Ta Oepata mpoépyoviar kat aviAnbnkav amo tnv
matopua G Tpanefag Oeudtwv  AwPabuiopévng
Avokohiag mov  avamtvxOnke (MIS5070818-Tpdmela
Oepdtwv  AaPaOuiopévng  Avokoliag  yia
AevtepoPdOuia Exmaidevon, Tevikd Avkelo-EITAA) kal
elvat dadikTvakd o010 OKTVAKO TOTO Tov IvoTtitovTOUL
Exnawdevtikng IloAtikng (LE.IL) otn Oevbuvon (http://
iep.edu.gr/el/trapeza-thematon-arxiki-selida)



OEMA 2
Alvetalto onpeto A(1, —3) ko n eubela e: 4x + 6y = 1.
o) Na g&nynoete yiatl to A dev sival onpelo tng sudeioc €.

(Movdadecg 10)
B) Na Bpeite tnv gticwon tne¢ subslag mou SiEpyetal and to onpelo A Kal sival mopdAinin
otnv eubsla €.

(Movdadec 15)



AYZH

a) To A(1, —3) dev elval onpelo tng eubelag e: 4x + 6y = 1, KOBWE OL CUVTETAYPEVEG TOU
onpelou dev emainBeliouvv Ty eflowon tngeudelac pakaz 4-1+6-(-3) = —-14 = 1.

B) dx+by=1=>y= —éx +% dpa, Adyw moaporAinAlag, n kilon tng subelag & esival

A= —E. Ondte, n {nrovpevn eubela Sepyetal ano 1o onpelo A(L, —3) KoL £xeL kilon

A= —%, ouvenwe éxeL eflowon: y — (—3) = —é(x — 1) f wodbvapa 2x+ 3y +7 = 0.



OEMA 4
AlvovtaL oLelowoelg Ax+ y=24 (1) koL x+ Ay=A+1 (2), 6nov AeK.
a) No Seifete ou yia kabe A€ K oL eflowoelg (1) kou (2) maplotdvouy evbeieg &, koL 77,
ovTLoTOLY O

(Movabec 6)
B) Na Bpeite yio moleg TIHEG Tou A oLeUBeieg £, Kot 17, TEUVOVTAL.

(Movabec 6)
y)Na Ae R-{-11}

i. va Bpeite ouvaptioeLTou A TIg cuvtetaypéveg Tou onueiov topng M twv g, koL 7,.

(Movabec 7)

2}b+1,i va omodeifete otLto M kweitaLrotny evBeio & x—y=1.
A+1 A+1

i, o M[

(Movabec 6)



AYSH
a) H eiowon Ax+ y=24 elval tng popdng Ax+By=1" pe B=1#0 ondte naplotavel
guBeia g,y kdBe A€ R. Opolwg n efiowon x+ Ay =A+1 eivow tng popdpng Ax+By =T
pe A =1+ 0 onote noplotavel evbeia g,y kaBe A R.

B) OLeuBeieg £, KaL 17, TEMVOVTOL QV KOl HOVO OV TO GUOTN UG TOUg €XEL povaldikn Avan. To

Ax+y=24

elvol ypo ko LE opllovoo
A5 ] YPOLLKO e opid

cLOTN P& TOUG {

A

1 N 1=,

o

Mo v éxel povasikr Abon TipéneLkatopkel D=0 A —120e V2 1o A= +1.
y)Na Ae R-{-11}

i. To onpeio topng M twv g, kou 77, mpooBlopiletal omd TN AVON TOU CUGCTHHATOG

Ax+y=24 ) ) ) (JDJr Dy) )
KoL €lvol To  onpeio CUVIETOV LEVE —£ —), omnovu

x+Ay=A+1 L o VEEUER D D
D 241 24— A-1=2A-1)(A 1)

= = — — | = ey +_

Al A y

A 24 , ,

D = =A+A-2A=A"=-A=A(1-1).

71 A+l

1
204-MA+2) 2@ D, a4-1D A
_ - _

Elvar —== = L= =
D (A+D(4A-1) A+1 D (A+D)A-1) A+1
Suvenweg M 2A+1,i pe A=+1.
A+1 A+1

i. To M kweitaw otnv suBeia §:x—y=1 ov koL POVO Qv OL CUVIETOYMEVEG TOU
enoknBebouv Ty eficwon tng ¢ yiakdbe A R—{-11}.

; 2A4+1 A A+1
Mpayport 1

= -1 =1 mov woyveL.
A+l A+l A+1 L




OEMA 3
Atvetain gflowon (u+ Dx+ (u+2)y =0, g e R (1).

a)
i.  Noaamodelfete otLn etlowon (1) maplotdvel eudela yia kdBe 1 € R,
(Movddec 08)
ii. Noaamodeifets 6TL dAec oLsubelec mou opllovtal and Tnv eticwon (1) SiEpyovtal and
TV apxn Twv afdvwvy.
(Movddeg 02)
p)

i. Néte n etiowon (1) maplotdvel eubela mou éxeL cuvieheotn dlelBuvong 0; Nowa sival
n eglowon Tng;
(Movddecg 03)
ii. Noéte n gticwon (1) maplotdvel subeia yla ™MV omola dev oplletal cuvteAsoTrg
SleBBuvong; Nola sival n etlowaon Tng;

(Movddeg 03)

y) Na Bpelte yu mowr Tiph Tou mpoypatikol oplBuol f, mpokurmtel eubela n omnola
oxnpotitel ywvia 45° pe tov dfova x'x. Mowa sival n eélowon tng;

(Movddeg 09)



AYZH

a)
i. Hetlowon (1) maplotdvel eubela yia OAeg TIC TPAYHOTIKEG TILEC TOU [, EKTOC amd
, . H+1=0 pu=-1
QLUTEG yLa TIG oTtoleg elvat: { U+2=0 S {H s o
To moapoandvw clotnua sival adlvato, we ek tovtou n sflowon (1) maplotdvel
euBela vy ke 1 € R,
ii. Toonpelo 0(0,0) emaAnBeticL tnv (1), emopévwe dAsc oL eubelec SLEpyovtal amd tnv
opxn Twv afdvwy.
B
i.  Av u=-—1,n (1) yphdetaL y = 0, £xeL ocuvteAeotn detBuvong 0 kol ekdpdiel Tov
dtova x 'x.
i. Av u=-2, n (1) ypddetar x =0, dev oplletal cuvieAeotng SewtBuvong Kol

ekdpalel tov dEova y'y.

y) Mia euBela (&) oxnpartilel ywvia 45° pe tov dfova x'x otav A, = ep45° = 1.

Av i+ 2=0spu=-2, n eubela gxeL etlowon x = 0, moplotdvel Tov dfova y'y Kol

oxnpoatitel ywvia 90° pe tov dfova x'x.

Emopévwg, mpénel i # —2 omote oplletal ouvteAeoti¢ Slevbuvong e A, = — i—:; .
: H % £ _.U._+1 = = —_ = —i
Totg, elvaL 1 = p_'_z(:),u+2 H—leu =

A (1)— —%x+%y:0@y:x.



OEMA 4
a) Na Bpeite tnv e€lowon tne eubelag £, mou dLEpyetaL and ta onpeia A(4,2) kal B(8,5).

(Movddeg 5)
BYAve:3x — 4y — 4 = 0, va del€ete otLoynuatileL pe tnv eubela g5: 7x — y — 1 = 0 ywvia
$ = 45°.

(Movddecg 8)
y) Na Bpelte to onpelo TOUAS TWY &1 KOL &5,

(Movddeg 4)
8) Na PBpelte tnv etiowon eubelag g5 TETOLAC WOoTE N & va dixotopel Tn ywvia mou
oxnuatilouwy oL eubeleg £ Kol £5.

(Movddeg 8)



Aoon
o) O ouvtedeotig SlevBuvong Tng eubeing &, sival

5-2
}[1:—:

S w

oo
N

Apa, n &, €xeLeéiowon:
3
Y —2 :Z(x—4)(:)

edy—-8=53x-12 &
e:3x—4y—-4=0.
B) Ta Stavbopata @ = (—4,—3) kau § = (—1,—7) eiva tapdAAnia OTig UBELES &, KoL &,

avtiotolyo. Apa, n ofeia ywvia ¢ Twv eUBeLWy £ KoL & elval ion A TopomAnp W HOTLKA TG

ywviog (E,_E).'Exo ULE OTL:

ldl = /(=42 + (=32 =V25 =35
|B] = J/(-1)% + (=7)2 = V50 = 5v2

KoL

@-f =(-4)(=1) + (=3)(=7) = 25.
Onorte,

a-f 25

= guv45e,

S . 1

ouv(d,pB) = — = =
(@4 l&l-|B| 5-5vZ 2

Apo ¢ = (&,8) = 45°.

y) T va BpoULIE TO ONRELD TORAG TWY & KAL £, ADYOULE TO CUCTNO:

{3x—4y—4=0@{3x—4(7x—1)—4:0=)
e — v =0 y=7x—1

—25x =0 x=0
{7x—y—1 =0=){y=—1'
Apa, To onpeio Toung eivonto (0, —1).
8) Mo v elval n & SxoTOUog TNG ywvioag oL OXNHOTouy OL & KoL &g, TIPEMEL YIOL TN Ywvia
8 oL OXNUATIIOLY OL & Kall &5 va LoxUeL 8 = 2 - 45° = 90°, Snhadi npéneL e, L &;. Apa, av
A; KoL Ag oL guvteheoteg SleDBuVONG TWY & KOL £, LOXUELA, - A3 = —1.

0 3 §
ElvaL A, = - OTOTE:



Eniong, n euBeila &5 MpENeL vor SLEPYETOL QIO TO ONUELO TOUAS TWY &; KAL &, TO OTOLO 0o TO
epwInpa y) elvarto (0, —1).
Apa, n &5 €xeL eficwon:
4
gy —(-1) = —§(x -0 e

£:3y+5=—-4x &
g3:4x +3y+3=0.



OEMA 2

Alvovtal ol suBslece 1 3x -y =5Kale x—y+1=0.

o) Na BpeBelto onpelo topnc Toug M. (Movddecg 10)
B) Na Bpe0Bel n etiowon tng eubsiog mou SiEpyetal amd To onpeio M(3,4) kal sivol kddetn
otnv (£2). (Movddeg 10)

v) Na BpeOel éva didvuopa mapdiinio otnv (g4). (Movddeg 05)



AYZH
o) Mo va Bpotipe to onpelo Topnc ABvoupe To cUoTN LA TwV dUo eElowoEwV.

%y—D—y=5,<fy—3—Y=5,
A

3X—y=
{ e C2tnv 1" avtikaBoTto e To X ey — 1. {

Xzl X=ir—1 K=yl
2y=8 | |y=4 ; i o

n . Emopévwe to onpelo topng elvalto M(3,4).
x=y-1 x=4-1=3

B} H Intovpevn eubeia sival kdBetn otnv (£2), omMdTE TO YWOUEVO TWY CUVTEASCTWY

SleBBuvonc tne Intolipevng subeioc kal Tng (£2) Oa sival -1. O cuvteAsotiic dleBBuvong tne

A 1
g elvalhy=—== ——=1,
(g2) 2 S 5

Emopévwe o ouvteAeotric dlteBuvonc tne Intotipevng eubeloc O stvor -1,

H suBsia diepyetal and to M(3,4), ondte n etlowon Ba slval y-yo = A(Xx-Xo) vy — 4 =-1(x-3) i
y=-%x+7.

y) Eva Sldvuopa mapdAinio otnv Ax+By+l = 0 elvaL to 8= (B,-A), omdte vy tnv eubela

3% - y-5=0 &va ddvuopa tapdAinio os authyv slvalto S = (-1,-3).



OEMA 2

Atvovtal ol gflowoelc (1) Ax+(A-1)y-4=0 ko (2): (3A+1)x-2Ay-7=0 peAeR.

o) Na amodeitete o1l oL elowoelc (1) kal (2) maplotdvouy eflowoelg subswy yio KGO AcR.
(Movddeg 15)

B) Na Bpeite Tic TIpéC Tou AR, wote ol subsieg pe eflowoelg Tig (1) kot (2) va slval petatl

Toug KGBetec, (Movddeg 10)



AYZH
A+D0

K

o) H gtiowon (1): Ax+(A-1)y-4=0 amnoteAsl etlowon subeiag av kol pévo av 1
A—T1=#0

A+D
P Lﬁ . Apa emeldn) dsv UTAPYEL T Tou A vl TNV omnola va pndsviletal Kal o
il

CUVTEAECTAC TOU X KOL 0 CUVTEAESTHC TOu v, N etlcwon (1) maplotdvel suBeia yua K&Os TLUR
TouAER.
Opolwe n eticwon (2): (3A+1)x-2Ay-7=0 anotsAel eflowon subeioc av KoL povo ov

] P Y . Emtlonc dev umdpysL Tipn tou A yia Tnv omola va pndeviletal Kol

BA+1#0 (Az-—-=
{ —2A#0 Bt O
0 CUVTEAEOTAC TOU X KOL 0 GUVTIEAEOTNC Tou v, n eélowon (2) moplotdvel subeia yla KdOs
T tou AER.
B) Eotw 6_1) = (A-1, -A) &va didvuopa tapdAinio otnv eubeia pe gicwon tnv
Ax+(A-1)y-4=0 kau
8_2) = (-2A, -3A-1) eva Sdvuopa mapdiinio otnv eubela e stiocwon tnv
(3A+1)x-2Ay-7=0.
OL euBeleg pe eflowoslg (1) koL (2) eival kdbetec av KoL pdvo av:
8, 18,5, -5,=0
< (A-1)(-2A)-A(-3A-1)=0
S 2AC+2A+3A7+A=0
S A +3A=0
< A(A+3)=0
< (A=0 f A= -3)



OEMA 2
Alvovtal ta onpela A(3,2) kol B{-1,-6). Na BpeBouv:
o) OLouvteTaypéveg tou pécou M Tou sublypappou T patoc AB. (Movdadec 8)
B) O cuvteheotrc SleliBuvonc tng sudeioc mou dlEpyeTal and Ta onpeio A Kol B.
(Movddec 8)

v) H eticwon tne pecokadbstou subsioe (g) Tou sublypappou T patog AB. (Movadeg 9)



AYZH

2 A(3,2)

-8

o) To pgco M tou suBuypd ot TUApOTOC AB £XEL GUVTETAYLEVEC:

M[3+“”,2+“&]=nml,zy
2 2

B) O cuvteAsotrc SleliBuvong tne subelog mou diEpyetal and ta onpeio A Kol B sival:

%, gal-O) _

o =2
3-(-1)

~oo

v) Eneldn n evBeia AB elvar kaBetn otnv evbela (g), tote A -A_=-1.
EmmAfov, and o B) A, =2 dpa:

2:A, =-1A, =-1.
2
Emopévwe n pecokddetog (g) tou Ttpipatoc AB £xsL eticwon

1
y+2=-5(x-1)<:>x+2y+3=0.

EvaAlaktiki Avon

‘Eva onpeio M(x,y) aviikel otn pecokddeto tou subuypdppou TURpoTog AB av Kol pdvo ov

d(M,A) = d(M,B) © J(3-x)° +(2-y)? = f(-1-X)? + (-6 -y)* &

(B3-X +(2-y) =(1+X)° +(64y)’ ©9-6X+x° +4-Ay+y = 1+2x+X° +36+12y+y &
96X +XC +A-Ay+y =1+ 22X +X* +364+12y+y’ & x+2y+3=0






OEMA 2

Alvetal tetpdrAeupo ABMA pe kopudn A(1,4). H mheupd AA gxeL eflowon 3x — 2y +5=10
KoL n dlaywviog BA exeLetlowon y = x + 2.

a) Na armodeléete OTL n kopudn A exel cuvtetaypeveg A(—1,1). (Movddeg 12)
B) Av oL dlaywviol Al kat BA tou tetpamistipou Tépvovtal Kadeta, va Bpeite tnv sticwon

e dlaywviou AT, (Movddeg 13)



AYZH
o) OL ouvtetaypeveg e Kopudnc A mpoodlopllovtal and Tn Alon tTou GUCTAPOTOC TWV
sflowoswy TwV suBslwy AA Kol BA mou diepyovtal and To onpeio autd.

{3x—2y+5:0 {3x—2(x+2)+5:0 {3x—2x—4+5:0 {x:—l
— — — :

y=x+2 you= b P y=x+2 y=1
Apa A-1,1).
A(1.4)
A 1 B
r

B) OL daywviol AT, BA tou tetpamispou ABIA TepvovToLl KAOeTa, omdTE OL GUVTEAECTEC
SlevBuvong A, Az, Twv dlaywviwv exouv ywopevo oo pe —1, dnAadn A A, =-1.
Opwe and v eflowon tng daywviouv BA mpokumteL otL A, =1, apa 4, =—1.

H etiowon tneg dlaywviou Al sival

Y=y, = A& vy - 4= -1x-)o x+y-5=0.



OEMA 2
Alvetaln subsia e - x+y -2 = 0 kaLta onpeio A{-5,1) kot B (-3,5).
o) Na Bpeite to cuppetpikd tou onpelov A we mpoc to onpelo B, (Movddeg 10)
B) Na Bpeite:
i. v etiowon tng subelog £’ mou SLEpXeTaL omd To B Kol elvol kGOetn otnv £.
(Movddec 5)
ii. 1O onueio Topng TV sUBELWV £ KoL €. (Movdadec 5)

iii. TOCUPPETPIKG Tou onpelou B w¢ mpoc tny subsia &, (Movdadeg 5)



AYZH

‘Eotw A’ To GUPPETPIKG TOU A w¢ TTpog To B, Tdte to onpeio B Ba sivalto péco Tou AA

XA+ XAr

OTOTE: Xp :T & Xur=2Xp- X4 = 2:(-3) = (-5)=-6+5=-1 kaL
Vg = % & Var= 2yp-Ya=25-1=10-1=9. Apa A’(-1, 9).
B

_ i A -1 b

i. wm?\ﬁ—-B—-l— .

Eivare Le oA A =-1 o Asnl=-1=A,=-1
onote £ y-ye=Ag (X -xg) e y-5=-1-(x+3) et y=-x+2.
ii. ‘Eotw M 1o onpeio topng twy subswwv &, £, OL ouvteTaypéveg Tou Tou M, Ba

BpeBolv amd tn Alon Tou cUGTHUATOC TWVY &, £,

: —X+y=2 x=0 ,
: = :
EL\;OLL{X_l_y:2 {sz,apaM(O,Z)
ii.  Av B’ givol To cuppeTpLKS Tov B we mpog tnv euBeia £, ToTE To B gival onpeio tng

£vBeiac £’ kol to M Ba eival to péco Tov BB’ omdte:

X X
XM = % & XBF: ZXM' XB =20- (-3) =3 Kal

_¥YB+ ¥B/

St 2y-yg=2-2-5=-1, dpa B'(3, -1).

Ym



OEMA 4

Ig KOpTeEoLovO ocloTnua cuvtetaypevwy Oxy Sswpolipe to tplywvo mou opllstal and ta

onpeia O(0, 0), Bk, 0) kat M(0,2k) dmou K OeTIKAC MPOyUATIKOC apldpde. E&wteplkd tou

Tpywvou OBl kataokeudloupe TeTpdywva OBAE kal OrZH, téts:

o) Na Bpeite Ti¢ sflowoele Twy sudslwv mou aviiKouv Ta suBlypappa TRhpota M Kol BZ.
(Movddeg 10)

B) Na Bpedel n etlowon tou Bihoug Tou Tpywvou OBl mou diepyetaL and to 0. (Movddsg 7)

v) Na amodeitete 1L oL subeieg A, BZ kol To Bpog Tou B) spwtrjpatog diépxovtal amnd to
8o onpelo. (Movddeg 8)



AYZH
o) Emedn 1o tetpdmisupa OBAE kol OFZH sivol TeTpdywva, oL GUVTETOYIEVES TWV KOpUdhwY

toug elval: Alx,—«), E(0,—«), Z(-—2x,2x) wou H(—2x,0).

M
O B(x,0)

H(-2x,0)

(0, &) ) Alsy—k)

H eticwon tng sudelog MA sival:

V-2K _ -K-2K - ¥ - 2K _ -3)(
x-0 k-0 X )</

EMOPEVWC V-2K=-3Xx < 3x+y-2k=0.

H stlowon tneg sudelog BZ sival:

-2 0-2 -2k -2
Y-<K _ K o X K_J(

= = EMOPEVWC 3y-6K=-2X-4K< 2x+3y-2k=0.
X-(-2k) k-(-2kK) X+2K 3)(/

B) O cuvteheotic SleliBuvonc tng sudeioc mou opiletal and To sublypappo TP Bl sival:

_2k-0
0-k

A

El

-2,

n suBelia (g) mou oplletal and to Bpog AA Tou opBoywviou Tpywvou OBF, sival kABetn Tng
Az updic BI, sTOPEVWC VIO TOUC GUVTEAESTEC SleOuvong Touc LoXUeL:

A A, =-1.

Emewdn A, =-2.€xoupe otu

A (2)=-1 ;\E=%.

1
H euBeia () SLepyetal amd tnv apxn Twv afdvwy Kat xeL popdn y=A_-xdnkadn y = Ex.



v) Mo va amodeitoupe otL oL eubeieg mou opilovtal amd Ta sublypoppo Tuipota F'A, BZ kot
n eubsia (g) dEpyovTal and to (Blo onpeio, apkel va Bpolpe onpeio M tou omolou ot
CUVTETOYPEVEC ToU va emaAnBsliouv dAsc TIc gflowoslc Twv subewwy. Emopévwe apkel va
amodeifoupe &t n Topn dlo subswwy amd TI¢ TpelC avhkel otnv tpitn sudsia.
OL cuvtetaypéveg NG topne M twv gubswwv (g) kal TA Slvovtal amd tnv Alon Tou
cucTHPOTOC:
1 4
3x+y—-2xk=0 3x+—x—-2xk=0 X=—X 4 9
1 = 2 = 7 eMopEvwe M| —x,—K |.
y=3% y=1x y=2x "
2 7
To onpelo M aviikel otnv subeia mou opiletal amd 1o sublypappo TpAa BZ adoly ol

ouVTETaYpPEVEC Tou M Tty emaAnBetiouy, TpdypoTl
4 2 8 6 14
2:—K+3-—K-2K=—K+—K-2k=—K-2Kk=2Kk-2K=0.
7 7 7 7

sMopévwe oL eubeieg mou opilovtal amd ta sublypappa Tpnpata A, BZ kol n subeia (&)

SlEpyovtol and to (dlo onpelo.



OEMA 4
Alvovtal oLeuBeieg & y= B ke E,1y=x.
a) No oxeBLaoete TI§ &, &, oto 510 opOOoKAVOVIKG CUCTN HO AfOVWY.
(Movabec 6)
B) No Bpeite Tn ywvio mou oxnpotiZel kaBe o omo Tig eubeieg g Kol g, e Tov afovo xx’ .
(Movabeg B)
y) Na auttohoynoete yloti n ofeia yoviatwv g, &, elvan 15°.
(Movabec 3)

J?_a+1
W2

8) Na anobeiéete 6TL cLVlS =

(Movabec 10)



AYZH
o) H & SlEpxetol amod Tnv apxn Twv afovwy KoL omo To onpeio A(l,\/?_)) evaw n &, SlEpxetal

oo Ty opxn Twy afdvwy KoL amod to onpeio B(l,1), dnwg dpailvetol OTo mopokatw ox .
B) H g €xeL ouvtereotn Sievbuvong Jg OMOTE OXNHUOTIleL pe Tov XX ywvia 60° , evw &,

£xeL ouvtedeotn SlevBuvong 1 onote oxnMOTZeEL Ke Tov xx ywvia 457,

y) Onwg daiveral kot oTo mapakdtw oXnHe, N ofeic ywvia mou oxnuotifouv oLeuBeies &, ¢,
elval n Sladopd Twv ywviLdy Tou oxnHotiel n k&Be piot oo g &,&, HE Tov xx’, Snhadn
60" — 45" =15".

5) To 5‘1 = (1,\/?_;) elval mapdAinio otnv eubeia g ko to 52 =(1,1) eivaL mapaAAinio otny

52‘ =141 =2 kau

euBeia g, . Eivaw ‘51‘: g +(J§)2 :JZ:2,

f‘] 5:5, B+l

5‘;_52:(1’\/:)_’)_(1’1):1_’_\/3_,>00',"[6'[8 O-UV15CZO-UV[SI:‘52 :‘51"‘52‘: 2'\/5 '

]
-1 -0& -08 -04 -D2 22 24 26 28 3 32 34




OEMA 4

Mia dwrewvn aktiva diepydpevn and to onpelo A(2,3) koL mpoonintovca otny eubela (&)

pe eflowon x + ¥ + 1 = 0, peta tnv avakiach tng Siepyetal and to onpeto M(1,1).

B)

M(1,1)

(el +y+1=0

Na amodelfete dt1L n mpoBoAn Tow onpelov A mdvw otny eubela (&) elval to onpelo
({-1,0).

(Movddec 7)
Na amodelfets OTL To cUppETpIKS Tow onpelov A wg tpog v eubela (&), elval to

onpelo A'(—4,-3).

(Movddec 5)

Av yvwpilete otLn avakAwpevn aktiva elvaln eubela (£5), n omola Siepyetal and Ta
onpela A, X, M, téte va Bpeite tnv eélowor tne.

(Movddec 4)
Na Ppeite TI CUVTETAYPEVEG TOL onpelou ipooTtwong X tng dwtewng aktivag (&)
niavw otny gudela ().

(Movddec 5)



v) Av X (— %, - i), 1o1E va Ppelte Tnv eflowen tng mpoonintovcag aktivag (g1).

(Movddec 4)



AYZH

i.  Bplokoupe tnv npoPoin I tou onpelow A mdvw otnyv gubela (£):

Adob n kAlon tng (&) eival A, = —=1= Ay ;= 1 yati n All eival kdBetn otnv (&).
Etoun All éxereglowon vy — 3 = 1(x — 2), dnhadn All:y = x+ 1.
OLocuvteTaypéveg Tou onpeiou A mpokUmtouv and tny emiAuon Tou cucTAPOTOC:
) {xi;f{i 0 @{ 23;12110 < {xy:_i '
Eropévwe, I1{—1,0).
ii. Bplokoupe 10 cuppeTpLkd onpelo A'(x, v):

To IT elvaLto peoov Tou LB UypappoU TUAPOTOC AA ' KOLWCE £K TolTow sival:

— =-1 x=-4
Z e {y: _3,6n?\a6nA (—4,-3).

B)

i.  Bplokoupe tnv avakiwpevn aktive (&5), SnAadn tnv A'M:

Elvan euBeia mou SiEpyetal and ta onpela A '(—4,—3) kat M(1,1), dnAadh

3=l

y—1= (x-1)e4x—-5y+1=0.

—4—1
ii. Olouvietaypévegtou onpelow X, dnAadn tou onpeiou npdontwong tne pwrewvrc
aktivag avw otnv eubela (), mpokumTouy amnd TNV enlALon TOU CUCTH HATOG TWY

euBewwv (&) kaL(ey):

€
(E){x+y+1:0 {—4x—4y—4:0 {x+y+1:0 x—2+1=0
2 Ux —5y+1=0

4x —5y+1 =01 -9y-3=0° y= L
3
e 2
— ; z 1
o f,én?\aénf(—;,—;).
Vo=

3

y) Bplokoupe tnv npoonintouvca aktiva (g,), Sniadntnv AZ:

ElvaLn euBela mou SiepyetaLano ta onpela A(2,3) kaly (— E, - %), SnAadn
Fs

y-3=—3 (x-2) &5~y +2=0.

2+§




OEMA 4
GewpPOUPE TNV OLKOYEVELD TwV eUBeLWY €, (0—4)X—2ay+a+4=0,acR.
o) Na Bpeilte Tic gubeileg mou mpokGmTouy otav a=0 Kol otav a=1 Kol KATomw va
npocdloploets To Kowd touc onpeio M.
(Movddeg 8)
B) Na amodeitete 6TL dAeg oL subeiec TN olkoyEveLaC SLEp)ovTaL amd to M.
(Movddeg 6)
v) Eotw otL pia subeia tng mopandvw olKoyevelag TEPvVEL TouC OeTikolc nuidtoveg Ox, Oy oTa
onpeia A kal B avtictowa.
i. Noaoanodeltete bt O<a<4.
(Movddecg 6)
ii. No Bpeite yia mola TIp tou o woxtel (OA) = 2(0OB)

(Movédbdeg 5)



AYZH

a) Me a=0¢&xoupe g :—ax+4=0<x=1, evw e a=1¢&x0upe € :—3x—2y+5=0.

To kowd Toug onpeio mpoodlopiletal and tn Abon Tou GUGTHATOC

x=1
3x+2y=5

ElkoAa Bplokoups otL n povadikn Alon tou cuothiporog slval n x=1kal y=1. Apa ot

gubeleq &, &, TEPvovTaLoto onpelo M(1, 1).

B) Apkel va anodeifoups 6TL dAsc oL subelec SiEpyovral amnd 1o onpeio M(1, 1), Me x=y=1

n apxlkn sflcwon ypddetol a—4—2a+a+4=0 Kol mpodovwe Loxlel. Apa, dAsg oL eubeisg

TNC OLKOYEVELOC SLEPYOVTOL Otd To onpeio M.

y) i. OLeguBeisc mou mpokliimrouy otav a=4 1 a=0 d&V TEPVOLV KOLTouc duo déovec adoll n

pwTn elval mopdAAnAn otov x'x KaLn dsltepn otov y'y . ETol, Bplokoups takowd onpeia

TwV  £UOELWV TNE OLKOYEVELOC e TouC Gfoveg, otov a= 0 Kol o= 4.

' . o+
, Ev pe y=0 gYoUpE X=—

, oa+4
Me x=0 gyoupe: y=
2a

Touc dfovec slval Ta A ﬂ, 0 |koL B 0,ﬂ
d—q 2a

OeTikoli¢ NpLGEovEe, Pdvo OTaV:

+4 +4
O[—>0, (1) Koua
4—a a

>0, (2)

Elva:
e (a+dd-a)>0a’-16<0a’ <16 —Ad<a<d, pe az0
2)=2a0+d)>0=a<-4a=>0, ue a4
H ocuvaAnsuon twy duo amotedsopdtwy dlvel 0 <a <4 mou sival to Intotipevo.

ii. Otav O<a<4,taonpela A, B sival otouc Betikolic nuLdtoveg, ondte

+4 +4
08) =2 o (0B} =22
4 2a

Emopévwe

(OA):2(OB)®Z‘L4=2°‘2—”@a:4—a@a:z
—a o

4 ! I !
7 omdte Ta Kowd onpela pe

J. Ta onpeia A koL B Bplokovtal otoug



OEMA 4

Ao egpyootdola A kal B ta onola og éva olotnua

CUVTETOYLEVWV £youv CUVTETOYLEVEC @
A(2,1),B(4,3), Bplokovtal kovtd e pla akt mou A @
TPOKELTOL VO KOTOoKeUaoTel po anopddpa kol Oa

stumnpetel ta dlo epyooctdola. s I‘-

o) Na Bpeite tnv etlowon tng subeiog mou cuvdesl Ta SUo epyootdoLa.

(Movddeg 8)
B) Av n akti elval euBiypapun pe gtiowon ey = 2x — 7, va Ppelte TIg CUVTETAYPEVEG TOU
onpelou tne okt oto onolo mpénsLva tonofetnOel n anoBdbpa wote va anéxeL € ioou and
10 S0 gpyooTAoLa.
(Movdadecg 10)
y) Av 1o InTolpevo onpelo Tou epwtnpatog B) eivon N(4,1), va Bpelte moco anexeL To KAOe
gpyootdoLo anod 1o onueio autd.

(Movéddeg 7)



AYZH

o) H eticwon tne subeloag mou cuvdiel ta Slo spyootdola sival:
AB:y—1=2=-(x—2),4paAB:y —1=1-(x - 2).

Emopévw AB:y = x — 1.

B) To onpelo tnec akthg mou anéyel €€ loou amd ta dto epyootdola sival To onpeio TopRc TNg
suOGYPAPPNC OKTAC PE TN pecokdOeTo TN AB.

Bplokoupe TI§ ouVTIETayPEVEG TOU pEcou M (X, V) TG AB.

Elval x,, = % = 3 KaL Y = % = 2. Apa M(3,2).

O cuvteheotic dlelBuvong tng AB sivon A = 1.

H pecokdBetoc £ tng AB Oa éxeL suvtedeotr| SlelBuvoncg A’ yia Tov ontoio Oa LoyteL:
A-A=—-1 Apad =-1.

Heglowon ey —2=-1(x—3),dpae:y = —x + 5.

=2x—7 {2x—7:—x+5 {3x:12 Ec,:ﬁl
= =

L : o y
f\uvouuerooumnua.{y:_x_'_s y = —x Q5 y:—x+5(:) _ 1

Apa 1o InToupevo onpelo N(4,1).

v) H andotaon tou kabevdc and ta Slo epyostdola amd to onpeio N e akth¢ sival:

(AN)=(BN)=J2-42+(1-1)2=+22+02 =2,



OEMA 4

Ze KAPTECLOVO oot o cuvtetaypevwy Oxy, n etlowon subelag
g, 1 Ax+ (l—i)y+2 =0, érnouv A apOpdg mou petafdiistal oto R, maplotdvel Tn dwievn
olKTiva Tou ekmEpmeL évag neplotpeddpevoc dpdpog O . Akopn divetal ot éva doptnyod mholo
etvar aykupoBoknpévo oto onpelo 0(0,0).
a)
i. No Bpeite TI¢ ouvteTaypeveg Tou ddpou O,
(Movddec 10)
ii. No sfetdoste av undpyxel dwtswn oKtiva Tou sKMEPMETOL ano To ¢dpo Tpog To
oykupoBoAnpsvo miolo.
(Movddeg 5)
B) Eva pupouikd mholo P Bploketal Bdpela tou ddpou @ . H pwtewvn aktiva mou pwrtilsL to
P gxeLetiowon x+y+4=0. Na Bpeite TI¢ cuvteTaypevee Tou onpeiov P dtav eival ywwotd
4tL n cuvtopdTepn Sodpopn TTou Mpenel va SLavUoEL To pupouAkd mAolo yia va TdeL mpog

TO ayKupoBoAnpévo doptnyd mholo sival lon pe 4 povadeg pikouc.

(Movddec 10)
Ll 4
14 2
& 4 2 ] 2 4 6

9|

L

4 | ;
A= -A
A



AYZH

OAeg oL hwTevEg aktiveg Tou maplotavel n eflowon &, Sepyovtal amo To ddapo .
Emopévwe oL cuvteTaypévec Tou ddpou (I)(xq),yq)) emaAnBebouv Tny eflowon g &,
ylaokds AR,
Anhadn sival

Axy+(1-A)y,+2=0

AXp+ Yo — AV, +2=0

(Xe=V3)A+y,+2=0&

Xe—Ye =0 X =Vo Xp==2
Kixt — A — Kot

Yo t2=0 Vo=—2 Vo=—2
Omndre oL cuvietaypéveg Tou ddpou eivor O(-2,-2).

AgViTEpOC TROTLOC

'Vwpllovpe otL dAsc oL eubeiec dgpyovtal and to Blo onpeio @. Mo tov
TIPOGOLOPLE PO TWY GUVTETAYPEVWY Tou ddpou apkel va Bpolipe To onpeio toprg duo

gUOELWV TNG OLKOYEVELAG & .

M euBela  tng owoyevelag &, mpokumtel yia  A=1 pe efiowon
1x+(1—1)y+2:0<:>x+2:0 KoL plot GAAn mpokumtel yia A=0 pe sticwon
Ox+{1-0)y+2=0sy+2=0.

Mo tnv glpeon tou Kowol onpeiov @, twyv subswwv pe gflowoelg x+2=0 Kol

y+2=0

y+2=0, emtAbou e To clotnpa (E):{ 5,5
e

Elvo
y+2=0 y=-2
<
x+2=0 x=-2
dpa ol cuvteTayuéveg Tou dépou elvor O(-2,-2).

Eotw otL umdpysl GWTEWH OKTIvO ToU eKMEPMETAL ond 1o $dpo Tpoc To

aykupoPoAnpévo mAolo. Apa UTIOPYXEL TPOYHOTIKOG apltbpog A wote n &, va



SlEpETOL amd To O(0,0). Tote OL CUVTETOYHIEVEC TOU O(0,0) smaAnBeliovy TV
gtlowon ng &, .
Exoupe A4-0+(1-4)-0+2=0<2=0, drono.
Ondte dev umdpxel ¢wtewn oktiva mou ekméunetal and to ¢dpo NPOC TO
oykupoBoAnpévo mholo.
B) Av sival P(xp,yp) TOTE LOXUEL Vo =Y, <V >—2 adol To pupouikd mholo P Bploketal
Bdpela tou pdpou D,
Emedy to onpeio P avikel otnv eubsia pe  gtlowon x+y+4=0 1oyveL
Xp+Yp +4=0 x, =—4—y, . Ondte elvaw P(—4—-y,,y,) pe y, >=2.
H cuvtopdtepn dladpol mou mpénel va SLaviosl To pupoUAkd mholo ylo va mdel mpog To
oykupoBoAnpévo doptnyd mAolo sival to subiypappo tpnpa PO pe prikog 4 povdadec.

Eivorl

PO:4<:>J(XO—XP)2+(VO—VP)2 =4

o J0-(=a-y,)f +(0-y,)" =4

& (4+yp)2+yP2 =4

o 2y, + 8y, +16 =4

@(Jzyp2+3yp+16)2:42
<2y, +8y,+16=16
<2y, +8y, =0
<2y, (y, +4)=0

2y =0nys+4=0
Sy, =0ny,=—4

Aekti glvaLt povo n y, =0>-2 adol —4<-2. Akopn elvat x, =—4—-y, =—-4-0=-4,

TeAKd, 0L CUVTETOYUEVEC TOU pUpouAKoL TAolou slval P(—4,0) .






GEMA 2
Alvovtal ta onpeia A(1,1) kat B(2,3)

a) i) Na Bpeite to ouvtsheotr) SlelBuvang mg subsiag mou diépyetal and ta A, B.
ii) Na anobsifsete 6t ekicwon mg suBsiag AB sivain (g): y=2x— 1.
(Movadec 12)

100

B) Na gketdagsts av toonpsio I [ 27 5] avikel amy gubsia (g).

(Movabdeg 13)



AYIH
a)

i} H guBsia nmou &iépyetal and ta A,B Ba el ekiowon: y=Ax+b agol X, #Xp.

_ 3-
O guvteheamg S1e08uvang Tng subsiag sival A z= iB Y >

Apan eubeia Oa elval Mg popeng y=2x+b.

ii) AVTIKQBLOTWVTAC TIC CUVTETAYLEVEC TOU anpsiou A Ba goups: 1=2-1+bsb=-1.
Enopévie, n efiowon mc eubsiag Ba eivaun [e): y=2x-1.

B) AvtikaBioTwytag v TeTaypévn tou onpsiou I omyv eficwan tng gubsiag (g) gyoupe:

100

5=2x-1lex=322" dapatoanueiol dev aviikel otnyv (£).



GEMA 4
Aivovtal ta onpeia A(1,1],B(3,3).
a) Av M |x, y| onpeio tou emnédou, va Ppeite tic anootdcsg d,,d, Tou M ané ta A Kau B
avtiatowa.

(Movddscg 6)
B) Na ypaete m ox£on nou npénel va mnpoly ol d,,d,, wote o anpeio M va avikel am
pecokabeto Tou AB.

(Movddseg 4)
¥) Na Bpeits v ekicwon mg pecokabstou Tou AB.

(Movddscg 8)
5) Na Bpeite onpeio I tétolo wats 1o Tpiywvo LAB va ival iloomheupo.

(Movddeg 7)



AYIH

Q) Eatw M [x, v| onpeio Tou eminédou, téte:
d,=(MA|=V[x - 1]+[y 1] d,=[MB|=A[x - 3+(y - 3.

B) Eva onpeio avhkel otn pecokdBeTo tou suBuypdpplou TPRPATog AB, av KAl pLovo av

LOOTEXEL Q1O TA AKPA ToU, AnAadn axlel d,=d,.

¥) loyuel ot
d,=d, V| x -1 +[y- 1=V[x-3F+ [y - 3F & (x- 1]+[y - 1/=(x - 3] +[y - 3}

H tehsutaia 100TNTA MAPLOTAVEL T GXE0N TIOU LKAYOTIOLOUY Ol GUVTETAYLEVES YIA TA onPEla
TOPNG U0 kKUKAWwvV pe kévtpa ta A(1,1) kat B(3,3) avrtiotowxa kal igsg aktiveg mou

avTiatowo Uy ata anpeia K,M tou oparog, ta onold avijkouy otn LecokaBsto tou AB.

Avantigoovtag my TeEleutaia aygon Exoupe:
[x— 1]2+[y— 1]2=[x—3]2+[y— 3]2©x2—2x+1+ yz— 2y+1=x2 —6x+9+y2 -6y+9&

—2x-2y+2=—-6x—-6y+18sx+y—-4=0



Anhady oha ta onpeia M [x, v, ta omola aviikouv oTn pPecokABeTo Tou AB, 0oSUvapa
IKavormoloUv ™ oxéon x + y — 4 =0, n onoia sival smopéviwg n egicwan mg LEcoKaBEToU ToU
AB.

Evalhaktika, prmopel va Bpebel to péoo tou subuypdppou Tunpatog AB kal o guvéysian
stiowon g euBeiag mou sival kGBem oto AB gg autod To anpeio.

8) Na va sival to tplywvo IAB womheupo, apkel AB=d,=d, &nkadn ot klkhol
|A,d,),|B,d,]| va éxouv aktiva ion pe AB.

d,=d,=V[1-3/+[1-3F=Va+4=2+2.

Bpiokoupe ta onpeia Topig Tou KUKAOU LE akTiva d1=2\/§ KEVTpOU A PE TN PeCOKADETO,

Aivovtag to guatnpua:

[x=1F+y -1P=8_ [[x-1]+[4 - x-1]'=8 _ |x"-2x+1+9-6x+x"=8 _ |2Xx"-8x+2=0

x+y—4=0 y=4-x y=4-x y=4-x

s, ~ 44312 _
X 4_X+1_0© =T x=2+V3 o(x,pul=]2+802= V3 1 [x,y]=[2-3,2+43)
y=4-x y=d-x y=4-[22+3]

Andadn Bpikape &lo onpsia Z, o omolo NTAV AQVapPEvOPEVo, Aol TIpOKETal yia ta U0

onpeic CUPPETPLKE Tou AB.



OEMA 4
Aivetow n efiowon (u° —Da+ B’ —2u—1D)y—5u’ + 4u+1=0 (1), énov weR.
o) Not Bpeite yia moleg TLpEG Tou w4 n (1) maplotdvel euBeia s .
(Movabec 5)
B) Not Bpeite yLo IOLEG TLHEG TOU 1 OL €LBEiEG &
i. elvol mopdAAnAeg otov xx’ .
(Movabec 4)
ii. elval mapdAAnAeg atov 3y .
(Movabec 4)
iii. SiepyovtaL anoto (0,0) .
(Movabec 4)
v) No Seifete OTL OAec oL euBeiec & Tou MpokUTToUY amo Tty (1) SLEpxovTal omo otabepo
onueio.

(Movabec 8)



AYEH

o) H eflowon (1) elval tng popdng Ax+By+ 1" =0, énou
A=u"-1 , B=3u"-2u-1 , I'=-5u"+4u+1

Mo vo TopLoTaveL euBeia ipeneL ol A, B vo pn yivovtol tavtoxpova 0.
\ . 1
A=0= u’-1=0= u=1u=-1, B=0=3u —2u-1=0= p=14 p= 2

Tuvenwe n (1) moploTavel eVBsin YL KXOE TP OYLLOTLKA TLUA TOU W €KTOC oo TNV Tl p=1.

B)
i. Mot va elval mopdAAnAn otov xx’ mpénel A=0< pu=1Qp=-1. Opwg ntp p=1

OTTOPPIMTETOL QMO TO O) OTMOTE TEALKY L = -1,

ii. Mo v elval mopdAAnAn otov 3y mpénel B=0«< u=1A u= —%. Opwec nTpuq p=1
; ; ; ; 1

OTOPPITTETOL OO TO Of) OMOTE TEALKA = — =

iii. Mo v SLépyeton omo 1o (0,0) mpénel ' = 0= -5t +du+1=0=u=11 p= —%

Opwe N T KL= 1 amopplintetol oo To o) ONOTE TEALKY i = —% .

y)Tawpu=-1 n (1) yivetaw 4y—-8=0 (g;).
Mo =0 n (1) yivetow —x— y+1=0 (g,).
OL (g,) ko (g;) TEMvVoOVTOL OO OnpeEio M pE CUVTIETQYUEVEC TN AUCN TOU GCUOTHUOTOC

4y—-8=0 y=2 .
= onote M (-1,2) .
—x—y+1=0 1

OL ouvteTaypeveg Tou M emodnBelouv Ty (1) yio k&Be TR Tou W adoL
(12 =D (-D+@u’ —2u-1)-2-5u7 +du+1=—f +1+64° —4u—-2 -5+ 4u+1=0
OTMOTE CUMMEPQLVOULE OTL OAEC OL eUBEieC oL MpokUTToLY amo tnv (1), SiEpxovToL amod To

otabepo onueio M(-1,2).
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