a ¥
B. O 1oxupiopdg Ba ATav owoTtdg, av n f ATav ouvexng oto X,. Ma Tapddelyua, n
X1 xel X2-1 ) (X=D(x+1)
ouvaptnon  f(x)={ x—1 g . loxuer om I|m f(x)= Imz 1 m T -
X—>. X X~> X_

3 ,avx=1
Iirr}(x+1):2, evw f(1)=3.
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12. OecwpAOTE TOV TTAPAKATW IOXUPICUO :
«Mia ouvaptnon f Oev gival ouvexng o€ €va onueio X, Tou TTEdiOU OPICHOU TG, OTAV

OEV UTTAPXEI TO OPIO TNG OTO X, »
a. Na YXapoKTnpioeTE TOV TTAPATTAVW IOXUPIOPO YpAPOVTaG OTO TETPADIO OOG TO

ypaupa A, av givar AAnBnig, f To ypauua W, av givar Weudnig. (Movada 1)

B. Na airloAoynoete TNV aTTAVTNOT 0AG OTO EPWTNUA d. (Movadeg 3)
Amrdvrnon :
a. A
B. )

- X+l x=<0 _
T mapaderypa: 1) covdpmon f(x)= { , 0 OEV EIVUL GUVEYTS OTO Xo=0,
2—x, x>

-

agov lim f(x)=lim(x* +1)=1.evé lim f(x)=1im(2—-x)=2 ondte dev vrdpyel
r—=0" ) a0 x—={0" x—0"
0 opro g foto 0.

13. OewpnoTE TOV TTAPAKATW IOXUPICUO :
«Mia ouvaptnon f dev gival cuvexng o€ £€va onueio X, Tou TTEdiou opIoPoU TNG, OTavV

UTTAPXEI TO OPIO TNG OTO X, , AAAA gival BIAQOPETIKO atrd Tnv TIuA TN f oT1O0 X, .»
a. Na YXapoKTnpioeTe TOV TTAPATTAVW IOXUPIOKO ypA@ovTag OTO TETPADIO OOG TO

ypaupa A, av gival AAnBnig, 1 To ypauua W, av givar Weudig. (Movada 1)
B. Na airloAoynoete TNV aTTAVTNOT 0AG OTO EPWTNUA O. (Movadeg 3)
Amrdavrnon :
a. A
B.
Mo nopdostyna:
J'-.r‘ -1 )
) coav o x=1 ) ) .
H covapmmon flx)=4 x—1 Oev eival guveyng oto 1. apov
3, av r=1

m%f(.a-)=m%w=m](x+1)=z. evd  f(1)=3.
r—= I—s - T=*
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14. OewpAOTE TOV TTAPAKATW IOXUPICUO :
«EoTw pia ouvaptnon f, opiouyévn o€ éva didotnua [a,B] av :
e n f eival cuvexAg oto [a,B] kal eTTITTAOV, 1I0XUEI
e f()f(B)>0
T0TE OV UTTAPXE! X, € (a, B) TéT010 WoOoTE f(X,) =0»
a. Na XapoKTnEIioETe TOV TTAPATTAVW IOXUPIOPO YPAPOVTOG OTO TETPAdIO 0AG TO

ypaupa A, av gival AAnBRig, 1 To ypauua W, av givar Weudnig. (Movada 1)
B. Na aitloAoynoeTe TNV ATTAVTNOT 0AG OTO EPWTNUA O. (Movadeg 3)
Amravrnon :
a ¥
B.

Av f(x)=nux-cuvx. xe[0. 2r] &yovue f{0)=-1. fRa=-1. dpa f{0)f21)=1>0 dnladr n
cuveyns f &yetl ota drpa Tov MuoTiNUTOS opoaEs TIHES kot 1) elicwmon f{x)=0
gyer tovddyiotov pia pila oto (0. 27) agov

f(x)=0< nux-cuvx=0< Nux=cuvx< epx=1< x=n/4 1| x=5m1/4.

15. OetwpAOTE TOV TTOPAKATW ICXUPICHO :
«Av yia pia ouvexry ouvaptnon f:R°—> R 1oxoer f(X)#0 yia kG0 x =0, 161e n f
diartnpsi Tpoonuo oto R »
a. Na YXapoKTnpioETE TOV TTAPOATTAVW IOXUPIOKO YyPAPOVTAG OTO TETPADIO OOG TO

ypauua A, av givar AANBRg, A 1o ypauua W, av givalr Weudrc. (Movada 1)
B. Na airloAoynoete TNV aTTAVTNOT 0AG OTO EPWTNUA O. (Movadeg 3)
Amrdavrnon :
o ¥
B.
[ Lx>0

Mo Tepddetyla 1) GUVAPTION f(}.] = ElVUL GUVEYT|S OTO

|-1, x<0
R =(=, 0)U(0, +®) ., pe f(x)#0yaxade xe R =(<wo, 0) (0, +x) ohid dev

O pei mpocno ato gvvoro avtd agod f{x)<0. yia x<0 ko {(x)=0. x=0.

16. OewpAOTE TOV TTAPAKATW IOXUPIOUO :
«To auvoAo TIHWV pIag ouvexoug ouvdptnong f pe mediou opiopou 10 [a,B] €ival TO
KAEIOTO didoTnua [m,M] 61Tou m n eAaxiotn kai M n pé€yioTn TiuA TNG.»
a. Na XapoKTnEioeTe Tov TTAPATTAVW IOXUPIOPO YPAYOVTOG OTO TETPAdIO Cag TO

ypaupa A, av givar AAnBni¢, ) To ypauua W, av civar Weudnic. (Movada 1)
B. Na aimiohoyro€Te TNV QTTAVTNOT 0AG OTO EPWTNHA a. (Movéadeg 3)
Amravrnon :
a. A
B.

Av f(x)=nux. x[0. 2r] éyst givolo TipGV To Givolo [-1. 1] apol sival Guveyis GTo
[0. 2x] pe ehdypiom T m=-1 kot péyietn ipn M=1.
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KED®AAAIO 2° : AIAOOPIKOZ AOlIZMOX

2.1 H ENNOIA THX I[IAPAT' QI OY

28. OPIZMOZ (2004, 2009)

Méte pia ouvaptnon f Aéyetal mapaywyioiun o€ va onuegio x, Tou ediou opiguou NG ;

Atmravinon :

Mia guvaptnon f Aépe o1 gival Trapaywyioiyn o’ éva onueio x, Tou Tediou opiopoU NG, av Kal

MOVO av UTTGPXEl TO IimM
X=X X—Xo

Kal €ival Tpaypatikég apiBuds. To oplo autd ovopaderal

Tapdywyog TnG f oto x; Kai oupgPoAiceTal pe '(x,). AnAadn: f'(x,) = lim M

X0 X—Xo

ZXOAIa :

a) Av, Twpa, oTNV 1I00TNTA f'(x,) = lim

X=Xy

f(x) - f(x,)
X=X

0

Béooupe x =x, +h, TOTE £X0UE

() = lim Vo 1D T

MoANéEG @opég TO h=x-x, OUPBOANICETAl PE Ax, eV TO f(x,+h)—f(X,)= f(X,+4X)—f(X,)

OUPBOAICETaI e 4F (x,) , OTIGTE O TIAPATIAVW TUTIOG YPAETaL: f(x,) = lim. Afjx()) :
x— X

H teAeutaia 106TnTa 08ynoe 10 Leibniz va cuufoAicsl tnv mmapdywyo OTO X, ME dféx") n
X

df (x)

i . O oupBohiopdg f'(x,) €ival yETayEVEOTEPOG Kal opeileTal oTov Lagrange.
X

X=X

B) Av 10 X, €ival EOWTEPIKO ONUEIO EVOG dIAOTANATOG Tou TTEdiou opiopou Tng f, TOTE:
H f eival Tapaywyioiyn o1o X, , av Kai 4Jévo av UuTTdpxouv oTo R Ta OpIa :

tim TOO=F06) o F0 =) oy givan foa.

X=Xy X=X, X—X§ X=X,

29. A) Ti opiCoupe wg epatrTopévn NG C, oTo onpeio TG A(X,,f(x,))

B) Av n ouvaptnon f gival TTapaywyioiun oTo onueio x_, va YPAWETE TNV £iowan TNG EQATITOPEVNG
NG C, oTo onueio TNG A(x,,f(x,)). (2000)

Armrdvinon :
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A) Eotw f pia ouvaptnon kai A(x,,f(x,)) €va onueio NG C, . Av uTrdpxel 10 lim w
X=X, — X,

gival €vag TTpaydaTiKOG apiBuog A, 101e opifoupe wg epaTtrTopevn NG C, 0TO anueio NG A, TNV

Kal

€uBcia £ TTou dIEpXETAl ATTO TO A KaI £XEI CUVTEAEDTN dIEUBUVONG A.

B) H egiowon g epatrropévng (€) NG C, 010 onueio TG A(x,,f(x,)) eivau:
Y- f(xo) = f((xo )(X - xo)

ZXOAIA :

20PeWVa PE TOV TTapaTTavw opIouo:

¢ O ouvteAeoTng dielBuvong TnNG epamTopévng € TNG C; piag apaywyioiung cuvdptnong f, oto

onueio A(X,, f(X,)) €ival n Tapdywyog NG foTo X, . AnAadn, eivar |4= f'(x,)|,

omoTe n e€iowon e epamropévng € givar : |Y— F(X)=F'(X)(x=%p)

Tnv khion f'(x,) g epamropévng € ato A(X,, F(X,)) Ba ™ Aépe kai kAion Tng C, oTo A 1
KAion Tng f oTo X,.

e H omiypiaia taxitnta evog Kivntou, TN XPOVIKA OTIiypn t,, €ivar n mTapdywyog Tng ouvaptnong
Béong x = S(t) Tn xpovikn oTiyun t,. AnAadn, eivai  o(¢,) =S'(¢,).

30. Av pia ouvdptnon f eival Tapaywyiolyn o’ €éva onueio x,, TOTE €ival KaI CUVEXNG OTO ONUEIO
auTo. (2000, 2003, 2007 B, 2013 B", 2017 Z-A pe e€qynon)

ATTO0EI :

Ma x = x, €xoupe f(x)-f(x,) =

w.(x_xo), oTroTe Ba gival :

0

F(x) ~(x,)

0

f(x)—1f(x,)
X=X

0

(x=x,)| = lim

X=Xy

lim(x-x,) =f(x,)-0=0,

X—>Xq

lim ) f(x,)] = fim

agou n f eival Tapaywyioiun ato x,. Emopévwg, lim f(x) = f(x,) , dnAadn n f eival guvexng aTto x, .

ZXOAIO :
To avtioTpo@o Tou TTapaTTavw Bewpruatog dev IoxUel MNa TTapddeyua :

‘Eotw n ouvdptnon f(X)=[x|. H f eivai ouvexAc oto X, =0, aAAd Bev sival TTapaywyioiun o’
] T A G  (0) I e F()-f(@0) . —x i

- lim ———~ =lim==1 Iim——==lim—=-1,

auTo, agou B —— = EVW vk —0 i (MaveAARvieg 2017)
Mapatnpolpe, dnAadr, éTi pia cuvdptnon f umopei va eival cuvexig o’ éva onuseio x, xwpic va
gival TTapaywyioiun o autd. Av, éuwg, n T eival Tapaywyioiun o1o x,, T6TE Ba gival kal GUVEXAS
OTO X,,

lox0er 6pwg oTi : Av pia ouvapTnon f dev gival ouvexng o’ éva onueio x,, TOTE, CUNPWVA PYE TO
TIPONYOUNEVO Bewpnua, eV PTTOPEI va gival TTApAywYioIun 1o X, .
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2.2 ITAPATI'QI'IYIMEY YXYNAPTHXYELY - IIAPAI'QI0Y YXYNAPTHXH

31. OPIZMOI

Moéte wia ouvaptnon f Aéyetai :

o) Mapaywyioign oto cuvoAo A

B) Napaywyioiun oto avoiktd didoTnua (a, )

Y) MNapaywyioiuyn oT1o KAEIOTO dIACTANA [a, £] (2010 B’, 2013, 2023)

0) Ti ovopadoupe TTPpWTN, BEUTEPN KAI YEVIKA VIOOTH TTAPAYWYO HIag ouvdptnong f;

(2020 N.Z. pévo yia TNV TPWTN TTAPAYWYO)

Amravinon :

‘Eotw f pia cuvdptnon ue medio opiouoU éva auvolo A. Oa AEuE OTI:

a) H f eival Tapaywyioiun oto A rj, atrAd, Trapaywyioign, otav gival rapaywyioiyn o€ Kade
onueio x, e A.

B) H f cival Trapaywyiociyn o€ éva avoikTo SIdoTnpa (a, ) Tou TTEdiOU OpIoUOU TG, OTAV gival
TTapaywyioiun oe KGBe oneio x, < (a,p) .

y) H f eival Tapaywyioipn o€ éva KAEI0T6 didoTnua [«, ] Tou TTEdiou opiopuoU TG, OTav gival
TTAPAYWYIoIUN OTO (a,B) Kal ETITTAEOV IOXUEL i fI=F(@) _p kat jjp FEO=FB) .

xoat  X—0 x->p~  X—P

8) ‘Eotw f pia ouvdpTtnon pe 1edio opiopod A kai A; To GUVOAO Twv ONUEiwv Tou A OTa OTToI
auTth eival TTapaywyioiun. AvtioTolxifovtag kdde X € A, oto f'(X), opifouue Tn ouvdptnon

f""A >R
X — f'(x),
N oTroia ovopadeTal TTpWTN TTapdywyog Tng f A ammAd Tapdywyog Tng f. H mpwtn TTapdywyog
] df . . , s
™G f oupBoAifeTal kal ye d— TTou dlaBadeTal “vie €@ TTPOGg vie XI”. MNa TTPOKTIKOUG Adyoug Tnv
X

mapaywyo ouvdaptnon Y = f'(x) 8a Tn oupBoAiloupe kai pe y = ((x))".

Av utroBégoupe 6T To A, eival didoTnua i évwaon dlaoTnudtwy, 10T N Tapdywyog Tng ', av
uTTapxel, Aéyetal de0TEPN Trapdywyog TG f kai cupBoAiletan ye ',

Emraywyikd opileTal n viooTh Trapdywyog Tng f, pe v >3, kai cupBoAileTal e f) . AnAadn
=Py, v2s.
H elpeon tng mapaywyou ocuvaptnong, e Baon tov opioud mou dwoaue, OtV gival TTavia €UKOAn. 2

ouvéxela Ba douuEe LEPIKES BATIKES TTEQITITWOEIS TTAPAYWYIONS CUVAPTACEWY, TTOU 6a TIC XPNOIUOTTOIOULE
oTnVv UpECN TTAPAYWYOU CUVAPTHOEWY (QvTi va XphoiUoTTOIOUUE TOV OPIOLUO KABE popd).
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Maparnpnon :

loyoer . T'(X) =|hm

a () =lim

h—0

Emiong: f'(X) =lim———= f(u) f(x) £ =lim W= ')

u—x u—x u-—X

feeh) -0 f'(x+h)— f'(x)
h h

[Xx+h=u]

32. Na atodeifeTe OTI :
a) Av f(x)=c, 101€ f(x)=0 B) Av f(x)=x, TOTE f'(x)=1

V) AV f(x)=x", Je veN-{0,1}, TOTE f(x)=vx"? &) Av f(x)=+/x, T0TE f'(x):i\/_, x>0
24x

(2005 B")
A16d¢e18n :
a) Ma x = x, 1ox0er: f-f00) _ c-c ;. Emopévwg, i FE=fX) _ 4, 8nAadn (c) =0
XX, XX, =% X=X,

B) Ma x #x, 10x0er om : fOI-f(x) _x=% _; Emopévwg, |, fFOI-flx) .o ;, dnAadn (x) =1.

X=X, X=X, on X=X,

Y) Avx, €ival éva anueio Tou R, TOTE yIa X # X, IOXUEL:

fO)—f(x,) X" =x5 (X=X )X+ XX +-+ %)

=X XX XS

X=X, X=X, X=X,
X - f X _f X . , 4 v v-1
ETropévwg : lim f)-10¢) _ lim (¢ x72x) +- x0T = x4 4t = vxe1,0NAadA (X)) = vx
X—>Xq X—xo X—>Xq

8) Avx, gival £va anueio Tou (0,+x), TOTE YIA X # X, IOXUEL:

F0-fox) xo  (P o)) xex 1 omore:
X=X, X=X (x—xo)(\/;+\/g) (x—xo)(\/;+\/g) «/§+\/Z
00 Fx,) 1, dnhad (Jg) -1 .
Xlanxwo X —X, l»nl J;+\/_ 2\/><_ (&) 2\x
, . . . . . f(x)-1(0)
Mapatipnon : N f(x) =vx £éxel medio opiopol 10 A =[0,+00), dpwc : lim — 0
x—0" X —
Jx 1
= lim — = lim —= = +o0, dpa n f dev ival Tapaywyioiun oto X, =0.
x—0" X x=>0" /X

ZXOAia — TOTrOI
¢ EoTw ouvdaptnon f(x) =nux . H ouvdptnon f eival mapaywyioiun oto R Kai ioxUel f'(x) = ouvx ,

e E0Tw n ouvdpTtnon f(x) =ouvx. H cuvdpTtnon f eival Tapaywyioiun oto R kai IoxUel f'(x) = —nhpx,
dnAadn ‘(ouvx)’ = —nux‘

o E0Tw n ouvdpTtnon f(x) =e* . ArodeikvueTal 611 n f gival TTapaywyioiyn oto R Kal I0XUEl f/(x) = e,
dnhadn |(eX) =e*

e E0Tw n ouvdptnon f(x) =Inx . ATrodeikvueTal OTI N f gival Tapaywyioiun oTo (0,+x) I0XUEI f(x) _1
X

, dnAadn [(Inx) :%

ETTIMEAETIA : TTAAAIOAOTOY TTAYAOZ PPONTIZTHPTIA «BAKAAHZ>» 42




2.3 KANONEZX I[TAPATI'QI'IXHY

33. OEQPHMA (lMapdywyoc¢ aBpoicuarog)
Av ol ouvapTnoeig f,g gival TTapaywyiciyeg oTo X, , TOTE N auvapTtnon f+g gival rapaywyioiun
oT0 X, KaIloXUel :(f+9)(x,)=f(x,)+g'(x,) (2020 N.x., 2023)

ATo6El

(f+9)0) -~ (f+9)(x) _ F0x) +9(x) ~ (%) (%) _ f)—F0%,)  g(x)-9(%,)

Ma x # X, , I0XVEL
X=X, X=X, X=X, X=X,

ETeidn o1 ouvaptoeig f,g gival TapaywyicIyeg oTO X, , £XOUUE:

i (FHO0)-(F 1)) | F0-flx) | gx)-g0x,)

= lim =f'(x,)+9(x,), dnAadn
X—Xg X — XO X—Xg X — XO X—Xq X — XO
(fF+9) (%)) = (%) +9'(%,) .
Znugiwon :

Av ol ouvaptioeig T, g eival TTapaywyioipeg o’ €va didotnua 4, 1o1e yia KdBe X € A 10xUEl:

(f+8)(x)=f'(x)+g'(x).
To Trapatrdvw Bewpnua 1o0XUEl Kal yia TEPICCOTEPEG ammd dUo ouvapTtioelg. Anhadr, av
f., f,,.., T, eivar mapaywyioiyeg oto A, o1 : (f, + f, +---+ f,)'(X) = £/(X)+ f,(X)+---+ £/ (X).

Ma mapadeiypa, (MuX+ x> +e* +3) = (Mux)’ + (x*) +(e*)' +(3)" = cuvx +2x +e*.

34. QEQPHMA (lMapdywyog yivouévou)
Av o1 ouvapTioeig f,g gival TTAPAYWYICIPEG OTO X, , TOTE KaI N guvaptnon f-g &ival mapaywyioiun
oTo X, kai loxUer: (f-g)'(x,) = f'(x,)a(x,)+f(x,)a'(x,) -

Znueiwon :
¢ Av ol ouvapToelg f,g €ival TTApaywyioleg o’ éva didoTnua A, TOTE yIa KABE x € A I0XUEL:

(f-9)(x)=F'(x)g(x)+ F(x)g'(x)|.

Mo mapddeiypa, (€*INx) =(€*)' Inx+e*(Inx) ' =e*Inx +e* 1 x>0.
X

e To mapatdvw Bewpnua ETTEKTEIVETAI KAl YIa TTEPICOOTEPES aTTO dUO cuvapTroElS. 'ETol, yia TpEIg
TTAPAYWYICIUEG OUVAPTHOEIG IOXUEL:

(f()g()h(x)"=[(f (x)g(x)-h()]"= (f (x)g(x))"-h(x) + (f (x)g(x))-h'(x)
=[f'(x)g(x)+ f(x)g'(x)]h(x) + f(x)g(x)h"(x)
= £'09g()h(x)+ £ () g'(x)h(x) + f (x)g(x)h"(x).
Mo Tapddeiyua : (\/;-nux-ln x)' = (v/x)"-nux-In x+\/;-(npx)’-ln X +~/X -qux- (In x)’

Inx+\/_csnvx Inx+\/§ — x>0,
2\/— nux- HHX

¢ Av f gival TTapaywyioiun ouvaptnon o’ éva didotnua A Kai ¢ € R, €TTeIdn (¢) =0, oUPQwva PE TO
Bewpnua (2) éxoupe:  [(€f(X)) =cf'(X)| o mapadeypa : (6x%) =6(x*)’ =6-3x? =18x>.
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35. OEQPHMA (lMapdywyoc mnAikou)

Av o1 ouvapToEIg f,g €ival TTOpPAywyioIUeG aTo X, Kail g(x,) # 0, TOTE Kal n ouvapTnon f gival
g9

f'(x5)9(%,) — f(x,)g'(%,)
[9(x,)F

TTapaywyioiun oT1o X, Kal IoxUEl: [f] (x,) =
9

Znpgiwon :
¢ Av ol ouvapTAOoEIG f,g €ival TTapaywyiolueg 0 Eva dIdoTnUA A Kal yIa KABE x e A 10XUEl g(x) =0,

f'(x)g(x) - f(x)g'(x)
[a()P? '

f
TOTE VIO KABE X € A £XOUME: (EJ (x)=

o’Eotw nouvaptnon f(x)=x", veN". H ouvdptnon f sival rTapaywyiociun ato R* kai 1oVl
fi(x) = —vx1, dnAadn (x7V) =-vx

ATTo6EI

Mpdyuari, yia KOs X € K™ éxoupe :

— _Vx—v—l

(Y [Lj X100y v
X

(xv )2 x2v

e EoTw n ouvéptnon f(x) =epx . H ouvaptnon f gival mapaywyioiyn oto R -{x|ouvx = 0} kai

loxver f'(x) =

>—, OnAadn (epx) = —
(0] VAV ¢ ouv-X

ATodeiEn:

MpdyuarT, yia KaBe x € R —{x|ouvx = 0} £xOUpE:
(cox) = nux | _ (NEX)'0UVX —NpX(OUVX)' _ GUVXOUVX +NUXNEX _ OUVeX +NPPX .
ouvX ouvix ouvix ouvix ouvix

¢ 'EoTw n ouvaptnon f(x) = ogx . H ouvdpTnon f eival rTapaywyioiun oto R —{x|nux = 0} kai 1oxUel

1
nu2x

onAadn (opx) =—

f(x)=-

nU?x
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36. OEQPHMA

Av n ouvaptnon g eival Tapaywyioiun oto x, Kai n f eival Tapaywyioiun oto g(x,), T0TE N

ouvaptnon feog €ival Tapaywyioiun oto x, Kai 1oxvel (fog)'(x,) = f'(g(x,))-9'(x,)

ZXOAIa :

levikd, av pia ouvapTtnon g €ival TTapaywyioiun o€ éva didotnua A kai n f eival mapaywyioiun oto
g(A), TOTE N ouvdpTnon feog eival mapaywyioiun oto A kai loxvel (F(g(x))) = f'(g(x))- g'(x) .

AnAadn, av U= g(x), tore (f(u)) = f'(u)-u’. Me 1o cupBoAiopd Tou Leibniz, av y = f(u) Ka

dy _dy du
dx du dx

u =g(x), éxoupe Tov TUTTIO TTOU €ival yvwoTdC WS KAvOovag TnS aAucidag.

37. OEQPHMA
Na atrodeigere OTI :

a) H ouvaptnon f(x)=x*, a€ R -2 eival Tapaywyiciun oT1o (0,+x) Kal IOXUEIf(x) = ax®?,

B) H ouvdptnon f(x)=a*, o >0 civali Tapaywyioiun oto R kai ioxvel f'(x)=o*Ino .

y) H ouvaptnon f(x)=In|x|, x eR* eival Tapaywyioiyn 1o x e R* Kai 1oxUel (In|x|) = 1 (2008)
X

ATodeIEn :

a) Mpaypar, av y =x* = e kal Béooupe U= alnx, T6TE £xoupE y = e'. ETIopévwg,

yr:(eu)':eu.u!:ealnx_a_l:xa.g
X X

=ax*?.

B) Mpdyuar, av y =a™ = e ka1 Béooupe u=xIno, TOTE éxoUpE y = e". ETropévwg,
y' =(e') =e' -u=e" lna=a*Ina.

y) Mpayparr

—av x>0, 10T€ (lnIxI)'=(Inx)’:%, EVI)

—av x<0, 101€ In| X |=In(-x), oT06TE, av BECOUPE y =In(—x) KOI U=—X, £XOUME y =Inu.

! i épa (nlx|y=1.

ETOWEVOIG, ' = (Inu) = & = (D)= L
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2.4 PYOMOX METABOAHX

38. OPIZMOZ

T Aépe puBuo peTaBoAng Tou peyEBoOUg y wg TIPOG TO WEYEBOG X yia X =X,, av y = f(x) &ival
TTapaywyiciun ouvdptnon ;

Amrdvinon :

Av dU0 peTaBANTG PEYEBN x,y ouvdéovral pe Tn oxéon y=f(x), otav f eival pia ouvaptnon
TTapAywyioiun aTo x,, T0TE ovoudaldoupe puBuo PETABOANG TOU Y WG TIPOG TO X OTO ONUEIO X, TNV

apdywyo f'(x,) .

¢ O pubuog PETOBOAAG TNG TaXUTNTAG V WG TIPOG TO XPOvo t Tn Xpovikr oTiyun t, eivalr n
mapdywyog V'(t,), Tng TaxutNTag V wg TIPog 10 Xpdvo t Tn Xpovikr oTiyuA t,. H mapdywyog
V'(t,) Aéyetar emTdyuvon Tou KivnToU Tn XPOVIKA OTIyur| t, Kai oupPoAidetal pe a(t,). Eivai
onhadn : a(t,) =V'(t,) = S"(t,).

e >TnV olkovopia, To k6oTtog K, n eiompagn E kai 10 képdog P ekppdlovral ouvapTtioel Tng
Too6TNTAG X TOou Trapayopevou mpoidviog. ‘ETol, n mapdywyog K'(X,) Tapioté@vel 10 pubud
METABOAAG Tou K6oTOUg K wg TTPOg TNV TTO0OTNTA X, OTAV X = X, KOI AEYETAI OPIOKO KOOTOG OTO
X, - AvaAoya, opifovTal Kal ol £VVOIEG OPIOKN €I0TTPAGN OTO X, KAl OPIAKO KEPOOG OTO X, .
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2.5 TO OEQPHMA MEXHY TIMHXY

39. OEQPHMA ROLLE (2007 B, 2012 B, 2020 N.Zz. B, 2021 B", 2023)

Na diatuttwoeTe TI Bewpnua Tou Rolle kal va dWOETE TN YEWUETPIKA EpUNVEia.

Amrdvinon :

To Bewpnua Tou Rolle diaTutrwveTal WG €EAG - VA
Av pia ouvdptnon f ivai: M((E)

e OUVEXNG OTO KAEIOTO didoTNUA [a,B]

o TTOPAYWYIiOIMN OTO AVOIKTO didoTnUa (o,B) Kal

o f(a)="f(B)

TOTE UTTAPXEI £va, TOUAAXIOTOV, & < (o,pB) TETOIO, WOTE f(8)=0.

L |
O a ¢ & B X

MewpeTpikn Epunveia :

MEWPETPIKA, AuTO onuaivel 0TI UTTAPXEI Eva, TOUAAXIOTOV, & e (a,B) TETOIO, WOTE N EQATITOUEVN TNG
C,a10 M(E,f(&)) va gival TTapaAAnAn atov dagova Twv X.

40. OEQPHMA MEZH2 TIMHZ (2003, 2008 B", 2013, 2016, 2022 B")

Na diatuttwoete TO0 Bewpnua TNG PEONG TIMAG TOu BIOPOPIKOU AOYyIOPOU Kal va OWOETE TN
VEWWMETPIKA TOU EPUNVEIa.

Atmrdvrnon :

To Bewpnua NG HEONG TIMAG SIATUTTWVETAI WG EENG :

Av pia cuvdptnon f givai:

e OUVEXNAG OTO KAEI0TO SidoTnua [o,B] Kal

e TTOPAYWYICINN OTO AVOIKTO SidoTnpa (a,pB)

f(B)—f(a)
p-a

TOTE UTTAPXEI £V, TOUAAXIOTOV, & € (a,B) TETOI0, WOTE: f'(E) =

CewpeTpikn Epunveia :

EWPETPIKA, auTd onuaivel 0TI UTTAPXEI £va, TOUAAXIOTOV, & e (a,B) TETOIO, LWOTE N EQATITOPEVN TNG
YPOQIKNG TTapdcTacong NG f o1o onueio M(&,f(&)) va gival TTapdAAnAn Tng euBeiag AB.
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2.6 XYNEIIEIEXY TOY OEQPHMATOX THX MEXHY TIMHY

41. GEQPHMA (2004 B’, 2009, 2014, 2021 B")
‘EoTw pia ouvdptnon f opiouévn o€ éva didotnua A. Av
o N f gival ouvexng oto A Kai

o f'(x)=0 yia KABe eowWTEPIKO onueio X Tou A, 10TE N f €ival oTaBepry o€ 6Ao 10 didoTnua A.

Amroodeién :

Apkei va atrodeigoupe 0TI yia oTTOIABATIOTE X, X, € A 10XUel f(x,) = f(x,). Mpaypar
e Av x, =X, , T0TE TIpOQavVWG f(x,)=f(x,).

e Av x, <X, , TOTE OTO dIACTNUA [X,,X,] N f IKavoTTOIEl TIG UTTOBEDEIG TOU BEWPNMATOG PETNG TIUNG.
f(xz)_f(xl)

2 1

Etopévwg, uttdpxel € e (x,,x,) T€T010, WOTE f'(E) = . (1). Etme1dn 10 € cival eowTePIKO

onueio Tou A, 10xUel /(&) = 0,0m0TE, Aoyw NG (1), ivar f(x,) = f(x,). Av x, <X, , TOTE Opoiwg
amodeikvieTal 6T f(x,) = f(x,) . Ze OAeg, Aoimrov, Tig TTepImTwoeig ivar f(x,) = f(x,) .

42. NOPIZMA

‘EoTw duo ouvapToElg f,g OpIoPEVEG O€ Eva didoTnua A. Av
e Ol f,g €ival ouvexeig oTo A Kal
o f'(x)=g'(x) yIO KAOE EOWTEPIKO ONMEIO X TOU A,

TOTE UTTAPYEI OTABEPA C TETOIA, WOTE YIA KABE x € A va 10XUEL: f(x) = g(x)+c¢

Amrddeidn :
H ouvdaptnon f —g €ival ouvexig oto A Kai yia KABe ECWTEPIKO vt @
onueio x e A 10XUEl (f-g)(x)=f'(x)-g'(x)=0. y=g(x)+c

N ")

Emopévwg, olpgwva pe 1o rapammdvw Bewpnua, n ouvaptnon | '
f —g €ival otaBepr) oto A. Apa, uttdpyel otaBepd C T€TOIA, WOTE yzg(h ! ! !
VIO KGBE x € A va 10XUEl f(x)—g(x) = ¢, OTIOTE f(x) = g(X)+cC . ' | i

o) X

ZXOAIO :

To TapatTdvw Bewpnpa KaBWG Kal To TTOPICUA Tou 10XU0oUV O¢ SIdoTnUa Kol 60Xl Ot évwon
SlaoTnudatwyv. (2019)

-1,x<0

Ma Toapddelypa, £é0tw n ouvaptnon f(X) :{ 1 0 Mapatnpouue 61, av kai f'(X) =0 vyia
, X >

KGBe X € (—0,0) U (0,+), evrouToig n f dev gival atabepr) ato (—0,0) U (0,+0) .
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43. EDAPMOTH (ZEA. 252)

Av yia pia cuvdptnon fioxuel 611 f'(x) = f(x) yla KABe x e R ,TOTE f(x) =ce” yia KABe x eR . AvTi TOU
R UTTOPOUNE VO £XOUME TuXaio didoTnua A.

44. QEQPHMA (2000, 2006, 2012, 2017, 2019, 2021, 2023 B")
‘EoTw pia cuvdaptnon f, n otroia €ivalr o u v € X ) ¢ o€ €va diaoTnua A.

o AV f'(x)>0 oek@BeeowTepPIK S onueio x Tou A, 161€ N f €ival yvnoiwg avfouoa og 6Ao 10 A.

o AV f'(x)<0 0 KGBEEO W TEPIKO onueio x Tou A, 161€ N f €ival yvnoiwg @Bivouca og 6Ao 10
A.

A1odeién :

o ATTODEIKVUOUUE TO BEWPNUA OTNV TTEPITITWAON TTou gival f'(x) >0 .EoTw X;,X, € A YE X, <X, . Oa
deigoupe o1 f(x,) < f(x,) . Mpayuart, oto didotnua [x,,x,] n f ikavotroiE TIg TTPOUTTOBETEIG TOU
f(xg) - f(xl)

X, =%

O.M.T. Emropévwg, uttdpxel & €(x,,x,) T€ETOI0, WOTE f'(E) = , OTTOTE EXOUME

f(x,)—f(x,) = f'(&)(x, —x,) . Eeidn f'(¢) >0 ka1 x, —x, >0, éxoupe f(x,)-f(x) >0, omodre
f(x,) < f(x,).

o 2TNV TTEPITITWON TTOU gival f'(x) < 0 epyadduaoTe avaAOywG.

o rapédeiypa : f(X) = /X, X € [0,4%) givar f'(X) = L >0 yia kdBe X € (0,400) Kal agou n

2/x

f eivai ouvexng oto [0,+), T61E N f €ival yvnoiwg avtgouoa oTo [0,+0).

ZXOAIO :

To avtioTpo@o Tou TTapamavw Bewpnruatog dev 1o0XUel. AnAadn, av n f civalr yvnoiwg aufouca
(avTioTOiXWG yvnoiwg @Bivouca) o1o A, n TTapAywydg TNG Oev €ival UTTOXPEWTIKA OETIKA
(avTIOTOIXWG OPVNTIKF) OTO EOWTEPIKO Tou A, (2020 N.Z.)

Ma Tapaderypa, n ouvaptnon f(x) = x>, av kat eivat yvnoiwg avfouca oto R, evioltolg éxet
napaywyo f'(X) =3x* n onola dev eivat Betikr) o Gho 0 R, adov f'(0) =0. loxvet dpwg f'(X) >0
yla kdBe X € R.
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2.1 TOIIIKA AKPOTATA YXYNAPTHXHX

45. MNote wia ouvaptnon f pe medio oplopou A TTAPOUCIAdEl OTO X, € A TOTTIKO UEYIOTO KaI TTOTE
TOmKO €AdxIoTO ; (2012, 2015, 2020 N.XZ. B")

Amrdvinon :

a) Mia ouvaptnon f, pe edio opiopol A, Ba Aéue OTI TTAPOUCIAEl OTO X, € A TOTTIKO WEYIOTO,
oTav UTTApPXEl 8> 0, TéTolo WOoTe : f(x) < f(x,) yia kGBe x € An(x,-8,x,+38). To x, AéyeTal Béon A

onpeio ToTrKoU peyioTou, evw 1O f(X,) TOTIKO péyioTo TnG f.

B) Mia ouvaptnon f, pe edio opiopou A, Ba Aépe OTI TTOPOUCIAgEl OTO X, € A TOTTIKO €AdXIOTO,
oTav UTTAPXE! & >0, T€To10 WoTe : f(x) > f(x,), yia kGBe xeAn(x,-38,x,+38). To x, Aéyetar Béon

I onueio TomKoU eAayioTou, evw 10 f(x,) TOIKS eAdyioTO TNG f.

ZXOAIa :

e Av n aviootnTa f(x)< f(x,) 10XU€l yia KAOe xe A, TOTE, OTTWG €idape oTnv TTapdypago 1.3, n f
TTAPOUCIAEl OTO X, € A OAIKO MEYIOTO I ATTAG MEYIOTO, TO f(x,).

o Av n aviodtnta f(x)> f(x,) 10X0€l yia KOs x e A, TOTE, OTTWG €idaue oTnv Tapdypago 1.3, n f
TTAPoUCIAdel OTO X, € A OAIKO EAGXIOTO 1] ATTAG EAAXIOTO, TO f(x,).

e Ta TOTKA péyIOTa Kal TOTNKA eAdyIoTa TNG f Af€yovral TOTIKA akpOTATA QUTAG, VW Ta onueia
ota otroia n f Trapouciddel TomK& akpOTaTa AEyovTal BECEIG TOTTIKWY AKPOTATWY. TO UEYIOTO
Kal To eEAdxioTo TNG f Aéyovtal oAIkd akpoTaTa ) aTTAG aKPOTATH QUTAG.

¢ 'Eva TOTTIKG PEYIOTO PTTOPET Va gival MIKPOTEPO OTTO £va TOTTIKO EAAXIOTO (2X.320).

y g @

AN

m_______
o

/0

e Av uia ouvdptnon f Tapouciadel péyioto, TOTE autd Ba €ival TO PEYAAUTEPO ATTO TA TOTTIKA
MEYIOTA, evw av TTapoualidlel, eAaxioTo, TOTE autd Ba gival To PIKPOTEPO aTTd Ta TOTTIKA EAAXIOTA.
(Zx. 32B). To peyaAUTepO OPwG atd Ta TOTTIKA MEYIOTA piag ouvdpTnong Ogv gival TTAVTOTE
MéyioTo auThg. Etmiong 10 piIkpdTePo atmd Ta TOTTIKG eAAXIOTA Piag ouvdpTnong Oev gival TTAVTOTE
eAdYI0TO TNG ouvapTNoNG (ZX. 32a).

x? x<1

Ma mapddeiypa : H ouvaptnon f(x) =41
—,1<x<3
X
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a 1 3

=Y

e oT10 X, =0 Tapouaiadel Tomiké eAdxioto To f (0) =0, TO OTT0IO €ival Kal OAIKO EAGXITTO.
e 0TO X, =1 TTapouciddel Tomkd péyiototo f(1) =1.

e OTO X; =3 TTAPOUCIAZEl TOTTIKO EAGXIOTO.

OEQPHMA Fermat (2004, 2011, 2013 B" diaruotrwon, 2016 B, 1017B°, 2019 &iarumrwon,
2022 diatuTTwON, 2023 B')

46. 'EoTw pia ouvaptnon f opiopévn o’ Eva didotnua A Kal X, €va ECWTEPIKO onpeio Tou A. Av n
f Tapouciddel TOTKO AKPOTATO OTO X, Kal €ival TTAPAYWYICIMN OTO ONUEIO AUTO, VO ATTODEIGETE
OTl . f(x,)=0

Amroodeién :

Ag utroBéooupe o1l n f Tmapoucialel oTo x, TOTIIKO

MEyIoTO. y4 @

Emeidn 10 x, e€ival eowteplikd onueio Tou A kai n f f(x0)
TTapouaidlel ¢’ autd TOTTIKO MEYIOTO, UTTAPXEl &>0
TETOIO, WOTE: (X, —8,Xx,+3) = A KAl f(x)<f(x,), YO KABe

x e (x,—8,x,+5)- (1)

L
I
|
|
|
|
|
I
|
1

x

1
O| X0 Xo Xo+0

Emeidn, emmAfov, n f gival Tapaywyioiyn ato x,, I0XUEl
Floxg) = lim TITI0R)_ ppp TOO106),
X—X

X=Xy o XX X — XO

EtTopévwg,

— av xe(x,-3,x,), TOTE, Aoyw Tng (1), Ba civa Mzo, oTréTE Ba €XoUpE

X=X,

f(x,) = lim F=F) 5. (2)
X%y X=X,
— QY x < (x,,%, +3), TOTE, Aoyw TG (1), Ba givar fO-f06) , oméTe Ba EXOUE f(x ) - Iim C0=T0)
X=X, X=X X —X
-(3)

‘Eto1, a1mé TIG (2) Kai (3) éxoupe f'(x,)=0. H amddeign yia Totmkéd eAGXIOTO ivar avaAoyn.

FEWUPETPIKNA EPUNVEIA :

Av n ouvaptnon f TTapouaciadel TOTTIKG aKPOTATO OTO ONUEIo X, € (e, ) Kai gival TTapaywyioiun
oTo X, , TOTE N epatTopévn Tng C; oTO ONnueio M(xo, f (xo)) gival TTapdAAnAn otov dEova Xx'X.
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47. a) Moia AéyovTal Kpioiya onueia piag ouvaptnong f og éva didotnua 4; (2013 B”)

B) Moleg gival o1 TBaveg BEoeIg akpoTATWY PIag ouvapTnong f o€ éva didoTnua A

Atmrdavinon :

a) Kpiolga onueia 1ng f o1o didotnua A Aéyovial Ta € 0 W T € p 1 K & onueia Tou A, ota otroia n f
Oev TTapaywyidetal A N TTapAywyog TNG ival ion he To Pndév.

B) O1 mBavég BETEIC TWY TOTTIKWY QKOTATWY piag ouvdaptnong f o’ éva diaotnua A ivai:
1. Ta eocwTepIkG onueia Tou A oTa oTroia N Trapdywyog tng f undeviderai.
2. Ta ecwTtepikd onpeia Tou A ota otroia n f dev mapaywyileTal.

3. Ta dkpa Tou A (av avrikouv oTo TTedio opiopuoU TnG). (Ta akpa Twv KAEIOTWVY dIBoTNUATWV)

48. OEQPHMA

‘EoTw pia ouvaptnon f mapaywyioiyn @’ éva diaotnua (a,p) , ME £5aipeon iowg Eva onueio Tou x,, OTO
oTT0i0 OUWG N f cival cuveXAg.

i) Av f(x)>0 oTo (a,x,) Kal f(x) <0 aTo (x,,B), T61E TO f(X,) €ival TOTKS péyioTo TG f.
(2016, 2020 N.X. B")
i) Av f'(x) <0 aTo (a,x,) kar f'(x) >0 aTo (x,,B), T61€ TO f(X,) €ivan TOTIKS EAdXIOTO TNG f.

iii) Av n f'(x) dlatnpei TPOONKUO OTO (o, X,) U (X,,B) , TOTE TO £(x,) DEV Eival TOTTIKO akpOTATO Kai N f givan
yvnoiwg povétovn oto (a,p). (2014 B")

ATodeIEn :

i) Emreidn f'(x) >0 yia ka8 x € (a,x,) kai n f eivar ouvexng oto x,, n f eival yvnoiwg avtgouoa oto
(o, %,]. 'ETOI £XOUME f(x) < f(x,), VIO KABE X € (a,%,]. (1) ETeidn) f'(x) <0 yia kGBe x e (x,,B) kai n f
eival ouvexng oto x,, n f eival yvnoiwg @Bivouoa oto [x,,B) . 'ETol €xoupe: f(x) < f(x,), yia KGO
xe[x,,B). (2)

y4 y4
fy \of - . f'<0

I
I
: :
I I
| :
(6] a Xo ﬂ X (@]

Emopévwg, Aoyw Twv (1) kai (2), 1oxver: f(x) < f(x,), yia KGBe x < (a,B), TTOU onuaivel 61 T0 f(X,)
givanl péyioto NG f 010 (o, B) Kal Apa TOTTIKG PEYIOTO AUTAG.
ii) Epyafoéuacte avaldywg.

i) 'EoTw o1 f'(x) >0, yIa KABe x € (a,X,) U (X,.B).
y4 , y £50 @

| I
| I
| I
| |
| I
| | |
| | I
1 1 L 1
O| a Xo B X (6] a Xo B X
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Emeidn n f eival ouvexng oto x, Ba gival yvnoiwg avgouoa ae kABe Eva amod Ta dIACTAPATA (q,x, ]
Kal [x,,8)- ETOMEVWG, via x, <x; <x, 1ox0el f(x)<f(x,)<f(x,). Apa 10 f(x,) 8ev gival TOTTIKO
akpotarto ¢ f. Oa &¢ifoupe, Twpa, o1 N f gival yvnoiwg augouoa oto (a,p). Mpdyuat, £€0TW
X, %, € (o,B) HE X, <X, .

— Av x,,x, €(a,x,], €meidA n f eivar yvnoiwg atgouoa oto (a,x,], Ba 1ox0el f(x,) < f(x,) .
— Av x,,x, €[x,,B), €meidnA n f eivar yvnoiwg atgouoa ato [x,,B) , Ba ioxver f(x,) < f(x,).
— TéNog, av x, <X, <X, , TOTE OTTWG €idape f(x,) < f(x,) < f(x,) .

Etmropévwg, o€ 6Aeg TIg TrepITTTWoEIg 10XVel f(x,) < f(x,), omoTe N f eival yvnoiwg adgouoa 610 (o,B)

Opoiwg, av f'(x) <0 yia KABe x € (a,X,) VU (X,.B).

Napadeiypa 1 : ‘Eotw n ouvdptnon f(x)=x* —4x*® tou cival opiopévn oto R. H f civa
Trapaywyioun oto R, pe f'(x) =4x® —12x?. O1 piCeg g f'(X) =0 civar x=0 (BITAQ) B X=3,

10 &¢ TIPdoNuo TG ' QaiveTal aTov TTAPAKATW TTiVOKA:

X - 00 0

r'e) - 0 - 0 +

S

Z0PQWVaA JE TO TTAPATTIAVW KPITAPIO, N auvdapTnon f eival yvnoiwg pbivouca ato didotnua (—x, 3]
, yvnoiwg aufouca oTo didoTnua [3,+©) kal TTapoucidlel éva POVO TOTTIKO aKPOTATO,

+ 00

O.E.

ouyKekpIgéva oAIkS ehdxioTo yia X =3, 10 f(3) =-27.

Napddeiypa 2 : 'EoTw n ouvdptnon y
3 ’ l
f(x)= X , X<2 Cr
x-2)° , x2>1 1
H f eival ouvexig oto R kal Tapaywyioiun oto R —{1},
o 1 2 X
3x? , x<1
ue s £(x) = <
2(x-2) , x>1
O1 piteg ng f'(x) =0 eivai o1 0 kau 2.
X -0 0 1 2 + 0
f'(x) + 0 + - +
f / / T.M. \_ TE. /

EmeidA n f’ undevietal ota onueia 0 kai 2, evw dev uttdpxel oto 1, Ta Kpioiga onueia Tng f ivai

ol apiBpoi 0, 1 kal 2. Ouwg, OTTWG PaiveTal TO OXNUA, Ta onueia 1 kal 2 gival BETEIC TOTTIKWY
OKPOTATWYV, €vw To anueio 0 dev eival BEon ToTTIKOU akpoTdtou. Apa dev cival 6Aa Ta Kpiolya
onueia B€0€IG TOTTIKWY aKPOTATWY TNG f.
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e ‘'OTTWG €idape oTNV ATTOdEIEN TOU TTOPATTAVW BEWPRUATOG OTNV TTPWTN TTEPITITWON TO f(X,) €ival
n Mé€yioTn TINA TNG f OTO (e, B) , EVW OTN BeUTEPN TTEPITITWON TO f(X,) €ival n eAdxioTn TipA TG f
oT10 (a, ) .

o Av pia ouvdptnon f eival ouvexng o’ éva KAEIOTO dIGOTNUA [a, 8], OTTWG YVwpifoupe (Qewpnua §
1.8), n f Tapoucidlel péyioTo Kal eAdxioto. MNa Tnv €0peon Tou HEYIOTOU Kal €AAXIOTOU
epyaléuaoTe wWg €ENG:

1. Bpiokoupe Ta Kpioipa onpeia tng f.

2. YmoAoyifoupe TIG TINEG TNG T OTA onuEia auTd Kal oTa AKPA TWV SIACGTNHATWY.

3. A6 auTég TIG TIMEG N HEYAAUTEPN €ival TO PEYIOTO Kal N HIKPOTEPN TO EAdYIoTO TNG f.

Naparnpnoslg : Av pia ouvdptnon f eivar opiogévn oT1o avoixré didotnua A kai gival
TTapaywyioiun o€ auto, TOTE I0XUOUV Ol TTAPAKATW TTPOTACEIS :

e Avn f mapouaoidgel oto X, Tommkd akporaro, 161e f'(X,) =0.

e Av X, €A kai f'(x,)#0, 1618 N f dev Tapoucidder akpdTaTO OTO X, -

e AvyiakdBe X € A 1oxver f'(x) =0, 101 n f dev éxel akpodTATA.

e Av X, €A kai f'(X,) =0, 167€ n f Sev TAPOUTIAZEI UTTOXPEWTIKG OKPATATO GTO X, .

e Av X, € A, 161€ dev gival IcodUvapeg ol TTPoTdoelS : «H f Tapouciddel akpdTato aTo X, » Kal «H

epatrropévn 1ng C, oTo X, gival TTAPAAANAN oTOV Ggova X X»
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2.8 KYPTOTHTA — XHMEIA KAMIIHY XYNAPTHXHY

49. OPIZMOZ (2006, 2010, 2014)

Mote wia ouvaptnon f Aéyetal KupTr) Kai TTOTE KOiAn o€ éva didoTnua A ;

Atmrdavinon :

‘EoTtw pia cuvaptnon f cuvex ¢ o évadldoTnuaAkaimapaywyiciyn 010 ECWTEP
K6 Tou A. Oa Aéue O

e H ouvdptnon f oTpépel Ta Koiha TTpog Ta Avw A cival KUPTA oT10 A, av n f' gival yvnoiwg
QUEOUCA OTO ECWTEPIKO TOUu A.

e H ouvdptnon f oTpégel Ta KoiAa TTPOg Ta KATW I €ival KoiAn o1o 4, av n ' €ival yvnoiwg
pOivouca 0To EoCWTEPIKO TOU A.

ZXOAIO :

AmodeikvUieTal 0TI, av pia ouvaptnon f eival kupTh (avTioToixwg KoiAn) o’ éva didotnua A, 16T€ n
€QATITOPEVN TNG YPOYIKNG TTapdoTaong TG f oe k&Be onueio Tou A BpiokeTal “KATW” (AVTIOTOIXWG
“TTavw”) atro Tn YPaQIKr NG TTapdaoTacn (Zx. 39), e €¢aipeon To onueio TTAPRG TOUG.

50. OEQPHMA

Na d1aTuTTwoETE TO BEWpPnUa TTOU APOopPAd Ta KOIAa Kal To TTpOoNUOo TRG OeUTEPNG TTapaywyou Tng f

Atmrdvrnon :

‘EoTtw pia ocuvdptnon fo u v e X 4 ¢ 0" éva didoTnua A kal dUo POPESG TTAPAYWYICIUN CTOEC W TEP |
K 6 Tou A.

oAv f"(x)>0 yia KGBe e o W T € p 1K 6 onueio x Tou A, 161€ N f €ival kupTA 01O A.

oAV f"(x)<0 yia KGBE e W T € p I K G onueio x Tou A, 161¢ N f gival KoiAn oT1o A.

ZXOAIO0 :

To avrioTpo@o Tou Bewpruatog dev 1oxUel. MNa TTapddeyua,
éotw n ouvdptnon f(x)=x* (Tx. 42). Emedn n f'(x) =4x°
eival yvnoiwg auvfouoa oto R, n f(x)=x* eival kuptr oTo R. y=X
EvtouToig, n f'(x) dev gival BeTikr 01O R, agou f''(0)=0.

ETTIMEAETIA : TTAAAIOAOTOY TTAYAOZ PPONTIZTHPTIA «BAKAAHZ>» 55




51. OPIZMOZ

Mote 10 onueio A(X,, f(X,)) Aéyetal onueio kapTmg piag ouvaptnong f ;

Atmravinon :

‘EoTw uia cuvaptnon f mapaywyioiun o’ éva didotnua (e, ), ME €€aipean iowg éva anpueio Tou
X, - AV

e n feival KUPTH OTO (a, x,) KOl KOIAN OTO (X,,B) , ) QVTIOTPOPWG, Kal
e N C, £XEI EQATITOPEVN OTO ONUEIO A(X,, F(X,)) s

TOTE TO ONMEIO A(X,, f(X,)) OVOUAZETOI ONUEIO KAPTIAG TNG YPAPIKNG TTapdoTaong Tng f.

ZXOAIO :
Ortav 10 A(x,,f(x,)) givar anueio kapTmg TG C,, T0TE Aéye OTI N f TTAPOUCIAdEl OTO X, KAUTTA KAl
10 X, Aéyetal Béon onpeiou KAuTAG. ZTa onueia KauTmg n eparropévn g C, diatrepva v
KQUTTUAN.

52. OEQPHMA
Molo Bewpnua apopd Ta onueia KAPTIAG MIag dUo PopES TTapaywyiciung ocuvaptnong f ;

Amrdvinon :

Av 10 A(X,, f(X,)) €ival onpeio kapTmMg TG Ypa@ikng apdoTtacng ng f kain f eival duo @opég
Trapaywyioiun, tote f(x,)=0.

ZXOAIOo :

To avrioTpo@o Tou Bewpruatog dev 1oxUel MNa Tapddeyua,
¢otw n ouvdptnon f(X)=x* (Ex. 42). loxoer f''(x) =12x°
onA. f''(0) =0. Opwg n f dev €xel onueio kauTmg oo 0. y=X

|53. Moieg eival o1 TOavég BEaeIG onueiwv KAUTING piag ouvaptnong f og éva didotnua A

Amrdvinon :
O1 mBavég Béoeig onueiwv KapTTAG piag ouvaptnong f o’ éva didotnua A ivai:

i)Ta eocwTEPIKA onpeia Tou A ota otroia n "' pndevideTai .

ii)Ta eowTepIKG onpeia Tou A oTa oTroia dev utrdpxein f” .
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MNa Tapadeiypa, £0Tw n ouvdpTnon

3 x<1
f ' )
(x)= {( x_2) . x>1 (Zx. 44)

H f eival 0o @opég TTapaywyioiun oto R — {l} ME

, Xx<1
F(x) = . ¢
12( 2%, x>1
‘ETo1 éx0oupe TOV TTAPAKATW TTiVAKA:
X —00 0 1 2 400
(%) - 0 + + 0 +
f(x) KOIAN KUPTA KUpTH KUpTH

EmeidA n f" undevifetal ota onueia 0 kal 2, evw dev uTTdpxel 0To 1, o1 TMIBaVES BECEIG TWV
onueiwv KapTmg eival Ta onueia 0, 1 kai 2. Opwg, 6TTWG QaiveTal OTOV TTAPATTAVW TTiVAKA KAl OTO
oxAMa, Ta onueia 1 kai 2 dev gival BEoEIC onueiwv KAPTAG, agou o’ auta n f dev aAdlel
KupTéTNTA, £VW TO ONnueio 0 gival B€on onueiou KAPTIAG, apol oTo O(0, f (0)) UTTAPXEl EQATITOPEVN
NG C, Kai n f o010 0 aAA&lel kupToTNTa. Maparnpoupe AoITrov 0TI aTTd TIG TIBAVEG BECEIC ONuEiwyY
KAWTTAG, B€0n onueiou KauTMG gival pévo 10 0, ekatépwBev Tou otroiou n " aAAGlel TTpOCNO.

Mseoaog Kpithpio : Nwg kataAfjyouue oTo TTOIEG OTTO TIG TMOAVEG BETEIG OnuEiwv :
| KQUTTAG piag ouvapTtnong f atmoteAolv TEAIKA OnuEia KaUTING TG ; 1 -

‘Eotw pia ouvaptnon f opiopévn o’ éva didotnua (o,B) kal x, € (a,p) . Av
e N " aAAGCElI TTPOONUO EKATEPWOEV TOU X, KAl
: e OpigeTal epaTrTopévn TG C, 0T0 A(X,,f(X,)),
| TOTE TO A(x,,f(x,)) givar anueio kaptig TG C, .

» ‘Eotw pia ouvaptnon f ouvexng o€ éva didotnua A Kai TTapaywyiciyn oTo e0WTEPIKO Tou A.
o (Av f eivai kupti oto A) < f' T 10 e0wTEPIKG TOU A.
e (Av f eivai koikn o0 A) < f' 4 om0 ECWTEPIKO TOU A.

» 'EoTtw pia ouvaptnon f n otroia gival duo @opég TTapaywyioiun ato avoixto didotnua A.

f'"(x,)=0 .

’ {f " addal el mpoonuo ekAEP®Bsv oL X, = (% Kon ox)

e Av n f mapouaiadel kautm ato X, , 101 f"'(X,)=0.

eAv f"(x,) #0, 167 n f dev TTAPOUCIALEI KAUTT OTO X, .

eAv f"(x)#0, yiakadBe X € A, 161 n f dev TTApouaidlel KauTA aTo A.

e [MBavég Béaeig onueiwv KauTAg gival ol pifeg Tng f'" oT10 A.
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2.9 AXYMIITQTEY - KANONEX DE L’HOSPITAL

54. Tote Aépe 6T N euBeia x = x, gival KATAKOPUPN ACUUTITWTN TNG C,;

(2010, 2015 B, 2020 IN.z. B", 2022)

Amrdavinon :

H euBeia x = x, AéyeTal KaTaképu@n acUPTITWTN TNG YPAPIKAG TTapacTaong TG f, av éva

TouAdxioTov aTré Ta 6pia lim+ f(x), lim f(x) €ival +0 | —o

X—Xq X—>Xg

55. MoTe Aépe 6T n eubeia Y =1 Aéyetal opigévria acUPTITWTN TNG C, OTO +00 (AVTIOTOIXWS OTO
—o0); (2007,2016 B, 2023 B")

Atmrdvinon :

H eubcia y = ¢ Aéyetal op1OVTIO ACUHTITWTN TNG YPAPIKAG TTapdoTaons NG f 010 +oo

(avTIoTOiXWG OTO —0 ), 6TV lim f(x) = ¢ (avTioTOIXWG Iir[\ f(x)=1).

56. M67e n euBeia y =Ax+p AEyETAI AOUPTITWTN TNG YPOPIKNG TTapAdoTaong TnG f 010 +oo,
QVTIOTOIXWG OTO —oo (2004 B, 2005, 2011, 2022 B")

Atmrdvrnon :

H eubcia y = Ax + B AEyETAl AOUPTITWTN TNG YPAPIKAG TTAPAOTAONG TNG f OTO +o0, AVTIOTOIXWG OTO

—0, OV xlir[\w[f(x) —(Ax+B)]=0, avrioToiXWG av xlirnc[f(x) -(Ax+p)]=0.

57. Mg 1101EG OX€0E€IG (TUTTOUG) BPIOKOUUE TIG ACOUPTITWTEG TNG MOPPAG Y =AX +P;

Amrdvinon :

loxUel TO TTOPAKATW Bewpnua :

H eubcia y = Ax + B €ival aoUUTITWTN TNG YPAPIKAG TTApdoTaong NG f 0TO oo, QVTIOTOIXWG OTO

—o0, AV KOl JOVO aV [im O _ L eR Kal lim[f(x)-Ax]=PB eR,QVTIOTOIXWG : lim 9 _ L eR Kal

X—>+0 X x—>-0 X

lim [f(x)-3x] =B R .
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XpAoiyo oXOAId :

1. AmrodeikvueTal OTI:

—OI1 TToOAUWVUNIKEG CUVOPTAOEIG BABOU HEYOAUTEPOU 1 iICOU TOU 2 eV £XOUV ACUUTITWTEG.

—O1 pnTég OUVOPTACEIG P
Q(x)

600 Tou BaBuOU TOU TTAPOVOUAOTH, Sev €XOUV TTAAYIEG ACUNTITWTEG.

, ME BaBu6 Tou aApIBUNTA P(x) MEYOAUTEPO TOUAAXIOTOV KATA

2.20Pewva JE TOUG TTOPATTAVW OPICUOUG, AOUUTITWTEG TNG YPOPIKNG TTAPAOTACNG HIOG
ouvaptnong f avalnroUpe:

— 2Td AKPA TWV SIOCTHHATWY TOU TTEdIOU OPIoUOU TNG oTa oTToia n f dev opiceTal.
— 210 onueia Tou Trediou opiopoU TG, oTa otroia N f dev gival ouveXAg.

—2T0 +00, —00, OO0V N oUVAPTNON Eival oplIoPEvn o€ dIACTNHA TG HOPPNAS (o, +o) ,
QVTIOTOIXWG (o, a) .

MapartnpnoEig :

eH C, prropei va £xel (Eva udvo) KoIvo ONnUEio JE YIa KATOKOPUPN QOUPTITWTN TNG.

eAvn C, €éxel opifOvTIa aOUUTITWTN OTO 400 1 —oo, T0TE N C, dev £xel TTAGyIQ GOUPTITWTN OTO
+00 1} —oco avrioToIXA.

e Av n eubtia (&):y = AX+ £ eivai acUuTTwtn TG C, 0TO +00 | —o0, TOTE N (€) MTTOPET va TNV

TEUVEI O€ €va ) TTEPIOCOTEPA ONEIa.

58. Na diaTuTtwoeTe Ta Bewprjuata Tou de L’Hospital.

Amrdvinon :

OEQPHMA 1°
Av Icm f(x)=0, lim g(x)=0, X, eRU{-0,+x},g"'(x) = 0 Ot TTEPIOXA TOU X_ ME £§AIPEDT IOWG TO X,
*)XO

Kal UTTAPXEl TO  lim % (Trerepacpévo 1 ATTEIPO), TOTE: lim fod _ lim Fx)
X=Xy g

X—>Xg Q(X) xexo g (x)

OEQPHMA 2°

Av lim f(x) = +oo, lim g(x) =+, X, e RU{-w,+x},g'(x) =0 o€ TEPIOXN TOU X UE £§QipEDN IOWG TO

X—Xg

X, KaI UTTAPXEI TO hm f(x) (TreTTEpacEVO N ATTEIPO), TOTE: lim ) _ lim )
% g'(x '(x) X—>Xg Q(X) X% g (x)
ZXOAI0 :
1. To Bewpnua 2 10XUE! Kai YIa TIC Joppég —=, ~2 =2
— 400 —©

2. Ta mapatmdvw BewpRuaTa 1I0XU0OUV Kal YIa TTAEUPIKA OpIa Kal JTTOPOUUE, av XpeladeTal, va Ta
EQAPUOOOUE TTEPICTOTEPES POPEG, APKE va TTANPoUVTaAI 01 TTPOUTTOBECEIS TOUG.
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2.10 MEAETH KAI XAPAZH THY I'PA®IKHY
HAPAYXTAYHY MIAY XYNAPTHXHY

59. Mg 1n BoABsia Twv TTANPOPOPIWV TTOU ATTOKTHOANE UEXPI TWPA, UTTOPOUNE VO XAPAEOUUE TN
YPOQIKN TTAPACTACN PIAG OUVAPTNONG UE IKAVOTTOINTIKA akpifela. H TTopeia TTou akoAouBouue
AéyeTan peAETn ouvapTtnong. Mola BAuata TrepIAapBavel ;

Amrdvinon :
10 Bpiokoupe 10 1TEdi0 OpPICHOU TNG .
20 E&etaloupe T ouvéxela g f oto medio opiopou TnG.

30 Bpiokoupe TIG TTapaywyoug f' kal f'' KAl KATAOKEUGLOUHE TOUG TTIVAKESG TWV TTPOCANWY TOUG.
Me tn BonBeia Tou TTPooAuoU TG f' TTPOCdIoPI(oUNE TA DIACTANATA POVOTOVIOG Kal TA TOTTIKA
akportata NG f, evw pe T BorBeia Tou Trpocruou TNG "' kaBopifouue Ta dIACTAKATA GTA OTTOIA N
f eival KUPTA i KOIAN Kl BPICKOUKE TA ONUEI KAPTTAG.

40 MeAeToUpe TN “CUPTTEPIPOPA” TNG CUVAPTNONG OTA AKPA TWV dIACTANATWY Tou TTediou opIoHoU
NG (OPIOKEG TIUEG, ACUUTITWTEG, KTA.)

50 2UYKEVTPWVOUUE TO TTAPATIAVW CUUTTEPACHOTA O €va OUVOTITIKO TTiVOKO TTOU AEYETAl Kal
mivakag getafoAwyv tng f kai pe TN BonBeid Tou xapdooouue Tn ypa@ikn TTapdacTtacn g f. MNa
KaAUTEPN oxediaon TG C, KaTaokeudloupe Evav Trivaka TIwy g f.

ZXOAI0 :

1) Omrwg gival yvwoTo, av pia cuvdptnon f pe edio opiopou 10 A gival dpTia, T0TE N C, €XEl Agova
OUpMETPIOG TOV Gfova y'y, evw av gival TEPITTR, N C, €x&l KEVIPO CUMPMPETPIAG TNV apXh Twv
agovwyv O. ETropévwg, yia Tn PEAETN PIag TETOIOG OUVAPTNONG MTTOPOUME VA TTEPIOPIOTOUNE OTA
xeA, M€ x=0.

2) Av pia ouvéptnon f eival meplodikn pe Tepiodo T, TOTE TTEPIOPICOUNE TN HEAETN TG C, O éva
oidotnua TTAGTOUG T.

E®APMOIEZ

1. Na peretnBsi ko va napactadei ypadikd n suvaptnon f(x)=x* —4x® +11.

AYZH

1. H f éxeLmedio oplopol o R.

2. H f eivol cuvexnc oto R w¢ MOAUWVULLKY.
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3. Exoupe
f/(x) = 4x® —12x? = 4x?(x-3).

Oupilegtng f' elvatol x=3, x=0 (Suthn) kat to mpdonud

¢ O6lvovtal oto &uthavo Tmivaka, amé Tov omolo

npoodlopilovpe to SLACTAUOTO HOVOTOVIOE KoL T TOTIKA
akpotata.

‘Exoupe eniong
f/(x) =12x* —24x =12x(x-2) .

Ou pileg tng " sivat ot x=0, x=2 KoL T0 IPOCNUO TNC

Slvovtat oto Suthavo mivaka, amd TOV oOmolo

npoodlopiloupue ta dlaotruata ota onola n f ival Kuptn

X —0 0 3 +00

f'(x) - 0 - 0 +

f(x) \‘—16/
T.E.

X —0 0 2 +00
f(x) + 0 - 0 +
£ AL y-5 A

z.K. z.K.

1 KoiAn kot BploKOUUE Ta oNUELD KOUTTAC.

4) H ouvaptnon f &ev €xel ACUUTITWTEG OTO +oo Kal —oo, adou eival MOAUWVUULKA TETaptou Babuou.

Eivat dpwg:  lim(x* —4x® +11) = lim x* =+ Kat
X—>+00

X—>+00

lim(x* —4x® +11) = lim x* = +o0.
X—>—00 X—>—00

5) Ixnuatilou e Tov mivaka PeTaBoAwv TG f Kol XapAoooUuUe TN ypadikr mapdotaon tng f.

g
X —0 0 2 3 +o00 \-4 11
f'(x) - 0 - | - 0 =+
f7(x) + 0 - 0 + | +
+oo +00
£(x) \ 0 X
11 ) I
K. s
2.K. -16
T.E.
L
2
. . . . x“—-x+4
2. Na peletnOsi kat va napactadei ypadikd n cuvaptnon f(x)= 1
[

AYXZH
1. H f éxeLmedio oplopol to R —{1}.

2. H f elvat ouvexnc wg pntA.

’

xz—x+4j

C(@2x-D(x-1)-x*+x-4 x?-2x-3

(x-1)°* (x-1)*

3. Exoupe f'(x) :[ 1
X_
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OuL pileg tn¢ f' eivat -1,3 kal to MPOONUO TNG

Slvovtat oto O&uthavo Tmivaka, omd Tov omolo +oo

o|Ww
+

f(x + 0 - -
npoodlopilovpe Ta SlooTAMOTA HovoToviag Kol Ta ®)

akpoTaTa. f(x) T_I%/I\ \ 5 7/

T.E.
‘Exoupe emiong
F1(x) = (2x-2)(x-1)? -2(x-1)(x* -2x-3) 8
(x-1* (x-1°"
H " Sev éxeL pileg kat To mpdonud tng Sivetal oto Suthavo
Tivaoka, amod tov omoio mpoodlopilovpe Ta SlaoTApaTa oTa X | —» 1 +oo
f7() - +

orola n f elval kuptn ) KolAn.

| 7Y |\

4) Erteldn lim f(x) =+, lim f(x) =-o, n eubeia x=1 eival katakdpudn acvpumtwin Ing C, .
x—1t

x—1"
E€etdlou e TWPA AV UTIAPXEL OTO +oo ACUUTITWTN TNG LOPPNG Y = AX+ B . EXxoupe:

. f(x . X2—x+4 ,
|Im£:|lm—=l, ornote A=1

X—+0 X X—>+00 X 2 — X

2_
Ko 1im(f(x)=ax) = lim| =24« |2 lim—2- 0, onére p=o0.
X—>+00 X—>+00) Xx—-1 X+ X —1

Emopévwg, n euBela y = x elval aocvumtwtn tng C, OTO +oo.
AvdAoya Bplokoupe O0tLn euBeia y = x glval aoUpmtwtn TG C, KAl OTO —oo.

X2 —X+4
x-1

X2 —x+4

Enionc éxoupe:  lim f(x)= lim —o0 Kol lim f(x)= lim +00
X—>—00 X—>—00 X—>+0

X—>+00 Xx—-1

5) Ixnuatiloupe tov mivaka LETABOAWV TNG f Kol XOpAOOOUE TN YpadLkr) TNG mapactoon.

!

N
2]
o
-
B
o

x=1
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EPQTHZEIZ ZQITOY — AAGOYZ 2°Y KEDGAAAIOY AMO NMANEAAHNIES 2000 — 2023

1) Av n f gival TTapaywyiciun o1o X, T0TE N f~ €ival TTAvTOTE CUVEXNG OTO X, .
2) Av n f dev gival ouvexng oto X,,10Te N f €ival TTapaywyioiun oto X, .

3) Av n f €xe1 deUTEPN TTAPAYWYO OTO X,,TOTE N f’ €ival oUVEXNG OTO X,.

4) H ouvaptnon f pe f'(x) = — 2nux+

2

+ 3, omou XG[E,'IT) gival yvnoiwg aufouca oTo
np°X 2

o1doTnuUa auTo.

5) Av f'(x) = g’(x) + 3 yia K&Be xel, 161€ n ouvdptnon h(x)=f(x) — g(x) eival yvnaoiwg @Bivouca aTo
A.

6) Av n ouvdptnon f givalr Tapaywyioiun oto IR kail dev gival avTIOTPEWIUN, TOTE UTTAPXEI KAEIOTO
oidotnua [a, B], oTo otroio n f IkavoTroiei TIG TTPOUTTIOBECEIS TOU BewprjuaTtog Rolle.

7) 'EoTw ouvapTtnon f opiouévn kal TTapaywyioiun oto didotnua [a, B] kal onueio xqe[a, B] oTo
oTroio n f TrTapoucidlel TOTTIKG péyioTo. TOTE TAVTA 10XUEl OTI f'(X0)=0.

8) Av uia ouvdptnon f eival Tapaywyioiun o' éva onueio X, , TOTE €ival Kal GUVEXAG OTO anuEio
auTé.

9) Av uia ocuvaptnon f eival ouvexic o' éva onueio X, , TOTE €ival Kal TTAPAYwWYIicIUn GTo Onueio
auTé.

10) Av pia ouvaptnon f eival ouvexig o' éva didotnua A kai 1oxvel f'(x) = 0 oe KGBe eowTEPIKO
onueio x Tou A, 161¢ N f €ival yvnaoiwg gBivouca oto A .

11) Av pia ouvéptnon f gival ouvexng o' éva didotnua A kai 1oxuel f(x) > 0 og KABe eowTePIKO
onueio x Tou A, 1é1€ N f €ivan yvnoiwg augouca oto A .

12) '/Eotw pia ouvaptnon f ouvexng oe éva didotnua A kai dU0 QOpES TTapAYwWYIoIUn OTO
€0wTEPIKO Tou A. Av f(X)>0 yia kGBe ecwTePIKO onueio X Tou A, T01E N f gival KupTtr) oT0 A.

13) Av pia ocuvdptnon f eival kupth oe éva didotnua A, TOTE n €QATITOPEVN TNG YPOPIKAG
TTapdoTaong TN f o€ KABe onueio Tou A BpioKeTal «TTAVW» ATTO TN YPAQPIKA TNG TTAPAoTACH.

14) 'EoTtw pia ouvdpTtnon f opiopévn o€ éva didoTnua A Kai Xo éva eowTePIKO onueio Tou A. Av n f
gival TrTapaywyioiun o1o Xo Kal f'(X0)=0, 101€ N f TTapouoiddel uTToXPEWTIKA TOTTIKG AKPOTATO OTO Xo.

15) ‘EoTtw pia ouvaptnon f mapaywyioiun ¢' éva didotnua (a, B), Ye e€aipeon iocwg éva onueio Tou
Xp, OTO OTT0i0 OpWG N f gival ouvexig. Av f (x) >0 oTo (a, Xo) kai f* (x) <0 oT0 (X0, B), TOTE TO
f (Xo) €ival TOTIKO eAdxI0TO TNG f .

16) Av U0 peTaBANTa pey€dn x, y ouvdéovtal e Tn oxéon y = f(x), 6tav f gival pia Tapaywyioiun
ouvapTnon OTO Xo, TOTE ovoudlouue puBud PETABOANG TOU Yy WG TTPOG TO X OTO CGNMEIO Xg TNV
Tapaywyo f'(xo) .

17) H ypo@ik TTapdoTacn MIOG TTOAUWVUMIKAG ouvapTNOoNnG TIEPITTOU PaBpol €xel TTAvTOTE
opICOVTIa EQATITOPEVN.

18) Av ol ouvaptroeig f, g €ival TTapaywyicIueg OTo Xo, TOTE N ouvapTnon f-g €ival TTapaywyioiun
OTO Xo Kal 1oXUel : (f:g)"(Xo) = f(X0) 9" (Xo)

19) 'Eotw wia ocuvdptnon f, n otoia eivar ouvexig oe éva didotnua A. Av f(x) > 0 oe kaBe
EOWTEPIKO onpeio X Tou A, 16T¢e N f gival yvnoiwg gBivouca ae 6Ao 10 A.
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20) Av o1 ouvaptioelg f,g €xouv 01O X, onueio KapTg, 10Te Kol n h=f - g €xel oto X, onueio
KAMTTAG.

21) ‘EoTtw OUo ouvapTtioeig f, g opiopéveg o€ éva diaotnua. Av ol f, g gival ouvexeic oto A kai
f'(x) = g"(x) yia KABe e0WTEPIKG ONUEIO X TOU A, TOTE UTTAPYXEI OTOBEPA € TETOIA, WOTE YA KABE X €
A va 1oxuer: f(x) = g(x) + c.

22) ‘EoTtw n ouvdptnon f(x) = Jx.H ouvaptnon f eival Tapaywyioiun oto (0,+«) Kal I0XUEI

f'(x):%

23) O ouvreAeotig dielBuvong A, TnG e@attopévng oto onueio A(Xo, f(Xo)), TNG YPAQIKAG
Tapdotaong Cs piog ouvdptnong f, TTapaywyiciung oT1o onueio Xo Tou Tediou opIohoU NG gival
A =f'(Xo).

24) 'EoTtw n ouvdpTtnon f(x) = ouvx , 6tmou x€IR . H cuvdaptnon f eival rapaywyioiyn kai ioxver
(X) = = nux.
25) 'Eotw pia ouvdpTtnon f opiopévn o éva didotnua A. Av :

* n f gival cuvexng oTo A kai

* f'(x) = 0 yia k&dBe eowTEPIKG ONUEIO X TOU A,

16TE N f €ival oTaBePr) o€ Ao TO didoTnua A.

26) 'EoTtw pia ouvaptnon f, n otmoia e€ival cuvexig oe éva didotnua A. Av f (x) < 0 og kdbe
EOWTEPIKO onueio x Tou A, 101€ N f €ivar yvnoiwg atéouoa og 6Ao 10 A.

27) Ta eowTepikG onueia Tou diaoTtrpaTog A, ota otroia n f dev TTapaywyietal A N Tapdywyog TnG
gival ion pe 10 0, AéyovTal kpioiya onueia TnG f oto didoTnua A.

28) 'EoTtw pia cuvaptnon f mapaywyioiyn o’ éva didotnua (a,B) pe e€aipeon iocwg éva onueio Tou
Xo- Av n f gival kupTA oT0 (Q,X,) Kal KOIAN 010 (Xo,B) N avTIoTPOQWG, TOTE TO onueio A(X, f(Xo))
€ival UTTOXPEWTIKA ONUEI0 KAUTTAG TNG YPAPIKAG TTapdoTaong Tng f.

29) Av pia ouvdptnon f eival ouvexng oto KA€ioTé didoTtnua [a,B] Kal TTapaywyiciun oTo avoiKTo
oldotnua  (a,B) TOTE UTTAPXE! €va, TOUAGXIOTOV, EE(a,B) TETOIO, WOTE:

r(g) = TB)=flo)

B-a
30YEoTtw ouvaptnon f(x) = epx.H ouvéaptnon f civar mapaywyioiun oto IR;=IR—{x/cuvx = 0} kai
1
loxUel : F(X) =—
GLV X

31) loxuel 0 T0mog (3°) =x-3", yia kGBe XEIR .
. . . 3 . f .
32) Av ol cuvaptioeig f, g €ival TTapaywyioipgeg 01O X, Kal g(X,) # 0, 101€ n ouvdptnon — eival
g

()= f(x,)a'(x,) —f(x,)a(x,)

TTOPAYWYIoIUN OTO X, KAl I0XUEI : [ij X >
g [9(x,)]
. . v 1
33) MNa kade x # 0 1oxver [Infx|] ==
X
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34) Av uia payuartiky ouvéptnon f dev gival cuvexnig o€ éva ONWPEIO X, TOTE BV UTTOPEI va gival
TTaPAYwWYioIun OTO Xo.

35)Av f'(X) = (x—=1?(x-2) yia kaBe xR, 161€ TO f (1) €ival TOTTIKG péyioTo TN f.
36) Av f'(x) = (x—=1?(x-2) yiakéBe xR, 161€ T0 f(2) €ival TOTTKO EAdXIOTO TNG f.

37) Av éva TouldaxioTov atéd Ta 6pia lim f(x), lim f(x)eivar += A —o, 76T€ N €ubBtia X =X,
X—=Xo X—>Xg"

—Xo

AéyeTal opICOVTIO ACUUTITWTN TNG YPAQIKNG TTapdoTtacng Tng f.

38) 'EoTtw f pia ouvdptnon ouvexng oc éva dIAoTNPA A Kal TTApAywyioiun o€ KABe e0wTEPIKO
onueio x Tou A. Av n ouvdapTtnon f eival yvnoiwg augouca oto A 16T1€ f'(X) > 0 o€ KABE £0WTEPIKO
OnuEio X ToU A.

39) 'Eotw dUo ouvapTroclg f, g opiouéveg oe €va didotnua A. Av ol f, g €ival ouvexeic oto A kal
f'(x) = g’ (x) yia K&Be ecwTepIKS onueio x Tou A, TéTE 1Io0YUEl f(X) = g(X) yia KABe XEA.

40) '/EoTw n ouvaptnon f(x) = nux pe medio opiopou 10 R, 1671¢ f "(X)= — oUVX, yia KAOe XER.
41) O1 TTOAUWVUUIKEG CUVOPTAOEIG BaBOU PeYOAUTEPOU 1 iCOU TOU 2 £€X0UV ACUUTITWTEG.

42) Av uia ouvdptnon f eival dUo @opég Tapaywyioiun oTto IR kal oTpéPel Ta KoiAa TTpog Ta dvw,
161 KOT avaykn Ba ioxvel : f°(x)>0 vyia kaBe Tpayuatikd apiOud x.

43) Av upia ouvdptnon f eival koiAn o' éva didotnua A, TOTE N €QATITOMEVN TNG YPOAQPIKAG
TapaoTaong g f og kdBe onueio Tou A BpiokeTal KATw a1rd TN yPAPIKA TNG TTapdoTacn, ME
€€aipeon 1O ONUEIO ETTAPNG TOUG.

44) Av n ouvdptnon f eival ouvexng oto [0,1], TTapaywyioiun oto (0,1) kar f'(x) #0 yia 6Aa Ta
xe (0,1), 161 f(0)= (D).
45) Av pia ouvdptnon f givai
e OUVEXNG OTO KAEIOTO didoTnua [a, B]
e TTOPAYWYiOIUN OTO AVoIXTO didoTnua (a, B) kai
o f(a)=1(B)
TOTE UTTAPXEI £va, TOUAAYIOTOV, & € (a, B) TéTol0, woTe: f (§) = 0.
46) H ouvaptnon f(X) = x® + x+1 éxer pia Touhdyiotov pi¢a oTo (0,1).
47) H ouvaptnon f(x) = x> +x+1 éxer pia akpiBuC pila oo (-1,0).
48) H ouvaptnon f(X) = x> + X +1 éxel Tpeic TpaypaTIKES PICEC.

49) 'EoTw ouvapTtnon f ouvexng o€ £va dIAoTNUA A Kal TTOPAYwWYioiun 010 e0wTePIKO Tou A. Av n f
gival yvnoiwg augouoa oTo A, TOTE N TTAPAYWYOS TNG OEV Eival UTTOXPEWTIKG BETIKA OTO E0WTEPIKO
TOU A.

50) loxver :  (ouvx) = nux, X eR.
51) Av f(x) = o, a > 0, T6T€ IoY Vel (@¥) ' = xa*" .
52) MNa kadBe ouvaptnon f mapaywyioiyn o’ éva didotnua A kai yia KaBe mpayuatikd apiBud c,

ioxUer 6m: (cf (X)) =f'(X), yia KGBe x € A.

53) Av yia TI¢ TTapaywyioiyeg oto R ouvaptioeig f,g 1oxtouv f(0)=4, f'(0)=3, f'(5) =6,
9(0)=5, 9'(0)=1, g'(4)=2, 101 : (f 2 9)'(0)=(g° f)'(0)
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54) 'Eotw P(x), Q(x) TToAuwvupa didgopa Tou pndevikou. O1 pnTég OUVAPTAOEIG % pE Babud
X

ToUu apIBunT P(X) yeyaAUTepo TOUAAXIOTOV KATA OUO TOU BOBUOU TOU TTOPAVOPAOTH, £X0OUV TTAAYIEG
OOUUTITWTEG.

1
2
GLV X

55) lMNa kaBe x€ R;= R—{x/ouvx=0} 1ox0er: (edX)' =—

56) Kd&Be ocuvdaptnon f tmou eival ouveXAg O €va onueEio Xy TOu TTEdIOU OpPICUOU TNG Eival Kal
TTapaywyiciun oTo onueio auto.

12 , XER — {x / nux # 0}

npx

57) loxter : (odx)’ =

58) Av pia ouvdpTtnon f dev gival cuvexng o€ £va onuEio Xo, TOTE BEV UTTOPEI va €ival TTapaywyioiun
OTO Xp

59) Av duo ocuvaptioeig f, g cival opiopéveg Kal ouvexeic oe éva didoTnua A Kal IoXUEl OTI
f'(x) = g'(x) yia KGBe ecwTePIKG onueio x Tou A, TOTE I0XUel TTAvTa f(X) = g(X) yIa KABE XA

60) ‘Eva ToTTIKG PEYIOTO JUTTOPEI va gival MIKPOTEPO aTTO £va TOTTIKO EAAXIOTO.

61) 'EoTw uia cuvapTtnon f mapaywyioiun o€ éva didotnua (a, B), pe €¢aipeon icwg éva onpueio Tou
Xo, OTO OTT0I0 OPwe N f eival ouvexng. Av f'(x) > 0 aTto (a,Xq) kai f'(x) < 0 oT10 (X0, B), TOTE TO f(X0)
gival Tommkd péyioTto TnG f

62) Na duo oTroieadATTOTE GUVAPTACEIS f, g TTapAYWYICIUEG OTO Xq IOXUEI :

(F - 9) (o) = F'(X0)a(Xo) — F (X4)0'(Xo)

63) Av pia ouvaptnon f eival TTapaywyioiun o’ éva onueio X, Tou TTediou opIopoU NG, TOTE Eival
KAl OUVEXNAG OTO onueio auTo.

64) 'EoTw 1o ouvdptnon f ouvexAg o’ éva dIGoTNPa A Kal TTapaywyioiun O0To ECWTEPIKO Tou A. Oa
Aéue omi: H ouvaptnon f otpépel Ta Koida TTpog Ta dvw 1 €ival KUpTA 010 A, av n f~ gival yvnoiwg
pOivouoa 0TO ECWTEPIKO TOU A.

65) H ouvdpTtnon f(x) = In |x|, xeR" eival Tapaywyioiun oto R” kai 16XUE! (|n|X

, 1
y==
X

66) Av n f eival dUo Qopéc TTapaywyioiun kal kupt oto A 1é1E T"(X) >0, VIo KGBe £0WTEPIKS
onueio x Tou A.

. F(x
67) Av lim f(x) =0 kai lim g(x) =0 ka1 utrapxel 7o lim (9 , 6TToU X, € R U {~ 0,400} T6TE :

X—>Xo X—Xg g’(x)
lim o9 _ lim f,(_x)
X—Xq g(x) x=%o () (X)
68) Av A(X,,T(X,)) eival onueio KaUTIAG TNG YPAPIKNG TTapdoTaong Tng ouvaptnong f, kai n f

eival duo Qopég TTapaywyioiun, 16te f"(x,) =0.

69) Ymdpxel TTOAUWVUMIKA ouvapTnon Babuol peyaAltepou 1 icou Tou 2, TNG OTToIag N ypa@IkA
TapaoTaon £xel aCUPTITWTN.

70) KaBe ouvaptnon f, yia Tnv omoia ioxUel f'(X) =0 yia kdBe X € («, X,) U (X, ) , €ival aTaBepn

010 (&, X)) U (%o, f) -
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71) YTapxel TTOAUWVUNIKN ouvdapTtnon Babuol v > 2, n otroia £Xel aoUPTITWTN.

72) Av f(X)=In|x yia ké8e x =0, 1618 f'(X) = 1 yio KGBe X = 0.

X
73) MNa kd6e ouvaptnon f : R — R mou eival Tapaywyioiun kai dev TTapoucidlel akpdTaTa, I0XUEI
f'(x) #0 yia ke xeR.

74) Av n ouvdptnon f mapaywyiletal oto [a,B] e f(B) < f(a), 161 UTTGPYXEl X, € (&, ) TéTOIO,
wote F'(x,) <0
75) H eubcia x =1 eival katakdpupn acUPTITWTN TNG YPAPIKAG TTapAdoTacng Tng ouvdptnong
2
X°—3x+2
f(x) =2 X2
Xx—1
76) ACUUTITWTEG TNG YPOQIKAG TTapdaTaong uiag ouvaptnong f avaldntolue pévo ota onueia Tou
Tediou opiopoU TnG, oTa otroia n f Oev gival cuveXAg.
77) Na ka&Be Tapaywyioiun ouvaptnon f oe éva didotnua A, n otmoia eival yvnoiwg augouaa,
loxvel f'(x)>0 yiakdbe xe A.
78) TNa kaBe oguvexn ouvaptnon f:[a,f]— R, n omoia cival Tapaywyioun oto («,f), av
f(a) = f(B), 161€ UTTApPXEI akpIBWG éva & € (a, B) Té€Tolo waTe f'(£)=0.
79) Aivetan 611 n ouvdptnon f Trapaywyiletal oto R Kal 0TI N ypa@Iikn TNG TTapdoTacn gival TTavw
atd Tov agova X X. Av UTTApXEl KATTOIO OnuEio A(XO, f(xo)) g C;, Tou oTroiou n aTréoTaON OTIO
Tov Ggova x'x eival péyioTn (f €AGxI0Tn), T0TE O€ auTtd TO onueio n epamropévn Tng C, eival
opICOVTIQ.
80) Av pia cuvaptnon f eival ouvexng oto [a,B], Tapaywyioiun oto (a,B) kai f'(X) =0 yia kGBe
Xe(a,p), 101 f(a) = T(B).
81) 'EoTw pia ouvdptnon f opiopévn o éva didotnua A Kal X, éva eowTePIKG onueio Tou A. Av n
f Tmapouciadel TOTIKG akpdTATO OTO X, KAl €ival TTApPAywYioiun oTo onueio auto, 161 f'(X,)=0.
82) Av pia ocuvdaptnon f, n omoia cival duo @opéc TTapaywyiolun o éva didotnua (a,B),
TTapouaiadel oTo X, € (e, ) koA, 161 f(X,) =0.

83) Av n ouvaptnon f eival ouvexrg ato [0,1], Tapaywyioiun oto (0,1) kai f'(x) =0 yia 6Aa Ta
xe(0,1), 161 f(0) = f(1).

AMNANTHZEIZ EPOQTHZEQN 2Q3TOY — AAOOYZ2 AMNO MNMANEAAHNIEZ 2000 — 2023

2° KEGAAAIO

DA 2)A 3)L 4T 5A B 7)A 8 DA 10A 11T 12)L 13)A 14)A 15)A
16) 17)A 18)A 19)A 20)A 21)L 22)A 23)L 24)L 25)L 26)A 27)T 28)A 29)=
30)L 31)A 32)A 33)L 34) 35A 36)L 37)A 38)A 39)A 40)A 41)A 42)A
43)\ 44)T 45)L 46)A 47)T 48)A 49)L 50)A 51)A 52)A 53)L 54)A  55)A
56)A 57)A 58)L 59)A 60)X 61)L 62)A 63) 64)A 65)= 66)A 67)L 68)E 69)A
700N 7TDHA 72)A 73)A 74)T 75\ T76)A 77)A 78)A 79)L 80)T 81)T 82)z 83)
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IZXYPIZMOI & ANTINAPAAEICMATA

BAZIMENA 2TO ZXOAIKO BIBAIOTIATO OEMA A”

1. OewpAOTE TOV TTAPAKATW IOXUPICUO : (2017)
«Kd&Be ouvdapTtnon n otroia gival OUVEXNG OTO X, TOTE €ival KAl TTAPAYwWYiCIUN OTO CNUEIO

auTo».

a. Na YXapoKTnpioeTe TOV TTAPATIAVW IOXUPIOKO YPAPOVTAG OTO TETPADIO OAG TO

ypaupa A, av givar AAnBnig, f o ypauua W, av givar Weudnig. (Movada 1)
B. Na airloAoynoete TNV aTTAVTNOT 0AG OTO EPWTNUA d. (Movadeg 3)
Amrdvrinon :

a ¥

B. Eotw n ouvaptnon f(x)=|x|. H f e€ivai ouvexng oto X, =0, aAA& dev eival
TTapaywyioiun ¢°  auto, agou

fx)-f(0) . x_ ,
A U
lim JW-O) X,
X—0" x=0 x=0 X

Maparnpouue, dnAadr), Ot pia cuvapTnon f utTopei va gival ouvexng o’ Eva onueio x,
XWPIG va gival TTapaywyioiun o’ auTo.

:-f"
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2. OewpnoTe TOV TTAPAKATW I0XUPIOHO : (2019)
«[1a k&Be ouvdpTnon f opiopévn o€ éva dIdoTnUa A = (—0,X,) U (X,,+0) ME:
e OuveXNG oTo A Kal
e f(X)=0vyia KdBe eOWTEPIKG ONuUEio TOU A,
167E N f €ival oTaBepr) o OAO TO dlAaoTNUA A».
a. Na XapoKTnEIioETE TOV TTAPATTAVW I0XUPICPO YPAPOVTOG OTO TETPAdIO 0AG TO

ypaupa A, av gival AAnBRig, 1 To ypauua W, av givar Weudnig. (Movada 1)
B. Na aitloAoynoeTe TNV ATTAVTNOT 0AG OTO EPWTNUA O. (Movadeg 3)
Amrdvrnon :

a ¥
B. O Tapatravw 1IoXUpIouoG IoXUEl oTtav n f eival opiopévn oe didotnua Kai Oyl o€ évwon
dlaoTnUAaTwy. MNa TTapddelyua, £0TW N ouvapTNoN

-1, x<0
f(x) =
1,x>0
Mapatnpouue 611, av kal T '(X) =0 yia kG X € (—oo, 0) W (0,+0) , gvioutoig n f Oev
gival otaBepr) oto (—0,0) U (0,+x) .

3. OewpnoTe TOV TTAPAKATW I0XUPIOUO : (2020 N.Z.)
«EoTw pia ouvaptnon f, n otroia gival ouvexng o€ éva didotnua A. Av n f gival yvnoiwg
augouoa o€ OA0 TO A TOTE UTTOXPEWTIKA 10YUEl T(X) > 0 O¢ KABE E0WTEPIKO ONEIO TOU

A».
a. Na YXapoKTnpioeTe TOV TTAPATTAVW IOXUPIOKO YPAPOVTAG OTO TETPADIO OOG TO

ypauua A, av givar AANBNRg, A 1o ypauua W, av givalr Weudrc. (Movada 1)
B. Na airloAoyroete TNV aTTAVTNCT 0AG OTO EPWTNUA O. (Movadeg 3)
Amrdavrnon :

a ¥

B. Av n f eival yvnoiwg augouoa (avtioToixwg yvnoiwg @Bivouoa) oT1o 4, n mapdywyog g
OeV gival UTTOXPEWTIKA BETIKA (AVTIOTOIXWG ApVNTIKK) OTO E0WTEPIKO TOu A.

Ma Tapadeiypa, n ouvaptnon f(X)=x>, av kai eival yvnoiwg avfouca ato R, eVIOUTOIC
éxel mapaywyo f'(x) =3x* n omoia dev ivan BeTikA o€ dAo 10 R, agou f'(0)=0. |oxvel

opwg f'(X) =0 yiakdbe xeR.

7] x
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4, OewpnoTe TOV TTAPAKATW ICXUPICHO :
«'Eva TOTTIKO PYEYIOTO dEV PTTOPET va €ival HIKPOTEPO ATTO £va TOTTIKO EAAXIOTO».

a. Na XapoKTnEIioETe TOV TTAPATTAVW IOXUPICPO YPAPOVTOG OTO TETPAdIO 0AG TO

ypaupa A, av gival AAnBRig, 1 To ypauua W, av givar Weudnig. (Movada 1)
B. Na aitloAoynoeTe TNV ATTAVTNOT 0AG OTO EPWTNUA O. (Movadeg 3)
Amravrnon :

a ¥

B. 'Eva TOTKO WMEYIOTO MTTOPEI va €ival HPIKPOTEPO aTrO €va TOTKO eAdyioTo. [la
TTapAadelypa, oTo TTAPAKATW OXAMA TTAPATNPOUME OTI TO TOTTIKO PEYIOTO OTN Béon X, Eival

MIKPOTEPO ATTO TO TOTTIKG eAdXIOTO OTN Béon X, .

Y

<y

/0

5. O@cwpnoTe TOV TTAPAKATW IOXUPICUO :
«To YeyaAUTEPO ATTO TA TOTTIKA PEYIOTA PIOG OUVAPTNONG €ival TTAVTOTE TO YEYIOTO
QUTAGY.

a. Na XapoKTnEIioETe TOV TTAPATTAVW IOXUPIOPO YPAPOVTOG OTO TETPAdIO COAG TO

ypaupa A, av givar AAnBNig, 1 To ypauua W, av givar Weudnic. (Movada 1)
B. Na airloAoyroete TNV aTTAVTNOT 0AG OTO EPWTNUA O. (Movadeg 3)
Amrdavrnon :

a ¥

B. To peyaAUTeEpO aTmd TA TOTTIKA MPEYIOTA Wiag ouvaptnong Oev €ival TTAVIOTE PEYIOTO
auTAG. AuTO emREBaILOVETAI OTO TTOPAKATW OXNAMA aTTd TO OTI0I0 TTAPATNPEOUME OTI OTN

Béon X3, av Kal €XOUME TO PEYOAUTEPO aTTO Ta TOTTIKA WEYIOTA, Oev €ival TO PEYIOTO TNG

ouvdapTNONG aPou X"Jp f(x) =+,

Ya

43/

o] X1 X X3 Xq

(a)
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6. OcwpnoTE TOV TTAPAKATW IOXUPICUO :
«Ma kaBe ouvaptnon f opiopévn Kal TTapaywyioiun oto R, av yia KATolo X, € R 10XVEl

f(X,) =0 7161 TO X, €ivVOI UTTOXPEWTIKG BETN TOTTIKOU OKPATATOU TNG .

a. Na XapoKTnNEIioETE TOV TTAPATTAVW IOXUPICPO YPAPOVTOG OTO TETPAdIO OAG TO

ypaupa A, av gival AAnBRig, 1 To ypauua W, av givar Weudnig. (Movada 1)
B. Na aIitloAoynoeTe TNV ATTAVTNOT 0AG OTO EPWTNUA d. (Movadeg 3)
Amravrnon :

a ¥

, , 3 , ’ P ’
B. MNa Tapadeiyua, n ouvdptnon f(X) =X, n omoia gival ouvexrg kai TTapaywyioiun oTo
R pe mapaywyo f'(x)=3x* . H pifa TG Tapaywyou eival To 0, dnAadf F(0) = O .
EvrouToig, 60TTwG gaiveTal 010 oXrua 1o onueio 0 dev gival B€on TOTTIKOU akpoTaToU TNG f.

[ x

7. OewpnaoTe TOV TTAPAKATW IOXUPICUO : (2020 I.z. EIMAN.)
«EoTw pia ouvaptnon f ouvexnig o€ éva didotnua A kai dU0 QopES TTapaywyiciun oTo
eowTePIKS Tou A. IMNa kdbe ouvdpTtnon f kuptr oto A 1oxUel f'(X) >0 yia kaBe eocwTeEPIKO
Onueio X Tou Ax.

a. Na YXapoKTnpioeTe TOV TTAPATTAVW IOXUPIOKO YPAPOVTAG OTO TETPAdIO OOG TO

ypauua A, av givar AANBRg, A 1o ypauua W, av givalr Weudrc. (Movada 1)
B. Na aitloAoynoete TNV aTTAVTNOT 0AG OTO EPWTNUA O. (Movadeg 3)
Amravrnon :

a ¥

B. MNa mapd&deyua, é0Tw n ouvdptnon f(x) = x* Emedn n f'(x) = 4x3® eival yvnoiwg
avfouoca oto R, n f(x)=x* eivar kupth oto R. EvrolTtoig, n g
f""(x) dev eival BeTikr) oto R, apou f''(0) =0.

y=xX
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8. OewpnoTe TOV TTAPAKATW ICXUPICUO :
«Av pia ouvéptnon f ival duo YopES TTapaywyioiun Kai IoXUEl f "(XO) =0, 161€ TO

onueio A(Xo, f (Xo)) €ival UTTOXPEWTIKA oNWEIO KAUTAGS TNG f ».

a. Na YXapoKTnpioeTe TOV TTAPATTAVW IOXUPIOPO ypAQPOVTAG OTO TETPADIO OOG TO

ypaupa A, av givar AAnBnig, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na airloAoynoete TNV a1TAvTNOT 0AG OTO EPWTNUA d. (Movadeg 3)
Amrdvrnon :

a ¥

B. EoTtw n ouvdptnon f(x)=x" (Ix. 42). loxver f"(x)=12x* dnA. f"'(0)=0. Opwg n f dev
€xel onueio kaptAs oTo 0.
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KED®AAAIO 3° : OAOKAHPQTIKOZ AOlIZMOX

3.1 AOPIXTO OAOKAHPQ2MA

60.TI ovopdloupe apxIkA piag ouvaptnong f o€ €va didoTnua A;

Amrdavinon :

ApXIKQ cuvdptnon i rapdyouoa 1ng f oto A ovopdloupe kKaBe cuvapTnon F TTou cival
TTapaywyioiun oto A kai 1oxuel: F'(x) = f(x) , yia kGBe x e A.

ZXOAIa :

ATtrodeIkvUEeTal OTI KABE cuveXNG ouvapTnon o€ didoTnua A €xel TTapdyouca oTo didoTnua auTo.

61. Oswpnua (2001 B', 2003, 2015 B", 2022)

‘EoTtw f pia ouvdaptnon opiouévn o€ éva didotnua A. Av F gival pia rapdyouca 1ng f oto A, va
QTTOOEIEETE OTI :

e OAeg ol ouvapTioelg NG openg 6(x) =F(x)+c, ¢ eR ,cival Tapdyouoeg TnG f oTo A .

e KaBe aAAn Tapdyouca & Tng f oto A mraipvel TN popery 6(x) =F(x)+c, ceRr.

Amroodeién :

e KaBe auvaptnon tng popeng G(x) =F(x)+c, 6Tou c eR, cival pia Trapdyouca Tng f ato A,
agou

G'(x)=(F(x)+c)' =F'(x)=1f(x), yia kGBe x e A.

o EoTtw G gival pia AN TTapdyouca TnG f oto A. ToTe , yia KABE x € A 10XUOUV Ol OXETEIG
F'(x)=f(x) ka1 6'(x)=f(x), omote :G' (x) =F'(x), yia kdBe x € A. Apa uTrapxel oTABEPA € TETOIA,
WOoTE 6(x)=F(x)+c, IO KABE x € A.

Maparnpnosiq :

o Av pia ouvaptnon f eivar ouvexng oe éva didotnua A, 161€ n f éxel Tapdyouca oTo didoTnUaA
auTé.

e To avTiOTPOQYO TNG TTAPATTIAVW TTPOTACNG dEV I0XUEI, DIOTI UTTAPXOUV CUVAPTAOEIG TTOU eV gival
ouvexeic oe €va didoTnua A, aAAd £xouv TTapdyouca oTo dIdoTnua auTo.

2X77,u£—m)v1 , X#0
X X

MNa mapddeiypa n ouvaptnon f(x) = Oev eival ouvexng, aAAd éxel

0 , X=0
1
X*nu=,x#0
mapdyouca oto R v F(X) = 77'ux
0 ,x=0

o Av pia ouvdaptnon f dev €xel TTapdyouca o€ éva didoTnua A, 101E n f dev gival ouvexng oTo
O1doTNUa AuTO.
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62. lMivakag Twv TTapayoucwyV BaCIKWY CUVOPTATEWV.

Armdvinon :
2uvapTnon Mapdyouca
f(x)=0 F(x)=c,ce®R
f(x)=1 F(xX)=x+c,ce®R
f(x)=1 F(x)=In|x+c, ceR
X
Xo:+1
f(x) =x“ F(x) = +C,CeR, a=-1
a+1

f (X) = covx F(X)=nux+c,ce®R
f (X) = mux F(X)=—ocvvx+c,ce®R

f(x)= 12 F(X)=egx+cC,ceR

oV X
1
f(x)= - g
(x) s F(X)=—o¢x+C, ceR
f(x)=¢e" F(x)=e*+c,ceR
f(x)=a” F(x) = Y ¢, ceRm
Ina
ZXOAia :

¢ O1 TUTTOI QUTOU TOU TTIVAKQ 10X UOUV 0€ KABE SIACTNHA OTO OTTOI0 Ol TTAPACTACEIG TOU X TTOU

ePavifovtal £xouv vonua.

¢ Av ol ouvapTAocelg F kai G gival Trapdyouces Twv f Kal g avTioToixwg Kal o A gival évag

TTPAYHATIKOG apIBPOG, TOTE :

i. Houvdptnon F+G gival pia Tapdyouca TG cuvapTtnong f+g

ii. Houvaptnon AF gival pia Tapdyouca Tng ouvapTnong Af.
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3.4 OPIZMENO OAOKAHPQMA

63. Na dWOoETE TOV OPICUO TOU OPICHEVOU OAOKANPWHATOG MIOG ouveXoUs ouvapTnong f o€ éva
KA€I0TO didoTnua [a,B].

Atmravinon :
y
‘EoTw pia ouvdptnon f o u v € x | ¢ 010 [a,p]. Me Ta onueia

y=f(x)

=X, <X <X, <.<X =B Xwpifouye TO diGoTnUa [a,p] OE V

o‘ a=Xo & X1 & X ! X1 &,

ICOUAKN  UTTOdIACTAPOTA  PAKOUG Ax=B_—a. 2Tn  OUVEéXeld
A%

emAEyoupe auBaipeTa Eva

€ elx _,.x]1, yia KGBex €(1,2,...,v}, Kai oxnuarioupe TO ddpoioua

S, =f(E)AX+f(E,)AX +---+f(E )Ax +---+f(E )AX To omoio oupBoAieTal, oUviopa, WG €§AG:
S, = élf(iK)Ax .

To 6pio Tou aBpoicpatog S, , dnAadn 10 Iim(i f(ék)Ax) UTTAPXEl OTO R Kal gival avegdptnTo aTro
Voo \ k=1
TNV €MAOYN TWV EVOIAUEOWY oNUEiwV & . To TTapammavw Op1o ovopdaleTal opIoHEVO OAOKANPWHA

NG ouvexoUc ouvaptnong f atmé 1o a oTo B, cupPoAietar pe [ f(x)dx kai SiaBadetal “oAokARpwUa

g f ammé 10 a 010 B”. Anhadn : |[ f(x)dx = lim (i_lf (iK)AXJ

ZXOAI0 :
eTo ouupoAo j ogeiAeTal oTov Leibniz kai ovoudletal oUpBoAo oOAokApwong. AuTo Eeival
ETTIMAKUVON TOU apXIKOU ypdudatog S TnG AéEng Summa (&dBpoicua). O1 apiBuoi a kai 8
ovopdadovTal 6pia NG oAokApwaong. H évvola “Opia” edw dev £xel Tnv idla évvola TOu opiou Tou
20U KepaAaiou.

B
e XTNV £KPpaaon J- f(X)dx 1O ypdupa x gival pia YETOBANTA KOl PTTOPEI va AVTIKATAOTAOEl e

Y B
otrolodnToTe  GAAO  ypduua. ‘ETtol, yia Topddeiyha, o eKQPATEIS J.f(x)dx, J.f(t)dt

OUMPBOAICouV TO 610 OPIoPEVO OAOKANPWHA KAl gival TTPAYUATIKOG apIBUOG.

CewPETPIKA EPUNVEIA 0PICUEVOU OAOKANPWUATOG :

Av f(x)>0 yia kdBe x €[a, B], T0TE TO OAOKAfpWHa ¥ @

B =f
j f (x)dx divel To euBaddév E(Q) Tou xwpiou Q TTou W\/\/\I

TepikAgieTal atd TN ypa@ikf TmapdoTtacn Tng f TOV
agova X'X Kkal TIG euBtieg X=a Kal X= 4 (Zx. 11).

AnAGBH - j” F(x)dx = E(Q).

EtTouévwg,

Q

|
|
|
|
|
|
|
:
O o p X

AV (020, Tote E(Q)=[ f(X)dx>0.
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64. Na ypaeTe TIC 1816TNTEC Tou OAoKANpWpaTog [P f(x)dx .

Atmravinon :

a) loxue oT :
o [P F(X)dx = [ f(x)dx
o[ f(x)dx=0
«Av f(x) >0 vyia K40t x e[a,B] , T0TE [Pf(x)dx>0.
B) Eotw f,g ouvexeig ouvaopTAOEIG OTO [a,B] KaI A,u e R. TOTE 1I0KUOUV:
o [P2F(x)dx = 1[Pf(x)dx
o [PLf(x)+g(x)1dx = [P f(x)dx + [ g(x)dx ka1 yevika
o [PIMF(x)+pg(x)1dx = 1[Pf(x)dx +u] P g(x)dx
Y) Av n f c¢ivai ouvexqg oe¢ ddotnua A  kal  a,ByeA, TOTE 10YXUEl
["tdx =[ £ (adx+ [ £ (0
a a 7
o TTapadeyua, av J': f (x)dx =3 Kai j: f(x)dx =7 , TOTE

[ £00dx=[ f(dx+ [ £ )dx=— [ F()dx+ [ f()dx=-3+7=4.

Znueiwon : y @
Av f(x)=0 kal a<y<p (Zx. 13), n Tapamdvw 1B16TNTA
dnAwver omi: E(Q) =E(Q,)+E(Q,)

agou E(Q,) = JZ f(x)dx, E(Q,)= J;ﬁ f (x)dx @ ()

kil E(Q) = jﬂ £ (x)dx.

0) ‘Eotw f pia ouvexng ocuvaptnon oc éva didotnua [a,B]. Av f(x) >0 yia KéBe x € [a,B] Kal N

ouvépTnon f 8ev ival TTavTol pndév oTo didoTnua autd, T61e [P f(x)dx > 0 ..

"1 ®©
] i . ] ]
g) Av ¢>0, 101 TO I cdx ekppalel 1o euPaddv evédg y=c
opBoywviou pe Baon £ —a kal 0yog ¢ (Zx. 12). i i
AnA. Iﬂcdxzc(ﬂ—a). : | -
a 0] o p X
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3.5 HXYNAPTHZH F(x)={ f(t)dt

65. Eotw F(x) =_[X f(t)dt ,xeA , omou f eival ouvexng ouvapTnon oTo didoTnua A. Mol

givainoxéontng F petnv f ;

Atmravinon :

H ouvaptnon F(x) =IX f(t)dt ,xeA, gival ouvexng Kai gival pia Trapdyouca tng f oto A.

OEQPHMA (OgpeAitwdng Bswpnua Tou oAokAnpwTikoU Aoyiopou) (2002, 2008 B, 2010, 2013)

66. Eotw f pia ouvexng ouvaptnon o’ éva didotnua [o,p]. Av G eival pia Tapayouoa tng f oto
[o,B], va amodeigete 61 : [P f(1)dt = 6(B) - 6(ar)

A1rodeién :

2UPQWVa Pe YVWOoTO Bewpnua, n ouvaptnon F(x) = [Xf(t)dt €ival pia Tapdyouoa tng f 10 [a,p].

EmeidA kai n G cival pia rapdyouca TnG f 010 [a,p], Ba uTTdpxel € € R TETOIO, WOTE :
6(x)=F(x)+c. (1)

ATIO TNV (1), y1Ia X =0, £XOUUE G(a) = F(a)+c = [¢f(t)dt+c=c, OTTOTE ¢ = 6(at).
Emopévwg, 6(x) =F(x)+6(a), omdTe, yia x =B, xoupe : 6(B) = F(B) +6(a) = [Pf(1)dt +6(a)

kal Gpa [P f(1)dt = 6(B)-6(a) .

67. Na ypaweTe Toug TUTTOUG TNG TTAPAYOVTIKI G OAOKAPWONG KAl TNG AVTIKATACTAONG YIA TO OPIOUEVO
OAOKANpWUA.

Amrdavinon :

a) loxver 61 : [P £(x)g'(x)dx = [f(x)g(x)]1? - [P '(x)g(x)dx, 6TToU f',g' eival Cuvexeig TUVOAPTATEIG

o710 [o,B].

B) loxuel 611z [ f(g(x))g'(x)dx = j:'f f(u)du, émou f,g’ €ival ouvexeic CUVOPTATEIG, u = g(x),

du=g'(x)dx kar u =g(a), u, =9g(p).
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3.7 EMBAAON EIIIIEAOY XQPIOY

68. Na ypdawere Tov TUTTO TTOU Oivel TO eUBaddy Tou Ywpiou Q TTOU opiCeTal aTrd TN YPAPIKA
TapdoTaon TnG f, TIG euBeieg x=o, X =P Kal ToV Agova x'x, OTaV f(x) >0 yIa KABE x e [a,B] KAl N
ouvaptnon f €ival cuvexng .

Amrdavinon :

n®

Av uia ouvaptnon f eival ouvexng o€ éva didoTnua [o,p] Kal f(x) > 0 yia KAOe '_\%
x € [a,B], TOTE TO eUPBadSV TOU Xwpiou Q TToU opiCeTal aTTd TN YPAPIKA ‘

|
|
Q i
1

I3

2 p—————.

TapdoTaon Tng f, TG euBeieg x =a, x =B Kal Tov déova x'x gival

E(Q) = [*f(x)dx .

°l

69. Na ypdawete Tov TUTTO TTOU Oivel TO €UPAdOV Tou Xwpiou Q TTou TTEPIKAEIETAI ATTO TIC YPAPIKES
TTApaoTAoelS Twv f,g TIG €uBgieg x=a, X=Pp, OTAV f(x)>g(x)>0 VIO KABE x e[a,B] Kal Ol

OUVOpPTNOEIG f, g Eival CUVEXEIG.

Atmrdvinon :

‘EoTw duo ouvexeic ouvaptioelg f kai g, oto didotnua [, f] pe f(X)>g(X)>0 yia kabe
X €[a, f] ka1 Q 1o xwpio TTou TrEPIKAEIETAI ATTO TIG YPAPIKES TTApaoTAoelS Twv f, g Kai Tig guBeieg
X=a kal X=f (Zx. 18a).

y=f) y y=F(x) y

| Q |
. . i i y=9(x)

1 y=g(x) ! | i
| | : : L@

N S ! | I
o] X [¢) ‘ [¢] ‘ X
(a) (1] (62}

Maparnpoupe 611 E(Q) = E(Q,) ~E(Q,) = [ f(xdx— [" g(x)dx= [ (f () - g (x))dx..

Emopévwg, E(Q)= ﬁ (f(x) = g(x))dx.

70. Na atrodeiete OTI av yia TIG ouvapTioelg f,g €ival f(x)>g(x) ylia KGBe x e[a,B], TOTE TO
eMPadOV Tou xwpiou Q TTOU TTEPIKAEIETAI ATTO TIG YPAPIKEG TTAPAOCTACEIG TwV f,g KaI TIG EUBEiEG

x=a ,x =P diveral amd Tov TuTmo: E(Q) = [ (f(X) - g(x))dx .

A1Tod¢1én :

ETre1dr) o1 ouvapToeig f,g gival ouvexeig oTo [a,p], Ba uTTAPXEl ApIBUOG ¢ € R TETOI0G, WOTE
f(x)+c>g(x)+c>0, yia KaBe x e[a,B]. Eival avepd 611 T0 xwpio Q (Zx. 20a) éxel 10 id10 eppaddv
ME TO Xwpio Q.
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y y

y=f(x)+c ==
o
W\w&‘ | a
o I
| i

' y=g()+c
a \o/ V3 X I3 o V3 X

y=g(x)
(@) @)

Emopévwg, Ba £XOUME: E(Q) = E(QY) = [PL(F(x) + ) - (g(x) + €)Jdx = [P(f(x) - g(x))dx - ApQ
E(Q) = [P (f(x) - g(x))dx -

71. Na amodeigete 011 0TV N dlagopa f(x)—g(x) Oev dlatnpei oTaBePO TTPOCNKO OTO [a,B], TOTE TO
eMPadOV Tou Xxwpiou Q TTOU TTEPIKAEIETAI ATTO TIG YPAPIKEG TTAPACTACEIG TwV f,g KaI TIG EUBEiEG
X=a KOl x=p €ival i00 PE E(Q) = [°| f(x) - g(x) | dx -

A1odeién :

Ortav n diagopd f(X)—g(x) dev diatnpei oTaBepd TTPOONUO GTO

[, B], oTTwg oTo ZxAua 23, 1é1E TO €PPRAdOV TOu Xwpiou Q TToU

| |
' :
TIEPIKAEIETAI ATTO TIC YPAPIKES TTAPAOTACEIC Twv T,g kai Tig eubeieg O « 7 N\ ¢ Boox

X=a Kal X=/f €ival ioo hJe TO ABPOIoUA TWV EURABWV TWV XWPEIWV
Q,,Q, kai Q. AnAadn,

E(Q) = B(€,) + E(Q,) + E(,) = [/ (00 - g00)dx +[ (900~ F () [ (F ()~ g ()x

=11 00=g01dk+ [ 1100 =900l dke+ |71 00 =900 1 = |1 (0~ g0 e

ETopévwg, E(Q) =j:’| f (x) - g(x)] dx

ZXOAI0

y
B !
ZUPQWVO PE T TTAPATIAVW TO j f (x)dx eival ioo pe 10 GBpoIoUa TWV ‘ :’\ N
a

0 —
EURABWY TWV XwpPiwv TTou BpiokovTal TTavw atrd Tov afova X'X ueiov 10

GBpoiopa Twv EPRAdWY TwV XwpPiwv TTou Bpickovtal KATw atrd Tov dgova
XX (Zx. 25).

72. Na ammodeiete 611 TO EUPAdOV TOU Xwpiou Q TTou TTEPIKAEIETAI ATTO TOV AEOVa X'x , TN YPAPIKN
TTAPACTACT HIOG OUVAPTNONG g, ME g(x) <0 yia KABE x e [a,B] Kal TIG EUBEIEG X = KAI X =B €ival

ioo pe: E(Q) =[P g(x)dx

Amrodeién : y D)

Mpéyuari, eTeIdn o GEovag x'x €ivail n ypa@ikr mapdotach NG ouvapTnong 5
f(x) = 0, éxoupe E(Q) = [5(f(x) - g(x))dx = Ji[-g(x)]dx = -] g(x)dx. N
Emropévwg, av yia pia ouvaptnon g 1oxvel g(x) <0 yia K&Oe x e [a,B], TOTE: M(X)
E(Q) =—[;9(x)dx
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EPQTHZEIZ ZQXTOY — AAOOYZE 3°Y KEQAAAIOY AMO NANEAAHNIEE 2000 — 2023
1) Av I ﬁf(x)dsz , TOTE KaT avaykn Ba givai f(x) >0 yia kaBe xe[a,f].

2) Av f, g eival U0 ouvapTAOEIG UE CUVEXA TTPWTN TTAPAYWYO, TOTE IOXUEL:
B , Pe,
[100-9" 09 dx = [f0 g0 L — [ () 9x) dx.
3) '‘Eotw f pia ouvexng ouvaptnon o’ éva didotnua [a,B]. Av G eival pia rapdyouca 1ng f oto [a,B],
T6TE - [ ")t =6(p) - G(a)
4) Av n ouvdptnon f éxel Tapdyouoa o€ éva diIdoTnua A kal A € IR *, 10T 10XUEl:

jﬁ AM(x)dx = A jff(x)dx

5) loxoer n oxéon [ FQg(Qdx=[F()g)L - [ F(x)g(x)dx, 6mou f'.geivan ouvexeis
ouvapThoeig aTo [a,B].
6) ‘'EoTw f pia ouvexng ouvaptnon o éva didotnua [a,B]. Av G civarl yia TrTapayouca tng f oTo [a,f],

rore [ f(t)dt = G(a) - G(B)
7) Av f ouvdpTtnon ouvexng oto didoTnua [a,B] kai yia KaBe x € [a, B] ioxvel f(x) 2 0 ToTE :
[ £ (x>0

ME TNV TTPoUTTOBeaN OTI Ta XPNOIKOTToIoUNEVA CUMBOAQ £XOuV vonua.
8) Av f, g, g’ cival ouvexeic cuvapTioeig oTo didoTnua [a,B], ToTE

['1009/00dx = [Tk - ['g'00dx

9) Av n f gival ouvexng og didotnua A kai a,B,yEA TOTE 10X UE! IB f(x)dx = '[Y f(x)dx + Iﬁ f(x)dx
o [ Y

p
10) To oAokARpwa j f(x)dx eival ioo pe 10 GBpoicua Twv eYRAdWV TWV XWpPiwv TTou BpiokovTal

TAvVW atro Tov dgova x'x heiov 10 ABpoIoua Twy euRadwy TWV Xwpiwv TTou BpiokovTal KATw aTTd
TOV dgova Xx'X.

11) Av pia ouvdptnon f eival cuvexnig oe éva didotnua [a, B] kai 1oxvel f(x) < 0 yia k&dBe x€[a, B],
16T TO €UPAdOV Tou Xwpiou Q TTOU OpileTal aTTd TN YPAPIKr TTapdcTacn TnG f, TIG eubeieg x=q,

x=B ka1 Tov dfova x'x givai 1 E(Q) = Iﬁf(x)dx
12) Av pia ouvéptnon f eival ouvexng oto kKA€IoTd didoTnua [a,B] kai 1oxUel f(x)=0 yia k&8s xe[a,fB],
rore [ F(x)dx > 0.

13)loxver [ F(x)g'(x)dx = [F (gL, + [ F'(x)g(x)dx, 6mou ', g eivar cuvexei ouvapToeig oTo
[a,B]

14) MNa k&Be ouvexn ouvaptnon f :[«, f] — R, av ioxLEl Lﬁf (X)dx =0, 101 f(X) =0 VIO KGBE
X €[, £].

15) ‘EoTtw f pia ouvexng ouvdptnon o€ éva didotnua [a,B]. Av 1oxuel 6T f (x) > 0 yia kGBe xe[a,Bl,
B
Kal n ouvaptnon f dev eival raviou undév ato SidoTnua autd, TOTE j f(x)dx>0.

AMNANTHZEIZ EPOQTHIZEQN 2Q3TOY — AAOOY2 AMNO MANEAAHNIEZ 2000 — 2023

3° KEGAAAIO
DA 2)L 3)L 4)T 5)T 6)A 7)A 8)A 9)L 10)L 1A 12)L 13)A 14)A 15)%
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