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Iipo10roxr

To BPAio mov kpatdte ota xEPa oag mepAapuBavel TNy VAN ¢ Alyeppag yio
™ B’ 164&n tov Fevikod Avkeiov.

To pifrio owto mponlbe amo ovouoppwon e ékooans (2010) tov PifAiov
AAI'EBPA B" I'ENIKOY AYKEIOY, tov omoiov ) ovyypopikn oucoo. axo-
tedovv o1 2. Avipeooddkngs, B. Kotoapyopng, 2. Horaotovpiong, I. IloAvlog
ka1 A. Xféprog. Amo 1o Pifrio avto apaipéOnke to kepdliaio «llpoodory
Ka1 ToaTeOnKo 000 KEPALOLO0. TO KEPAAQLO «XZVOTHUATOY KOl TO KEPAANLO
«lo1otnteg Xovaptiioewvy, ta omoia poépyoviar amo to Pifilio AATEBPA A
T'ENIKOY AYKEIOY (2010), tov omoiov t) ovyypopik) OUGOo. AroTeA0DY
o1 2. Avopeaodkng, B. Katoapyvpns, 2. Horwaoravpiong, 17 [loAvlog kat
A. Xféprog. Emiong to kepdlaio « Tprywvouetpion tov Pifliov AAT'EBPA
B TENIKOY AYKEIOY (2010), sumlovtiotnke pe 1o kepdloio « Tprywvoue-
pioy tov fifriov AATEBPA A'TENIKOY AYKEIOY (2010).

To mepreyopevo Tov PipAiov mepthapfaverl oe YeVIKES YPOUUES TO EENG:

Y10 1° Kepdloro yivetor pio emaviAyn TV YPOUUKOV GLGTNUATOV 600
elomoemv pe 000 ayvOGTOVE, T 0moin ot pabntég Exovv peretnoet oto I'o-
pvacto, Kot ewedyeton 1 xpromn g opilovsag yio v emiivon Kot dlepedvnon
1010V cvotnudtov. Eniong, emtivovrol Kot YpoppKd GUGTHUOTO LE TPELS
ayvOOTOVG KOUOMS KOl L1 YPOUUIKE GUGTLOTOL.

Y10 2° Kepdraro eEetdlovTal 1010TNTEC TOV GLUVOPTHCEDY KOl TOV YPUPIKMDV
TOPAGTAGEDV TOVG, OTMG 1] LOVOTOVIML, TO OKPOTOTO KOl Ol GUUUETPIES HLOG
ovvapTomng, Kabdg Kot 1 Karakdpuen Kot optlovTio LETOTOTION TG YPUPIKNG
TOPACTACNG LG GUVAPTNONG.

Y10 3° Kepdharo emekteivovtol ot Tpry®vopeTpikol aplpol pe v elooyoyn
TOV TPLYOVOUETPIKOD KUKAOV KO OTOJEIKVOOVTOL GT YEVIKOTNTE TOVS Ot TP1-
YOVOUETPIKES TanTdtTES. EMiong, opilovtat o1 Tpry®vopETpIKEG GLUVAPTHGELS,
yiveTar 1 GUVOEST AVTMV LLE PAIVOLEVO TTOV EUPOVILOVY TEPLOOKOTNTO KOl EML-
Aovtot TpryvoUETPIKES eELl0DGELS. TEAOG XPNOLOTOLOVVTOL O TPLYOVOUETPL-
Kol aptBpol yovidv Tprydvov yio ToV VTOAOYIGUO TV GTOLYEI®MV TOV.

210 4° Ke@aroo tiBevtor ol PACELS Yo (o O GUGTNUOTIKY LEAETT TV TO-
AOVOLOV Kol ovarTiocovTot S1dpopeg HEB0dOL ETTAVGNG TOAVOVVIIK®OV EEL-
COGENMV KOl OVIGOGEMV.

Y10 5° Kepdraro siodyovior n exBetikn kot n AoyaplBpkn cuvaptnon, ot
omoieg £YOVV ONUAVTIKEG EQOPUOYES OE APOPH. EMOTNUOVIKE TTESTOL.
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Kepdhato 1°
ZYZTHMATA

1.1 TPAMMIKA LYYXTHMATA

H eliowon ax + py =y
Y10 ['vpvéoio dwmotdcope pe ™ Bondeta mapadeypdtov 6t n eéicwon
ox+PBy=7, pea=0mn B=0,

mov Aéyeton ypopmkn egicmon, mapiotdvel vbeia ypopun. Xtn cvvéxewa Ha
amodei&OVIE TO GUUTEPAGUA AVTO OG EENG:
Alokpivoope 000 TEPIMTMOGELS:

* Av B = 0, to1e 1 e&lowon yphpetal:
oX+Py=y <= By=—ax+y

oy=-Zx+,

Enmopévag n eiowon avt mopiotdvetl evbeia mov £xel cuvteleotn devbuv-

a y 7 1. 4 y
ong A= —E KOl TEUVEL TOV AEOV Y'Y GTO onueio E .

Yy A
4
p ax+py=y, a=0
ax+py=y, p#0
> ) X
/ % OT X
Zynuo o Zynuo B’
Ewwotepa:

v Av a = 0, t0te 1 gubeia Tépvet Kot Tovg 00 déoveg (Zy. o), Evod



10

KEPAAAIO 1° IYITHMATA

v Av a =0, 101e 1 e&icmon maipvel T popen y =

Y

— KO EMOUEVOG TOPLOTAVEL

evfeia mov elvan TapdAAnAn otov dova X'x kot Tépvel tov dfova y'y oto

onueto % Ex. B).
* Av B =0 (omote o = 0), 10TE M €&lomON

YPAPETOL Y
axX = Y < X= a .

Emopévog 1 e€iowon ovt Toplotdvet gv-
Beta mov etvan TopdAANAN otov dova y'y

KOl TEUVEL TOV AEOVA X'X GTO onpeio %c .
o mapddetrypo:

v H e€icoon x —2y =2 maipvel ) popen
y= %x —1 m omoia mapiotdvel gvbeio

7oL £yel oLVTELESTY] dlevbuvong A :%

KoL TEUVEL TOV AEova Y'Y oto onueio —1.

v H g&lomon y = 2 mapiotdvet evbeio mov
gtvat TopdAANAN otov dEova X'X Kot Té-
uvet Tov d&ova y'y 610 onpeio 2 .

v H e€iowon x = 2 napiotdvel gvbeio mov
gtva TapdAANAN otov dEova y'y ko Té-
uvet Tov d&ova x'x oto onueio 2.

Kdabe Cedyog apbucdv mov emoinbeder pio ypoppukn eéicwon Aéyeton

AMon g Ypappkig egicmong.

y

A

ax+py=y, p=0

*—O

Y
[

ol 4

y
2 y=2

®

L >
(0) X

A
y

x=2

& o >

(0) 2 X




1.1 TPAMMIKA ZYZTHMATA 11

INo mopdderypo, to Cevyog (4, —1) eivan Avon g e&lowong x—2y =6,
apoy 4—2(-1)=4+2=6. Awmoctodvovpe, opumg, o6t kot ta Levyn (16,5),
(—10,-8) etvon Aoelg g e&iomong kot yevikd 61t kKabe (edyog TG HOpONS

(k,%k - 3), k e R etvar Ao g e&icmong.

I'pappiké cvotnue 2 x 2

Orav &ovpe 000 ypappikés eElomoelg ax+Ry=y kot o' x+p y=y" ko {nrape tig

KOWEG MIGELS 0VTOV, TOTE AELE OTL EYOVLE VoL AOGOVUE EVOL YPURMIKO 6VGTINO.

000 ££16D6EMV PE 600 AYVAGTOVG 1], TO GUVTOUA, £VO YPURMIKO GVGT A 2

X 2 Kot ypapovpe

ox+By=y

KaBe Cevyog apBumv mov emainbevetl kot tig 600 €EIGMOCEG TOV GLOTHATOG

Aéyetat MG TOV GVGTIHOTOG.

Y10 T'vuvacio paBape peboddovg emilvong ypappkev cvotudtov. H enilv-

oM €VOG YPOUUIKOD GLUGTAKOTOG YIVETOL e KOTAAANAY LETATPOTY| TOV GE GALO

YPOUUKO cOGTNHO TO 0Tol0 el akpPdg Ti¢ 1d1eg Aoels pe To apykd. Ta dvo

aVTE GLOTAHOTA AEYOVTOL 1GOOVVAILY GUGTILOTO.

H petatponn evdg cuothipatog og 16oduvapd tov yivetar cuovnog pe Evav amd

T0VG €£NG 6VO TPOTOLG:

* Abvovpe T pio €£i600N TOV GUGTHHATOG MG TPOG EVAV AYVOGTO KOL TOV
avTikafiotovpe oty GAAN e&icmon.

* Avtikafiotovpe Lo oo Tic eElomaels (€) 1 (€) Tov GuoTipaTog, T.Y. TV (€),
ue v g&icwon « A-(e)+ A" (") » TOL TPOKVMTEL, 0V 6TAL LEAT TNG (€) TTOA-
Aamhaclocpéva pe A = 0, tpocBécovpe ta péAN g (€') ToAaTAACIAGEVOL
ue Al
H e&iowon A-(g)+A"(g") Aéyetar YpapmKOS GUVOVAGHOS TOV EEIGMCEDMY
(e) xou (g").

H amddeién tov 0Tt T0. GLGTALOTO. TOV TPOKVATOVY OO TIC TOPUTOAVED UETO-

TPOTEG £tva 16000VaUa oTNPILETAL OTIC TAPAKAT® WIOTNTEG TNG 1IGOTNTAS TOV

etdape 610 20 ke@araio Tov PPAiov g A" Avkeiov:

v Avy=0, 10t8: oo =P < ay =Py
v Av a=f kot y=0 , 10t€ oty = f+0.
‘Eoto, yio mapdaderypa, 0Tt BELovpe vor ADGOVUE TO GUGTN L

X—2y=6 @
3X+4y=8 (2)
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Oa Aoovpe 10 cHotnpa pe T dvo peboddovg mov pabape oto MNpvdocto, ™
1éB0do G avTIKaTdoTaong kot T HEB0do TV avTBETMY ovvTEAEoTOV (1)
néEBodo ™G amarolpnc)

MéBodog tng avrikaractacns

Abdvovope ) pia amd T1¢ Vo e£l0MGELS G TPOG Evav Gyvooto, T.y. ™V (1) og
npog X. 'Etot 1o svotpa efvat 1codvvapo pe to

x=2y+6

3x+4y =38

Avtikabiotodpe ot dedtepn e&icmon 10 X pe TV TOPACTAGT) TOVL PPrKaLLE
Kot Avovpe v e€lowon Tov TPOKVTTEL

3(2y+6)+4y=8<6y+18+4y=8
<10y =-10
oy=-1
'Etot 10 odotnpa givot 1codvuvapo pe 1o
x=2y+6
y=-1
Avtikafiotodpe TV T TOV Y 6NV TpAdT £&€iowon kat vroloyilovpe Tov
GAlo dyvmoto:

x=2(-1)+6=4
Apa Aon tov cuatiuatog etvat o (evyog (4,—1).

XXOAIO

Eme1d1] kdvoope moAhd fruata péypt vo AOGovpe Eva GOOTN LA, EIval TOAD THOVO VoL KAVOVLLE

AB0g oToVG aplOnTIKovS VTOAOYIGHOVS. 't To Adyo avTd givat okdmIpo va ovtikadiotodpue
TIG TIHEG TOV 0yVAOGTOV TOL PPHKOLE OTIG apyIkéES EEIGMGELS TOV GUGTHLLATOG KOL VO, EAEYYOL-
e av Tig emaAnfevovv, dAadN vo kGvoope ETal)Bg0on TOV GVGTIHOTOC.

Y10 GUYKEKPEVO GVOTNUA, Y10 X =4 Kot Yy = —1, éyovpe:
In eélowon: 4 -2(-1)=6

2n eélowon: 3-4+4(-1)=12-4=8

MéBodog Ty avtifetwy ovvieieaTdy (if TS analoliic)

[MoAramhacialovpe ta péAN TV dV0 €EI0MGEMY Ue KATAAANAOVG 0p1tBpoVG,
(MOTE 01 GLVTEAEGTEG TOV £VOG AyVAOGTOV OTIS £E10MGEIS TOL B TpokHyovv va
etvar avtiBetou:
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-3x+6y=-18

x=2y=6 |-(3)
3x+4y =8

1 100OVVOLOL
3x+4y=8 L : {

[TpocBétovpie katd LEAN T1C E£10MGELS TOL PPNKALLE, OTOTE TPOKLTTEL EEIGMOT)
LE £vav AyvmOoTOo, TNV 0010, Kol ETAVOVLLE:

—3x+6y+3x+4y=-18+8<=10y=-10=y=-1 .
Avtikafiotodpe TV TIU TOV AyVOGTOL TOL PPNKAUE G L0l OO TIG OLPYLKES
e€lomoelg kot fpiokovpe TV T Tov GAAOVL:

x-2(-)=6x+2=060=>x=4 .

Apa m Aom Tov cvotpatog etvar to (evyog (4,—1) (1 da puotkd Tov Ppébn-
KE Kot pe tnv pornyovpevn puéhodo).

I'pagwn exiivon ypoppikoy cvetpnotog 2 X 2
Kdabe e&iocmon Tov ypopkod GueTHOTOG
Xx—-2y=6
{3){ +4y=8

OV AVGOLE TPOTYOLUEVDS TaploTavel o evbeia ypapurn. To onueio topng
TV V0OV AVTOV TPOcdlopilel T AVGT TOV GLGTHUATOG, OPOV Ol GLVTETOY-
LEVEG TOV EMAANBEVOVY GLYYPOVOS TG 00 EEICMOCELS TOL GLGTNULOTOC.

yA
3x+4y=8 y
\ g
X

o= <_A(4,-1)

—

Ievikd, pmopovpe va eMADGOVLE YPAPIKE EVOL YPOUUIKO GOOTI O,
ox +Py=y

{a x+Bly =y’
LLE TO VO GYESIAGOVLLE TIG GVO £VBEIEG TOV TOPIGTAVOLY 01 EEIGMGELS TOV KOl VO,
Bpovpe, epdoov vITdpyEL, TO GNUELD TOUTNG TOVG,.
H ypagwn eniivon evog ypappikod cuetnpotog 2 X 2 divel Aoelg mov pmnopet
va etvon Tpoceyyotikéc. [apd v advvapio avtr, 1 YpoeKn eniivon evog
YPOLUKOD GLUGTNOTOG 2 X 2 EVKOAVVEL TAPW TOAD GE TEPITTMGELS, OTOV LOLG
EVOLOPEPOVY UOVO TTPOCEYYIOTIKEG ADGEIS TOV GLOTHLOTOG 1, akOUn, 0TV M
aAyefpikn Tov emilvon givar dvoyepns.
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01600 e£10MOEIG EVOG YPULUIKOD GUGTAMTOG 2 X 2 TaPIoTAVOLY 000 gvbeieg ot
omoieg pumopel vor TévovTon 1 va etvat ToapaAANAEG 1 AKOUO KO VO, GUUTITTOUV.

INo mopddetypo: o)
=——x+1
, 2x+3y=3 . [7T737 , .
v To cbotnpa YpAaQETOL 4 ] Korgxe LOVaOIKN AVon,
4x -9y =1 y=§x—§

apol ot 000 gvbeieg MOV TAPIGTAVOLY 01 EEIGMGELS TOV TEUVOVTOL, EMELON
£YOVV J10POPETIKOVS GLVTEAESTES dlevbuvong.

Av yapdaovpe T1¢ gvbeieg mov TaPIGTAVOLY
01 £E16MGELS, PAETOVLLE OTL TPOGEYYIOTIKA M)
Aon tov cuotiuatog ivat To {evyog
(1,0,3).

Av 6pwg Aoovpe 10 cVoTNUO OAYERPIKA,
Ba Bpodpe 611 1 akpiPrg Aon Tov GLGTH-

notog eivor to {evyog 1,5 .

. x+2y=3 ,
v To cvotua ypboetan
2x +4y=-5 YA
y= —l X + é €1
2 2 o, , >
|5 »omotesival aduvvarto, o) >
=—X——
' 2 \
apob ot 6v0 gvbeiec Tov TaPIGTAVOLY
o1 e€loMGELg TOV Elvar ToPAAANAES.
yA €
, y+1=2X .
v To cvotpa yphpeTaL
{4){ —2y=2
{y =2x-1 €,
=2x-1 , , >
YZAXTL onbre éyet dmepo mHoc oy X
AMGE®V, 0pov o1 Vo gvbeieg ToV TAPIGTAVOLY
01 e€1l6MGELS TOV GLGTNUATOS GLUTITTOLV.

[Ipopavag kdbe Avon tov cuotuatog etvar g popong (k,2k—1), keR.
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Ievikd, amd v enidivon evog YPAUUIKOD GLUOTAKOTOS 2 X 2 OVOUEVOVUE L0l
LOVO OO TIC TEPMTAOCELS:

v To chotnpa va €xel povadikn Avon

v To cbompa va ivar advvarto

v To cbotnpa va €yt drepo TAndog Moewv.

Avon — d1epedivnon YPURMIKOD GVGTHNOTOG 2 X 2

Yy Topdypapo ovt o TapovclacovpE TV EMTAVGT EVOG YPOUUIKOD GUGTY-
LOTog 2 X 2 GTN YEVIKT] TOL LOPOT).
‘Ecto Aowmdv 10 ypopkd cOGTnio

ox +Py=y
(x 1 X + B ' y — ,Y '
Apyd 0o eEgtdoovpe Ty mepintoon mov stvar B0 kon f'=0. Tote o cvoT-

Lol YPAQETaL: o
y=——X+ I (&)

BB
- Zasl o

Ko 01 £§1I60GELS TOL TAPIGTAVOLY EVOETES €, KOl €, e AVTIGTOL(OVG CUVTEAESTEG

devbuvong ), —_ % o A, =2
p

BV
o o' , , . .
* Av _B # _F , ONAadh av af'-a'B#0 , t6te o1 evbeieg €, Kat &, £xovv

SapoPETIKOVS GLVTEAEDTES O1evBuvoNC, omoTE TEUVOVTOL GE éval oNuEio TOV

onoiov 1 TeTUNEVN TpocdlopileTor amd T Avon g eicwong

_&'X+v_‘=_zx+z©(2_&'szz_v_'
BB B B (B B BB
o (ap-a'B)x=1B"-7'B

_¥YB—=vB
oaf'-a'p

=X

H tetaypévn tov onuetov topng etvar:

y: =

_g_[ B’ j+1_ —ayB+ oy yop'—yo'B
p lap=a'B) P Blap—a'p)
_Bloy=ay)
Blap—a'p)
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ay'-a'y
af'-a'p
Apa, 6TV TEPITTMOT QVTH, TO GUOTNHO £XEL LOVAOIKT AVCT) TNV

[ yB'-y'B ay'-a'y
(X’Y)_(aﬁ'—a'ﬁ’aﬁ'—a'BJ

Emopévarg y=

o o' , . , , .
cAv ——= _F , MAadn av aff’'— a’B =0, T01e o1 gVOeieg €, Kar &, £ovv TOV

010 ovvtedeotn devbuveong, omote N etvarl mapdAinieg M tavtiloval. Avtd

onpaivel 6Tt To GVoTNHA 1 efvar adVVITO N €xEl Amelpeg AVGELS AVTIOTOLYMG.

Y10 16100 GLUTEPAGILOTOL KOTOATYOVIE Kot 6TV Ttepintmon wov etvan =0 1 B' =0.

YuvoyilovTog To Taparive GUUTEPAGLOTO Y10, TO YPOLUUKO GUGTNLLOL
ox+By=y

‘Exovpe:

« Av af'-a'B # 0 1o chotpa £xel povadikny Avon v

[ yB'=y'B ay'-a'y
(X’Y)_(as'—a'ﬁ’aﬁ'—a'ﬁj

*Av aff'-a'B=0 10 chotnpa €xel dmelpeg AcelS 1 efvar addvaTo.

Yuvibwg n Tapdotacn of'-a'B, cupPfoliCeton pe

_|e B
=l p
Ko Aéyeton 0pilovoo TOV GVOTINATOS
Anhaodn: a P
D= | I‘:aB'—a'B.
o B

Tnv opilovoa mov mpoxvmtel amd v D, av otn Béon TV GUVTELEGT®V TOL X
Bécovpe Tovg oTaBepovg Opovg, cupfoAilovpe pe:

v B
VP
Opoimg, v opilovoa mov Tpokvmtel 0o TV D, av ot 0o TV cuvteleoTdOV
0V y Bécovie Tovg oTadepovg Opovg, cupforilovpe pe:

D =

X

=yB'-v'B -

oy

D,=| ., .[=ay-a'y.
y‘ i Y

y

a
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To ponyodpeve GUUTEPAGLATO TO OTTOT0L ALPOPOVY GTNV EMIAVGT EVOS YPOLLLLKOD
ovoTiuatog cuvoyilovtal, pe ™ Pordeta Twv opllovsdv, wg eéNg:

INo Topddetypo:
, Xx-2y=6 ,
v To cvotnua &xet
3x+4y =38
1 -2
D= =1.4-3(-2)=4+6=10+0,
3 4
ondte £yl povadikn Avon. Emeion
6 -2 1 6
D, = =24+16=40 «xov D = =8-18=-10
8 4 Y308
gyovpe: D 40 D, -10
X=—"2=—=4 Kl y=—=——=—
D 10 D 10
Apa, 1 povadikn Aon Tov cueTpaTog givor to (evyog (X,y) =(4,—1).

2x-3y=40 |
£xet

v To o¥ a
oot {4x—6y=80

4 -6
KOl ETOUEVMOG TO GVGTNUO OVOUEVETOL ) VO gfval adOVOTO 1) VoL EXEL ATELPO
TAN00g Moewv. Av Stapécovpie Kot ta 000 HEAN TG dgvTepng e€lowong e
10 2, TOTE TO GUGTNLO YPAPETOL
2x -3y =40

{2x —3y=40’
dniaodn Exet povo pia e&lowon ) 2x — 3y =40. Avtd onpaivel 6Tt ot AVoELS
TOV GLGTHUATOG Efval o1 AVGELG TG e&lomong
_2x-40

D =2(-6)—4(-3)=-12+12=0

2x-3y=40<y
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Apa o cvuotna Exel Anelpo TANBog Acemv Ta. {evyn ™G LopeNg

(kak;4oj’ LeR

, 3x+y=11
v To cbompa gyel
9x+3y=6

31
=9-9=0
93

KOl ETOUEVMS TO GUOTNLO OVOUEVETOL 1) VO Etval adOVOTO 1| VoL £XEL GTELPO
mA0og Acewv. To choTHa 0vTod YpapeTo

3x+y=11
3x+y=2

D=

7oL €ival TPOPAVAS AOVVOTO.

E®PAPMOIH
1" No hoBei to odotnpe.  (Ax—y=A-1
Ax—2y=A

AYZH

[Mapatnpodue 61t 01 GLVTEAESTEG Ko 01 6TalfEPOl OPOL TOV GLGTNHUATOG OEV Ef-
voi 6Aot cuykekpyévor apdpoi, ahrid eEaptdvrar amd 1o A. [Ipémetl emopévmg
YL TIG O1APOPES TYES TOL A, val eTdoovpe mOTE TPOKLTTEL GVGTN LA TOV £XEL
Hovadikn Avon v omoia kot va Bpodue 1 TOTE TPOKVATEL GVOTN O 0 dHVATO 1
ocvotnua pe drepeg Moelc. Onmg kot oTig E16MCELS, 0 A AEYETOL TOPAPETPOS
KOl 1 epyacio vt AEYETOL OLEPEDLVNON).

"Eyovtog vtoymn tov napomdve mivaka, akolovBodue Ty e&ng mopeio.

* YnohoyiCovpe g opiCovoeg D, D, D,. 'Exovpe:

o= Mo AL —2)
= = — + = —
A =2
Al -1
D, = =2 -D+h=2-2
A2
Aoo—1
D,=|", ‘:xz—xZ(X—l)=x2(1—7b+1)=x2(2—70
S
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* Bpilokovpe T1g Tipéc e mapapétpov, yio tig onoieg eivar D =0 . 'Exovpe:
D=0=AA-2)=0=A=0 7N A=2

AlKpivov e TIC TEPTTOGELS:
v AvD = 0, mraon av A =0 kot A # 2, 10T T0 GOOTNHO £XEL LOVOOTKT|

Mo (x, ), pe:
D, 2-2 (-2 1

X

"D ar-2) Mr-2) &
D, R@-n_A0-2)_

D Ai-2) A(r-2)

X

Ko

Anhadn, yio A =0 kot A # 2 , n povadikny Abon Tov GLGTHOTOG Eivot
, 1
70 Cevyog | ——,—A | -
( A j

vAvD =0, omiadn avA=0n AL =2, t61€ TO GOHOTNLO 1 ElVOL AOVVOTO 1) EYEL
Gmelpeg AMGELG. ZUYKEKPIUEVL:
* Av AL =0, 10T€ TO GLGTNLA YPAPETOL

Ox—-y=-1 y=1
=
0x-2y=0 y=0
Kot dpa gtvor advvarto.
* Av A =2, 10T€ TO GLGTNLLO YPAPETOL

2x—y=1 2x —y=1
=
4x -2y =2 2x—y=1
Ko apa £xel anspo TAnboc Aoewv. Eneion,
2x-y=leoy=2x-1,
O1 Macelg Tov cuothpotog etvar OAa o Ledyn ¢ HopPTS

(k,2k—1), keR,

I'pappuké Xvotnpa 3 x 3

Mio e&iowon ¢ popeng ax+Py+yz=0 , pe évav TOLAGYIOTOV Omd TOVG GL-
VTELEGTEG , B, Y O1dpopo Tov UNdevog, Aéyetan ypoppwkn e&icmon pe Tpelg
0YVOOGTOVG.

Avon pog ypoppikng e&lomong e Tpelg ayvmotovg Afyetan kabe Tpada apfudv
7OV TNV EMaAn0evEL.

[No mapadetypo m e&lomon 2x+3y+z=6 tvar pa ypoppiky eElocmon pe Tpelg ayveo-
otovg ko 1 tprdda (2,—1,5) eivar pio Moo mg e&lowong, apod 2-2+3(—1)+5=6.
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Ortav £ovpe TPELS YPOUUKEG EEIGMOELS LE TPELG 0YVAOOTOVG:
o x+By+v,z=9,, o,x+B,y+7,2=9, ko a;X+PB,y+y,z=9,

Kot (nTape TIG KOwEG AVGELG TOVG, TOTE AELLE OTL EYOVLE VO ADGOVUE EVaL YPOL-
KO 6VOTNRO TPLOV EEIGACEMV PE TPELS AYVAGTOVG 1), TO COVTOUM, £Vl
YPORMKO cvotnpe 3 X 3 Kot ypaeovpe

X +By+y,z=9,

X+ B,y +v,2=9,

o X + B,y + 7,2 =0,
INa v enilvon evog TET010V GLGTNIOTOG YPNOILOTOIOVUE HEBOIOVE AVALOYES
e TG HeBOO0VE TOV YPNCLLOTOUGOALLE Y1t TNV EMIAVOT EVOS YPAUULIKOD GLOTI-
potog 2x 2.
‘Eoto y1o mapddstypa 6Tt 6EAovpe vo AOGOVE TO GUGTNLL

2X-y+3z=-9 (1)
X+3y-z=10 (2
3X+y-z=8 (3)

O xpPNCULOTOMGOLLE T1 LEBOOO TNG AVTIKATAGTAGTG. AVVOVLE TN Hia 0mto TIG
Tpelg €EI6MOELG MG TPOG Evay AyvmoTo, T.y. TV (3) ©g TPog z, Kot avTikadt-
otovpe oT1g GAAeg dvo. ‘Etot £xovpe:

3Xx+y-z=8z=3x+y-8 4)
ondte ot e&lomaelg (1) ko (2) ypdoovrat:
V2x-y+3z=-9<2x-y+33x+y-8)=-"9<=1Ix+2y=15 (5)
Vx+3y-z=10x+3y-3x+y-8)=10= <x+y=1 (6)
O1(5), (6) opifovv 10 YpappKd cVOTN A

I1x+2y=15

{—x+y=l

and v enilvon Tov onoiov Ppickovpe 0Tt x=1 Ko y=2 .
Avtikafiotodpe Tig TIEG anTéC TV X Kot y oty (4) kot Bpickovpe z =-3.
Apa 1 Adon tov apykod cuothuatog ivat 1 tpuada (1,2,-3).

XXOAIO

Eneion n enihvon evog ypappkod cvotpotog 3 X 3, 0nmg ldope Topomive, ovayeTtol 6TV
eM{AvoT €VOG YPOUULKOD GUGTHHATOG 2 X 2, TPOKVTTEL OTL KoL VAL YPOLLUKO cOoTp 3 X 3 1

&yet povadikn Avon 1 eivarl advvarto 1 €l dmelpo TA00g Aboev.
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A" OMAAAY

1. Na Moete To ovotua {
1) odyeBpikd

2. No. MWGETE T0L GLGTHLLOTOL

x_y
)17 8
Xx+y=45

3. No Aoete 0 GuoTipOToL:

x—5
2
X+6
3

2y +1

+ +2=0

y—6 _

5

4. No AOGETE T GLOTHUOTOL
x—-3y=3
X

2 _y=2
3 y

5. No AMoeTe T0L GLOTHLOTO LE TN

)|

2x+y=7
3x-5y=4

Yopig vo ta AoETE.

i) { ii) {
7. No. WGETE T0. GLGTNLLOTOL:
i B -Dx+2y=-2
x+( B +)y=-1-3

2x-5y=4
6x+7y=100

x—-y=4
X+y=2

i) ypopiKa.
x-1 y-2

i 3 4
4x+3y =38
2x—1=4_y+2

. 3 4

i)
X+3 _ X-y

2 3

2y=x+2

i) 1
—x-y+1=0
> y

1EB0do Twv oplovchmv:

i) 2y =3x-8
x+3y+1=0

6. Na mpocdiopicete 10 mA00¢ TV AVGEDV TOV TOPUKAT® CLGTNUATOV,

2x -3y =40
4x -6y =80

3x+y=11
-9x-3y=2

i {

(3 +Dx+4y=7

1) %X+(\/§—l)y=l
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8. No Aoete 0. GuoTHHOTOL

x+Y-20=3
3x-2y-o=11 5x—y+3w=4 2
i) 12x-5y-20=3 i){x-3y+e=2 i) |3y 4=5
5x+y-20=33 3X—2y+20=2 e
5x+3y-20=16
B OMAAAY
YA
1. i) Na Bpeite 11 e€lomoelg tov gvheidv
, 2 £ €,
€, KOL €, TOL OTAAVOD GYNHOTOG. \ ’
i) ITowo ovotnua opiovv ot g, Kot &, Kot
7ota €tvat 1 A6 TOL GUGTHUATOG; o1 4 >

2."Eva Eevodoyeio Exet 26 dmpdtio, dAla dikAva kot dAAo TpikAtval Ko
ovvolikd 68 kpefartia. TToca eivar To dikAva kot Toca Ta TpikAva
dopdrio;

3. Ze évav aymvo To Todlko gottiplo kootilet 1,5 € kot 1o wo1Tiplo
evog eviilka 4€. Tov aydva mapakorovOncav 2200 dropa Kot 16Tpd-
yxav 5050 €. Na Bpeite moco fTav To 1oLl Kot OG0t 01 EVAIKES
TOL TOPAKOALOVON GOV TOV OyDVaL.

4. H avrtiotaon R evog cOpuatog mg ovvapton tng Beppoxpaciog T
umopel va Bpebet pe tov omo R =aT + B . Av 6tovg 20°C 1 avtictoon
nrav 0,4 Q kot otovg 80°C n avrtictoon Nrav 0,5 Q , va Bpeite o o
Ko B .

5. "Evag ynukog €xet 600 dtoldpato vopoyAmptkov 0&Ems, T0 TPOTO £XEL
neplekTkOT T 50% 68 VIPOYAMPKO 0EL KOt TO FEVTEPO EYEL TEPLEKTL-
kotnta 80% og vopoyrlwpikd 0&D. Too mosdTa amd Kabe dtdAvpaL
npénel va avapeiEel mote va mdpet 100 ml dilvpo meplekTkdTnTOG
68% o€ VOPOYAWPIKO 0EY;

6. Alvovtat ot evbeieg €, :2x +4y =3 Kkt &,:Xx+2y=a,a € R.
1) Na Bpeite tovg cuvteleotés dievhuvong Tov &, Kot &, .
i) Ymépyovv TipéG TG mOPAUETPOL O Yo TI OToieg ot gubeieg Té-
LVOVTaL;
iil) [N moteg TG TS TaPAUETPOL 0 Ot gVBEies etvan TopPAAANAES;
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7. No Bpeite yuo 11 d1dpopeg Tipég Tov o € R ta ko onpeio tov gvbetdv:
) g:ax+y=a’ km & :x+ay=I.
i) e;;ox—y=0 ko g, :X+oay=1.

8. No Avoete o GuoTHHOTO!

i){(k—l)x—2y:1  AeR ii){(u—2)x+5y:5’ neR
4x —(A+1)y=-2 X+(u+2)y=5

9. Ot kvKAOL TOL JNITAAVOD GYNLOTOS EPATTOVTOL
eEotepikd ava dvo katoyvet 0,0, =6, 0,0, =5 ‘
kot 0,0, =7. No vrnoAoyicete TIC aKTiveg TV a

TPLOV KOKAW®V.

A

10. Z1o0 dumhavo oynua Exovpe Eva tpiymvo ABT kat
TOV EYYEYPOUUUEVO TOV KOKAO TOL EQATTETOL TMV ; A
mhevpwv oto onpeia A, E kot Z. Na vrodoyicete E
o Tupoto AZ =X, BA=yka I'E =7, cuvapt-
GEL TOV TAEVPOV 0. , B Kot . B A T

11. "Evog ymukog €xet tpio Stoahvpoto and to 1010 0&0. To TpdTo mepiéyet
50% o0&V, 1o devtepo 10% 0&H ko to tpito 30% 0&D. O ymukdg BELeL
vo mapackevdoet 52 lit Sitdivpa mepiektikdOtTos 32% o€ 0ED, YPNOLLO-
TOLOVTOG KOl T TPiol SLHADHATO KO LIALGTO 1] TOGOTNTO TOV TPAOTOV
doAdpatog va etvor SurAdoio and Ty TocOTNTO TOL TPITOV SADUATOC.
Noa Bpeite moéoa AMtpa and kébe ddivpa Ba ypnoLOoTOM|CEL.

12. Zro mopakdtm oynuate Sivovtol ot YPaQIKES TUPUCTAGELS TPLOV TPLM-
Vopmv, MAodh cuvapTioEnY ™S Hopeng Y = ax” +Bx +7. No Ppeite
TOL TPLOVOLLO AV TA.

AY YA AY
K(L,4)
3 y=F(x) y=g(x) 4 Jhe
> > .
© K(2, 1) Lo \ X o2 A X
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1.2 MH TPAMMIKA XYXTHMATA

H enthvon molhodv TpoPAnpdtmv odnyel cuyvd oe £vo GOVoro eEl0DGEDY TOV
onoiwv (Ntépe TIg KowvEG AGELS, 0ALA 01 EELCMTELS OVTES OEV eivat OAES YPOLL-
HKEC.

INa mopdderypa, £otw 0Tt ntdpe dvo apBpovg pe abpotopa 13 ko dBpoicpa
TETPAYOVOV 89.

Av X, y gtvar o1 300 apidpoi , tote mpémet x +y =13 kar x° +y° =89 . Eneidn
{ntape Ko Kovég AVGELG TV dV0 EELCDOCEMV, EYOVE TO GVGTNHOL:

X+y=13 (1)
x*+y*=89 (2)
I'a ™ Avon tov cvetiuatog epyaldpacte g e&ng:
Embovpe v (1), og mpog évav dyvoaoto, m.y. o Tpog X , kot aviikadiotodpe
ot (2).
‘Eyovpe
x+y=13<y=13-x 3).
Emopévag
x? +(13-x)* =89 < x* +169 — 26x + x* =89
& 2x* —26x+80=0
< x*—13x+40=0.

H tedevtaia e&iowon eivar 2 Babuov pe drakpivovoa A= 9 . Emopévac:

8
1343 <
X:
2 5

Amo v (3), yro x=8 &yovpe Y=5 , evd yio X=5 &yovpe Y=8. Apa T0 GOGTN O EXEL
dvo Moelg Tig (8, 5) xau (5, 8).

H andvimon PéPara oto mpdPAnua eivar dtt ot {nrovpevotl aptbpol givar ot 5
Kon 8.

Y1 ovvéyetn Bo dovpe, e T Pondela mapaderyudToy, S1GPOPEG TEPITTMOGELG
EMAVONG UN YPOUUK®OV GUOTIUATOV.

HHAPAAEITMATA

x+y=5 (1

1° Na Mv0si to sdotnua
Xy =6 ().
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a’ Tpomoc
Em\vovpe v (1) og mpog X kot avtikabiotovpe ot (2). Exovpe:
x+y=5&<y=5-x (3).

Enopévac Xy=6<x(5-x)=6

< 5x-x*=6

&x?-5x+6=0

Sx=21x=3.
Amo v (3) o x=2 &ypovpe y=3 , evd yuo x=3 &yovpe y=2 . Apa 10 GOOTNA
&yel dvo Woelg ti¢ (2, 3) xan (3, 2) .
p’ tpomoc
E&etalovrag 1o cvotnpa fAETov e 6Tt avalnTovpe 600 aptBovg Yo TOVG 0o~
ovg yvopilovpe 0tL yovv dbpotopa 5 kot yvopevo 6. Emopévag, amd tovg to-
novg tov Vieta ot apBpot avtol ivan pilec g elowong

o -50+6=0 .

On pilec ¢ e€lomong avtg etvar ot 2 kot 3 omdte 01 AGELS TOL GLOTIHLATOG
etvar o Cevyn (2,3) ko (3,2).

XXOAIO

H npd e&icmwon tov cvotpatog x+y=5 mapiotdvet evbeia, evd 1 devtepn e&icwon xy = 6

TOPIoTAVEL TNV VIEPPOAN Y = — . ETopévag 01 GUVTETAYUEVES TV KOOV oneiov Tng gubei-
X
oG KoL TG vepPoANg Ba oG SOGOVV TIg AVGELG TOL GLGTHLATOG.

YA

24
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To onueio Toung etvar ta A(2,3) ko B(3,2) . Apa 10 cvuotnua £xet 00O
Moec tic (2,3) ko (3,2) .

2° Na 0si o cUGTN O

Xy =6 @
xX2+y* =13 (2)

AYZH

Avvovpe v (1) og mpog x Kot avtikadiotovpe ot (2). Exovpe

Xxy=6&y= 6
X
omote N (2) yivetou:

2
x> +y* =13 x? +(§j =13
X

<X +3—?:13

X
< x* +36=13x?
<x*-13x*+36=0

H séicoon avty sivon Stretplyovn. Av 0écovpe x° = , Tdte 1 e€icmon

yivetor o° —13w+36 =0, g omoiog o1 AWoeig eivor n ©=9 koM w=4 .

v T'o =9 &yovpe
X=9< x=3 § x=-3
Amo v (1) yuo x=3 maipvoope y=2 kot yio. X =—-3 maipvoope y=-2.
v T'o o =4 &ovpe
xX’=4x=2 nx=-2.

Amo v (1) yuo x=2 maipvovpe y=3 kot yio. x =—2 moipvooue y = —3.

Apa to cvotnua Exet Téoceplg Avoelg tig (3,2), (-3,-2), (2,3) kot (—2,-3).

XXOAIO

6
H mpédm e&icmon tov cvotipatog Xy = 6 mapiotdvel my vagpfody y =— , evéd 1 dg0-
X

1epn eiooon X + Y =13 mapiotver kikko pe kévipo 0(0,0) kan axtiva P=+/13 .
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Enopévag ot cuvtetaypéves tov onpeiov Toung g vrepPoing Kot Tov
KOUKAOVL Ba pog 0GovV TIg ADGELS TOL GUGTYLLOTOG.

YA
A
B
o
1 X
A OMAAAX
2 2 _
1. No. Myoete to obotnuo: 4 - Ty +xy—3.
x+y=1
2. No AMoeTe T0 GLGTNHLOTOL
= D2 2 2 _ 2 2 _
) y=3x i) X +y =9 i) X“+y =5
12x -3y =4 x—y=0 xy=2

KOl VO EPUNVEVCETE YEMUETPIKA TO OMOTEAEGLOTAL.

. , 1 5 : .
3. Am6 oV TUTTOLG Szuot+5at Kot v=v,+at, vo deiEete OtTL

S:U+U”t,
B OMAAAX
i i x> =2y+10 i
1. No Moete 10 suotnua KOl VO EPUNVEDGETE YEMLE-
x*+y’ =25

TPIKE TO OMOTEAEGLLAL.
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2xy -y’ —5y=0
2. Na AWoete 10 choTnpaL: TRy
y=x"—4x+3
3. To epPodov evoc ophoyaviov ivar 120cm’. Av 1) pia Sidotaon tov opbo-
yoviov avéndei katd 3cm , eved n AN eattodel katd 2cm , T0TE TO E-

Badov tov dev petafdiretar. Na Bpeite Tig draotdoelg Tov ophoywviov.

4. Atvetan n mopaory y =—x kon m evbsia y =2x +k, k eR. Na peite
v Toteg e Tov k m gubeia tépver Ty mopafoin oe 6vo onueio.

. . 2y =x’ . q
5. Na Aoete 10 chotmua KOl VO, EPUNVEVCETE YEMUETPIKE TO

QTOTEAEGLLOL. y=Xx+H

EPQTHXEIY KATANOHXHY 1°° KE®PAAAIOY

I. No avtiotoyicete kabéva and o cuoTpaTo:

x+2y=1 x+y=1 2x +4y=2 x—-y=1
Z): Z): (Z): (Z,): )
2X+4y:0) X+2y:4) X+2y:11 X+ 0o y:l

e exetvn and tig anaviioec A, B, I' mov vopilete 0Tt etvar 1 cwoT.

A) Eyet povadikr Aon, B) Etvar advvato, I') Exetl dneipo minboc Mcewv.
E)| &) | &) | &)

1. X¢ kabepud omd TIc TopaKAT® TEPITTOCEL VO KUKAMGETE TO YPAUo A,
av 0 1oYVPIoUOG etvar aAndng kot o ypapupa ¥, av o 1oyupiopdg eivat

YELONG.
1. Av éva ypoppikod cvotnua £xet 600 SOPOPETIKEG
Moelg, tote Ba Eyet dneipo mAnbog Acewv. A b
2. Av og éva ypappkd cvotnua givor D =0, 161€ 10
oVOTNHO £IVOL KOT  ovayKT 0.00VaTO. A b
=
3. To cvopa {xy gtvan advvato. A ¥
x+y=0

4. 0 xoxhog x* +y° =1 kaun mapafory y=x>+1 dev
&yovv Kowd onpeia. A b4







Kepdhato 2°

IAIOTHTEX XYNAPTHZEQN

Y& TPONYOVUEVES TAEELS YVOPIGAUE TNV £VVOLLL TNG GUVAPTNOTNG KOl LEAETHGOLLE
OpIoLLEVES POCIKEG GUVAPTAGELS. £TO KEPAANLO 0VTO o LLEAETHGOVLLE 5T YEVIKT
TOVG HOPPN WIOTNTEG TOV GUVAPTHGEMY KOl TV YPUPIK®OV TOVG TUPUCTAGEDV.

2.1 MONOTONIA-AKPOTATA-LEYMMETPIEX YYNAPTHXHX

Movotovia cuvapnong

Y10 mopakdTe oynuo divetol 1 Ypaeikn topdotact g cuvapmmong T = £ (t)
nov ek@palet  Beppokpacio T evog tOmOL GLUVEPTHGEL TOV YPHVOL t KOTA TO
YPOVIKO d1aoTn o amd To pecdvoyta pag nuépag (t=0) péypt ta pecdvoyto g
emdpevng pépag (t =24).

— ATCO)
11 \
//
“=jf(f)//
/ AN
5 // N\
N yd
Q ™ //
J
) 4 16 24 (fyf

a) [apatmpodue 6t1 610 ddotnua [4,16] 1 Ypaeikn TapdoTacn g
Beppoxpaciog avépyetat.

fi T /0~
I\\a)
11 P
N
/ N\
A% \\
T=f(t) / AN
/ N\
5 / AN
~ ~ f(ts) f(t2)
0 T 4 E 27y
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Avt6 onpaivetl 611 610 SIACTNUA 0WTO, LE TV TAPOSO TOL XPOVOUL, 1| Beprokpa-
ola av&averat, dniadn yo omowadnmote t,,t, €[4,16] pe t, <t, woyveL:

f(t,) <f(t,)

"o 10 Aoyo avtd Aépe 6TLn cvuvaptnon T = f () eivan yvnoing avovsa 6to
ddotnpa [4,16] . I'evika:

OPIXMOX

Mo cuvaptnon fAéyetan yvnoimg avéovea oe Eva didotnua A Tov mediov
0pLopoY TG, OTAV Y10 OTOWINTOTE X,,X, €A UE X, < X, LOYVEL
f(x,)) <f(x,)

INa v dnAdcovpe 6tL 1 cuvaptnon f eivarl yynoiong avéovso 6to ddotnua A
yphoovpue f LA,
Mo mapaderypa, n cvvaptnon f(x)=2x -3 eivar yvnoiong adéovoa oto R.
[pdypott éoto X,,x, € R, pe x, <x, . Tote ovpe:
X, <X, = 2X, < 2X,

=2X, -3<2X, -3

=f(x,) <f(x,)
levikd:
H ovvaptnon f(x) =ax+p, pe a > 0 givar yvnoiong avéovea oto R.

B) Xt0 1610 oynua, TapaTNPOVUE EMMAEOV OTL 6T0 ddotnua [16,24] 1
YPOPIKY| TOPAGTOOT) TNG OEPLOKPACTIOG KATEPYETOL.

T=f(t) \

s f(t,) \
\ f(t,) |

0 4 16 t | 24 t(f)

ATCO)
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Avtd onpaivel 0TL 6T0 ST OVTO, LE TNV TAPOdO TOL ¥PdVov, 1 Beppo-
Kpaoio pewwverat, dniadn yo onoodnmote t,t, €[16,24] pe t, <t, wydet

f(t,)>1(t,)
Ia to Aoyo awtd Aépe 6tL 1 cuvdptnon T = £ (t) eivon yvnoimg phivovoa 6to
dbotnpa [16,24]. Tevikd:

OPIXMOX

M cuvaptnon f Aéyetar yvnoiong @Oivovsa ce Eva didotnua A tov mediov
OpLGHOY NG, OTAV Y10, OTOAONTOTE X, X, €A HE X, <X, LOYVEL
f(x)>1f(x,)

[Na va dnAacovpe 6t n suvapton f elvan yvnoing edivovsa oto ddotnua A
ypapovpe f TA.
[No mopaderypa, n cvvapmon f(x)=-2x+5 eivar yvnoimg pbivovca oto R.
Hpaypati éoto x,,x, € R, pe x, < x,. Tote &yovpe:
X, <X, = —2X; > —2X,

=-2X,+5>-2X, +5

=T1(x,)>f(x,)
Ievikd:
H ovvaptnon f(X) =ax+p, pe a <0 givan yvnoing pbivovsa oto R.

Mo cuvaptnon mov givon gite yvnoimg adéovoa gite yvnoing edivovoa og va
oo A Aéyetat yvoimg povotovn 610 A.

EALGy610 KOn péyreto cuvaptnong
Ag Bewpnoovpe Kot TaAL TN Ypapikn Topdotact g cuvaptong T = £ (t).

A T(C)
1

0 1 16 25
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[Mapatnpovpue ot

a) Tn xpovikh otryun t, =4 1 Oeppoxpocio Tov TOmTOL TAipVEL TNV EAGYIOTN

T e, mov etvann f(4)=3 Pabuoi Kerciov. Anhadn oydet:
f(t)>f(4)=3 , yuwwkabe te[0,24]

INa to Adyo avtd Aépe 6T cuvaptnon T = £ (t) mapovoialel oto t =4 eAdyioTo,

10 f(4)=3.Tlevikd:

OPIXMOX

To x, € A Aéyetan Oéom ghayioTov, evod 10 f(x,) oMKé €LdyIoTO 1) ATADG
ehdyroto ¢ ouvaptnong f kot to cupPorifovpe pe min f (x) .
o mapadetypa, og Oswprcovpe T cvvaptnon f(x)=3x" +1 . Encidn
x*>0,yia k60 x eR,
Ba etvan
3x* >0, yia ke x e R,
ondte o Eyovpe
3x*+1>1 , 10 k60 x e R.
Emopévag:
f(x)>1(0), yo kdbe x eR.

Apa, 1 f mapovoialet erdyioto oto x, =0, 10 f(0)=1

B) Tn ypovuch otiyun t, =16 m Oeppokpacio tov TOmOL MaipVEL TN PEYIGTN
T g, mov tvau  T(16)=11 Pabuoi Keksiov. Aniadn ioyvet:
f(t)<f(16)=11, ywo kabe t €[0,24]
Mo to Adyo avtd Aépe 0t suvdpton T = £ (t) mapovsidlet oto t =16
péyioto, 1o f (16)=11. I'evid:

OPIXMOX
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To x, € A Aéyetar Béon peyiotov, evod 10 (X)) 0hKé péyreto 1 amhdg péyr-
670 ™G f kot To ovpPorilovpe pe max f (x) .
o Topddetypa, oc Osopicovpe T ovvaptnon f(x)=-3x"* +1 . Eneidy

x*>0 ,ykéfe x eR,
Ba etvor
-3x* <0, yu k60e x eR,
ondte o Eyovpe
-3x*+1<1, 110 k40e x e R.
Emopévag:
f(x)<f(0) ,ywo ke x eR

Apa, 1 f rapovoialer péyioto oto x, =0, 10 £(0)=1.
To (oAMKkd) péEYIGTO Kot TO (OAMKO) EAAYIOTO OGS GLUVAPTNONG AEYOVTOL OMKA
OKPOTATA QVTIG.

XXOAIO

Mo, GUVAPTNGT EVOEXETAL VO EYEL KO LEYIOTO KOl EAG LOTO (Zy. o) 1} dvo erdyioTo (Zy. ) 1

Lovo péytoto (Zy. v') 1 vor v €xel ovte PEYIGTO 0vTe EAAYLoTO (Xy. §).

yA VA
y=(x) y=f(x)

1] 1

O > »
\/ 1 X O 1 X

2ynuoa’ 2ynua f’

YA yA

1| y=fi(x) y=1(x)

o 1 X o\ 1 X

2ynuay’ 2ynua o’
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ApTia cuvapTnon

0) X710 SimAavO Gyfua OiveTon 1 Ypaptkn mopd-
otaon C, pag cvvaptnong f mov £yel medio
optopov 6ro 1o R. IMoapatnpovue 6tin C, Exel
a&ova cuppeTpiog Tov a&ova y'y, apov T0 GULL-
netpikd kéde onueiov g C, g mpog Tov dova
y'y aviket ot C,.

XYy

Emeidn, opmg, 1o cuppetrpikd tov tuyaiov onueiov M(x, y) g C, og mpog
Tov a&ova y'y etvat to onueto M'(—x,y) Kot emedn to onueto M(x, y) ko
M'(=x,y) avixovv ot C,, Ba woydety = £ (x) kar y = f (—x), ondte Oa Exovpe:

f(—x) = f(x)

H ocvvapmon f pe v nmopamdve 1010t ta Adyetor dptia. Fevikd:

OPIXMOX

Muw cuvaptnon £, pe nedio opopod éva chvoro A, Ba Aéyeton dptia, otav
Yo kdfe x € A woydet

-xeA xa f(—x)="1(x)

H ypagin moapdotacn pog apriag cuvaptnong £yl GEova. GUPPETPiog TOV
alova y'y.

o mopddetypa, n ovvapmon f(x)=2x*—x’+1 eivor dptio. cvvépmon,
apov &yel medio opiopov 0A0 To R kon yio kdbe x € R 1oyvet:

f(—x)=2(—x)" = (=x)* +1=2x" - x> +1=f(x)
YVVEnMG, N YPAOIKN TG Tapdotact £xel dEova cuppeTpiog Tov dEova y'y.

Ileprrt) svvaptnon

B) Zto dumhavo oynua diveton n YpaQtkn mopd- A Cr
otaon C, mog cvvapmong f mov £xel medio N —
optopov 6o to R. am
[Tapotnpovue 6t C, el k€vipo cvppeTpiog _
™mv apyn TV aEOVoV, apol T0 GUUUETPIKE Ki-
Oe onueiov g C; wg mpog v apyn TV alo-
vov aviket ot C,; .

x
b 4
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Eneidn, 6pmg, 1o supuetpikd tov toyaiov onpeiov M(x, y) mg C, og mpog thv
apyn tov afovav givar to onueio M'(—x,—y) kot enewdn to onueio M(X, y)
kow M'(=x,—y) aviikovv ot C,, Ba oydet y = f( x) kaw —y =f(—x), omodte
Oa yovpe:

f(—x)=—-f(x)
H ovvépmon f pe mv mopamdve 1010t to Aéyeton meprrt. ['evikd.:

OPIXMOX

Mo cuvdptnon £, pe medio opiopov Eva cuvoro A, Ba Aéyetal meprTTi],
otav Yo kabe X € A 1oy0eL:
-xeA ku f(—x)=—-f(x)

H ypoguwn mapdotacn piog meprrTig cuvapTnong £xEL KEVIPO COPPETPLOG TNV
apyn TOV aEOVoV.

o mopédetypa,  ouvaptnon f(x)=2x" —x eivar meprty cvvaptnon, S0t
éyel medio opopov 0do 1o R kot yio kébe x € R woyvet:

f(—x) =2(—x)’ = (—x) = 2%’ + x = —f(x)
YOVETMG, 1 YPAPIKT TNG TAPAOTAGT) £XEL KEVIPO GUUUETPLOG TNV 0pYN TOV
acovov.

2HMEIQXH:

O 6pog “apTio” TPOEKLYE apYIKE, 0O TO YEYOVOS OTL Ol GUVOPTHOES y =X
y=x"', y=x° xth., mov &ovv dptio ekbitn, &xovv dEova cvupuetpiag Tov
a&ova y'y , elvor Onhadn aptieg GUVOPTAGELS, EVA 0 OPOG “TEPLTT” TPOEPYETOL
omd 1o yeYovOg OTL Ol GUVOPTHCE, y=X, Y=X, y=X KTA., TOL £OLV
nepurtd ekBén, Eyovv KEvrpo cuppeTpiog v apyn Tev advov, givor oniadn
TEPLTTEG GUVOPTIGELG.

E®PAPMOI'H

Y10 TOPUKATO OYNRe OIVOVTOL OPIGUEVE, TUNROTO TG YPUPIKNGS TapdoTa-
61|g pog aptiag cvvaptneng f mov £xsL medio opropov To ddsTnpa [-6,6].
No yopayBovv kot Ta voAOITO TUARATE TS YPUPIKNG TOPAGTACNS TN
covaptnong f kon pe ™ fondera avmigc:

a) No Bpe@ovv ta dwwetipata ote omoia n cvvaptnon f:
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i) eivan yvnoiog avéovoa,
ii) eivan yvnoiong @Oivovoa,
iii) eivon otaOepn.
B) Na Bpebei n péyiotn kon n ehdyrotn Tipn s f, kKaOOg emiong ou O¢-
GEIS TOV UKPOTATOV GVTAOV.

YA

AYZH

Emeon 1 ovvéptnon f eivar dptia, n ypaeikn e napdotacn Oa €xer dova
ovppetpiag tov aéova y'y . Emopévemc, av mépovpe To GUUHPETPIKG ™G TPOG TOV
a&ova y'y Tmv d00EvTev TUNUdTOVY TG YPapIkng mapdotacng g f, o €xov-
pe oAOKANPN T Ypapikn mapdotoaon g f, mov etval 1 moAvyVIKY Ypopun
A'BT'OI'BA (Zynua).

4

-6 -5 -2 o 2 5 6

ATo TV TOpandve Ypaetkn TopdoTact) TPOKVTTEL OTL:
a) H ovvapmon f:
1) etvan yvnolmg avéovooa oe kabéva amo ta draothuato [0,2] ka [5,6],
i) elvan yvnoiog @bivovoa oe koBéva omd to dwotuoatae [-2,0] Ko
[-6,—5], to omoia eivar cuppeTpikd g Tpog o O Tov dwotpdtov [0,2]
Kot [5,6] avtiotoiymg ota omoia 1 f eivar yvnoing avéovoa.
ii1) etvon otabepn| og kabéva and ta dwotmpata [—5,-2] ot [2,5] Ta omoia
gtvar ouppetpicd petagy Toug wg mpog to O.
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B) H péyiom tyun g f eivon ion pe 4 xou mapovctdletol 6Tav to X TaPEL Tig
TWég —6 Kot 6. Ankadn wydet:
max f(x)=f(-6)=1(6)=4
H ehéyiom Ty g fetvan ion pe 0 ko tapovotaleton 6tav o X mhpet v
Tun 0. AnAadn woydet:
min f (x) =£(0)=0.

A OMAAAY

1) Na Bpeite to dtaothpato oto omoio Kabeud and Tig TapuKaT® cuvap-
oeLg eivat:

o) yvnoing avéovaa Kot B) yvnoiong ebdivovoa.
yl\ y:f(X) yl\ yl\
y=9(x) y=h(x)
1 - ) R (0) N
X 2 X N\ 1 X

N/

2) Na tpocdlopicete o OMKA 0KPOTOTA TOV GUVOPTHCEDY TNG TPOTYOVLIE-
g doknong, kabag Kot Tig BEGELS TV UKPOTATOV OVTOV.

3) No dgi&ete ot

i) H svvapmon f(x) =x"—6x +10 mapovcidlel ehdyioto yio x=3.

i) H ovvapmnon g(x) = X 7 ToPoVGLALEL HEYIOTO Yo X=1.

x? +
4) No. Bpeite moteg amd TIg TOPAKATO GUVAPTNOELS EIVOIL APTIEG KO TOLEG
etvon epitTég:

i) f(x)=3x*+5x" i) £,(x)=3|x|+1 iii) £,(x) =[x +1|

2
X 2X

1) f,(x)= .
I+x Vi) £ () x*+1

iv) f,(x)=x’-3x>  vfx)=
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5) Opoimg yio TI¢ GLVAPTHCELS:

1

i) f(x)= " i) £,(x)=vVx -2

iii) f,(x)= |x - 1| - |X + 1|

1
X+—

iv) £,(0)=— +X1 MRACSEN Y vi) f,(x)=vI-x> .

6) Na Bpeite moteg amd TG TAPUKAT® YPUUUES EVOL YPOPIKES TAPOOTAGELS
GPTIOG KOl TOLEG TEPITTIS GLVAPTNOTG.

YA \;\\/ y A\/
y=f(x) y=9(x) y=h(x)
L ]
O O

X (0] X

7) Opoimg 1oL TIg TOPAKATO YPOUUES

YA yA \yu
=f(x) =

/ \ ' y=ges y=h(x)

\/ o\/ 0 \ X 0

8) No. GuUTANPDOETE TIG TAPUKAT® YPOUUEC DOTE VO TOPIGTAVOLV YPOPL-
KEC TOPAGTAGELS

o) ApTiog GuvaPTNONG B) Iepirng cuvaptnone.

yA

yll yll
G G G
0

\i 0 3 0

<Y
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2.2 KATAKOPY®H - OPIZONTIA METATOIIIXH KAMIIYAHX

Katakopoen petatomion kopmoing
a) Ag Bewpricovpe ™ ovvaptnon f(x)= |X| +1 . Enedn
-X+1, x<0
(30 = ov |
Xx+1, av x>0

N YPOPIKN TOPAGTACT TNG GL-
vépmong f(x)=[x|+1, 6a amo-

’ : { =|x|+1
teleitan and tig nevbeieg : y=|x| 1

yA

vV y=—x+1,pe XxX<0 ko

Vy=x+1,pue x>0, 1
y=Ix|

mov £yovv apyn to onueio 1 tov ——
afova y'y ko givor mopaiinieg
LLE TIC SLYOTOLOVE TMV YOVIDV

X
©)
Xy

x'Oy xor X0y and TIG OMoieg, OMMG elval YvoTo, amoTEAEITOL 1 YPAPIKT

napdotacn ™e ¢(x) =|x| (Eyiua).

Emopévac, av petatomicovpe t ypoQikn mopdotacn g ¢(X) = |x| KOTOKO-

puoa” kot Tpog Ta Tave Koth 1 povada, Tote auTH Oo CUUTEGEL HE T YPAPIKT

napdotoon e f(x) = |x| + 1. Avt0, BAA®OTE, NTAV AVOUEVOLEVO, OOV 1GYVEL:
f(x)=0(x)+1, yio kb x €RR,

mov onuaivel 0ty kabe x € R 1o f (X) etvor kotd 1 povada peyovtepo

00 O(X) .

Tevikd:

H ypagikn mapdotacn e ocvvdptnong f, pe:

f(x)=0(x)+c ,0movc>0,
TPOKVTTEL OO L0 KATAKOPLOT LETATOTIOT TNG YPOPIKNG TOPACTACTS TNG
¢ KOTE ¢ LOVAOES TPOG TA TAV® (ZyNpo o)

o Anhodn mapdAinia pe tov dEova y'y .
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2ynuo o’
B) Ag Bewproovpe ™ cuvapton f(x)=|x|—1. Enedn

F(x) = -x-1, av X<0’
Xx-1, av x=0

1N YPOQIKT TOPAGTACT) TG
y A

f(x)=|x|-1, 6a amoteheitar
and Tig nuevdeieg

vV y=-x-1,pe Xx<0 kot

Vy=x-1,ue x20, 3
. , , )/=|X|_1\y1 X

Tov £yovv apyn to onueio —1

Tov dEova y'y Ko gtvan mo- -1

POAAANAEG LE TIG OLYOTOLOVG

oV yovidv X 'Oy kot XOy

and TIg OMoieg amoTeAEiTOL 1) YPOPIKN TopdoTaon ™G O(X) = |x| (Zymuo).

Enopévag, av petatonicovpe ) ypagikn mopdotacn e ¢(X) :|x| KOTOKO-

PLEOL KO TPOG TOL KAT® Katd 1 povada, tote ovth 0o GUUTESEL e TN YPAPIKT

nopdotacn me f(x) = |x| —1 . Avtd, GAA®oTE, NTAV OVAPEVOLEVO, 0POD LoYVEL:
f(x)=0(x)-1, 0 kibe x €R,

mov onpoivel 6Tt Yo kabe x € R 1o f (X) etvan katd 1 povada pkpdTEPO TOV

P(x).

levikd:

H ypagpwn napdotaon e cvvaptnong f, pe:

f(x)=0¢(x)—c, 6movc>0,
TPOKVTTEL OO L0 KATOKOPLPT LETATOTIOT| TNG YPUPIKNG TOPAGTOONG
™G ¢ KaTd ¢ LOVAOESG TPOG T KATM (Xynua B)
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y=¢(x)

e

OplovTio petatomIon KOpmoANg
@) Ag Osmpricovpe ) cuvaptnon f(x) =[x —1| . Eneidn

-X+1, av x<l1
f(x)= :
Xx-1, av x=>1

1N YPOQIKT TOPEGTAGT) TG
f(x) =[x —1], 0o amoteksitan Ay
amd Tig nuevdeieg

v y=-x+1,pe x<lkon
Vy=x-1,pe x2>1, 1

7oL £yovv apyn to onpueio 1
T0V G&ova X'X Ko gtvor mo- 0 1
POAAANAEG LE TIG OLYOTOLOVG
TOV YOVIOV X'CA)y Ko X@y
amd T1g omoleg amoteleitan N Ypoipikn mapbotaon mg O(x) = x| (Zyfuaw).

<Y

Emopévag, av petatonicovpe ) ypapikn napdotacn g ¢(x) = |x| optovtia’®

KoL Tpog oL 0e€1d katd 1 povdda, TOTE VT B0 GUUTEGEL LE T YPAPIKT) TTO-
pactaon g f(x) = |x - 1| . Avt0, GAL®CTE, NTOV AVOUEVOUEVO, OPOD 1GYVEL

f(x)=p(x-1), ya kébe x e R,

7oL onpaivel 0t n T g f(x) = |x - 1| otn 0éom x elvon S e v iU g
o(x)=|x| om béonx-1.

@ Anhodn mapdAinia pe tov déovo x'X .
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Tevikd:

H ypapwmn napdotaon g cvvaptnong f pe:
f(x)=¢@(x—c),omovc>0,

TPOKVTTEL OO LIt 0pOVTLOL LETATOTIOT TNG YPUPIKNG TOPAGTOONS TNG

¢ KOTE ¢ povades TPOog Ta dEELA (Zynuay’).

[pdypatienedn f(x)=@(x —c),n i mc f ot 0€on x givor idta pe Ty Tiun
™G @ 61N B€om x — ¢, Tov Ppioketarn ¢ povadeg apiotepdtepa TG BEomns X. Apa,
N ypooikn mapdotacn g f Oo Ppioketar ¢ povades de€lotepa ™G YPAPIKNS
TaPAoTaonS TG ¢ (XyNHay’).

Co Cs

bl 4

X—C X o)
2ynuoy’
B) Ag Bewproovpe  ovvapmon f(x) =[x +1| . Enewdn

{—X—l, av x<-1
f(x)= ’
x+1, av x2>-1
1N YPOPIKT TOPACTAGT] TNG
f(x)=|x+1| Oa omotedeitan
and Tig nuevdeieg

vV y=—x-1,pe x<-1 kot
Vy=x+1l,pe x>-1,

7oL £yovv apyn to onueio —1
Tov d&ova X'X Ko etvan o~
POAAANAEG pE TIG OLYOTOLOVG
tov yovidv X'Oy kot xOy
and TIG OTOIEG AMOTEAEITAL 1] YPOPIKY TAPACTACT TG O(X) = |x| (Zymua).

Emopévag, av petatomicovpe ) ypopikn nopdotacn e o(x) = |x| opilovtia
KOl TPOg ToL aplotepd katd 1 povada, tote avty o GuUTESEL e TN YPOQEIKN



44 KEPAAAIO 2° |AIOTHTEL ZYNAPTHZEQN

napdotaon e f(x) = |x + 1| . Avtd, GAA®GTE, NTOV AVOUEVOLEVO, 0POD 1GYVEL
f(x)=0p(x+1), yio kibe x €RR,

nov onuaivel 0t TN g f(x) = |x + 1| ot Béom x elvar 10100 pe TNV TN ™G

@(x) = x| otn Béon x +1.

Tevikd:

H ypagikn mapdotacn g ocvvdptnong f, pe:
f(x)=¢@(x+c),omovc>0,

TPOKVTTEL OO L1t 0pOVTLOL LETATOTIOT TG YPOPIKNG TAPAGTOONS TNG

¢ KTl ¢ povadeg mpog Ta aproTepd (Zynpa o).

[pdypatt emedn f(x)=@(x+c) , n i g f ot Béon x etvan ido pe v
T g @ otn Béon x + ¢, mov Ppicketon ¢ povadeg deglotepa g BEong X.
Apa,  ypaekn mapdotoon g f 0o Ppioketar ¢ povadeg apiotepdtepa TG
Ypapung mopdotaons e ¢ (Eynua ).

d
Co
C
(0] X X+C 4
2o d’

E®APMOI'H

Na mopactobei ypagika n suvaptnon f(x) = \X + 3‘ +2.

AYZH

Apyd yapdocovpe v y = |x + 3|, mov OmwG ldape TPOKVLTTEL MO [t Opt-
Covtio petatomion mg y = |x| KOTO 3 HOVAOES TTPOG TAL OPIOTEPA. XTI GUVEYELL
oplosovpe Ty y =[x +3|+2 ,mov dmwg sidape TpokdRTEL A6 o KoTaKS-
pLEN LETOTOTION TNG YPOPIKNG TOPACTACNG TG Y = |x +3| Kot 2 povadeg
TPOG TOL TAV.
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Emopévag, n ypagikr| mopd-
GTOON TNG y4A
f(x)=|x+3+2
TPOKLITEL OO OVO J10OOYL-
KEC LETATOTIGELS TNG GLUVAP- y=|x+3|+2 y=|x+3]
mong y=|x|, wog opio-
VTG Katd 3 povadeg mpog

y=[x|
TO OPLOTEPA KOL LOG KOTO- 2

KOpLONG KOTh 2  HOVAdES

XY

TPOG TOL AV (ZyHLUaL). -3 o 1

2HMEIQYH:
Mg avdrhoyo tpdmo, SOVAEHOVLE Y10 VO TOPACTHOOVE YPOPIKA TIG GLUVOPTY-
GEIG TG HOPPNG:

f(x)=p(x+c)£d,pec,d>0
Anhadn, a&lomotovpe 1060 TV oplldvTiol GO Kot TNV KOTOUKOPLON LETATOTION
KOUTOANG.

A" OMAAAY

1. %10 1010 GVGTNUO GUVIETAYUEVOV VO TOPOUCTCETE YPAPIKA TIS GLVOP-
TNOELG:

o(x)=|x/, fx)=[x|+2 o gx)=[x|-2.
2. Opoimg yo TIg GLVAPTNGELS:
o(x) = |X| : h(x) = |x i 2| Ko q(x) = |x - 2| .

3. Opoimg Yo Tig GLVAPTNCELS:

(p(x)=|x| : F(x):|x+2|+l Ko G(X)zlx—Zl—l .
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4. i) No ypayete ™ ovvépton f(x)=2x"—-4x+5 om popon
f(x)=a(x—p)’ +q Ko 6T GUVEXELD va. Ppeite e Toto, 0ptloVTIo:
KOl TOL0L KOTOKOPLOT] LETATOTLGN 1] YPOPIKT TOPAGTOOT| TG GLVAP-
mong g(x) =2x" 0o cvurécel pe n ypaiky napdotaon tg f.
i) Na kévete 1o 1810 ko Y100 T suvépon f(x)=-2x>+8x -9 , Oe-
OpOVTOC ¢ g TV g(X) = —2X" .

5. 210 mopakaT® CYNUO SIVETAL 1) YPOPIKT TOPACTACT) HI0G GUVAPTNONG @
TOL AMOTEAEITOL OO TN OYOTOUO TNG OEVTEPNG YOVIOG TV aACOV®V Kot
o 10 NUIKVKALO OV ovHKeL 670 1° TeTopTUOPLO KoL £)EL SIAPETPO TTOL
opilovv ta onueia O(0,0) kot A(2,0).

YA
Co

o\

210 1010 GVOTNHO GUVIETAYHEVOV VO TOPACTNOETE YPUPIKA TIG GLVOPTY-
(e

) f(xX)=p(x)+2 ko g(x)=0(x)—2
i) h(x)=@(x+3) kot q(x)=(x—3)
i) Fx)=@(x+3)+2 xat GxX)=¢p(x—-3)-2.

6. Atveton 1 cuvéptnon @(x) =2x° —1 . No Bpeite tov 1m0 Mg GLVEPTN-
ong f g omolag 1 ypapiky TopdoTacT) TPOKHTTEL 0O V0 OLUOOYIKES
LETOTOTIGELS TNG YPOPIKNG TAPAGTUCTG TG ©:

1) Kotd 2 povadeg mpog ta de&id Ko katd 1 povada mpog ta Tave.

i1) Kotd 3 povadeg mpog ta de&1d Kot Kotd 2 LoVAdES TPOG TO KATM.
1i1) Kotd 2 povadeg mpog o aploTepd Kot katd 1 povada mpog ta Tave.
1V) Kotd 3 HoVAdES TTPOG T APIOTEPA Kol KOTA 2 LOVAOEG TPOG TOL KATW.
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EPQTHXEIX KATANOHIHY 2°° KEPAAAIOY

1) & kKoOgp1d amd TIC TAPUKATO TEPITTAOGELS VO KUKADGETE TO YPap-
po A, av o wyvpiopdg eivar aindnig kot to ypappe ¥, av o wyvpt-

opog givan Yevdnc.
1. Av pia ovvéptnon f eivan yynoiog avéovoa, tote n —f

gtvat yvynoiong edivovsa. A Y
2. Mia yvnoimg povotovn cuvaptnon £xetl 1o oAl pia pilo. A Y

3. Yrapyel yynoimg pHovotovn cuvaptnot Tov SEPYETL omd

to onueia A(1,2), B(2,1) ko I" (3,3) . A Y
4. Av wo ouvapton f etvar yvnoiong eBivovca kot Exet pila

tov apBuo 1, tote Ba woydel £ (0) <0 A Y
5. Av o cuvdptnon f etvon yynoiog povotovn Ko n ypo-

QKN ™G Topdotact diEpyetat amd To onpeio A(1,2) kot

B(2,5) , 10te n f eivar yvnoimg avéovaoa. A Y
6. Av n péyrotn Ty g ovvaptmong f etvan ion pe 1, tote
N e€lowon f (x) =2 givar advvor. A VY
7. H ovvaptnon f:[-1,2] > R pe f(x)=3x" sivar Gptia. A Y
8. Av o cuvaptnon gtvar dptia 1 TeprrT ko Exet pila Tov
ap1Opo p, tote Ha Exet pila Kot Tov apOpod —p. A Y
9. Av pio ovvaptnon f etvar dptia, tote 1 f dev etvan yvn-
olog povotovn. A Y
10. Av pia cvvaptnon f etvan dptia, tote n —f elvon meprr. A Y

II) No emAé€ete T oot amdvinon yio Ty TepaKdTe covaptnon f.

H ovvéptnon f, g omoloag 1 ypopiki TopAcTacT) TPOKLATEL OO dVO
S000YIKEG LETOTOTIGELS TG YPUPIKNG TOPACTACTS TG GLUVAPTNONG
o(x) =3x", wog oprfévriog kotd 1 povado Tpog To. aPIGTEPE. Kl [L0g
KOTOKOPLONG KOTh 2 POVAOES TTPOG TOL TAVEM, EYEL TUTO:

A) f(x)=3(x—-1)* +2 B) f(x)=3(x-1)"-2

) f(x)=3(x+1)*"+2 A) f(x)=3(x+1)" -2







Kepdhato 3°
TPIFQNOMETPIA

3.1 TPITQNOMETPIKOI APIOMOI I'RNIAX

Tpryovopetpikoi apiOpoi oéeiog yoviag

‘Eoto oéelo yovia ®. Av Tavo ot pio oo Tig B
dvo mhevpég g Ywviag Tapovpe Tuyaio on- N

peion M ko N xon @épovpe t1g kédeteg MM, M

kot NN, mpog v GAln mhevpd g yoviag,

1018 10l Tptyva. OMM, ko ONN,; Oa givon © | >
. . o O M N1 A
opoa, ondte o 1oydet:
MM,)) _(NN) = (OM)) _(ON,)) o  (MM,) (NN))
(OM)  (ON) (OM)  (ON) (OM,) (ON))
Emopévac, yo  yovia o ta tniiko
MM,) (OM,) oo ~ (MM))
(OM) (OM) (OM))

etvar otaBepd, Onhadn aveldptnta g Béong tov onueiov M ndveo oty mAev-
pa g yoviag. Toa mAiika avtd, dnwg yvopilovpe and to INvpvdoto, ovopdlo-
VIOl JRITOVO, GUVIREITOVO Kol EQATTONEVY TG YoViag o kot cupPorilovTon pe
NUO, CVVO KOl EYE, OVTIOTOYOG.

AnAadn, oo opboyavio Tpiyovo M, OM , .OYVEL:

(MM)) ( amévavtt Kabetn )

nHe= (OM) VTOTEIVOVGO,
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cLVO = (OM,) (
(OM)

TPOCKEIEVN KAOET
VIOTEIVOLGQ

(MM,) amévavtt Kabetn
EQO = ——=

(OM,) TPOCKEIEVN KAOETN
1

Opilovpe axodpo og cvvepamtTopévn ¢ ofelog yoviag ®, v omoio cuppo-
AMCovpe pe 00, T0 oTabepd TNAiKO

5o = (OM,) ( TPOoKEIpEVN KAOeT )

(MM,) améVovTL KABeTn

Tpryovoperpukoi opdpoi yoviog o, pe 0°< o < 360°

‘Eoto Oxy évo chotnua cuvtetaypévev oto eninedo, Ot pio nuevbeio avtod
KOl o 1 yovio Tov mapdyetat omd tov nuidéova Ox av mepiotpagel Kotd ) -
TIKT) ©0P3 YOP® amd 10 O UéYpL VoL GUUTEGEL Y100 TPAOTN POPA Le TNV Nievdeia
Ot (Zy. o, B"). O Betucdg nubovag Ox Aéyetan apytkn TAEVPA TG YoOVINg ©,
evod M nuevdeio Ot Aéyeton TEMKN TAELPE TNG ®.

YA t YA

M2

A\
|/

2ynuo a’ 2ynuo p’
[Téve oty Tehkn mAevpd ™G Yoviag ® taipvovpe Toyaio onpeio M(x, y) kot
pépvovpe v kabetn MM, otov alova x'x (Zy. o ko 7).
Av 1 yovia o givar o&gla (Zy. o), 1018, OTOG EIOAUE TAPUTAV®, 1GYVOVY 01
100N TEC:
(MM,) (OM)) (MM,) _(OM))

NUO=—"—"= CLVO=—"—"—= " EPW=—""7 KOl OP®
(OM) (OM) (OM)) (MM,)

Opwg (OM))=x , (MM)=y kor (OM)=4/x>+y’ =p>0 . Emopévog,
Ol TOPOTAV® 1GOTNTES YPAPOVTOL:

m,w)=z , csuvco=§ , scpa):X Ko G(pco=§,c'mov p=\/X2+y2 >0,
P P X y
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Ievikevovtag ta mapandve, opilovpe pe Tov 1010 TPOTO TOLE TPIYMOVOUETPL-
KoU¢ ap1Bovg omolacdnTote yoviag o (Zynuo 7).

Ye kG0e Aowmov mepinT™OT EYOVUE:

(epooov x=0)

oMoy p=4/x"+y’ >0

ne==, o=

O <
> <

X X ,
covo=— , oeO=— (gpdcovy=0)
p y

o6mov (X, y) ot cuvteTaypéveg omotovdnmote onpeiov M (dapopetikod tov O)

™G TeMKNG TAEVPAG TG YOVIaG @ kKol p=+/X" +y” >0 n amdotoon tov M
and 1o O.

Tpryovopetpikoi apiOpoi yoviav peyoaivtepov
TV 360° Kt apvNTIKOV YOVIOV

Ag vnoBésovpe 61t 0 nudEovac Ox evog ov-
oTNUOTOg cvvieTaypuEvov OXy meploTpipe-
Tol YOpw and to O katd ™ Betkn eopd. Av
TPOYUOTOTOWGEL [0l TANPT TEPLOTPOPT] KOl
TEPLOTPAPEL EMTAEOV KOl KOTA YOViOL LETPOV
30", t01e Aépe 0tL 0 OX €yet draypayet yovio
®=360"+30"=390".
Me avéroyo tpdmo opilovTol ot Ymvieg mov
etvan peyaivtepeg tov 360°, dmiadn ot yo-
vieg g popeng:

30°

o
3 4

390°

®=v-360"+u’°, 6mov veN ku 0°< u < 360"

Av tdpa o nuidéovag OX, 6TPEPOUEVOS YOP®
a6 to O Kot TNV apVNTIKY QOPEL, TPOYLLOTO-
TOMOEL L0 TANPT| TEPIGTPOPT| KO GTN CLVE-
yew drypayel yovia pétpov 30°, tote Aéue
o1t 0 nuaEovag Ox xet daypayel apvnTikn
yovio, 360° + 30° = 390° 1 aAdg yovia:

-390°

30° J

~+ XY

CIN. N

o=—(360"+30")=-390°
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Mze avdroyo tpomo opilovtar o1 apvnTIKEG YOVieg SNANSY O YOVIEG TNG LOPPNC:
o=—(v-360"+ "), 6mov veN ko 0°<p<360°

O tprymvopetpikoi aplOpot yovidv mov givar peyodtepeg omd 360°, kabmg kat

TV OPVNTIKOV YOVIOV, 0pilovTol OTmg Kot 0l TPLY®VOUETPIKOT op1Uol Yovidv

arnd 0° péyxpt 360°.

Anhodn, Yo kd0e yovia o, Oetikn 1 apvntikr, opilovpe:

Npo =

O <

1 EPO = Y (epdoov x=0)
X
,0mov p=4x*+y> >0

X X ,
cvvo=—, coon=—  (gpbcov y=0)
p y

O6mov (X, y) Ol GUVTETAYUEVES OMOLOVONTOTE oMpeiov M NG TEMKNG TAELPAS
me yoviag o (Sapopetikod Tov O) kot p=+/x> +y° >0 1 omdcTacn tov M
ano to O.

Ac¢ Bewprioovpe Topa o yovia o (BeTikn 1 apynTikn) HE apyikn TAELPE TOV
nuagova Ox .

Av o nuagovag Ox , oTpepopevog yopm amd to O Kotd ™ Btk gopd, Gv-
UTANPOGEL V TANPELG OTPOPES KOl GTT) GUVEYELDL LOYPAYEL TN YOVi ©, TOTE Oa
éxet draypayet yovia v-360° + ®, mov £xel v 010 TEAKT TAELPE e TV ©.
Av 6pmg o nuacovag Ox , otpepdevog YOop® omd 0 O Katd TV apvnTiKn
@OpA, GUUTANPADOCEL V TANPELS OTPOPES KOl GTN GUVEXELL JLOYPAYEL TN YOVia
o, 101€ Oo £xel Srayphyet yovia —v-360° + ®, mov £xel Kot ovTh TNV 010 TE-
MK mAevpd e TV ©.

Ot mapamdve yovieg, mov givor g popeng k-360° + o, k € Z , enedn éyovv
™V 61 TeEMKn TAeVpa Ba £XoVV Kol TOVG 1010V¢ TPLYOVOUETPIKODS ap1Opog.

Enopévac, yio k4be k € Z Ba oydet:

nu(k-360° + ®) = nuo, ep(k-360° + ®) = epm
ouv(k-360° + ®) = cLVO, op(k-360° + ®) = 6o
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O TpryovopeTpikdc KOKLOG
INa évav katd Tpocéyyion, ALl GHVIONO, VITOAOYIGUO TOV TPLYOVOUETPIKOV
aplOU®V, YPNOLOTOIOVUE TO AEYOUEVO TPLYOVOUETPIKO KUKAO. O Tprymvope-
TPIKOG KOKAOG Ba Log eELTNPETAGEL KOt 6€ AAAOVE GKOTTOVG, OTT™S Bal povel GTIC
EMOUEVES TTOPALYPEPOVC.

Me xévtpo v apyn O(0,0)
€VOG GUOTNLOTOS GLVTETOY-
pévov kot axtiva p = 1 ypé-
@ovpe &vav KOKA0. O KOKAOG
aVTOG AEYETOL TPLYMVOUETPL-
KOG KOKAOC.

'Ecto tdpa 0TL 1) TEMKT TAEL-
pa pog yoviag, Ty, TG Yovi-
ag ®=235" téuvel tov KOKAO
avtd oto onpeio N(a, B).

B

Enedn nu3s’ == xa p=1
p

Oo woyver nu3s =P =0,57.
Opoiwmg, ene1dn cvv3s’ = e p =1, Ba 1oyvel cvv35 = =0,82.
p

levikdtepa, av 1 TEMK TAEVPE G YOVING © TEUVEL TOV TPIYOVOUETPIKO KO-
kAo oto onpeio M(X, y), 10te 1o)vEL:

OLVO = X = TETUNUEVN TOV onpeiov M
NUO =y = TETOYUEVT TOL onpeiov M

Ia 10 Adyo avtd 0 déovag x'x AEyeTon Kot AEOVAS TOV GUVIIIITOVOY, EVO O
GEovag y'y Aéyetart kot GEovag TV nuitovav.

AECEC CUVETELES TOV TOPUTAVE GUUTEPAGATOG Efval Ot ENG:

1. Ot Tipég ToL GUVE® KO TOV NU® HIOG YOVIOG © OEV UTOPOVV Vo VTTEPPOVY KOT®

amOALTN TY| TV OKTIVOL TOV TPIYOVOUETPIKOV KUKAOL, Tov givar iom pe 1.
Anhodn woyvet:

-1<ocuvvew <1l kot -1<nMuw<l
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2. Ta TpdoNU TV TPIYOVOUETPIKOV OpIBUOY LG YOVING O, avaAoya UE TO
TETOPTNLOPLO 6TO 0moio PPIoKETOL 1) TEAKT) TAELPA TG YWVIOG OLTAGC, Elvat
Ommg OelyVeL 0 TOPOUKATE TIVOKOG.

npo
[ AY0]

E10}

+ |+ [+ |+ |
|
|
+

10}

0O aEovag TOV eQanTopévev

OecmpOvUE TOV TPLYOVOUETPIKO y4
KOKAO KOl {10 YOVioL 7OV 1 Te-
AMKN TG TAELPA TOV TEUVEL GTO
onueio M(x, y). ®épvoope v
EQOTTOUEVT] € TOV TPLYOVOUETPL-
K0U KOKAOL GTO onueio A.

Av 1 el mAevpd TG yoviog
Bpioketor oto 1° TETOPTNUOPLO
Kot 1 evBeic OM Téuvel v ¢
oto E, 161¢ and 10 opboydvio
tpiyovo AOE Oa éovpe

M X TE(Y,)

o (AB) _(AE)

o) 1 AP

Av pe y mopoaoticovpe v tetayuévn tov E, 11e 0o oydel (AE)=y, , ondte
Ba etvon
EQW = Y.
370 1010 CLUTEPOUGHO KOTOAYOVUE KoL OTOV 1) TEAMKN TAEVPE TG YOVIaG ©
Bpioketan o€ 0TO100MMOTE AALO TETAPTNLOPIO.
Emopévac ot kéOe mepintwon oyvet:
£Q =y = teTaypévn Tov onueiov E

o to Adyo awtd 1 gvbeia g, mov el e€lowon x = 1, Aéyetan dovog TV £Qa-
TTOPEVOV.
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To axtivio @G povada pETpnons yoviov

‘Exovpe yvopicel oto I'vpvdosio to axtivio og
povada pétpnong tomv. Xuykekpuéva, &vo
1080 AB evog kOKAov (O, p) Aéyetar T6E0 evog
aktwviov (] 1rad), av to 100 oo EYel UKo
{00 pe v axtiva p Tov KOKAov. Emopévag, to
10&0 a axtwviov (1 a rad) éxel unkog S=o-p .

Opilovpe TP TO OKTIVIO KOl WG HOVAOOL [é-
TPNONG TOV YOVIOV OC EENG:

OPIXMOX

Axtivio (1 1 rad ) eivou n yovio ) omoia, 0tav yivel enikevpn o€ Evov KOKAO,
Baivel og T0&0 evog axtviov (M 1 rad).

Amd Tov OpIGHO 0VTO TPOKVATEL KO 1) GYECT LOIPAG Kot aKTIVIOL G HOVA-
OV PETPNONG YOVIOV, OG EENG:

‘Eotm 61t pio yovia o eivar p° kot o rad . Eretdn to puirog evog kkAov o-
Ktivag p eivan 2mp,

N yovia 360° eivot ton pe 27 rad.
OTOTE,
N yovia 1 rad etvon ion pe 32—n poipec,
Emopévag,

, L 180
N yovia a rad etvor ion pe o- —— poipec.
T

. , . . , 180 , ,
Enedn opmg n yovia o givor @, Bo woydel pw=o-—— , ondte Ba Eyovpe:
T

INo Topddetypo:

. P . . !
v T va exppacovpe ™ yovia 60° og aktivia, Oétovpe otov om0 — = 150
omov p=60" ko £yovpe T
o 60 T
—=— —_—
n 180 3

Apa glvon 60° =§ rad.
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5n
v T va ekppacovpe T yovia 5 rad oe poipeg, Bétovpe oTov THTO

S Omov OL_S—n Kot £yovpe
x 180 6 KO
om
L:L©§:L®M:150
w180 6 180

Apa % rad =150".

Y10V TOPOKATO TIVOKe ETOVOAOUPAVOVIE TOVG TPLYOVOUETPIKOVS op1BUong
LEPIKAOVY YOVIDV TV elyape vtodoyioel oto ['vuvascio Kot ot omoiot etvort -

TEPO YPNOLLOL OTIG OLAPOPEG EQOPUOYEC.

l'ovie ® TpryovopeTpikoi aprOpoi

og poipeg ograd nue

0 0 0 1 0 Acv
opiletal
i i 1 BB s
6 2 2 3 3
: z V2 V2 1 1
45 4 5 >
: & V3 1 V3 V3
60 3 7 5 ?
T Agv
o . 1 0 0
920 2 opileton
2HMEIQYH

211 GUVEXELD, ETELON GTOV TPIYOVOUETPIKO KOKAO TO TOEO X rad €xel UKog
X, avti vo ypapovpe
nu(x rad), cuv(x rad), ep(x rad) ko oo(x rad),
Oa ypdpovpe amhd
NUX,  OLVX, €OX KOl  GQX.
Mo mapddetypa, avi vo ypaQovLE m.y. nu[g radj Ba ypagovpe amhd nug

Ko ovti nu(100rad ) Oa ypdpovpe amdd nul00 .



3.1 TPITONOMETPIKOI APIOMOI TONIAL 57

E®APMOI'EY
1" Ov peTpnogic mov £Kove Evag PNy avikog K
v va fper To vyog h evog kapmavaplov
I'K ¢aivovtor oto dwwhavo oynua. Na
VTOAOYIOTEL TO VYOG TOV KOUTAVAPLOY G
RETPU PE TPOGEYYLON OKEPULAS LOVADUGC, h
; - 48° 70°
Amd 10 oYNUO EYOVUE:
b n A 2om B r
€48’ =——, omote Al = -
Al €48
h h
70" =—, omote BI'= -
BI' €70
Al'-BI'=AB =20m
Enopévag —— h - =20, omdte h= 206970 - pd8 .
ep48” €70 70" —e48°

Me T0V¢ TPIY®VOUETPIKOVG TIVOKEG 1] LLE EVOL KOUTLOVTEPAKL BpicKOvLE OTL
ep70° =2,75 kon €048 =1,11.
Avtikafiotodpe oty (1) kot Eyovpe:
h= 61,05 37
1,64

Apa T0 VYOG TOV Kapmavaplov ivot tepinov 37m .

2" Na vroloyietodv ot TpryovopeTpikoi apidpoi yoviag 750°.

AYZH

Av Swpéocovpe 1o 750 pe to 360 Bpickovpe mmiiko 2 ko veorowo 30, £Tot
&yovpe

750" =2-360" + 30"
Emopévac

Nu750" =mu(2-360° +30°) =nu30° = % cvv750° =cvv30 = %

J3

69750" =£¢30" === c9750° = 5¢30° =/3
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3" Na v010y16T0UV 0L TPLy®VOpETPIKOL apldpoi yoviag 7??“ rad.

AYZH

79t 79
Eivor —— = e 2n. Av topa Swpécovpe tov 79 pe tov 6 Bpickovpe Tniiko

13 xarvmoAomo 1. Emopévac etvat 72—“ = 7z9~27r = (13+éj2n = 13-2n+§,

ondte o Eyovpe:

P _ (13~2n+£j— E—ﬁ GUV79n—GUVn—1
M= 3)° 370 3 V32
7971 i 791 T 3
eE—=eg@P—= \/g —_— =0 — = —
i 3 i 3 i 3 3
A" OMAAAY A
1. 210 dumrhavod oo vo VITOAOYIGETE TOL PKT 6" y
X, y KOt TN yovio o . 30° o
B A3 T
A
2. N vmoLoyioeTe TIg TAEVPES TOV TPIYHDVOL
TOL OUTAOVOD GYLLATOG. o »
B 2 r

3. Muw emikevtpn yovia o Paivel o€ 10&0 S = 6cm. Na eKppdoeTe T yovia
QDT G€ OKTIVLO, OV 1] OKTIVO TOL KOKAOL tvart:
i)p=1lcm ii) p=2cm iii) p=3cm.

4. Na exppaoete o€ rad yovia
1) 30° i) 120° i) 1260° iv) —1485".

5. No petoatpéyete o€ poipeg yovio:
. .y O ..o 91 .
i) % rad i) En rad iii) ?n rad iv) 100rad .

6. Na vroloyicete TOVG TPLYOVOUETPIKOVS aptfUode Yoviog
1) 1830° i) 2940° i) 1980° iv) 3600°.
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B’ OMAAAY

1. Ze ppd aepodpopta voro- N (N£goo)
yiCovv 10 Vyog TV VEPOV
pe tn Pondeto pag woyvpng

Aopmag eviog mopofoAtkon h
KOTOTTpOL, 1 omoin Ppioke- o o\
T o€ amootoon 1000 wodw M (Mapatnentc) A A(Adpma)

(1 63t = 0,3 m) amd to on- 1.000 m681a

ueio Tov mopoTnPNTY.
H Adpma eivon tomoBetnuévn vd otabepn yovio Kot o mopatmpntig
OTPEPEL TO OPYOVO TOPATNPNONG OTO ONUEID AVAKANONS TOV POTOS OO
ToL VEQ.
1) Na tpocdiopicete 10 vyog h yio o =30, 45 kot 60°.
i) [Toon givor n yovio o, av h=1000 ndda;
2. Mg ) Ponfeta tov SurAovod oyfotog: E
i) Na deiéete Ot
(AT) = (BI') = 2nu45° =+/2.
i) Na eénynoete yoti givot
(EB)=4-np22,5".
i) No vrohoyiocete to unkog (I'E). 5550 0O 450

iv) No deiete, ypnoiponoudviog 1 1

70 Tply®VO BEI ,0tt (EB)=2+2— 2.

V) No vrodoyicete 10 nu22,5°.

Vi) Ioiwv GAM@V YovidV propeite vo VITOLOYIGETOL TO NUITOVO KOl TMC
TPEMEL VAL GUVEYLOTEL 1] KOTOGKELT] Y10 TO GKOTO 0vTO;

A
3. Na Bpeite v mepipetpo Kot to
eufadov Tov Tprydvov AT'A tov =
AMTAAVOD GYLOTOG. 6
30°
B A !

4. H mo apyn kivnon mov pnopel va emonpavel to ovOpdmvo patt givon
Imm avd devteporento. No Bpeite mOG0 PKOG TPETEL VOl £)XEL O AEMTO-
OeikTNG £vOC POAOYLOD Y10l VOL UTOPOVLLE VOL ETLCT|LAVOVLLE TNV KIvio1 TOV
dipov Tov.
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3.2 BAXIKEX TPI'QNOMETPIKEX TAYTOTHTEX

A6 TOVG OPIGHOVG TOV TPIYOVOUETPIKMV aPlOU®Y HL0G YOVIOG ® TPOKVITOVV
OPLOUEVEG GYECELS TOV TOVG GLUVOEOLV KO EIVOL YVOOTEG (OG TPLYOVOUETPIKES
ToToTNTEC. O TOVTOTNTES QVTEC EIVOL YPNOLUEG GTO AOYIGUO LE TOPUCTAGELS
TOL TEPLEYOLV TPLYMOVOUETPIKOVG 0PtOLLOVG.

YVUYKEKPYEVO 1GYVOLV:

1. nlo+oovie=1

AIIOAEIZH

Av M (X, y) elvor 1o onpeio 610 0moio 1 MK TAEVPA TG YOVIOG © TEUVEL TOV
TPIYOVOUETPIKO KOKAO, TOTE Oar elva:
X = GUVO KOy = NU®

Enedn opwc, ) ) Mix,y) )
(OM) =1 ka1 (OM) =|x|" +|y| =x*+y’ ‘
Ba woyvet:

ondte Ba Exovpe:

covo+npo=1

nuo® GLV®
2. EPO=—— KOl OQPO=
GLV® nU®
AIIOAEIZEH
310 1010 OYNUO EYOVLIE:
EPO = y_ Qo (epboov x =cuve =0 )
X OLVO
X GOLVO ,
CPO=—= (epocov y=muw#0)

y TNHo
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Me ™ Ponfeta tov Tavtotitov (1) kot (2), Ba arodeiovpe 600 emmAiéov ypn-
OLLEG TOVTOTNTEG,.

3. Q0O - 6O = 1
AIIOAEIZEH
Eivau
EQM = AHO CO® = oLve (epocov cuve = 0 ko nue = 0)
CLV® ®
Emopévag:

8(p0)G(P0):MM =1.
cLVD MNUO

2

t{ONO]
20 ®

4. cuvim = = —.
I+ep®

Kot 1

1+ ¢’

AIIOAEIEH
i) Awopodpe kat to. §Vo pédn g TovtdmTag nplon + covio =1

e oLV’ # 0 Kol EOVpE:

2 2
o  ovvie 1

2 1_ 2, . 1
> 5 — e w+l= S— <& oLV o= 5
CLV'® GLV'® GCLV'® oLV ® IEON0)
1

Apa GLV D = —.
I+ep"®

i) Av oty tawtomta nu’o+ ocvvie =1 Bécovpe cuvie =

1+ep’® ’

2
—=lon’o=1- —one= scpoza .
I+ep°® I+ep’® I+ep’®

gyovpe: N o+

2
P ®

A ‘o= .
pa- MK 1+ep’m
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E®PAPMOI'EY

1" Av Nuo =% ko 90° < 0 <1807, va. Bpedovv o1 drlot Tpry@VOpETPIKOL

aprfpoi ¢ yoviag o.

AYZH

And v tavtéTTo. Np’e +ovvio =1 mpokdntel 6Tt LV O =1-Nu’w.
, 5 .
AVTIKOOIGTOVLLE TO Np® UE 13 Koréovpe:

, 5 25 169-25 144
ocovo=1-| —| =1-—= =—
13 169 169 169

Emeon 90° < <180°, givan cuve < 0, ondte yovpe:

/144 12
oLV =—,|[— =——
169 13

. . , NUo cuVD
AT6 TIC TAVTOTNTES TOPA EQM = KUl GO® = ———, £YOVUE:
GLVO Lo
el _12
_13 __ 3 __13__12
a(poa—_B 5 Kot ogo= I
13 13
2" No amoderydsi 611
i) nu'o+ouvie =1-2np*ocuvie i) nu*o-ovvio=2np’n-1

i) Exovpe o000y 1k
ne'o+ovvio = (Mp’o)’ + (cuvio)?
= (p’o + ovvim)? — 2nplo - cuvio
=1-2np’e-ovv’e, (Eredq np’e+ovvio=1)
i) Exovpe dtadoyikd:
nu'o—oovvio = (Np’e)’ - (cvv’e)’
= (nr’o + cvvieo)(u’on — cuvim)

=nu’o-ocuvie (Enedn nu’o+ovvio=1)

=np’o-(1-np'e)=2nw’o-1.
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A" OMAAAY

1. Av nux =§ Kol §< X <, vo Ppeite Toug GALOVS TPLYOVOUETPL-

K0VG aptOpovg ¢ yoviog x rad.

2. Av cuvx = —% KOl T<X < 3775, vo, Bpeite Tovg AAAOVG TPLY®VOLLE-

TpKovS ap1Bpode g yoviog x rad.

3. Av gpx = —73 Ko 3;“ <X <2m, va Bpelte T0ug GALOVS TPLY®VOLLE-

TPIKOVG aplfpovg g yoviog x rad.

25

4. Av oopx = = Kot 0<x< g, va. Bpeite TOVG AALOVG TPLY®VOLLE-

TpIKOLS ap1Bpods g yoviag X rad.

3
5. Av copx =-2 Kot 771 <X <27, Vo VTOAOYIGETE TNV TN NG TOPA-

oTOoTC 2MUXCLVX

1+cvvx
6. Na e€etdoete av vdpyovV TES TOV X Y10 TIC OTOlEC:
1) Na ioyvet ouyypoévag nux = 0 kot cuvx = 0.
11) Na woyvet ouyypovog nux = 1 kot covx = 1.
1i1) Na 1oy0€l ouYYpPOVOG NUX = % KOl GLVX = %

7. Na amodeitete 011 To onueio M ( x, y) Tov emumédov pe X = 3ouvo Kot
y = 3nub eivar onpeio kdxhov O(0,0) kévrpov ko aktivag p = 3.

8. Av 1oy0el X = 260v0 ko y = 3nub , va deifete 11 9x” + 4y°=36.

9. Av etvar x = r nubovve , y = r nudnue kot z =r cuvl , va deiéete o1t
X+y+=1

10. Na amodeitete ot

. 1— .
i) Ha _ ZZovva i) suvia—nup'a =2cuvia-1 -

1+ ocvva nuo
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11. Na anodeiéete Ot

... OLVX OLVX 2
i) + =

nuo +1+cmv9_ 2
1+ocvve nuo nuo l-nux  l+npx ovvx

12. No amodeitete Ot

iy EQO+ oo epa

i) eo’a—nuia=cep’o-nuio.
c0B 1000 0P ) ep a—Mu o oMy

13. No amodeitete ot

OLVX X
L MM

=1NUX + GLVX ii)(l—cuvx)(1+ 1 j:nux-s(px
VX

l-egpx 1-o0x

iii) ;znux-cwx iv) (L—nux]( —covxj=npx'covx.

EPX + OOX NUX OLVX

B OMAAAY

1. Av nux + ouvx = a , Vo VTOAOYIGETE (G GLVAPTNON TOV O TG TOPUCTEL-
OELG:

. o1 1
1) MuX-ouvvx i) —+

NUX OLVX
i) e@X+opx iV) nu’x +ovv’x.

2. Na amodeitete ot
i) nu'x +ovvix =1-2np*x-ovv’x i) Nu'x +ovv’x =1-3nu’x - cuv’x.

iii) H mapéotoon 2(nu’x +ovv®x) —3(mu'x + cuv'x) éyet tym ave-
EapnTn TOL X , dNANIY Elvon oTOdEP].

I+nux _\/l—nux _ S

3. Av —E<x<E
2 2 I-mpx Y 1+npx

Vo, 0modeiEete 0Tt \/

5

J1+ovvx ++1-cvvx _l+mpx ovvx
Jl+ovvx —yl-cvvx  cuvx  l-npx

T , .
4. Av 0<x< L va omodeiete 0Tt
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3.3 ANAI'QI'H XTO 1° TETAPTHMOPIO

O VoAOYIGUOS TOV TPIYOVOUETPIKGOV aplfidV omowaconmote yoviag propet
va, yivel, 0mwg Ba dodue ot cvveew, pe T Pondeia TvaKw®v mov divouv Tovg
TPLY®OVOUETPIKOVG aptBovc yoviwmv and 0° péypt 90°.

Ag Bemprioovpe 000 YOVieg ® Kol ©' TOV 01 TEMKES TAEVPES TOVG TEUVOLV TOV
TpLry®vopeTpkd KukAo ota onpeio M kot M' avtiotoiymc.

I'ovieg avtifeteg y4 t
Av ot yoviec © kot o' etvon avtifeteg, B
onAadn av ©'=—-o, totE, OTOG Qoi-
VETOL 6TO SITAOVO GYNHa, To onueio M
Kot M” glvon GUUUETPIKE O TTPOG TOV
a&ova x'x. Emopévag ta onueio avtd
&yovv TV 1010 TETUNEVT Ko ovTiDe-
TEC TETOYUEVEC.

‘Eyovtog vadyn tovg opiopods tov
TPLYOVOUETPIKOV 0PV, GuUTEPO- ¢
VOLUE OTL:

©)

oLV(—®) = CLV® nu(-o) =-nuo
eQ(—m) = —epw op(—®) = —cpm

Anhodn:

Ou avtiBeteg yovieg £xovv To 010 cvvnuitove Kol avtifeTovg Tovg GArovg
TPLYOVORETPLKOVS aptOpove.

[Na mapddetrypa:

v 'Eyovpe:

nu(=30") = —nu30’) = —% cvv(-30°) =cvv(307) =

V3

20(-30') = ~ep(30") =~

o w5

op(=30") = —5p(30°) = —/3

v Emiong, &yovpe:

omy_ V2 sov[ ) ooy T2
L 7Y I 4 42

ep| = |=—ept=-1 50| = |=—co==—1
? 4 (p4 ¢ 4 (p4
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TI'ovieg pe aBporopa 180°

Av ot yoviec © kot o' &govv abpot- YA
oua 180°, dnAadn av o'=180" — w, ¢ B ;
10TE, OM®G QaAiveTOl 0TO OITAOVO
oynpa, to onuete M kow M' eivan M’ (—xy & e RS dF---- M(xy)
GUUUETPIKA ¢ TPOg TOV GEova y'y . 180w
Emopévog ta onueio avtd €xovv 3 .
™V 1010 TETOY UV Ko avTifeTEG Te- AN 0 A X
THNUEVES.
‘Exovtag vroéyn toug opiopoig tov
TPLYOVOUETPIKOV 0plOUdY, GUUTE-
paivoupe OTL: =

(180" — ) =nuw cvv(180° — ) = —cvve

(180" —®) = —epw cp(180° — ) = —copm

Anhaodn:

O yovieg pe aBpowopa 180° £youvv To idro nuitovo ko avrtifeTovg TOVG
GLAOVG TPLYMVORETPIKOVG 0pLtOpovg.
INa Topdderypo:

v Emedn 150" =180"-30°, éyovpe:
nul50° =nu(180° —30°) = qu30° =%

3

ovvl50” =cvv(180° -30") = —cuv30° = ey

3

epl50° =e(180° —30") =—e30° = e

opl50° =op(180° —30°) =—-c30° = -3

2
v Emedn ?TE:n—g, EYOLLIE:

nu(z—nj = nu(n—ﬁj = nuE = ?

3
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(2nj ( nj A
OLVV| — [=0LV| T—— |=—0CLV—=——
3 3 3 2

8@(%) = scp(n — E] = ot =—3

3 3
o 2 ) ool 1o ) e oo o Y3
? 3 ? 3 (P3 3

I'ovieg mov dwapépovy karda 180°

Av ot yovieg ® kot o' dtapépovv katd 180°
onAadn av ®'=180"+ m, to1E, OMOS POi-
VETOL GTO OAAVO GyYnLa, To onueio M kot
M' givat GUUUETPIKA MG TPOG TNV apYN TV
aovov. Enopévac ta onueio avtd €xovv
avtifeteg TeTunuéveg Kot avtifeteg tetay-
LLEVEG,.

‘Exovtag vmoymn tovg opiopols Tmv Tplym-
VOLETPIKMV aplOpdV, GUUTEPAIVOVE OTL:

nu(180° + w) = muw ovv(180° + ) = —cLvvm

(180" + m) = epw c@(180° + ®) = cpw
Anhodn:
O yorvieg mov dwpépovy kotd 180° €yovv avrtifeto nuitovo kKol cvvnpi-
TOVO, EVO £YOVV TNV 1010 EQUTTOUEVY) KO GUVEQATTOUEVT).

[Na mapdderypa:

v Eneidn 210° =180 +30°, &yovpe:
nu210° =nu180° +30") =—nmu30° = —%

J3

ovv210° =cvv(180° +30°) = —cvv30° = ey

3

59210° = (180" +30°) = 30" ===

69210° = 5(180° +30°) = 5p30° =+/3
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4
v Emedn ?nzn+§, EYOVLIE:

Av o1 yovieg o ka1 ©' £xovv aBpoioua
90°, niadn ®'=90" — o, td1E, OTOG
Qaivetal 6To dSimAavo oynua, To onpeio
M ko1 M' gtvo coppeTpicd og mpog ™
dryotdpo ™G Yyoviog Xéy.

Enopévog n tetunuévn tov kabevog
1600TOL LE TNV TETAYUEVN TOL GAAOV.
"Exovtag vdym 1o0ue 0piopong tov Tpt-
YOVOUETPIKAOV 0PLOULDV, GCOUTEPAIVOV-
pe ot

3 3 3 2

R e e
oLV| — |=0oVLV| T+— |=—cLV—=——
3 3 3 2

w(“;):w(ngzwﬁzﬁ

ﬂu(ﬂr} =m{n+£] = npZ :_ﬁ

3
oo 2| o0[ 7|09 T =T
N3 )7 E)T% T
T'ovieg pe aOpowopa 90°

nu90° — ) =cvvo oLvv(90° —®) =nuo

(90" — ) = cpm

Anhodn,
Av 800 yovieg £xovv dOporopa 90°, TOTE TO NUITOVO TNS MOG LGOVTAL IE TO
GUVNIITOVO TNG GAMG KoL 1] EQUATONEVT] TG MOG LOOVTAL IE TT) GUVEQU-
TTOPEVY TNG GAANC.

Mo mapddetypa, enedn 60° =90° —30°, €xovpe:

J3

nu60” = covv3i0’ 27, cuv60’ =nu30° =

€060’ =op30° = NG Kot op60” =ep30° =

cp(90° — ®) = epm

b

N | =

u|§‘
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XXOAIO

A6 to mponyodueve katarafaivovpe 6Tt dev ypetdletol va EYOupE TIVOKES TPIYMVOUETPIKOY

aplOpdY OAOV TOV YOVIAV, 0ALG povo Tov yovidv arnd 07 uéypr 90°.

E®APMOI'EY

1" Aivetan 6T1 cLV36° =

1++/5
4

. Na vroroyiotolv o1 Tpry@vopeTpikoi opto-

poi s yoviag 54°.

AYZH

Emewon 54° =90° —36°, &yovue
nus4” =ocovv36’ =

1+\/§

4

TOUEoVa PE THY TonTdTa NE’m+cvv e =1 1oydet

Nu’54° +oov’54° =1, omdre:

1+\/§J2 6425 _10-245

ouvi54 =1—-nu*s54 =1-
H 4 16 16

omoTE: O 10_2\/5
ocvvs4 :T

Emopévaog etvar:

nus4d 1445 sos4 =TV J10-25

= Ko = =
ocvvs4’ \/10_2\/3 nus4’ 1++/5

2" No. vrohoyiotovv pe t Bordsio T yoviag @ ol Tprymvopstpikoi apro-
1ol TOV YOVIOV:

a) 90" + o, B) 270" —® Kol v) 270" + ®

AYZH

i) Eneion 90" + ©=90" — (—®), £&yovue:

£p54° =

N0 + ®) =Mu(90° — (—®)) = cuv(—®) = GLVO.
Opoimg vroAoyilovton ot vwoéAomol TptywvopeTpikoi apBpol g ymviog
90" + o.
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ii) Emedn 270" — 0 =180 + (90° — ®) , éyovpe:
NU270" —®) =mu80° + (90" — ®)) = Nnu90° —®) = —covvoe .
Oupoimg vroroyilovtor ot vrOAOITOL TpLry®VopETpiKol apBpol g yoviog
270° — o.

i1) Eneon 270° + @ =360"—90" + © =360" + (®—90°), &yovpe:
ep(270° + m) =ep(®—90") = —ep(90° — ®) = —cQ® .
Opoimg vroroyilovtar ot vdrowmot TprywvopeTpikol aptBuoi g yoviog
270° + o.

A" OMAAAY
1. Na Bpeite tovg Tpryovopetpikods aptBpong g yoviog:
1) 1200° i) —2850°.

2. Na Bpeite Tovg TprymvopeTpikong aptdpodc g yoviog

187n 21n

i) 5 rad i) Ve rad.
3. Xe kd@0Oe tpiyovo ABI va amodeilete OtL:
i) nuUA=nuwB+T) i) cuvA+ocuvv(B+I')=0
iii) é—cmv T iv) GUVé— Brl
nu 5 > > nu >

cuv(—a)-covv(180° +a)

4. No amAoToMoETE TNV TOPACTACT -
Nu(=a) M0 +a)

ep(m—x)-ocvv(2m+Xx)- cmv(%t + xj

5. Na amodeitete ot =-1.

U137 +x)-cuv(—x)- G(p(2_;n — xj

6. Na deilete 6Tt €xetl otabepn Tiun n mopdotoon:

np?(m—x) + ovv(n - x)ovv(2T — X) + 2Ny’ [g — Xj'
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B OMAAAY

1. No vroloyioete TNV TN g TapEoTaonG:

nu495° -ovvl20” + cuv495” - cuv(-1207)
ep(—120") + £p495° '

2. Na amodeitete OtL:

nu(5n+m)-60v(7n—m)-nu(52n—m)-cov(?+c0j
) =nu’e-1.

G(p(5n+m)'nu(7n—(o)~cuv(52n—mj-c(p(2n+(o
3. Av S(P[g - xj + scp(g + xj =5, Vo VTOAOYIGETE TNV T TNG TOPAGTO-
€ Z(E—xj+a 2(£+xj
"3 67"

eQ(T +X)
€QX + oQ(T+ X)

ong:

4. No amodeitete OtL:

0< <1.

EPQTHXEIX KATANOHXHX

1) X kofgmd amd TIC TOPUKAT® TEPTTAOGELS VO KUKADGETE TO YPAppo,
A, av 0 wyvpLopog eivar ain0ng kot To ypappa ¥, av o wyvpropog
givan yevonc.

1. Av nuo = 1, 1618 voypeTiKd Oo givar cuve =0 .
2. Av ouvo = 0, 10t VoYpemTIKA Bar etvor nuw = 1.
3. Yrbpyet yovio o pe nuo + cove =2 .

4. T k60 yovia o 1oyder nuo =v1—ocvv’e

5. Nu*20° +nu’70° =1

6. I'a kaBe x € R 1oy0er nu(x — ) = —nux

7. T ké0e x € R 1oyvel nu’x = nux’

S S i e g
o8 8 € d E HE g

8. Av cov[x—§]+npx:0, t01e MUXx =0

>
s

9. T ke x € R 1oyveL 00V(X—§)—ﬂu(§+xj=0
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Il. No avrictoryicete kaOEva 0mé ToVg TPLYOVONETPIKOVS aPLOpovS
™S A  opddog pe Tov ico Tov and T B opdoa.

A" OMAAA B’ OMAAA

1 nwi20° A NE
3
2 GuV150° B —%
J3
4 A !
cvv300° _5
1
5 €210’ E P
3
6 5300° Z %
3
7 £p300° H %
8 6(210° C J3

III. X& koOguid amd TS TOAPUKATO TEPITTAOGELS VO, EMAECETE TN 6WOTY Und-
vIno1).

1. Av éva tpiyovo ABI givon opfoymvio (A =90°) kot 01 1600KeEAES, TOTE:
A) nuw'B+nu’T=1, B) nu'B+ouvT=1 TI)cpB=1.

2. Av éva tpiyovo ABI dev eivan opBoymvio tote:
A)oow(B+T)=cuwvA, B)nuB+T)=nuA, TI)epB+I)==¢c0A.
3. Av éva tpiyovo ABI dev eivan opBoymvio tote:

I A B+TI A B+T" A
j:”“? B) cuv[ ; J:GUVE’ F)acp( 5 jz&p;.

A) GUV[B;
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3.4 OI TPI'CRNOMETPIKEX XYNAPTHXEIX

Ileprodukéc ouvapToeis
— "Eotm 611 éva EP1-UmoT T yovogpyetal LETaEL 000 Apavidv A kKot B ko
1N YPUPIKH TOPACTACT| TG OTOGTACTS TOV OO TO AUAVL A G GLUVAPTNHON
TOL YPOVOL PAIVETOL GTO TOPOUKAT® GYNLUO

[Mopatnpodue 611 kGbe 15 Opo 10 EEPL-UTOT emavorapPéver Ty Ot akpt-
Baog kivnon. Avtd onpaivel 61t o Omowa andotacm Ppioketor amd To Apdvi A
o€ KAmolo, YpovikN otiyun t, otV 1010 andotaon Ba PpickeTor Kot T YpOVIKY

oty t+ 1% OPES KoL 0TNV 10100 0mOSTOOT PPIOKOTOV KoL TN YPOVIKT GTIYUN
1

t—1— opec.
> peg

Enopévag n cuvaptnon mov ekepdlet TV amdGTOoN TOV PEPL-UTOT OO TO Al-
pavi A, pe ) Pondeta Tov xpdvou t, xet Tig 1016C TIHEG TIC YPOVIKES OTUYUEG t,
t+1% , t—l% . Aépe 611 suvaptnon avtn eivol TEPLOGIK e TEPI0OO 1%
DPEC.

— 2170 TOPOKATO GYNUO QOIVETOL 1] YPUPIKY] TAPAOTAGT) TOV VYOLG LIS KO-
V1I0,G G CLVAPTNOT TOL XPOVOV t.

[Mapatnpodpe 6t1, 67010 VYOG £XEL 1) KOVVIO, GE KATOLL YPOVIKT GTIYUA t, TO 1610
Vyog Ba Exet Ko T xpovikn oTiypn t+ 2 sec kot To 1310 VYog lye Kot T YPOVIKN
oty t — 2 sec.
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Aépe mdh 6t 1 cvvaptnon (Tov ekEPAlel To VYOG TG kKovViag pe T Pordeta
TOL YPOVOL t) etvar Teproduk] e mepiodo 2 sec.

levikotepa:
Mia cvvaptnon f pe medio opiopov to A Aéyeton TEPLOOIKN, OTAV VILAPYEL
Tpaypatikog aplipog T>0 tétolog, dote yio kKabe X € A va oydet:

1) x+TeA, x-TeA
Ko

i) f(x+T)=f(x-T)=1f(x)
O mpaypatikog apBpog T Aéyeton epiodog g cuvaptong f.

TpryovopeTpikéc cuvapPTNOES TPUYNROTIKOV UPLOPAOV

Onog yvopilovpe, yo kd0e yovio ® vrapyet pion povo T Tov NUO, HE
-1 <nuw <1. "Etot opileton pio cuvaptnon pe v omoia kéOe yovia o avti-
otoyyileton oto nuitovd ™g. Opoimg opilovtor Kot ot GAAEG TPLYOVOUETPIKES
GULVOAPTNGELS YOVIOV.

[ToAAEG EQaPLOYEG OUMG TMV TPIYWOVOUETPIKMY GUVOPTICGEDY OEV TEPIEYOVV
yYovieg, aAAE TporypaTIKovg aplBpode, OT®S, T.Y. 0 TOTOG TNG OPLOVIKNG TOAG-
vioong f(t) =a - -nuot, ctov omoio ta o kot ® givon otadepéc Kot t eivar Evag
TPOYUOTIKOG 0pLOUOC TOV TOPIGTAVEL TO YPOVO.

[No to Adyo awtd opilovpe 6N GUVEYELD TPIYOVOUETPIKEG GUVAPTNGELS TPOLY-
LOTIKNG METaPANTAC.

YUyKeEKPEVAL:

— H ovvépton pe v onola kéOe mpaypatikog apOpudc x avriotoryiletol 610

nu (x rad) Aéyetor cvvapTnon nuitovo Kot cupPfoAiletan pe nu.
Opilovpe dnAadn ot

nux =np(xrad)
Enedn nu(m+360°) =nu(o—-360°) =npo, yo kibe x € R Oa ioydst:
(X +21) =np(x —21) =nux

Apa n cuvapTnoen Nuitovo givol TEPLOOIKI pe TEPiodo 2.
— Opoiwg opilovpe kot T cVVAPTNOEN GVVIRITOVO TOL GLUPOAILETAL LE GLV.
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Opilovpe dnAadn ot
ovvx = cuv(xrad).

Ko 11 ouvaptnon covnpitovo gival meprodikn pe mepiodo 2.

— H ovvaptnon epamtopévn, mov cupfoiileton pe €@, opiletonl og €ng:
X

cLVX

Etvar pavepd 611 10 medio oplopon g GuVAPTNONG € EIVOL TO GUVOAO:

QX =

R,= {X|GUVX # O}
Emeion yio k6be x € R, ioyver
eQ(X + 1) = (X — ) = €QX,
1] GUVAPTI O EQUATOREV EIVOL TEPLOOLKT IE TEPLOOO TT.

— H ovvdptnon ocvvepantopévn, mov cupforileton pe 6@, opileton og eENc:
oLVX

X

Etvot pavepd 0Tt 10 medio opioov g cuvaptnons o ivat To GOVoLo:

Rzz{xhpxiO}

Ko 1 ouvaptnon cvvepamtopévy givar meprodikn pe mepiodo .

oQX =

Merétn g svvaptnong f(x) = nux

Enedn n ovvapmon f(x) = nux eivon mepodikn pe mepiodo 2w, apkel vo
™ peletoovpe o€ éva dtdotnpo TAdToug 2m, m.y to [0,27]. ‘Exyovpe avapépet
UG OTL TO NEX givon 1 TETOyHEVN TOL onueiov M oto omoio 1 TeAMK TAELPA
™m¢ yoviag xrad tépvel Tov TpryovopreTpikd kKukio. Emopévag apkel va e&e-
TACOVE MG METARAAAETOL 1) TETAYUEVT) TOV M, OTAV OWTO TEPLPEPETL GTOV
TPLYOVOUETPIKO KUKAO Katd T OeTikn @opd, EeKvavTag omd To A.
[Mapatnpovpe ot

A
* Ortav 10 x petafarieror oamd to 0 péypt to s

g, 10 M Kwveiton amd 10 A péxptto B. Apan T ___________ M’ '\
M

TETOYHEVT TOV AVEAVEL, TOV GNUALVEL OTLT| G-
vapton f(x) =nux etvor yvnoiog avovca o iy

0TO J1AGTNLO [0,%}.

Oupoimg Ppiokovpe 6tL M cuvaptnon f(x) =
nux etvat:




76

KEPAAAIO 3°: TPIFQNOMETPIA

, . . T
— yvnoing edivovsa 6o drdotnua {E,n
. . . 3n
— yvnoing edivovsa 610 dtdotnua {n,?} Kot
, , . 3n
— yvnoimg avovsa 6To S1aoTN L 7,27:
* H cuvéptnon mapovcidlet
. T T
— HEYLOTO Yyl X = > T0 nug =1 xo

, 3n 3n
— eMYLOTO Y10 x:?, 10 nu7=—1-

Ta cvurepdopato avtd cuvoyiloviol mg e&Ng:

TC
X 0 - T

3n

21

2
X O/'uély\o\

2
-1

eAdy.

7

0

[Na va kévovpe ™ Ypagikn TopdcTaoT TG GLUVAPTNONG YPEWLONACTE EVav

nivaka TV me. Katd ta yvootd xovpe:

x | o L m| 3n Sm | 3m | Tn
4 2 | 4| " 4| 2| 2 |
nux | 0 £=0,71 1 1071 0 |-0,71| -1 |-0,71| O
2

[Mapiotdvoupe pe onpeio Tov exmédov to (eVYN AVTE TOV AVTIGTOL®OV TILOV

KOl TO, EVOVOVUE e pio GuVEYT] YPOULUN.

"Etotl mpoxdntel  mopakdto ypopikn Topdcetact) TS CuVAPTNoNG NUITOVO GTO

ddotpa [0, 27
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Enedn n ovvaptmon f(x) = nux etvar meptodikn, pe mepiodo 27, 1 YooKy g
nopdotact Exel TV 1010 poper ota dactnpata [2m, 4x], [4m, 6m] KTA. koD
Ko oto owotpate [—27,0],[—4n,—2n] KT\

‘Etot éyovpe v axdAovdn ypoaeikn mopdotacn g cuvaptnong nuitovo, M
omoio AEYETOL MUITOVOELONG KOPTOAN.

W -311/2 _HW /2 r\3n/2/2n 5m/2 3Wn X
-of5
1.

-1.5

Téhog yvopilovpe 6t o1 avtibeteg yovieg Exovv avtibBeta nuitova. Apa yio kd-
fe x € R wydet nu(—x) =-mpx. Avto onpaivet 01t n cvvdptnon f(x) = nux
€lVOlL TEPLTTY| KOl EMOUEVAOG 1) YPAPIKT] TG TOPACTOOT £XEL KEVIPO GLUUETPIOG
mv apyn 0(0,0) tov a&ovev.

Merétn ™6 svvaptnong f(x) = suvx

Emedn n ovuvaptnon f(x) = cuvx givar meplodikn pe mepiodo 2m, apkel vo
peletoovpe og €vo, ot TAdToVG 27T, Y. To [0, 27].
A6 TN HEAETN QWTH TPOKVTTOVV TO. GUUTEPAGLATO TOV ETOUEVOV TIVOKOL:

X 0 T 3_n 21

1 1.0 1
OLVX
uéy.\A \skdx. 7 / uéy.

YVVTACCOLLE TOPA KATA T YVOOTE Kot TOV akOAovHo Tivaka TIL®Y TS cuvap-
NoNG GLVNUiTOVO:

T
2
0

N a
|

4 — | —= | — | 2=

~a

oUVX 1 0,71 0 |-071| -1 |-0,71| 0 | 0,71 1
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'Eto1 pmopodpe vo 6ye01GG0VLE TN YPOPIKT TOPACTACT) TG Y = GUVX Y10
0<x<2m .

YA Y =ouvx 0<x<2m
1

3n sm

4 mn 4 : >
of n n - /3n7n 2n X
1 4 2 2 4

Emedn n ovuvapon f(x) = cvvx givon meplodikn pe mepiodo 2m, 1 YpaPIKr TG
nopdotact 6to R etvar 1 axdrovdn:

1 y = OUVX

—n/ "o g\n /% 2n 5711 3n 7n 4n

Téhog yvopilovpe 6TL ot avtibeteg yovieg Exovv 1010 cuvnpitovo. Apa yio Kabe
x € R 1oyvel ouv(—x) =cvVvX. Avtd onpaivel 6Tt N cuvaptnon f(x) = cuvx
etvar apTio Kot ETOUEVOG 1] YPOPIKT TNG TOPAoTIoT £XEL AEOVO GUUUETPIOG TOV
acova y'y.

Melrétn g svvaptinong f(x) = gpx

Eme1om n ouvaptnon f(x) = epx eivor meprodikn| pe mepiodo m, apket va
, . , . T
LEAETNOOLLE GE £va SIAGTNO TAATOVG T, TT.). TO [—E,E]
(To d1aoTnpa Elvarl avolkTO, aPov 1 cuvapTnoN £ dev opileTal oTa —g,g ).
Acvmobécovpe 0TL 1) TEMKT TAEVPA TG Ywviag X rad TEUVEL TOV TPLY®VOLLE-

TPIKO KUKAO 610 M ko v evbeia TV epoantopéveov oto onpeio E.
Onng £rovpe avapepet N pX 16o0TAL e TNV TETAYHEVN TOL onueiov E.
Emopévag:

y
. , . , T T B
* Otav o x maipvel Tipég and - TPOC TO 5 oM
A'KO Al X

KIVEITOL GTOV TPIY®VOUETPIKO KUKAO KaTd T OeTIKN
eopd and to B' mpog 10 B, omdte M tETOYHEV TOV
onuetov E awédvet. Avtd onuaiver 6t n f(x) = epx

etvar yvnoiong avéovca 6o Sidopa (_E E].

2°2

@™
\=
m———>m
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p ; T , , ; ;
* Otav 0 X «tetvery 610 —5 omd HEYOADTEPEG TILEG 1) EQX KTEIVELY GTO —00.

' avto Aépe 6T m evbeio x = —g €1VOL KOTOKOPVPY GCOUTTOTY] TNG YPADL-

KNG mapdotaons g f. Eniong 6tav o x «teivery 610 g amd PIKPOTEPEG TLLES

, , Y . , n .
M €0x telvel 6t0 +oo. I owtd Aépe 0t ko 1 gvbeio x =— eivol kKaTakdpven

UCVUTTOTI| TNG YPUPIKNG Tapdotaons g f.

XY

l

6/
B
E
M
A’ A
0 X
BI

INa va kévovpe ™ ypaeikn mapdotacn g f(X)=e@x cGLVTAGGOVLE, e T
BonBelo TV TPIYOVOUETPIKOV TVAK®OV 1| UE ETGTNHOVIKO KOUTLOVTEPAKL, EVOV
TivoKo TIHAOV TG

O . . O i T
2 3 4 6 4 3 2
epx | Aev | 7 \/5 \/§ Agv
opiCeton 3=-17 -1 3 ~0,6| 0 E 0,6/ 1 V3=17 opiCetan

211 GUVEYELD TOPLGTAVOLLE e onpeio Tov emmédoL Ta (VYN ovTd TV avTi-
OTOY(®V TILOV KO TO, EVOVOVUE UE pio cvveyn ypouun. H ypaeum topdotacn
™G f(X)=epx Qoaiveral 610 TOPAKATO GYT|LLOL.

—3ITI il

Y4

0

N

y = &€QpX

\ Ko

2

B0
2

n
2

Etvar @avepd 011 ) ypapikn mapdotacn g f(x)=epx £xel kK€vipo cuppeTpiog
10 O, 0o (§ 3.3: ep(—X) = —e@x gival TEPLTTH GLVAPTNON).
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ITAPAAEITMATA
1° Na mapaotadei ypagikd n suvaptnon f(x)=3npux.
Ot Tyéc g ovvaptnong f(X)=3nux eivar TpoPavdg TpmAdcies and Tig ovti-
OTOLYEG TWEG TNG uvapTnonG O(x)=nux. EEGALOL kot n cuvapTnon avtr eivar
TePLOOIKN e mEPL0d0 27T, apov 1oYVEL:
f(x+2m) =3 -nu(x+2n) =3-nux =f(x) , yio kabe x € R.

kot f(x —2m) =3 -nu(x —21) =3-nux =f(x), yw «adex € R.
"Exovtog voym ta ototyeio avtd kot pe tn Ponbeia evog mivoka TiHmv oyedid-
Covpe ) ypagikn mopdotacn g f(x)=3nux.

Y
T 3n 2n | Ty 3177
X 0 E T ? % y = 3nux Y = nux )
nux 0O(1(0(-1|0 -2n -m 0 n\__72m 3m an
qux | 0 |3 ]0(|-3|0 \_?g‘

2° Na mapaotadei ypagued n oovaptnon f(x)=nu2x.

AYZH

Kabe typn g ovvdpmong f(x)=nu2x enavarapfaveral, 6tav to 2x avEndel
KOTd 27, TOV oNpaivel 6TLn T av T Emavolappavetat, 0tav o X avénoet kot
n. Enopévag, n cuvéptnon f(x)=nu2x eivon meprodikn| pe mepiodo m. [pdypatt:
f(x+m) =nu2(x + 1) =Nu2x + 21) =nu2x =f(x), yo kibe x € R kot
f(x—m)=np2(x—m) =nu2x -2n) =nu2x =f(x), 70 Kkabe x € R.
"Exovtog vtoym 1o otoryeio avtod Kot pe tn Porbeia evog mivaka TV, oxedid-
Covpe ) ypagikn Tapdotoon e f(x)=nu2x.

T T 3n Y Yy =nu2x
X 0 - P Il Y 1
=3m - /o 3n n
nu2x 0 1 0 -1 0 2 T "2 v

3° Na mopactadsel ypagkd n ovvaptnon f(x)=3nu2x.

AYZH

SOUE®VO, LE TOL TPONYOVLEVE TOPOUSELYLLOTO 1] GUVAPTNOT AVTH EYEL LEYIOTO 3,
ehy1oto —3 Kot etvat TEPLOdIKN pe TEPiodo .
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"Evog mivakog Tiov g cuvaptmong f(x)=3nu2x sivar o e&nc:

x| 13| | o YA y=smex .
X 0| = | =|— | = 3
4 |1 21| 4
x| 0 | 3|0 |-3]0 X
—ITI_HI Ogr_ll?ﬂn?ﬁ 2rr;
Me ) Borfeta Tov mivaka ovTod 2 42 4 2
oyeO1alOVE TN YPAPIKY TOPE-
GTOON TNG CLVAPTNONG.
__________ P4 PR /A ¥

XXOAIO

Amd to mponyodueva mopadetypota yivetar @ovepd OTL GE o GUVAPTNON NG HLOPONS
f(xX)=p nuox, 6mov p,»>0:
(1) To p kaBopilet T péyrot TIUN TG, TOL £ivan fon Le p KoL TNV EAGYLOTI T TG, TOVL
etva fon pe —p.
(i1) To o kaBopilet v mepiodo ¢ cuvépTnong mov etvar ton pe 2_7:
To 1610 cvpTEPEGHOTA 1IGYHOVY KO Y10l U0 GVVAPTNOT THG HOPPNS

f(x)=p ovvex, 6mov p,m>0

AZKHZEIZ

A" OMAAAY
1. No oyedlioete TIC YpopIKES TUPAGTACELS TOV CLVAPTHCE®V, KABE popd
070 1010 GVLGTNIO AEOVMV
1) f(x)=2nux, g(x)=0,5-nux, hx)=-2-nmux, 0<x<27n
ii) f(x)=2ocvvx, g(x)=0,5-cvvx, h(x)=-2-cvvx, 0<x<2m
2. Xg évoL GUOTNHO AEOVOV VoL GYEIBOETE TN YPOPIKT| TOPACTAGCT THG CUVAPTNONG
f(X) =nuxX Kot 6T GUVEYELD TIG YPAPIKES TOPAGTAGELS TMV GLUVOPTNGEDV

g(x)=1+nux xar h(x)=-1+npux
3. Na oyedidoete 610 1010 cHOTNHO AEOVOV TIS YPUPIKES TAPACTACELG TOV

OLVAPTNOEDV
f(x) =nux kot g(x)=nu3x, 0<x<2m.
4. Opoiwg TV cuVaPTNCEDV
f(x)=cvvx Kk g(x)=cvv3x, 0<x<2m.

5.’Eotm 1 ovvaptmon f(x)=2- nu%. [Towx givon ) puéyrotn Kot oo 1 G-

Yo TN TG cvvaptnong avtgc; [ow eivon ) mepiodog g ev Adym cv-
vaptong; No oyedldoete ™ ypapikn topdotoon g f oe didotnpo TAd-
TOVG LOG TEPLOSOV.
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6. Opoiwg yw ) cvvdptmon f(x) =2 -covg.

7. No. o(ed140ETE TIC YPOPIKES TOPACTACELS TV GUVOPTIGEDV
i) f(x)=epx i) g(x)=1+¢e0px Kol i) h(x)=-1+epx
0710 1010 cVoTNUA AEOVMV.

8. No peletnoeTe Kot va TopacTNOETE Ypaptkd T cuvdpton f(X) = ep2x.

9. No peletoeTe Kot VoL TpOoTHGETE YPaEIKa T cuvaptnon f(x)=ocox.
B OMAAAY

1. Na Bpeite 11¢ €EL0DOEIG TOV NUTOVOEWDDV KOUUTVADV:

D
D
5
D

ii) D\ N7 B NIV T 5T I N

B
>
>
>

o

W

s
A 23

E
D&
>
>

2. H modippoto o€ o Oodkdooia meployn meptypaQeTol Katd Tpocsyyion
pe n ovvéptnon y=3-nu %t , Omov y 10 Vyog g otdbung tv
VOAT®V GE PETPA KOl t 0 YPOVOG GE DPEG.

i) No Bpeite TV VYOUETPIKT SL0POPE aVAUEGH 6TV YNAOTEPT TANULL-
pida Kot T YoumAOTEPN AUTOTY.
il) Na k@vete ) ypo@ikn Topdotact g cuvaptmong v 0 <t <12,
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3. 'Eva. mouyviol kpépetan pe éva glatiplo and To
Tofave ko améyel omd o matopa Im. Otov t0 taBawt
noyvidr avefoxatefaivel, o Hyog Tov and TO
natoue o péTpo givon h :1+§00v3t, onov t

0 XPOVOC € OEVTEPOLETTOL.
i) No vroloyicete Tn d10popa aVAUESH OTO é-

Y1GTO K0l 6TO EAAYLGTO VYOG, _1mr
ii) No Bpeite v mepiodo g Tahdvimong maTwpa }
iii) No kdvete ) ypa@ikn Topdotact) TG cuvap-

mong Y 0 <t <2m.

4. H andotaon X TO0v TGTOVIOD G PETPO OO TO
éval GKpO TOL KLAIVOPOL TEPLYPAPETOL LIE TN GL-
vaptnon x(t) =0,1+0,1-nu3t, 6mov t o ypdvog e
deVTEPOLETTOL.
1) Na vtoAoyiceTe 1o TAATOG TG Kivion g TOV TLoTOVIOD.
ii) No kavete ) ypapiky tapdotoon g cuvaptnong v 0 <t < 2.
[Moteg oTIypég TOV YPOVIKOV 0LTOV SooTHUATOG 1) amdoTacn ivar 0,15m;

3.5 BAXIKEX TPI'CRNOMETPIKEX EZEIXQYXEIX

H &gicoon nux=a

‘Eoto 61t Béhovpe v Moovpe v e&icmon nux = % Etvor @avepd ot
{ntape vo Ppovpe TIC TETUNIEVES TOV ONUEIOV TOUNG TNG KAUTOANG Y = NUX Kot
™mg evbeiog y = %

YA
1
N
7 ~ o <7 7 5 S
- n 5m 2n V
6 6 y=npx

Zntépe dnhoon exetva o x € R, y1o ta omoia n ovuvéptnon f(x) =nux moaip-
1
VEL TNV TN 5 Eme1om n ouvaptmon avtn etvor Teptodikn pe nepiodo 21, yio

va. Bpodue ta nrovpeva X, Tov etvar ancipa o TANBog (PA. oynua), apket va
Bpovpe 660 and avTd VIAPYOLY GE EVOL OAGTN IO TAATOVS 27T Kot o€ KabEva va
TPocBEGOVLE TO K - 27, OTTOV K 0KEPALOG.
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Me ™ Ponfeia Tov TprymvopeTpikod kvkAov PBpickovpe 0Tl ot Avoelg g &i-

1 , , T T Sn ,
oOONG MUX = 5 oto ootnua [0, 2x], etvar ot 5 Kot m—— :?, vl

6
ool
ny 5 nu 6 2
Emopévac 1o ohvoro tmv Moewv g e&lomong YA
1
nux = 1 dtvetat amd ToVg THTOVG \ 2 M
2 S 5076 -
X
X=2KTE+% 0O il A >
i, KeZ \J
X =2Km+ o
6

Fevikdtepa, av O eivor pio Ao g e&lomong nux = a, av dNAadn woyvel
Nuob = a, to1E 01 MWcelg TG e&icmaong divovTal 0o TOVG TOTOVG:

X =2kn+0
f] 5 KGZ
X =2Kkn+(n—0)

HHAPAAEITMATA

1° Na Mo0si n e€icmwon Nux =— ?
AYZH

o1 3 m J3 , , ,
Eneon nug =7 woyveL N 3 R Enopévac n egicmon ypdeeton
NUX =M u[—gj, ondTe 01 MHGELS TNG OIVOVTOL OO TOLG TUTTOVG:
I
X =2KT——
3

0 ,kKeZ

e
X=2KTE+TE+§

2° Na M0l 1) e&icoon np (Zx +%j =

AYZH

Enedn n u% =

N |-

. T T .
, €YOvUE np(2x+zj=npg , OTOTE

N | —
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2%+ % =2k + =
4

n ' KeZ

2x+E =2kn+n— L
4 6

[oyver dpog

2x+E:2Kn+E<:>2x:21<1t+E—E<:>X=KTE—l
Ko 4 6 6 4 o

2x+£=21<n+ n—E ©2X=2KTE+TC—E—E©X=KTC+7—TE
4 6 6 4 24

Apa o1 Moelg g e€lomong divovtal amd Tovg THTOVG

T
X =KT——
24

M v KeZ
X=KT+—

H &eficwon ovvx = a
Me avéAoyeg oKEYELS, OTMS TPONYOLUEVOS, EPYALOUAOTE Yo VO ADGOVLE

Ty TNV €El6OON CLVX = %

Me ™ Ponfeta Tov TprymvopeTpikod kvkiov PBpickovpe 6Tt ot Aoelg g &i-

1 , , e T ,
0MONG GLVX =— o710 ddotnua [—m, 7] elvar ot — Kot ——, Yot
2 ’ 3 3

T ( nj 1
cLV—=0cVLV| —— |=—.
3 3 2

Emopévac 1o ohvoro tmv Moewv g eélowong

1 , , /1
OCLVX = 5 dtveton oo TOVG THTOLG / (M
T
X =2KT+— ; X
3 Q

n , KeEZ

™~
Wi wid
NI—
>

T
X =2KT——
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Ievikdtepa, av 0 etvar pio Avon g eiowon cvvx = a, av dniadn 1oyvel
ovvl = a, TOTE 01 WGELS TG £EIGMONG ALTNG divovTatl amd TOVG TVTOVG

X=2xknt+0
| KeZ
X=2kt—0

HHAPAAEITMATA

V2

1° Na M0sgi n eéicomon cuvx = -
, i 2, T , , ,
Emedn GUVZ =5 EYOVLE CLVX = GUVZ, ondte o1 Woelg g e&iomong

avTig 6tvovtat amd Tovg THTOVG:

x:21<n+E
4

 keZ
X:21<7t—E
4

2° Na M0sin &icowon oov2x =—

2
, T \/5 , T \/5 , 5w \/5
Ened) oov—=—, 1oydel cLV| T—— |=—— Mlad ) CLV—=———.
6 2 6 2 6 2
, , 5w ,
Eyoupe emopévag cuv2x = csuv?, omote
2x = 21+ 2% ¥ = x4 2%
6 12
! , KEZ 1N 16odvvapa | , KeZ

2X:21<7t—5—7-c X:1<7t—5—7t
6 12
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H &€icoon epx =@

‘Eoto n efiowon scpx=\/§ . Onog
yvopiloope n ovvdptnon e eivor me-
prodikn pe mepiodo n. Emopévac, yo va
Moovpe Vv e&icmon, apkel vo Ppovue
TIG ADGELG NG G€ €Vl OLACTNLO TAATOVG

)
B 2

TURIETTTT

T .

T, T.Y. T0 | ——,— | Ko vo Tpocbicovle
22

0€ OVTEC TO KM, KEZ .

Onwg eaiveror UG Kot 6T0 GyNpa, o povo Avon g e&icmong epx = J3
. . , , . e , T
vapyet 6to dtdotnua avtd. H Avon avt eivorn 3 Yot a(pg =3

Emopévag ot Moeig g eicwong epx = V3 evar x =k + g, KeZ.

levikdtepa, av O eivor pa Avom g e&lomong €px = a, ov OnAadn oyveL
epx = g0b, T0TE 01 AoElg TG elomong avTig eivat:

X=kn+0, keZ

O 1d10¢ TOMOC Moewv 1oyveL Kot yio TV e&lomon 6ex = a.

HAPAAEITMATA
1° Na h0si i) e&icwon gpx =—1

AYZH

, W , T , , T
Emeon e(pz =1, oyvel 8@(—2] =—1. 'Eyxovpe emopévog epx = scp(——j,
ondte 4

X =K — E, KeZ

2° Na W0zi 1 eEicoon oox =/3

Emen G(p% =3, EYOVE COX = G(pg, ondte o1 Aoelg g e&iomong eivat

T
X:KTC-Fg, KeZ
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A" OMAAAX
1. Na Moete T1g e€lomoelg

1) nux=0 i) nux = v2 iii) covx =0 V) cLVX = 72
2. Na Moete T1¢ e£10M0ELS
1) nux:—% i) nux=-1 iii) cuvx=—72 iv) covx =—1

3. Na Moete T1¢ e£10M0ELS

i) epx =0 i) epx = ? iii) opx =1 iv) opx =+/3

4. No Woete T1g eEl0D0ELg

. 3 y V3
1) €QX = Y i) opx = Y

5. No Avoete T1g €€16(M0ELg
1) (l—nux)(Znux—\/g) =0 1) (2nux+\/§)(l—6uvx) =0
6. Na Moete 116 e£10M0ELS
i) (/3 +epx)(1-cpx) =0 i) (2ovvx +1)(e@’x —3)oPx =0

7. XpNOUYOTOIOVTOS TPIYOVOUETPIKOVG TIVOKEG 1] EMGTNHOVIKO KOUTIOVTE-
PAKL VoL WOGETE TIG EEI0MGELG

1) nux =0,951 1) cuvx =-0,809 1) epx = 28,636
8. Na Moete 116 e£10M0ELS
D2mudx=v3 i) oovi+1=0 ii) 38@27"—ﬁ=o
9. Na Moete 116 e£10M0ELS :
i) nu(x + g) ——1 i) 2Gov(3x - g) —1 i) S(p(% - SXJ =\
10. Na Moete T1¢ e£lomoels
) 2np’o+nuo—1=0
ii) 2cLv*x +3cvvx —2=0 iii) 3e@’t =3+ 2/3eot
11. No Avoete Tig €€lohoelg
Dnu’x +5cuvix =4 il) epx-o@2x =1

12. No Bpeite yio moteg TWES TOL X, KOOEUIA 0o TIG ENOUEVEG GUVOPTNOELG
EYEL TN HEYIOT KO Y100 TOLES TNV EAGYIOTN TN TNG:

i)f(x):3-nu[x—gj, 0<x<2m, ii)g(x)=7-cn)v(x—g], 0<x<2m,
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13. O unviaieg ToANcElg VOGS EmOYL0KOD TPOIOVTOG (G€ YIAMAOES KOMULATLO)

, . . , , nt
dtvovton katd mpocéyyon omd Tov Tomo S=75+50-n “Z’ omov t 0

¥POVOC o€ Unveg Ko pe t = 1 va avtiotoryel otov lavovdpro.

1) Na Bpeite morovg unveg ot tminoeig tavouy ti¢ 100000 koppdrio.

i) Na Bpeite mowo punve £ovpe to peyaldtepo apldpd ToANceDV Kot
nooeg tvar aTEG.

B OMAAAY
1. No Aoete T1¢ e€lomoelg

i) nux+cov(%—x)20 ii) 8(p2x—cs(p(§+3xj:0
2. No Moete 116 e£1000¢€1g {

1) €px -Mux +1=npx +&ex i) ——2-epx =4

GLV X
3. Na Bpeite 11¢ Moeig g eélowong epx =1 oto dibotnua (3m,4m).

* 4. No Aoete v elowon 1+ovvx=nux 1o didotnpa [0,27).

5. Na Moete v e&iowon: epx = G(p(g + x] oto ddotnpa [0, 27).

3.6 TPIT'RNOMETPIKOI APIOMOI AOPOIXMATOX I'RNIQN

Xuvnpitovo a0poicpatog Kot S10popac YOVIOV

Ag Bewpnoovpe 000 Ywvieg a, B mOV 01 TEMKEG TOVG TAEVPES TEUVOLV TOV
TPLYOVOUETPIKO KVKAO ota onpeic M, M, avtictoiymg (Zy. 1).

‘Eotm emmiéov ko 1 yovio, o — B, mov 1) TEAMKN TS TAELPA TEUVEL TOV TPL-
YOVOUETPIKO KUKAO oT0 onueio M. (Zy. 2).

VA M, (GuvB, Nup) YA
M, (ouva, nua) M(ouv(a-B), nu(a-B)

a

X N\
A(1,0) 0 A(1,0)

e a-p
0]

Y X

>x. (1) >x. (2)
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Onwg eivon yvootd, ta onueta M;,M, , A xar M éyovv cuvtetoypéveg:

10 M,: tetpnuévn ovva KO TETAYHEVN nuo
10 M,: tetpnuévn ouvf KOl TETAYHEVN nup
T0A:  TETUNWEVN | KO TETAYHEVN 0

0 M:  tetunuévn oovv(a—f) Ko TeTaypévn nu(o —p)
Enedn MZ(A)M1 =AOM =0 — B, 6a etvor ko (M,M,) =(AM). Apa:
(M,M,)* =(AM)’
AV TOpOL YPNCILOTOMGOVLE TO YVOGTO HOG TOTO:
(P1P2) = \/(Xz - X1)2 + (Y2 - }'1)2 5

mov divel v amdotaon dbo onpeiov P (x,,y,) ka P,(X,,y,), €xovue:
(M;M,)* = (ovva —ouvp)’ + (nua.—nup)’
=ovv’a +ouv’p —2cuvacuvp + o+ Mu’p — 2nuomup
=2-2(cvovacuvp+nuanup) kot

o (AM)* =[ovv(a—B)-I1] +[Mpu(a—p)- 0T
=ouv’(a—PB)+1-2cvv(a—B) +nu’ (o —P)
=2-2cvv(o—p).

‘Etoin oyéon (M,M,)’ =(AM)* ypaoetot
2 —2(ocvvacvuvp +nuonup) =2 -2cvv(a —p)

n cvvacLV +nuonpp = ocvv(o —P)
Emopévag:
ouv(a—f) = cuvacvvp + nuanup ()
H 16610, auti}, mov amodeifape yia yovieg a, P pe 0<B <o <360°, woydet

KOl Y100 OTOIEGONTOTE YWVieS a, .
Av 6TV TOPUTAVO 16OTNTO OVTIKATAGTGOVLE TO B e T0 —f Eyovpe:

ovv(a - (-B)) = cuvacvv(-P) + nuonu(—p) = cvvacovv —nuonuf
Emopévag:

cvv(a +p) = cuvacvv —nuonpf (2)
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Me 1 Borfeta tov tomov (1) Kot (2) propovpie vo vIToAoYiGoULE TO GuVNuiTO-
VO OPIGHEVOV YOVIDV, YOPIG VoL (PTCLLOTOWGOVUE TPLYMVOUETPIKOVG TIVOIKEG
M VIOAOYIOTIKEG UnyovES. [ Tapddetypa, £Xovpe:

e ocuvvl5 =cuvv(45 —30") =ocvv45 oLv30° + Nui5 Nu30°

ffflf(\ﬁl)
2222 4

e ovv7/5 =ocvv(45 +30°) =ocvv45 ovv30° —ud5 Mu30°

VB V21 VWA

2 2 2 2 4

Hpitovo a0poiocpatog Kot o10Qopas yovi®OV
Me 1 Borfeia Tov tomov (1), mov Pprkape Tponyovpéves, Bo vroroyicov-
LLE TOPO TO NUITOVO TOL ABPOIGHATOC VO YOVIDV.

, T T .
Engiom GUV(E - xj ="NUX Kot nu(a — Xj = GULVX, £(OVLE:

nua+p)= GUV(%—(OHB)) = oLV (g— j —Bj

= GUV(% - ocjcn)vB + np(g — ajnuB =nuacvvp+ covanup

Emopévag:

Nu(a-+p) = nuacvvp + covanup 3)
Av 6TV TOpUTAVO 16OTNTO OVTIKATAGTNGOVUE TO B ue —f Bpiokovpe OTL:
(e — B) = nuasuvp - covanpp @

20UV e TOVG TOTOVS AVTOVS Y10 TOPASELY 0L, EXOVLE:

e  NulS =nu45 -30") =nu45 covv30’ —ocovv45 Mu30°
23 V21 2B

2 2 2 2 4

o NuU75 =nu(45 +30°) =nu45cuv3i0’ +cov45Mu30°

_\/—£ V2 1 V2(3+))
4

2 2
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Egontopévn aBpoicpatog kot S100opds yoviav

Me ) Ponfeta Tov Tponyodpevmv TOT®V B0 VTOAOYIGOVLE TV EQATTOUEN
t0V afpoicpatog atP dvo yoviav o, B, av yvopilovpe v gpomtopévn kabe-
Tiloiel

Onwg Epove, yia va opilovtat ot: ep(a+P), epa kol €, mpémet

ocuv(a+P)#0, cova #0 kot cuVP #0. Mg mv npoiimdbeon ovty Exove:

Awpovpe pe
ovvacuvf # 0

nu(e+B) _ npoovvp +ovvanup
ouvv(a+p) ovvacuvp—nuonup

nuacvv N cuvanup
__ovvacLvp  cvvacLvp  e@a+EPP

~ cuvacvvp _ muonup  1-epoepP
cuvacLvp  cGuvacLVvf

ep(a+P) =

Emopévog éyovpe:
epa + &P (5)

@)= R

Av Thpa. TNV TOPATAVE 16OTNTA AVTIKOTOGTICOVHE TO P [e T0 —f, Pplokovpie
ot
)= epa — e (6)

ep(a
o 1+ epoaeop

Télog, pe avdioyo TpOTTO AmOdEKVOETL OTL:

_ogacef-1 (7 _py_ 990cpB+1 (8)
oo +B) e wp— op(a—f) P p—

2OUPOVO LE TOVE TOPATAVE® TOTTOVG Y10l TOPASELYLLOL, EXOVLLE:
|3

ep45 —£p30° 3 3-+3

1+ep45ep30° " 3 3+43

o g0l5 =¢gp(45 -30") =

GB-V3)B-3) 12-63
C3+B)3-B) 6 =243
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J3
045 +8030° T3 3443
o cp75 =ep(45 +30") = - - = =
1-epd5e930" V3 3-3
3

CB+B)B+B) 124643
T 3-3)B+) 6 “2493

HAPAAEITMATA - EGAPMOI'EY

3 3n 12 3n
1°Av nuoo=—=, pg —<a <27 Kou cvov=——, pne T<P<—, vo
MHO=—r, BE = n B=-13 » <=
VTOLOYLGTOVV 01 TPLYMVONETPLKOL aprBpoi Tov a+f.

AYZH

Enedn nu(a+B) =nuacvvptovvanuf kot cuv(a + ) = cuvacuv —nuanup
apKel VoL VTTOAOYIGOVLE TO GUVE KoL TO MUP.
"Eyovpe howmov:

2 2 9 16 , 16 4 . 3m
cova=l-nmua=l-—=—, 0MOTE CLVO=,/— =—, POV — <O <27 KOl
25 25 2

25 5
144 25 %35 , 3
B=]l-covP=1-—=""1 onoTE =—[|—=—-—, apo) m<B<—
P =l-oov =l =160 B ="\Te0 = 130 49OV m<p<

Emopévag

wern( 3
eon- SIS
OmoTE:

R S

2° Na amodery0ei 6ti: nu(o+p)-nu(a—B) =np’a—np’p

nu(a+p)np(a —p) = (Muacvvp + suvanup)(npoacvvp — cuvanup)
=np’acuv’B - cuvianu’p = nulal-np’p) - L-nua)nu’p
=nu’a—npfoanu’p—nu’B+nulonu’B =nula —nu’
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3° Na M0zi n e€icwon: 2cvuvx =1 u(x + Ej

6
AYZH

T T T
26VVX = nu(x + gj & 20LVVX = T“JXGUVE + GUVXT”JE

3 1
& 20LVVX = 7nux + EGUVX

< 4ovvX = \/§n HX + GLVX

< 3o0LVX = \@n ux
& epX = J3 [apov cuvx + 0]

S ePpX =¢ ki
¢ (P3
<:>X=K7'C+g, KeZ

4° No amodery0¢ei 0T o€ kaOe pn opOBoydVIO TPiywvo ABI 10yveL:

QA + @B + g0l = epAcpBepI’

AoV 10 Tpiywvo dev givar opboymvio, opilovtar ot €pA, 9B, ol Eneion
emmiéov A+B=n—-T=# g, opiletarn ep(A + B) kot yovpe dradoykd:
ep(A+B)=¢ep(n-I)

EPA+epB
1-epAcpB

—e@l’

QA + B = —e0l" + epAepBeol’

ePA + epB + el = epAepBeol”
5% Oempovpe Evav ayyo amé Tov 0oio S1EPYOVTUL TPIX EVAALAGTOPEVA PED-
pato TG 010G KUKMKNG ouyvotnTag 0 pe otiymaisg evraoceg I =nuot,
L =np ((ot + ?—;) koI, = nu((ot + %E) Noa amoderyfei 6T | 0MKkn} évTaon

I[=1+1,+1, Tov pedparog mov diépyeTan amd Tov aymyo eivor pnoév.
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Etvon Iznucot+np(wt+%n) +T]H((Dt+4—::)

21 2n 47 47
=nuot + m,w)tcsov? + covmtnu? + numtcmv? + cmvoatnp?

=nuot +numt(—3+ GUV@{?] +nuwt(—%] + cuvmt(—ﬁJ

2

znuwt—%npmt—%numt =0

AZKHZEIZ

A" OMAAAY
1. Na vroloyicete, ympic T ¥pNON VIOAOYIGTMOV TEERNG, TV TIUN TOV TOPOCTA-
GEMV:
- Y T Y T AR
I) cLv—oVV——Nu—NU— i) ovvl70°GVVv50° +nul70° NMuS0°
) ovv oLy —fuE iy ) nul70'nu
. Tr T T T
iii 110°nu70° —ovvl10°cLv70° V) CLV—GLV—+NU-—NU-—
) Nul10°np cuvl10’cov ) D T U

2. No ypayete 6€ amlovoTePN LOPPT| TIG TOPUCTAGELS:
i) cuv3xoLv(-2x)—Nu3xnu(-2x) i) GUV(X 3 g)GUVX + nu(x + %)n px
3. Na amodei&ete ot
i)cov(x + E) + oLV (X - E): J2cuvx i) cuv? (x— E)— cuv’ ( s ) =2NUXCLVX
4 4 4 4

4. No vroloyioete, yopig ™ XpioN VIOAOYIGTAOV TGEMNG, TNV T TMV TOPICTE-

GEWV:
i) np”—n (mv4—7r — oLV 17_nn“4_n i) Mu70°cvv20’ + cuv70"Mu20°
18 9 18 9
i) “*12 "4 V) £pl6S +eqlS
m_ = 1—epl65° el 5°
l+ep—ep—
1%
5. Na ypdyete o amlovoTtepn LOPON TIG TOPUGTACELS:
1) Mu2xcLVX +cLV2XNUX i) ‘r]p_(x + g)cuvx - cuv(x + %)nux
iii) EOX —e92x. 8q)(£+2xj+8q)(£—x)
1+ epxep2x iv) 3 6

1— scp(g + 2)(}8(')(% — xj
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6. Na amodeitete otu:
i) nu(HEjmu[x—Ej =nux
3 3
i) (nupo+ovva)(MpP +ovvp) =nu(a +P) + cvv(a —B)

7. No vmoloyioete, yopig T (p1on VIOAOYIGTMV TGEMNG, TOVG TPLYOVOLLE-
Tp1KovG ap1Bpovg tov 105° kot 195°.

8. Na amodeitete ot

i) scpa+8(p[3:4nu(a+ﬁ) i) c(pot+c(pB=4n“(a+B)

cuvacvvf nuanpp
9. No amodeitete 0T Y10 TIG YoVieS o, B

TOL OAAVOD GYNLATOG IGYVEL:

. 63

) nu(o+B)=— 1
65 ¢ 3 -

. 16

| =—

) cuvv(a+B) T a B

3
10. No vmohoyicete TOVG TPIY®VOUETPIKOVG aptBLovS TG Ywviag o+, ov:

: 3 5 T T

| o=—, cuvf=——, O<a<— Kot —<B<m
) muo=2< B=—13 5 > <B

.. 3 4 3n 3n

1) cova=——, === n<a<— Ko —<B<2n
) o 5> MHB=—3 5 - <B

11. Na Moete 116 e€lodoeig:
i) nux:cov[x-kgj i) 8(px+8(p(%+xj=—2

i) ep(x—a)=—2 av epa=-3

B OMAAAY

ne-p)  mu@-y) | mer-o)

1. No anodeilete ot
ocuvvacLVf  cvvBovvy ocuvycLva

2. Av cuv(a+B) =0, vo amodei&ete Ot nu(a + 2B) = nua

3. Av gpa =-3, va Moete 610 [0,271] TV e&iomon: nu(x — o) = —2nu(x + o)

4. Av a+B= Z VoL omodeiEeTe 0Tl (1+ eqa)(1+epp) =2
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5. Av 610 duthovo oynuo etvar AT =3- AA , va amodei&ete Ot

2epB
3+e¢p’B’

1) spm= 6mov B = ABI' r

ii) H BA givou dryotopoc g yoviog B, av B = 60°

A

Al B
neA+npB-T)
cuv(B-T)

6. Av o¢ éva Tpiywvo ABI 1oy0et =¢gpB, va amodeilete

r Y r
OTL A= 5 Kot avTioTpOO®G.

*7. Na amoodeitete 61 og kb tpiyovo ABI 1oyvet:

i) 6AGEB+eBal +6olopA =1, i) 2 V2 OW _5
nuBnul’  muImpA  nuAnuB

T

8. Na Abel 610 didotua [0,1] n e&icwon: 8(p(%+X) - S(p( 7 x) =23

1 1 , 2
*9, Av 0<x,y,z< g LE eQx = % EQy = 5 KOl €@z = o va omodei&ete Ot

X+y+z="2
yrETy

3.7 TPI'RNOMETPIKOI APIOMOI THX I'RNTAX 2a

Ot 1Omot mov ekPPALOVY TOVG TPIYMVOUETPIKOVG 0ptBLOVG TG YoViag 20, ¢
GLVAPTNOT TV TPLYOVOUETPIKAV 0pLO®V TNG YoViog o, eival e101KEC TEPITT®-
GELS TOV TOT®V TNG TPONYOVUEVIC TAPUYPAPOV. LVYKEKPUEVA, OV GTOVG TV-
movg Tov Nu(o+f), TV cuv(a+P) Kt Mg eP(a+ ) OVIIKOTAGTICOVUE
70 L€ TO O, £XOVLLE:

e nup2o =nu(o+o)=NUocLVE + GLVAN UL = 21LAGVVA

Emopévac: np2a = 2nuoacvvo (1)

e ovv2o =ocvv(a+ o) =cVvacsuva — Nuan o = cuvia—nua

=ovvia—(1-ovvia) = 2cuvia—1

Eniong cuvv2a =ovvia— nuzoc =(1- npzoc) — mfot =1- 211H2a
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Emopévag:
2)
o 5020 - EQOL+EQQL _ 28(p(z,
l-cpacpa l—epa
Emopévac:
A3)

Amo Tovg TOMOVG (2) UTOPOVLE VO VTOAOYIGOVLE TOVG TPLYOVOUETPIKOVG
ap1Bpovg g yoviag a, av yvopilovpe to cuv2a. [pdypoart, £xovpe:

e  ouvv2a=2cuvvia—1<1+ovv2a =2cuvvia < cuvia = 1+c+v2a
2 2 2 1-ocvv2a
e ouvv2a=l-2nuae2nua=1-cuov2a < nu OL:T
1-ocvv2a

eo®ol = nwo 5 1l-ovv2a

ocuvia l+ovv2a 1+cvv2a

2

Emopévag:

(6)
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Me ) Bonbeta TV Topandve THT®V UITOPOVLE VO VTOAOYIGOVIE TOVG TPLY®-
VOUETPIKOVG 0plOLONG TOV HIGOV G YOVIRS, oV YV@PILOVIE TOVG TPLy®VOLLE-
TPIKOVG aplBpovg g yoviag avtc. ['a Tapdadetypa ot tpryovopeTpikol optd-

45°
poi g yoviag 22,5 = > vroAoyilovton og e&ng:

T S
nu222,5°=1_c’§"45= 2 _2-\2

2 —
= , omdte mu22,5° :T
2

2
o 14+—
cnN222,5021+m2)v45 ) N, ;\E

= , omdte ovv22,5 =

:

22 _

Enopévag £922,5 =~ 2—==J2-1 ka 6¢22,5 =L‘E

\/5+1
2+42 2-\2

HHAPAAEITMATA - EPAPMOT'EXY

1° Na amoderyOei ot
i) nu3a =3npo—4npia i) cuv3a = 4ovvia — 3ovva
CED
‘Eyovpe:
i) nu3a = nua+a) =nu2acvva + cov2anuo
= 2nuacvvia + (1-2npla)nuo
=2mua(l-np’o) + (1-2np’a)npa
= 2npa - 2o+ npa - 2np'a = 3npo —4np’o
i) ouvda =cvv(2a+a)=cvv2acvva —nu2anuo
= (2ovvia —1)ovva —2nplacvva
=(2ouvv’a —1)ovva - 2(1 - Guv’a)svva

= 26Vv e — cuva — 26uva + 2cuvia = dovvia —3ouva

2° Na omodeicete 0L Yo kK00 yovia o pe ovva # 0 woyvet:

2epa
1+e¢’a.

1-g¢al
1+&¢’a

i) nu2a = i) ouv2a =
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Av cuva # 0, éovpe:
2 nMuoacouva
i 2. nuacovva T ouvia 2-£00,
|) n“za:z-nuagovaz 5 — = 2CTUV o - — .
cuviatmpa by Mpa l+ep a
cuv’a  cuvia

cuovia  mpla
oLV -NKA _ suv’e  cuvia _ l-e9’a
cuvia+nula  ovvia . o l+epia
cuv’a  cuvia

) suv20 = cuvio - nwa =

3° Av g@20. = % Ko g< o <, vo ppedei n sgo.

AYZH

Amo6 tov TOmo (3) éyovpe:

3. 2'8(p(§ < 8epa=3-3-c¢’a
4 1-e0°a
& 3ep o +8epa—3=0
o ea =2 é 10 [apod A=100]

1 .
<:>8(p(l=§ n epa=-3

. . , . . , T
Amo Tig Tipég TG epa Tov Ppnkape dekt givar povo =3, apol 5 <O<T.

_1-np2x

4° Na amoderydei 61 €0 (E —~ xj =
4 1+mu2x

., 9 l1-ocuvv2a
Enedn ep oo = —— , €yovpe:
1+ ovv2a

T
1—00\/(—2)()
2 T _ 2 _1-mpu2x , T 3
£Q| ——X |= =1 o aQoly oLV 2 2X |=np2x
1+GUV(;—2XJ FTpex
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X
5° Na a0z  eicmon: 2 —mu’x =2c0v* >
Youpova pe tov Tomo (5) Exovpe:
2 —nu’x=2-cuv’> % & 2-mu’x =1+c6Vvx

& 2—(1-ovv’x) =1+cVLVX
& 6LV’X —GLvx =0
< ovvx(ovvx —1)=0

< ovvx=0 11 ovvx=1
<:>x:21<7tig N x=2kn, «xeZ

6° Na ek@pacOsi To 8-cuv'a (MG GUVAPTI O TOV GLV20 KoL TOV 6Vv4a
2Opemva e Tov Tomo (5) Eovpe:
1+ GUV20L)2_ g. 1+2-cuv20+cvvi20
2 4

=2+4.cuv20+2-cuv 20 =2 + 4-cuv2a + 1+ cuvda = 3+ 4-cuv20 + cuvda

8-ouvia =8-(cuv’a)’ =8 (

A" OMAAAX
1. Na vroloyicete TV T TOV TOPUCTAGEMV:
. 3n 3n .. 2T A et s . 2e75°
1) 2nu—ovv— 1) 1-2nu°— 1) 2ovv7135" -1 IV) ——
) mp=rovvr i) 1-2mp’ = i) )1_8(p2750
2. No yphyete 6€ amAoVGTEPT LOPPN TIG TAPAGTACELG:
i) 2mu2acvv2e i) 2-cmv2[5 - aj 1 i) 2R
4 1-e¢*3a
3. No amodeiete ot
i) nu’o+ovv2a =cuvia i) % =2e0pa
I-mua
i) cpa—epa =2-cpa V) gpo+ oo =
nu2a
4. No, vtoAoYIGETE TOVG TPLYOVOLETPIKOVS aptBUove Tov 2a, ov:
i) cmvoc——i Ko 7r<oc<3—TE i) nuoc:E Kol S<o<n
5 2 5 2
1
5. Na vroroyioete v ep(a+2p), av epo = 1 Kol gQP = %
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6. Na amodei&ete ot

i) nulacvva +covianuo = % Mu2a i) qu2aega +2-cuvio =2

2 . —
iD) nuzo p— iv) 1 cov2a+nu2a:8(pa
l1+ovv2a 1+ovv2a +np2a
7. No Aoete TG €EI6MOELS:
i) cov2x —nux—1=0 i) nu2x —2-covx+nux—-1=0
. e , 7 T
8. No vmoAoyicETE TOVG TPIYMVOLETPIKODG OPIOONS TG YOVIoG T
: , , o
9. No voA0YicETE TOVG TPIY®VOUETPIKOVG OPLOLOVS TOV = LOV:
. 5 s . 3 3n
i) oovo=— ko 0<a<— i) covo == Kl — <o <27
13 2 5 2
10. Na Moete t1¢ e§lomoelc:
X
i) GUV2X+2-GUV2§=O i) covx—2-nu25=0
2 2 X - 2 2 X
iii) 2—ovv x=4-nu5 iv)Jouv'x —1=2-cvv >
B OMAAAY
1. Av 0<a< %, vo, amodeifete 0t cuva —MuaL =4/l —Nu2a.
2 1 _ 2
2. No amodei&ete ot s T Scpg
npo(l+ ocovva) 2
’ , T 4 3
3. Na amodeiéete 0ti N T GLV T
4. Na amodei&ete ot
i) 1+ epoep2a _ eQ2a i) 3—4-ovv2a+ovvéa _ co'a

£QOL+ GQOL 2 3+4-cuv20 +cvvda
cuovZaa 1

5. Na anodei&ete oti: (45" —a) = —eQ2a

I+nu2a  cuv2a
Ko pe T Pondeto cvtov tov THTOL VoL vIToAoyiceTe TV e 15°.

6. Na Avbovv ot e€lomoeig:
i) €p2x =2-cLVX i) epx -ep2x =-3

7. No amodei&ete 0tt: cuv4a =8 -cuvia -8 -cuvia +1
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8. Na amodei&ete otu:
431 3 3

. T .. T 3n
i) cov' =+ovvi—== ii A, 2e =
) - =0 ) ' mut =T

iii) 8- nu’acvv’a =1-cvvda

Kol ovvzZ =

o , .
9. Av cuvx =—— ovvy = , va. amodei&ete otu:

B+y Y+a o+p
2 X 2y 2Z
EQ —+eQ = +ep —=1
v 2 e 2 v 2

3.8 METAXXHMATIEMOI TPITQNOMETPIKQN ITAPAXTAYEQN

Ye apketés epappoyés g Tpryovouetpiog ypetdletat T0 YIVOUEVO TPLY®OVO-
LETPIK®V aptOUdV vo. petacynuaticbel og dOpoiopa 1 aviiotpomg o ahpot-
OOl GE YIVOLEVO.

Yy mopdypago avtn Ba avalnmoovpe THTOVS [LE TOVG 0T010VE YivovTol Ot
TOPATAVE® LETAGYNLOTIGUOL.

Metaoynpotiopds yivopévov cg GOpoiopa

AT TIG YVOOTEC Lag 16OTNTES:

nu(a +p) =npacvvp +cvvanup

nu(a—p) =nuoacvvp —covonup
pe mpocheon katd péEAn Ppiockovpe Ot

nu(a+p) +nu(a—P) = 2nuacovvp

Snhadn: 2nuacvvp = np(o + B) +nu(a—B) (1)

eve and Tig: cuv(a —B) =cvvacvvp +nuoanup

cvv(a + ) =cvvacuvp —nuonup
ne mpocsheon kot apaipeon katd péEAN Bpickovpe ot

2cvvacuvp = ovv(a — B) + cuv(a + ) )

2nuonup = ovv(a — ) — cuv(a + ) €)
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Metooynpotiopos 00poicpatog 6€ Yivopevo

Me 1 Borfeta TV TPONYOOUEVOV TPLOV THTMV UTOPOVLE VO, LETACYTLATI-
GOVLLE TO AOPOIGLO TPIYOVOUETPIK®OV aptBudv og yvouevo. [pdypatt, av 6¢-
covpe

a+pB=A Kol a—pB=B,

A+B
t0te §poupe  A+B=a+B+a—-P=20a, omdte o= -2|_
A-B
A-B=a+B-a+B=2B, ondte BZT
'Etot 0 mapamdve tomog (1) ypdoetor 2nu A+B GLV A-B =NuA +nuB.
Anhodn €yovpe: 2 2
(4)
Av topa otov om0 (4) avtikatactioovpe 1o B ue —B, Pplokovpe:
o)
Opoiwmg, and tov tvmo (2), Ppiokovpe:
A+B A-B
eve and tov tomo (3) Ppiokovpe Znu%nuT =ovvB -cuVvA, ondte
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ITAPAAEITMATA - EGAPMOI'EY
1° No 200¢i n e€icmwon: nuoxovv3x=nuSxovv4x

AYZH

‘Eyovpe: (1) < 2-nub6xcvuv3x =2-nuSxcuvéx
S NMUIX + NU3X = NUIX + Nux
< Nu3x =nux

3x =2kn+Xx

= | ,KEZ

3Xx =2k +TT—X

2° No. Av0ei i) e€iomon: cuv3x+ovvx=npu2x

AYZH

3x+x 3x—x

‘Eyovpe: (1) < 2-cvv 5 oLV =2 -NUXOLVX

2
& 2-6LV2XGLVX = 2 - MUXGLVX

& oLV2XGLVX —NUXcLVX =0

& ovvx(ovv2x —nux) =0

<oovx=0  (2) § oLV2X=npx

AMG (2) @GUVXzGUV%@XzZKnig,

ko (3) < ovv2x :GUVG_X) o n

3x:21<7t+g X:4K7t+75
= n ., KeZ < N

b
X=2Kn——

X:21<7'c—E
2

2X=2Kn+(£—xj

2

2x=21<n—(£—xj
2

(D)

(1)
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3° No. amodery0¢ci 6T1 6¢ kKGO Tpiywvo ABI 16y vsL:

NUA+nuB+nul’ =4-cyov1;csovBcovF

2772
[ ATIOAEIZH J

A+B A-B r r
NUA+MuB+ul =2-np i GLV +2-Mp—ocvv—
2 2 2 2
r - r
=2-cVV—GLV +2-0vv GLV — yoti A+B+£:E
2 2 2 2 2
r[ A-B A+B}
=2-0‘UVE GLV + cvv

r A B A B
=2.-0vv—2-0LV—0OLV— =4:-GLV—GCLV—CLV—
2 2 2 2 2 2

A" OMAAAY
1. No vroloyicete, ympig Tn (PN o1 VIOAOYIGTAOV TGENNGC, TO YIVOLEVL:

1) ovv75 cuvls’ i) mulo5° ocuvls
i) 2 Guv < iv) nu T 7"
M 12 12 L 12 r“412
2. Na petatpéyete o€ 00poioUaTo TPIYOVOUETPIKOV aplOU®Y To TOpaKETo
yvopeva:

1) 2-nuxoovv2x i) 2-nudxnu2x i) 2-cvv3xcuvsx

IV) covexnu2x V) nu g—x nu §+xj

3. Na Moete 116 e£1000¢1G:

i) Nu3xoLVX =NU6XGLV2X I) cLV3XoLV2X =NU2XNUX
4. No vrohoyicete, yopic T ¥p1oN VIOAOYICTMV TGEMNG, Ta afpoicuata:
i) Nu75 +nuls i) uiZ 2
ny ny nu T ny T

ii) cuv40° +oLvv80° + cLv160°
5. No petatpéyete o€ YIVOUEVO TPLYOVOUETPIKOV OPIOUOV TO. TOPOKATO
aBpoioparoa:
1) nudx +nu2x i) ovvSx—ovv3x i) cvv3x+ocvvx
V) 1+mnux V) 1+ovvx
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6. Av B ko I etvan ot o&gieg yovieg evog opBoywviov tprydvov ABT, va
amodeiéete Ot

. . B-T
1) nu2B +nu2l' =2cuv(B-T) i) m,LB—T]uFZ\/EmJT

7. No amodeitete ot

i) cvv3o —covvSa I jj) _ MK+ nu3o +nusSa

=gp3a
nu3o +nuSa cuva + cvv3a + cuvSa

jii) _MHonp2o +nu3anpéa
nuacvv2a +nu3acovvoa

=egp5a

8. Na Aoete T1¢ el000¢1s:
[) Mu3x —Mux =covv2x i) cLV5X —GLVX =nu3x

i) nu3x +nuéx +uox =0

B OMAAAY
1. No anodeilete ot

. 1
) 2-nus0° ———=1
) 2-mu 2cvv20°

i) 2-Mu52'nu68” —2-nud7 cuv77 —2-cuv65 cuvdl =1

2. Av yuo g oelec yovieg B ko I' evog opboywviov tprydvov ABI 1oyvet
4 -nuBouvI =1, va amodeiéete 611 B = 30°.

3. No amodeitete ot

) nuomup <np* (OLTHSJ ii) cuvacLVp < cuv? (OLTJFBJ

4. Na anodeitete Ot
) Mo +nup Snu(OHBJ Y omowdnmote o, P € [0, 7]
2 2 )
i) cuva + cLvVvp <
2
5. Na amodeiete 011 og kKaBe tpiywvo ABIT 1oydet:
i) NuA +MuB-T) = 2nuBouvl’
i) suv(B-T') —cLVA =2 - cuvBouvll

oa+p . T
orp 5 pel-LX
GUV( 5 j, Y10 OTOLOONTOTE O Be[ > 2}
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A B T
Iil) GLVA + cLuVB + cuvll =1+4-nu5nu5nu5

6. Na amodeilete 0t 1o T1g 0&eieg Yovieg B, T evog opboywviov tprymvov
ABI 1oy0et:

2\/§~Govgcuvg—1:\/§-cuv

7. Av ywo tig yovieg A, B, I evoc tprycdvov ABI 1oy0et nuA = cuvB + cuvl’,

vo. amodeigete 0Tt B=90" 1N I'=90" kot avtiotpdeag.

3.9 H XYNAPTHZH f(x)=anpx+fovvx

Yy mponyoduevn téén eidape 0Tt pio cuvapTnon TG LopeNS f(X)=pnux,
p > 0 etvo meplodkn| pe mepiodo 2w kot £xel PEYI0TO 160 HE p Kot EAGYIGTO 160
pe —p. H ypoagikn e mopdotaon etvot Lo nUITOVOEIONG KARTOAN.

Mo tétoto cuvdptnon etval, m.y., kot 1 f(X)=2-nux, g omoiag 1 yYpapikn
TOPAGTUCT] POIVETOL GTO TOPOKATM GYTLLOL:

H suvapnen f(x)=pnp(x+9)

‘Eoto Y10 mapddetypa ) cuvéptnon f(x)=2- nu(x + %] [apatnpodue
OTL 1 GLUVAPTNON VT TPOKVTTTEL atd TV g(X) =2-MuX av, 0mov X, Bécovpe
X +§ , OmAadn wyvel f(x) = g[x + %}

Avto onpaivel 0T Ypagikn Topdotact g f mpokvntel and pio oplovria
UETOTOTIOT TNG YPOPIKNG TAPAGTOOTG TG g KOTd T LLOVAOES, TTPOG TOL OLPLOTE-
pa. 4

Oumg n ovvapmon g(x) =2-nux éyet mepiodo 2@, PHEYIGTO 160 pe 2 Kot
ehdyioto ico pe —2.
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Enopévag n ouvapmon f etvon meprodikn pe mepiodo 2m ko £xel péyioto ico
ue 2 kot gEddyioto ico pe —2.

O o1a0epdg apBuoc % Aéyetan S10QOPa PAGEMS TOV KAUTLADY Y =21 u(x + gj

Koy = 2nux. Ot Kopmdreg anTéc QaivovTon 6TO TOPUKATO G

evikdtepa, N ypaein mapdotacn e cvvdptong f(x) = pnux+e), p>0
TPOKVTLTEL A oL 0pOVTIO LETUTOTIOT) TNG YPAPIKNG TAPAGTAGTG TN GLVAP-
mong g(x) =pnux . Eropévag:

H ovvaptnon f(x)=pnu(x+¢) givor meprodikn pe nepiodo 2w kot £y péyr-
670 (60 1 p Kol ELAYL6TO (60 pe —p.
H ovvaptnon f(x)=anux+povvx, a, p#0

‘Eoto yu mapddetypa n cuvéptnon f(x)=nux+ouvvx. ['a va tn peletmoouyie
0o TPOoTAONGOVLE VO TN HETATPEYOVLE GE AAAT GUVAPTNON YVOOTHS LOPPNE.

‘Exovpe: i

NUX + GLVX = NUX + scpzcuvx

T T T
nu— NUX - CLV — + GLUVX - NU—
=nux + 4 Govx = 4 - 4
GLV— GLV—
4 4

T

:_‘J:ﬁ.nu(ﬂgj

=
E
N‘s‘ ﬁ

Enopévag £(x) = NGB (X + g) Avt onpaivet 6T cuvdptnon f etvon me-

PLOOIKN e TTEPT000 27 KoL £YEL LEYIOTO 160 e V2 ko ehdy1oto 160 e /2.
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H ypagwm mapdotaon g f mpoxdmtet and po optldvTia PHETATOTION TG YPO-
QKNG TaPACTAONS TG GLVAPTNONG &(X) = \/71] X KoTh % LOVASES TTPOG TOL

aploTteEP, OTMG PAIVETOL GTO TOPUKAT® GYNLLOL:

Ievikdtepa Ba anodeitovpie OtL:

OEQPHMA

‘Ecto 10 onueio M(a,B) xou ¢ por and )
TIC YoOVieg pe apykn mievpd OX kot TeEAKN M(a,p)
nAevpd OM. Tote €xovpe:

p=(OM) = /o + "\‘p

Xy

GLVQ = % N o=poovve 0]

KOl

=

nue =5 N B=pnue

he

Emopévarg anux + ouvx = pouvenux + pnuecuvx

= p(cCLVENUX + NUEGLVX)
=pnu(x+9)

H perétm dowmdv g svvdptnong f(x)=anux+poovx, o, # 0 pnopet va yi-
vel pe T pekétn mg ovvapmong f(x) =pnu(x +¢).
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HHAPAAEITMATA

1° i) Na mopostadsi ypagikd n suvaptnon f(x)=2-np (2x - g)
ii) Opoiog n ovvaptnon f(X) =nu2x-— J3.ovv2x.

AYZH

i) H ovvaptnon f ypaoetan f(x)=2- nu(2(x - ED [Mopatmpovpe 6t 1 oL-
VAPTNON 0T TPOKVTTEL A0 TN GLVAPTNON g(6x =2-nu2x av, 6mov X Bé-
OOLUE X — T
Avto onpaivel 0tL 1 Ypapikn mapdotact g f mpokvmtel and pio oplovtia

LETOTOMION TG YPOPIKNG TOPAGTACNG TG € KOTA % Lovadeg mpog to. OeELdL.

Opmg n ovvaptnon g(x) =2-nu2x &yel nepiodo 2—; =T, péyloto 2 Kot
eAdloT0 —2.
Apa konn fetvon meprodiky pe mepiodo m, péyioto 2 kot ehdytoto —2. Ot ypaet-
KEG mMaPoTAGES TOV f Kot g paivovtal 6To TopaKAT® GYNLO.
y A

ii) H mopotaon nu2x —+/3-cuv2x givor te popenic amut +povvt pe a=1,
B= —/3 Kot 6mov t To 2x. Emopévag maipvel ™ popen pnu(2x + o).

GUV(p=%

Eyovpe p=41° JF(—\/g 2 =J4=2 xa e onote éval (Pz—g
T]M(P:—T

Apa f(x)=nu2x—x/§-cuv2x=2-nu(2x—§]

Tn cvvéptnon avt OUMG T LELETGOLE TPONYOLUEVOG.
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2° Na sl n &icoon 3-qpdx + covdx =2

AYZH

To 1o péhog g e&iomong eivar g popeng anut +pouvvt pe o = V3, B=1 ko
omov t 10 4x. Emopévac maipvetl tn poporn pnu(4x+o).

3
oLV = ——
Exovpe p=y(V3)? +1* =4 =2 2 onbre éva (ng.
1

TIIJQD:E

Apa NCR nu4x +ocov4x =2- nu(4x + gj Ko 1 e&lowon yiveton

2-nu(4x+%j -2 < np[4x+g):g

T T
< nu(4X+Ej =Tk

4x+Z=2kn+ =
6 4

T
X=K—=+—
2 48
= n , KeZ
T In
X=K=+—
2 48

3° Avo pgdpato pe TV idLoe KVKMKRA 6VYvOTNTO O Kot pg evrdoeg I = 2nuomt
ko I, =2n p(wt + %j owappéovy évav aymyo. Na ogry0ei 61 10 GOpoopd

TOVG €Y1 TNV 1010 KVKAKT 6VYvOTNTO.

AYZH

‘Eyovpe I, =I, +1, =2npot + 2np(cot + 2?“}

=2nuomt +2 (n umtcuv? +cvvotn M?_?nj

1
=2nuot +2 [—Enumt + gcuvmtJ
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=nuot + \/§GUV(D'[

T
=2 ot+— |,
ey

nov onuaiver 0tt to I, €xet v 1610 KLKAKN GLYVOTNTO ©.

A" OMAAAY
1. No Bpeite v mepiodo, Tn LEYIOTN TIUN KOL TNV EAGYLOTN TIUN TOV TOPOKEL-
T® GLVOPTHGEMV KOl 6T GUVEYELL VO TIC TOPUCTCETE YPOPIKAL:

i) f(x):2-m,t(x+§j i) f(x):nu(x—g)
2. No ypayete ot poper £(x)=pn u(x + (p) TI GLUVOPTNOELG:

i) f(x)=x/§-nux—cuvx i) f(x)=-nux +ocvvx

iii) f(x)=—nux—\/§-cuvx iv) f(x)=nux —ovvx

3. No HekeT|oETE KOt VOL TAPOGTHOETE YPUPIKE. TIG GLVAPTNGELS TNG GokNong 2.

4. No. Moete Tic eEiodoeic: i) /3 - NUX —CLVX =2,
i) covx —mux =1, iii) \/E-nux+\/g-covx+2:0

B OMAAAX
1. No vmoroyicete ) yovia @ TOv SuTAovoy M
OYNUOTOG, £TCL DOTE VAL IGYVEL:
(MA) + (MB) = 2/6
2. Mo pumapo AB prjkovg 2m tomofeteiton < 2 >
oplovtia peta&d dvo kdbetwv tolywv. Ia
peyoldtepn avtoyn mpémet vo torofetnOet,
éto1 oote 10 (OA)+(OB) va yivel péyioro.
i) Na ekppdaoete 1o (OA)+H(OB) w¢ ovvap-
on tov 0.
if) No Bpeite v Tiun tov 0 yio tmv onoio to
(OA)+(OB) yivetron péytoto Ko vo Tpocot-
oploeTe 10 PEYI0TO QWTO.
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3. Na Bpeite T péylotn Kot TV EAGYIGTN TN TOV GLUVOPTHOEDV:
i) f(x) =5nux +12cvvx +3, i) f(x)=4cLVX(NUX + CLVX)
4, Na Moete v e&icoon: 2 - nux(x/?cmvx —Mux) = J2-1
5. Mg ovppatomieypo unkovg 40m meptppdocovpe Tin-
po yng oynpatog opfoywviov tprycdvov. Av 1 vrotei-
vovoa etvat h m ko n g o€l yovia Orad (Zymua).

i) No omodei&ete ot
3 40
- Nuo +covvo +1 /)
i) Mo ot Ty tov 6 1o h Taipver T pkpdTepn TN
Ko Toto lvor avti);

6. 210 Stmhavd oy
1) No dei&ete 011 1 mepipetpog P tov tprymvov
MKO eovton pe P =1+nu20+ ocouv26.
i) T ot Tipn Tov 0 1o P maipver ) peyoote-
pM T Kot oat givort ov;

3.10 EIIIAYXH TPII'@RNOY

To khaod TpoPfinua e Tpryovouetpiog, amd To omoio mpe Kot T0 GVOud
™me, elvar  exihven Tpryd@vov, SNAST 0 VTOAOYIGHOG TOV AyVOOTOV KOPLOV
ototyelmv evog TpLydvov, 0tav divovtol ETapkY| otoyeie Tov.

H eniivon tprydvov pmopet va yiver pe ) fondeta tov mopakdto dvo Po-
ooV Beopnudtov, Tov gival YVOoTd T0 Ve G VOROS TOV NULTOVOV Kol TO
GALO G VOROG TMV GUVIIULTOVOV.

Nopog Tov nutoévev

aiula® Xc kG0e Tpiyovo ABT 1oydet:

o _ B _ v _p
NuA  muB - mul

omov R, ) axtiva Tov meptyeypaptévou KHKAOL TOV TPLYmVOU.
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‘Eoto (O,R) o mepryeypappévog kokiog tov tprymvov ABIL Av gépoupe
ddpetpo BA kan ) yopon T'A, téte oympatileton tpiyovo 'BA nov givat opfo-
yovio oto I Emopéveg £xovpe:

A= (BI) = i, omote — % =2R (1)
(BA) 2R npA
A A
A
B a r
Q,
A
B a r
Zynuo 1 Zyfpo 2

Etvar opwg A=A (Xy. 1) A+ A=180" (Xy. 2), ondte nuA = nuA. Emopé-
vogn (1) yphoeton
a J—
nuA
Av A =90 161¢ éyovpe: nuA=1 kot a=2R (XZy.
3). Emopévac kot oty mepintmon vt oyvet

\_/

2R

o0TnTOL % _9R.
NHA

Opoimg amodeucvideton Ott:

L=21R Ko LzzR

nMuA nupB  npl

Emopévag:

ZXOAIO  FVPems VOO TOV NITOVOV UTopovLe EDKOAN VO ETAVGOLLLE £val Tply®vo,
otav dtvovrat:
1) Mo mhevpd kot dvo yovieg Tov 1

i1) Avo TAEVPEG KOl [U10L OO TIG 1) TEPIEYOUEVES YOVIEG TOV.
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HHAPAAEITMATA - EGAPMOI'EX
1° Na emv0si to tpiyovo ABI pe a =15, A = 43° kou B = 82°.

AYZH

Enedfy A+B+I"=180", éyovpe: I'=180"-A -B=180"-43"-82" =55
'Eto1, cOppmva pe to Voo TV NTdVeV EYOVLE: A

15 B v
nu43” nu82° nuss’ Y B

43°

OTOTE:
_15-mu82° 15-0,9903 ”
nu43’ 0,6820 B/82 ~ r
po
_15-mu55" 15-0,8192 18

NIVES 0,6820

2° Na emlv0si To Tpiyovo ABI pg o = 23, p = 31 ko1 B = 35°

AYZH

2OUPOVA LE TO VOLO TOV NUITOVOV £XOVLE:

23 31 Y

- = (1)
NUA  Mu35 mul
ombte A = 23-Mu35° _23-0,5736 - 0.4255
31 31
Apa

A=25 1 A=I155
Emedn opog a < B, Ba etvan ko A < B. Emopéveg and tig mapomdve Tipég
™G A dekrtr| etvar pévon A = 25°.
'Etot €qovpe
'=180"-A-B=180"—-25" -35" =120

ondte, AMdym g (1), woyvet

31 Yo :31-nu120 :31-0,8660:47
nu3s”  nul20° nu3s’ 0,5736
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3° Zg éva vkd onueio O cpapuolovron
TpEIg dvvapeig mov £xovv pétpa F , F, ko
F, avriotoiyog ko oynuatiCovv ava évo
yYovies 0, 0, Kal 0,, 6m1Og Qaivetar 610
owmlave oyfpa. Av 10 vAKO onpeio wwop-
pornel, va amoderyOei ot

E _E B
nuw;, N, MNUHO,

Enedy 1o onueio O 10oppomnet,  suvictopévy F tov E Ko FZ Ba Eyet 1010
devbuvon, avtiBetn gopd Kot id10 pETpo pe TV E. Emopévag and to vopo tomv
nuoévev oto Tpiymvo OBI éxovpe:

8H __©B __©H K K _ K
MuBOI MuBI'O  MuOBI " nuo,  nue, Muo,’

agod BOT'=180" —w,, BI0O=180"-w, xar OB =180° - w,.

Nopog Tov cuvnuItovev

Ortav etvar yvooTé ol TPELg TAEVPEG EVOC TPIYMVOD 1] 01 SVO TAEVPES KO 1)
TEPLEYOUEVT YOVIRL TOVG OEV UTOPOVUE EVKOA [UE LOVO TO VOLO TMV NHTOVOV
V0O, VTOAOYIGOVLE TOL AAAOL GTOLXEID TOV. TTNV TEPIMTTMGT CVTH YPNCLLOTOIOVUE
TO TOPUKATO Be@pNUa TTOV EIVOL YVOOTO G VOROS TV GUVIILTOVEOV.

b e kGOe Tpiyovo ABT 1oydet:

o’ =P% +vy> - 2BycuvA
B’ =y’ +a’-2yocuvB

v? =0? +p* - 2afovvl
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ATMOAEI=H*

Oa amodetéovpe pOVO TV TPOTN 16OTN-  [(x,y)
t0. Mg Opot0 Tpdmo amodEKvuOVTOL Kot Ot
VIOAOLTES 1GOTNTEC,

210 eninedo Tov TPrydVoL Bempove Eva
oVGTNUO GUVIETAYUEVOV UE opyn TO A Kot
Beticd nuaEova tov x v nuievbeio AB.

'Etot ot cuvtetaypéveg Tov B Ba givan (y,0),
eV Y100 TIG ovvteTaypéves (X, y) tov I' Ba
leyqital

GUVA:% Ko T‘“JA=X

1 1603VVOLL
X =BoLVA kol y=pnuA (D)

AV ypNGYOTOMGOLLE TOPE TOV TOTO TNG OOGTACNG Yo To. onpeio B(y,0) kot
I'(x,y), Bpiokovpe ot

o =(BD)=(x=7) +(y—0)’
ondte, Aoyw g (1), Epovpe:

o’ = (x=7)" +y* = (BovvA —7)* + (BnpA)*
=B%cuViA +7° — 2BYGLVA + Bnu’A
=B?*(cuViA +MpA) +y° — 2BycuvA
=B%+7% — 2BycvVA.

Etvotl gavepd 011 pe 10 VOO TV CUVIIITOVOY UTOPOVLE OUECHOG VO VTTO-
Aoyicovpe pua 0moadNmote mAeLPd EVOC TPLYdVOV, apKel vo doBovv ot GAAeg dVo Kot 1 me-
plexopevn tovg yovio. Me tov 1610 vOpo Pmopolpe EXTAEOV VO, VTIOAOYIGOVLE KO TIG YMVIES
€VOC TPLYOVOL, TOL 0T0I0V EIVOL YVOOTEG KOL Ol TPELS TAEVPES, APOV Ol TOPATAV® 1GOTNTEG
YpapovToL:

B2+yz_az GUVB=y2+a2_B2

2By 2yo

FZOL2+B2—Y2
20.B

OLVA = , OLV
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HAPAAEITMATA - EGAPMOT'EXY
1° No emlv0si to Tpiyovo ABI pe a =35, f = 20 kor y =42

AYZH

ATO TO VOLO TOV CLUVIITOVOV EYOVLE:

20° +42° -35°

e 357=20>+42%-2-20-420VVA, ondte cUVA=—"—" "= =(),5589
2-20-42
Apa A =56
357 +42° -20°
e 20°=35"+42%-2-35-426vvB, ondte cuvB SR e S 0,8806

2-35-42
Apo B=28". Apa I'=96
2° No emlv0si to Tpiyovo ABI pe p= 20, y = 42 ko1 A = 56°

AYZH

AT T0 VOO T®V GUVIITOVOV EYOVLLE
a’ =20"+42° —2-20-4200v56° =1225, ondte oL =35

‘Etot yvopilovpe Kot TG TPES TAEVPEG TOV TPLYDOVOL, OTTATE OVOYOLOGTE GTO TPON-
YOULEVO TTPOPAN AL
3° No. arodery0ei 6tL T0 gupado E evog tprycdvov ABI diverar omo Tov Tomo: E= %By‘n pA

A Y B K Y B
K A

Av pépovpe 10 Vyog I'K Tov tprydvov, xovpe:

1 1
E==(AB)-(I'K)==(AB)-(AI') - quA (TK)
2 2 { MUA =
yioti MpA =
1 (AD)
=51 B-muA
O mopandve TOTOC 16YVEL TPOPAVOS KOl 6TV TePinTmon mov A = 90°.
4° Xg éva vl ko enpeio O gpoppolovrar 600 dv- By =5 r

vapeig mov £xovv pétpo F, ko F, avrictoyo
ka1 oympotilovy yovia 0. No amrodsry0si 6Tt
70 pétpo F g ovvietopévig Tovg diveral

ot Tov TOmo: o 7,
F’=F +F + 2EEcuve
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Enedn) (OA)=F, (AI')=F, kat (OI') =F, oo tpiywvo OAT £yovpe:
F? =(OI)* = (OA)® + (AI')? = 2(OA)(AI')GLVA
=F*+F -2F -F, - cuv(180° — )

:|:12+F22+2F1-F2-c50vm

A" OMAAAY
1. Avo mwdpyotr A kot B Ppickovrar ekatépm- A e 300m n
63°

Oev evog motapov. ‘Evag mapoatnpntmg 11 56
Bpioketat Tpog 10 1010 HEPOG TOL TOTALOV
B

pe tov mopyo A. Av oto tpiyovo [TAB eivor
IMA =300m, A = 63° ko I1 = 56°, va. Ppeite
™V andotacn Tov Topyov A kot B.

2. 'Evag cvuldéktng nlokng aktvoPfoliog pn-
Kovg 5 m givan Tomofetnpévog otV opoen
evOG KTIpilov, Ommg deiyvel To dimhavo oyn-
o, No vmoAoyicete To uiKog tov Ppayiova
ue tov omoio otnpiletat 0 GLAAEKTNG.

3. 210 Sumhovo oo Vo amodeiEeTe OTL:

-
i) FA:dﬂi,

nu(y —x)
i) A - dNHx-Muy 5= A A .

nu(y —x)
4. No. amodei&ete 011 dgv vapyet Tpiyovo ABI pe o= 30, f=10 kot B=31.

5. No vroAoyicete T yovio 6 Tov SITAovod GYMUOTOC. 0
¥
4,25
[
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6. No vmoloyicete To puiKog Tov EAoVg m
TOV SUTAOVOD GYILOTOG.

A B
42m 55m
V%
Mn
7. Na vroloyicete ) yovia 0 Tov opboydviov ]
KOLTLOU TOV SITAAVOD GYNHOTOG: 2Jo cm
60cm de(\

8. Na amodeilete 011 o€ KGO Tpiymvo ABI 1oy0el ) 166t 10!

GLVA | ouvB  cuvl _ a’+B% +v°
o p Y 2aBy
9. Na anodei&ete 0T o€ KaOe Tpiywvo ABI 1oydel | oo TaL:

Bouvl +yoLvvB =a

10. Av ot éva tpiymvo ABI 1oy0et ) 16otnTo fovvl = youvB, va anodeiete ot
B=y ko avTioTPOPOC.

11. Av ot éva tpiyovo ABI woyvel ) 166tto o = 2Bouvl;, va anodei&ete ot f =y
KO OVTIOTPOPMG.

B OMAAAX
* 1. Av og éva 1piyovo ABI 1oydel n o6t B = 2A, va anodeitete ot
B B
i) VA =— i) B*—a’=ay
20 a
2. 210 Suthovo Gy1LLo VoL amodeiEeTe OTL:
A 45° X r
I'A = a(cuvx —Nux) A

3. Av ot éva tpiyovo ABI 1oybet po oo T1g 166t TEG:
) p=onuB, i) onpA =pnpB +ympl;,
va amodei&ete 0T T0 Tpiymvo givar ophoydvio.

4. Av o¢ éva tpiyovo ABI 1oybdel ) 106t to acvuvA = BovvB, va amodeitete 6TL TO
Tply®vo givar ophoydvio 1 160oKELES.




122 KEPAAAIO 3°: TPIFQNOMETPIA

5. Na anodei&ete 011 o€ kGbe tpiyovo ABI woyder n oot

o—p A-B r
o+p 2 2
M
6. 210 dumhavo oynua vo arodeiete Ot
5+3cuv20
Bl)=———
B 2 B 0 A
1 (0] 1

7. No amodei&ete 6Tt Y10 10 SumAavo
TOPOAAAGYPULLLO 1GYVOVY OL IGOTNTES:

i) x> +y* =20’ +2p°

il) (ABTA) =2afnuw

I'ENIKEXY AXKHYELY (I'" OMAAAY)

1. Ze tpiymvo ABT 1 Vvyog tov AA givar {60 pe to wod g mhevpdg BIL No
amodeifete 0t 1oy vEL €OB + el = 2epBe@l” ko1 6B + ol =2.
. B ‘B
2. Av yua T1g yovieg evoc tprydvor ABI oydet 50° ﬂHz
epl’ mu T
071 T0 TpiyVo aVTO Eival 0ploydVIO 1| IGOCKEAES.

, va amodei&ete

3. Na arodei&ete 01t ta onpeia M (X,y) Tov emmédov pe x =1+ 2cuvt,
y =3 + 2nut Bpiokovrar oe kdxho kévrpov K(1,3) xon axtivag p = 2.

4. Na MWoete T1g e£l00oELS:

i [+ npx 4 _Svvx GLVX -OQX

3

=4 ii)
cuvx l+nux I —nux

5)Av 0<x < g, vo, omodeifete 0Tl €PX +GPX = 2

nuo+npp

<epP
cuva +Gvvp

. T , .
ii)Av 0<a<B< > va amodeifete 0TL €0 <

6. Na Moete v e€iomon 200\/(% - 2x} =1 oto0 ddotpa (4w, Sm).
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7. Xe éva. AoOVO-TOPK O TEPIOTPEPOLEVOS TPOYOC
éyet axtivo 4m, 10 KEVIPO TOL AmEYEL OO TO £00i-
@oc 10m ko 6tav apyiletl va kiveitar exteAel o
TAPN TEPLOTPOPN € 8 devtepdrental e oTafepn
tootnra. Na Bpeite to Dyog tov Payoviod A amd
T0 £d0.pog VaTepa amd ¥povo lsec, 2sec, Ssec Kat
yevikdTepa VoTEPA Amd ¥PpOvo t sec. No AVGETE TO
010 TpoPAnua o to Poyove B.

8. No amodeiéete 0Tt
1) CPX —ePX =2 - 002X i) opx —2-eP2x —4-epx — 8- X = QX

9. Me ) Pofifeta Tov Tomov Mu3aL =3 - nua — 4 -nu’ol va Moete Tig eElok-
oeic i) 8x° —6x++/2=0 i) 8x* —6x—1=0

10. No amodeifete 0t1 10 6OvVOL0 TV onueiov M(X,y), te x=cuvl kot y = cuv20+1,
omov 0 €[0,7], eivor 10 T6&0 ™G MOpaforng y = 2x°, ue x e[-1,1].

2eq0 1-ep’a
11. Me ) Bofifsia tov Tomov NU20L = _([)2 Kol GLV20L = —('2
I+ep’a l+ep a
I+nux
va amodeifete 6t ovuvapmon f(X) = _TnEx , Xe(-m,m) maipvel
5+4cvvx

TULES OTO SACTNLLOL [0,%].

, ] nu2x n j
12. No Moete v €lomon: NUX + GLVX — =oLVV| ——X
o el

13. "Eva yxapal oynpotog opfoymviov €xel oxeda- O E
obel, é161 dote va anoteheitar omd Eva TETPA- 0
yovo ABI'A kot éva opBoydvio OAAE pe OA = 20,)7
20m, Ommg TEPLYPAPEL TO OwmAavd oynua. [ A A

nota Tiun g yoviog 0 rad to gufado S m” 1oV
yKopal yiverat péyioto;

Ynooein

i) Na deitete 6t S = 4006LV°0 + 400nUOGLYVO
i) No ek@paoete 10 S ot popen

S=pnu(20+¢)+c B r
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ii1) Na Bpeite v tiun tov 0, yio v onola to S waipvel T HEYIGTN TN, TNV

0Toi0l KoL VOL TPOGOL0PIGETE. A

14. Atveton éva tpiyovo ABT «a n
duipecdg tov AM. Av MAB = X, X Xy
MAI =y ka AMI =, va

amodei&ete OTL:

260® = GOX — QY 8 w r
IIII M IIII
15. Na vroAoyicete Tig yovieg B kon I’ A
TOL OUTAOVOV GYNLLOITOC, OV IGYVEL
AT 30°| 45°
Y Y
AB
B r
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IXTOPIKO XHMEIQMA

E VO £tvor KOG Topadektd OTL 1 YeopeTpia etvor dnpodpynua g
KAOGIKNG TePLodov g apyaiag EALGSag, evrovtolg dev eivan e&icov
YV®oTd OTL N TpryvopeTpio etvor Snpodpynuae g EAANVIGTIKNG Tept-
6dov pe Tpotaymviotés tov 'Inmapyo, tov Mevérao kot tov IltoAepaio.

H tpryovopetpio Eemdnoe oty npoornabewa va Bepelobel o mo-
c0TIKN aotpovopia n onoio Ba pmopodoe va ypnowomombel yo va
poPAe@Bolv ot BEcE TV oVPAVIOY COUAT®OV, O VTOAOYICUOG TOVL
nuepoAoyiov Kot vo epappoctetl 6t vovomioio Kot 6T Ye@ypopia.
OcgpeMmmg g aotpovopiag vanpée o Inmapyog mov édnoe ot Podo
Kot otnv AdeEavopeta kon tEbave yopm oto 125 m.X. [ v Tpocomt-
KN tov {on EEpovpe TOAD Alya Kot To TEPIOGOTEPO TOV EEPOVULE YU V-
10V poépyovtor and o Piria tov [rorepaiov. O Tarapyog cuvéPaie
ATOPUCLOTIKA 0TN SpopPmon ™S Bewplog TV eMKOKA®V, Kot Tav
o¢ 0¢om va vroroyicet exielyelg g ceAvng e axpifeta pag £mg 600
opov. Aébete emiong kot pio Bempio Yoo pror ikavomomtiky e&nynon
TOV POIVOLLEVOD TMV ETOYMV.

H onpavtikdtepn avakdioym tov ftav 0Tt o onpeio Tov o déovag
TEPIGTPOPNG TNG YNG TEUVEL TNV OVPAVIC GOAIPO HETOKIVOVVTOL KO dl-
aypaeovv kOkAo pe mepiodo 2600 ypovia. To peyaidtepo péEPOG ™G
TPLYOVOUETPLOG TOL ITmopyov avapEPETOL GE GVTO TOV GTUEP OVO-
palovpe copikn tpryovopetpio. Kot avtd givar porpaio, apod tov ev-
dépepav Kuping Tpiywva mov oynuatitovral Tdve otov ovpdvio BOr0.
Opog avéntuée Kot factkd onpeio TG EMTEIOL TPLYOVOUETPLOG.

To £pyo tov Tnmapyov cuvéyioe o0 Mevéhaog mov élnoe yopw oto 98
1. X. Kot Tov 0moiov 1o Pacikd £pyo eivar ToL «GOAUPUKEY.

H avéntuoén g eANVIKIG TPIYOVOUETPIOG KOl TV EQUPLOYDV TNG
oTNV aoTpovopio ohokAnpavetal pe to £pyo tov [toAepaiov mov élnoe
otV Ale&avopeta yopm 6o 168 1. X. kot Tov 0moiov 1o KOPLo GVYYPOLLL-
po etvon  Adpayéot (apapikr tapapBopd g AEEng «Meyiot»).

To Pprio A g Ahpayéotng mepiéyet Ol ta avaykaio Bewpnuoto
Y10 TNV KOTOOKELT £VOG TIVOKO NTOVOV Kot cuvhutovev. To Baowkd
Bem@pnpa oo THY KOTAGKELT (VTOV TOL TTivaKa givat To €€1G:
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«Eotw ABIA eivar kvpto tetpdmievpo eyyeypouuévo oe kvkio. Tote
wyver: AB-TA+AA-BI' = AI'-BA ».

210 Beopnua avtd omnpiymke Kot o Irodepaiog yio va Bpet o1d-
(QOPOVG TPIYOVOUETPIKOVG TOHTOVS UETOED TOV OMOI®V Kol 0VTOV TTOV
onuepa ekppalovpe mg

nu(a—P) =npa-cvvp —cvva - Nuf

H Alpayéot éxave yuo v tpryovopetpio 0t Ekavay ta «Xtoryeio
0V EukAeiony ywo m lN'eopetpio: Tn dietdnmwcay 6t popen mov Topé-
pewve yio to emdpeve 1000 ypovia.

Metd to 200 p.X. pe v tpryovopetpio acyoAnkay kot ot Ivooi
1e KivnTpo EMIOTG TV OVIWETOMTION AGTPOVOUIK®OV TPOPANUAT®V. Agv
LYoV GNUOVTIKT oLVEIGPOPA Kot a&ilet var onpetmBel 6Tt yio S1popovg
TPLYOVOUETPIKOVS KO AOTPOVOUIKOVG OPOVG OTT®E KEVTPO, AENTO KTA.,
YPNOYOTOL0V0V TIG EMANVIKES AEEELG.

Katd ta ypoévia tov Mecaiova pe TV Tpry@voUETpio. ao)oA0VVTOL
Kot ot Apafeg, Yopig vor GUVELGOEPOVY GE CVTNV KATL GNUAVTIKO KO
TOVG. ZVvEParay OU®S 6T0 va petadmdoovy TV EAAnvikn tpryovope-
tpia otv Evpdmn.






Kepdhato 4°
MOAYQNYMA-INIOAYQNYMIKEE EZIZQZEIX

4.1 TIOAYQNYMA

H évvowa tov moivmvipov

‘Eoto X pio petafAnTti mov unopel va Tapel 0motedNTOTE TPOYUUTIKY TIUN.

* Kalobpe povdvopo Tov x kabe Tapdotosn The LopenS X', 6TTov o ivat
EVag TPy HaTIKOG optBog Kot v Evag BeTikds aképaLog.
Movdvopo tov x kaAoOue eniong kot kaOe mporypatikd aptopo.

T Tapddetypa, ot TopacTaoels: 2x°, —%xs, 0x*, 2x kot ot apBpoi: 2, -3,

0 etvar povovopa tov X.

* KaAobpe moiv@vopo tov X kébe mopdotacn g Lopeng:
o X oy X e, +o,X + 0o,

omov v etvon évag puotkog apBuds kot o, o, ..., O, EVOL TPOYHOTL
Kot apiBpol.

Ta povévopo o x", o, X", ..., X, o, AEyovior 6pot 1oV ToA®VY-
pov ko ot appot o, o, ..., 0, O, 6VVTEAESTEG 0LTOV. E1dikdtepa o a
Aéyetar 6100gp6g 0POS TOV TOAVOVOLOV.

Ta moAvdvopo g popeng oy, dMAadh ot mpaypotikol apBpoi, Aéyovron
6100epa moiv@vopa. Edikd 1o ot00epd moAvdvopo 0 Aéyetar pnoeviko mo-
Avavopo.

‘Etol yo mopddelypa, ot mopuostdoels 3x° +2x* —x +2, 0x* —5x +1,

5%° — %xz +0x +% Kot ot apBpoi 2, 0 KTA. etvar ToAvOVLULA TOV X.
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H w66tmto petagy dvo molvoviumv opiletor og eEng:
Avo Tolvavopa

18
0 X o o X+ 0, Kot X7 e +BX+By, e p2v
00 Aépe 6T eivan ioa OTav:
oy =By, =Py, o, =B, kt a0, =0t,,=....=a,=0

T mopdadetypa to ToAvdvops 0x* +0x” +2x* —x +1 kot 2x° —x +1 givol
{ca. Emiong ta molvdvopa ox” +Px +7 kot 2X +3 etvan ico av kot pévo ov
v=3, =2 xon a=0.

Ta moAvdvopa ta cvpporilovpe cuvnbog pe P(x), Q(X), KTA.

‘Eoto tdpa éva molvdvopo
P(x)=0,x" + 0, X"+, +a,Xx+0,
* Av 610t 01 GVVTELESTEG TOV £lvan oot pe unodév, tote o P(X) givan ico pe to
ToAVOVLLO 0 (UNOEVIKO TOAVMVULLO).
* Av 0umg €vag and TOVG GLVTEAECTEG TOL £lval OLUPOPETIKOG OO TO UNOLY,
101€ 10 P(X) aipvet tn popon:
o X+ ol X H o, +o,Xx+a,, pe o =0

Yy mepintoon ot o apBudg k Aéyetar fadpég Tov moAvmvopov P(x).
Etvar pavepd 011 k60e otabepd kot pn pndevikd moivmvopo et fadbpd 0. T'a
70 Undevikd molvdvopo dev opiletor fabudc.

"Etot yia mapddetypo 1o moAvdvopo P(x) =—4x’ +3x —7 sivar 3* Paduov,
eved 1o Q(x) = 7 glvan pundevikov Pabpov.

AprOpuntucy Ty ToAv®VOpov

‘Botw éva molvdvopo P(x)=o X" + o, X" + .o +0o,X + 0, Av
OVTIKOTOGTIICOVUE TO X LE VOV OPIGUEVO TPOYLOTIKO 0ptOpod p, TOTE 0 TpOLy-
Hatikog appos P(p)=a,p’ + o, P + e, +ou,p+ 0, MOV TPOKVTTEL
Aéyeton aprOunTiki) Tipn 1 oTAQ T TOL TOAV®VOLODL Y10, X=p.

Av givan P(p)=0, t61€ 0 p Aéyeton pia Tov ToALOVOHOVL. o Tapdaderypa, 1
T 1oL TOAOVOLOL P(X) = —x’ +2x° +4x +1,
yox=1 gtvor P(1)=—1* +2- 1> +4-1+1=6, evd
yo. x = -1 givar P(—=1) =—(=1)’ +2-(=1)* +4-(=1)+1=0, mov onpoivel 611
o —1 givan pifa Tov TOAV®VLLOVL P(X).

Etvotl gavepo ot
* To ot0Bepd TOAVMOVVLO € £EL TN € Y100 OAES TIC TYES TOV X KoL
* Ta oo ToAvdvVVH Y0V 156G TIES Y100 OAES TIG TIHEG TOV X ()

(*) Amodeukvietat Tt 1G)vEL KOl TO 0VTIGTPOPO, dNAdY OTL:

* Av évo TOM@VVLO €L TN C Yo OAEG TIG TIHEG TOV X, TOTE AT ElVaL T0 6TABEPS TOAMVVLLO C
Kot

* Av §Y0 Torvd@vopLe. Exovv ioeg TIHES Yior OAEG TIG TIEG TOV X, TOTE T0L TOAVAVLLL 0VTA Efvar 1o0.
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Mpa&ers pe morvovopo

Mmopobe vo TpocBEcovpie, Vo apapEGOVLE, 1} VO TOAALATAAGIAGOVIE TOAV®-
VOO, YPNOLLOTOIOVTAG TIG IOIOTNTEG TV TPAYUATIKOV 0plOUdV, OT®S paiveTol
oTa EMOLEVO TOPUSETYLOTOL:

1 i) (x® +2x° =5x +7) + (4x® =5x* +3) =x* + 2x° —5x + 7+ 4x* —=5x° +3
=1+4)x>+(2-5)x" =5x+(7+3)
=5%x’ —3x* —5x +10 [Motvdvopo 3° Baduod]

i) 2x* x>+ D)+ (25’ +2x-3)=2x" —x* +1-2x" +2x -3
=—x>+2x-2 [MToAvdvopo 2 Babpov]
iii) (x* -3 - D)+ (x"+3x + ) =x" -3’ = 1-x* +3x* +1=0 [Mndeviké orvdvopo]
2. (X+2x*=5x+7)—(4x* -5x° +3) =Xx* +2x* —5X + 7 —4x° +5x* -3
=-3x*+7x*-5x+4
3. (X +5%)2x +3x-1)=x"(2x" +3x — 1) + 5x(2x” +3x — 1)
=2x° +3x’ —x” +10x* +15x” - 5x
=2x" +10x* +3x’ +14x* - 5x [MoAvdvopo 5 Babuov]
INa 10 Babd tov abpoicHATOC Kol TOV YIVOUEVOL OV0 TOAMVOU®V OITOdEIKVY-
et 0Tl
* Av 10 GBpotopa dVOo [N UNOEVIKOV TOAOVOU®V EVOL [T HNOEVIKO TOAVMVV-
1o, 1ote 0 Pabpog Tov givatl i6og 1 PKPOTEPOG OO TO LEYIGTO TV PaOUOY TmV
V0 TOALOVOU®V.
* O faBuodc tov yvopévov 600 U UNOEVIKOV TOA®VOLOVY givar {606 [e TO
abpoiopo Tov BoBUOV TGV TOA®VOLOV 0VTOV.

HAPAAEITMATA - EGPAPMOI'EY
1° i) Na BpeBodv o1 Tipég Tov A € R Y10 115 0moieg T0 molv@dvopo
P(x)=(A* —=D)x’* +(A* =3+ 2)x + L —1 givon To pndeviké morvdvopo.
ii) Na ppeBodv o1 Tipég Tov A eR Yo 11§ 0moieg Ta ToAvOVLpO
Q) =A% + (A —2)x* +3 ku R(X) = (5L —6)x> + (\* —4)x* + A +1 civan ica.

AYZH

1) To P(x) Ba etvor 1o undevikd moAvdVLLo, Yo EKEIVEG TIG TYLES TOV A Y10l TIG
onoieg cuvainBevovy ot eEloDOELG:
A —-1=0, A =31+2=0 kou L—1=0
H xown Mon tov e&icdoenv avtdv eivar n A = 1. Enopévog yio A = 1 1o
molvdvopo P(x) givat to undevikd ToAvdvupo.
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i1) Ta Q(x) kot R(x) Ba etvon ioa yior eketveg Tig TYES TOV A Y1aL TIG OTOIEG GLVAL-
AnBedovv o1 e€lomoelg:

A=5L-6, A-2=2"-4 «xa 3=A1+l
H xown Mon tov e§lohoewv avtav eivar  A=2. Eropévac yio A=2 ta molvm-
vopa Q(x) kot R(x) tvan ica.

2° Av P(x) =x* +3x +a? -1, va Ppedodv o1 Tipéc Tov o € R yio TIg omoisg
woyver P(-1)=1.

AYZH

Eyoone  p(—1)=1e (-1)?+3(-1) +a-1=1
< a’-4=0
So=-2 N a=2
Emopévog ot (nrovpeveg Tylég ivar ou: -2, 2.

A' OMAAAY
1. IMoteg amd TIg MAPAKAT® TAPAGTAGELS EIVOL TOAVOVVLLO TOV X:
i1-x’ i) o’ —30’x +3ax’ —x°
1
iii)x+l iv) x* —2x3+4x -1
X

2. Aivovton o moAvdvopa P(x)=x> —5x +2 kot Q(x)=x" +3x+1. Na
BpeBovv ta ToAvOVVLOL

) P(x)+Q(x) i) 2P(x)-3Q(x) iii) P(x)-Q(x) iv) [P(x)]’

3. Na Bpeite yo moteg Tipég tov 1€ R, 1o molvdvopo

P(x) = (4p’ —p)x’ + 4(;42 - %jx —2u+1

€1vOlL TO UNOEVIKO TOAVMOVVLLO.

4. No. Bpeite yia moteg Tipég Tov o € R ta modvdvope P(x) = (o’ —3a)x’ +x* +a
Kot Q(x) =—-2x"+a’x” + (o’ —)x +1 &ivan ica.

5. No eetdoete oot oo Toug aplBpoie, mov SivovTol HE To TopaKaTd TOA-
ovopa, gtvon pileg Tovg.
i) p(x)=2x*-3x*+2x+7 x=-1, x=1
i) Q(x)=—x"*+1 x=-1, x=1

6. Na Bpeite y1o moteg Tipég tov K € R 10 2 givon pilo tov moAvmvopov

P(x)=x"—kx* +5x + k.

, x=3.
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7. I moteg Tipég Tov o €R, 1 T Tov TOAV®VOHOV
P(x)=5x>+3ax+a’ -2 yw x =—1 &ivor ion pe 1.

B' OMAAAX

1. Na Bpeite tovg Tpaypartikovg aptBpoig a, B, v, Yo Toug 0Toiovg T0 TOAV®-
vopo f(x)=3x>—7x+5 moipver popen f(x)=ax(x +1)+px +7y

2. Na Bpeite Tovg Tparypatikovg aptBpong o, B, yio Tovg 0moiovs T0 TOAVMOVOLO
P(x)=3x’+ax’ +Px—6 &yet pileg o —2 ko1 10 3.

3. No Bpeite Toug mporyLatikovg aptBovg A Kot L, Y10 TOVG 0T0{0vg TO TOAVMVL-
o P(x) =2x> + Ax* + ux + 6 éxet piCa 1o 1 kor woyver P(—2) = —12.

4. No. Bpeite 10 Babud tov Tovovopov P(x)= (91’ —40)x’ + (91" —4)x 34 +2
Y TG Srdpopeg TéS Tov A € R.

5. No Bpsite moAvdvopo P(x), Y10 T omoio woydet (2x+1)P(x)=2x" —9x* =3x +1

4.2 ATAIPEXH IIOAYQNYMEON

AkyoprOpikn) dwaipeon

I'vopilovpe and to IMpvacio v évvola ¢ EvkAeideiag 1 akyopBuikng
daipeong petad Betikmv aképoiov apiumv. Xvykekpipéva yvopiloope ot

INa ke Levyog puokdv apBudv A kat & pe 8 # 0, vadpyovv dVo povadt-
Kot puotkoi aplfpol T Kot v, TETO01 OOTE

A=bm+v, 0<v<d (1)

H w6émta avt givar yvoot) og tavtétnta e Evkieidciag dwaipeonc.
O A Aéyetar orpeTéog, o & dLapéTig, o T ANAIKO Kot 0 L VAOAOLTO TG Ot~
peone.

H évvota g dwipeong tov ToAvovipmy givat aviroyn pe v Evidkeideia
J10ipEOT TTOV OVOPEPAUE TOPUTAVD. ZVYKEKPYEVE IGYVEL:

(TavtomnTa ¢ draipeong) Na kabes (edhyog molvovipmy
A(X) Kot O(X) e 0(X) # 0 vrdpyovy 00 HOVOSIKA TOAVMOVOLLOL
7(X) Kot V(X), TETOL0 OOTE:
AX)=0(x)m(x)+0(x), ()
OmOL TO V(X) 1) €lvat TO INOEVIKO TOALAOVLLO 1 £xEL Padd
WKpOTEPO 0mtd 0 Palpd T0V 5(X).

Onwmg kot ot daipeon HeTa & PLOIK®OV aplBpmy To A(X) Aéyeton dropeTé-
0g, 10 O(X) drapéTng, 10 T(X) ANAIKO Kot TO V(X) VWOAOLTO TNG SLoipESNG.
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o va Tpocdlopicovpe To TNAiKO T(X) Kot TO VIOAOITO V(X) TG OlaipeEcN
evog molvviopov A(X) pe éva tolvmvopo d(X), akolovBovue o dradikacia,
avaloyn pe ekeivn g dwaipeong Tov BeTikdV akepaimv. 1o TapddeLyo TOv
axohovBOel meprypapeTon Pripa Tpog Prpa 1 dtadikacio e S1oipesng TOL TOAL-
ovopov X° —5x” +2x —1 pe 10 moAvdvVpIo X —3.

1. Ka&vovpe 1o oymua g dwaipeong kot
YPAPOLLE TOL GVO TOAVMVULLAL.

2. Bpiokovpe tov mpdyTo 6po X TV -
KOV OpadvTog TOV TPOTO OO X 10V
SOPETEOL LLE TOV TTPMTO OPO X TOL Ol-
ape.

3. IToAamhacialovpe T0 X ne x — 3 ko
T0 YWOUEVO X —3x 10 APALPOVUE OO
10 dloupetéo. Bpiokovpe €01 10 TpMOdTO
UEPIKO LTLOAOUTO ox 2% 1.

4. EnavoiapBavoope to Prpata 2 kot 3
LLE VEO OLOUPETED TO 2x 4+ 2x - 1. Bpi-
OoKOVE £TOL TO OEVTEPO LEPIKO VTTOAOL-
no —4x—1.

5. Téhog emavarapfavoope ta Prjpato 2
Ko 3 pe véo drpetéo o —4x — 1. Bpi-
okovpe €106l 10 TEMKO vmolowo —13
KOl TO TNA{KO X —2x —4.

[apatnpodpe Ott 1oyvEL N 1w6oOTNTOL:

X = 5% +2x— 1 = (x-3) - (xX'=2x-4) + (-13)
(Sroupetéog) = (Srarpétng) « (IAixo) + (VdAouTo)
oV €KEPALEL TV TOWTOTNTO TNG Ooipe-

ongG.

Av axolovOnoovpe v mopandve dtodt-
Kooiol yio To TOAVMVOLLOL 4 +x-3x -1
Kot 2+ X, £YOVLE:

x® —5x? +2x—]4x—_3
x* —5x° +2x—]¥(2—_3
X

X3 —5x?42x—1 [X=3
-x*+3x?
—2x? +2x -1

X} —5x?+2x -1 | X=3
—x%+3x? X" ~2x
—2x%+2x -1

2x? —6X
-4x-1

X —Bx?42x—1 |[X=3
—x%4+3x?
22X +2x -1
2x% —6x
—-4x-1
4x —-12
-13

4x* +0x® +x*=3x -1
—Ax* —2x3

“2x3+x?-3x -1
2x3 + x?

2x%2 —3x -1

2
—-2Xx"—X

—-4x-1

x> —2x—4

2x% + X

2x% —x +1
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[opotnpioTe OTL GLUTANPOCANE TN SUVAUN X UE GUVIEAEOTH] TO UNdEV.
Opoing yia ta movdvopo 2x° +2x° —x —1 Kot 2x° —1 éyovpe

2x3+2x* —x-1 | 2x*-1
-2x° +X X+l
2x* —1
—-2x*  +1
0

[Mopatnpnote 611 oT0L TOPATAVE TOPAUOETYHOTO 1 JlOiPEST] TEAEIDOVEL, OTAV TO
vorowro yivel unodév M o Pabpog tov yivet pikpdtepog amd to Pabud tov droupé.

Y10 tehevtaio mapddetypa PAETOVLE OTL TO VITOAOLTO TG dlaipeong etvar 0.
Yy mepintoon avt Aéue 0t 1 dwipeon eival TELELO.

Ievikd, av og pio dwaipeon etvar v(x) = 0, Tote 1 daipeon Aéyeton TEAEWM Ko
1 TOVTOTNTA TNG OLePEOTG YPAPETOL

A(x) =0(x) - m(X)

Yy mepintoon avt Aépe 6Tt 1o 6(X) orapel to A(X) N 0Tt T0 O(X) eivan
nopdyovrag Tov A(x) N 61t T0 A(X) dwmpeiton pe 1o d(x) N axoun ott To 6(X)
gtvon drapéTng Tov A(X). ‘Etot yio mopddetypa to 2x° — 1 givan mopdryovrog
dronpéng tov 2x° +2x7 —x —1.

Awipeon ToAV@VOROL pE X—p.

H tavtotta g dwipeong tov molvwvopov P(x) e To molvdvopo X — p
YPAQETOL. P(x)=(x—p)n(x)+v(X)
Eme1on] o dwpétng x — p gtvar mpadTov Babpov, to vrorowmo g daipeong Ha
etvan éva otabepd moAvmdvopo v. ‘Etot £yovpe:
P(x)=(x—p)n(x)+v
Ko, av Bécovpe x = p, maipvoope
P(p)=(p—p)n(p)+v=0+v=0
Emopévaog
P(x) = (x—=p)1(x) +P(p)

Amodeitape Aowmov Ot
To vroAowmo g draipeong evog Tolvwvopov P(x) pe to

x—p &lvor {60 pe TV TN TOL TOAVOVOUOL Yot X=p.
Etvo dniaon v =P(p)
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o mopddetypa, o vedrouro g Staipeong Tov P(x) =x° +3x* —13x —15
e 10 X —2 givor V=P(2)=2+3-2>-13-2-15=-21, evd pe 10 x+1 MOV
ypapetar x —(—1), eivor v=P(=1)=(=1)’ +3-(=1)* =13-(=1)-15=0. To-
patnpovue OtL:
* P(=1)=0, onAadn o1t t0 —1 givan pia tov P(x) xon
e P(x)=(x+Dn(x)+0=(x+Dn(x), nrady 6Tt 10 x+1 civar wapdyovrog
T0V P(x).
[evikd 1oyveL To TOpaKAT® Oedpn o

B0 Eva molvavopo P(x) éxet mapdyovio to X—p av Ko Lovo
av 1o p etvar pilo Tov P(x), dniadn av kot povo av

P(p) =0.

‘Eotm 611 10 x—p glvan mapdyovtag tov P(x). Tote

P(x)=(x-p)n(x)
ATd Vv 1606 TO VTN Y10 X = p TOAPVOLULE
P(p)=(p—p)n(p) =0,
mov onuaivel 0Tt to p tvan pia Tov P(x).
AvTieTpo@mc: 'Eotw 011 10 p etvan pila tov P(x), dniadn woydet P(p) = 0.
Tote and ™ oyéon
P(x) = (x —p)n(x) +P(p)
TOipVOLE
P(x) = (x = p)m(x),
7oL onuaivel 0Tt To X—p etval Tapdyovtag tov P(x).

HHAPAAEITMATA - EGAPMOI'EY

1° Na g€gtaotel av To molvdvopa x+2 Kot x — 1 givar Tapdyovreg Tov Tolv-
ovopov P(x)=x>+x* —x+2.

AYZH

To x+2 ypéoetar x —(-2). Enedy P(-2)=(-2)" +(-2)* —(-2)+2=0,
10 -2 &ivan pila Tov P(x). Emopévog, copemva pe to mapandve Bempnua, To
x+2 givar mapdyovrtag tov P(x).
Enedf) P(1) =1 +1" =1+2=3%0, 10 1 dev eivar pila tov P(x). Emopévag 10
x — 1 dev givar mapdyovtag tov P(x).
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2° Tw, moteg Tipég Tov A € R:
i) To vmwéhowwo g dwipeong Tov P(x) =x> —3x* +3x -1 pe 10 X + A
givar 10 pnoév.
ii) To vélouro g draipeong Tov Q(x)=A*x* +3Ax> -3 pe 10 x — 1
givar 7o 1.

AYZH

i) Enedn x + A =x —(—A), t0 vwoérowmo g daipeong Tov P(x) pe 1o x+A etvarn
v =P(-A). Enopévac, yio va givar v = 0 apket:
P(-1) =0 < (-A)° =3(-A)* +3(-1) -1=0
& AP -30-30-1=0
SA 37 +30+1=0
S +1D*=0
Sh=-1
ii) To vwoérowmo g daipeong tov Q(x) pe o x —1 givar v = Q(1). Emopévag,
yw vo gtvan v = 1 apket:
Q) =121 +301°-3=1
SA+30-4=0
SA=1n A=-4

Xympo Horner (Xopvep)

"‘Eotm 611 0¢hovpe va Bpodie To tmiiko Ko 1o vorowmo g dwaipeong evog mo-
AOVOHOV, Y. TOV P(x) =3x’ —8x” + 7x + 2, HE £Va TOAGOVVHO TNG HOPPNS
x —p. H Evkieideia daipeon tov P(x) pe 1o x —p etvar n axd6rovdn:

3x°- 8x° +7x+2 X=p
3x° +(3p—8)x+p(3p-8) +7

-3x’ +3px’
(Bp-8)x’ +7x+2
-Bp-8)x> + pBp-8)x
[PBp—-8)+7]x+2
—[pBp—8)+7]x+plp(3p—8) +7]
plpGp—8)+7]+2

P(p)

H nopomdve dwaipeon pumopel va mopovctochel emontikd pe tov akoAovbo
nivoka Tov gival yvwotog og oynpa tov Horner.
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YuvTteheoTéC Tou P(x)

3 -8 7 2 p
3p (3p-8)p [(3p-8)p+7]p
3 3p-8 (3p=8)p+7 | [(3p—8)p+7]p+2
YuvteleoTtég MnAikou YrndAourmo

I"o v Kotackeun Tov Tivako avtov epyalOpaoTe ©g ENG:

— ZTNV TPOTN YPOLUN YPAPOVUE TOVG GLVTEAECTEG TOL TOAV®VVLOL P(X) Ko
oV TpoOT BECM TG TPITNG YPOUUNG TOV TPMTO GLVTEAESTH TOL P(X).

211 GUVEYELDN O TIVOKOG CUUTANPAOVETOL OG EENG:

— Kd&Be otoyeio g dgvtepng YPOUUNG TPOKVTTEL UE TOAAUTANGIOGUO TOV
AUEGMS TPOTYOVUEVOL GTOLXEIOL TNG TPITNG YPOUUNG ETL p.

— KéBe dAho oToryeio ¢ Tpitng YpoUUNS TPOKVITTEL WG AOPOIGHA TOV OVTi-
OTOL®V GTOLKEIOV TN TPMOTNG KO OEHTEPTG YPOLLUNG.

To televtaio otoryeio g Tpitng Ypopung eivar To vedrotmo g dtaipeonc
tov P(X) pe 1o (x —p), onAadn 1 T tov moivwvopov P(x) yu x = p. Ta dAAa
ototyeia TG TPITNG YPOUUNG EIval 01 GUVTEAEGTEC TOV TINAIKOL TNG dtapeonc.

Ac epyacBodue Topa pe to oynpa Horner yia va fpodpe o anAiko Kot to
vroAowmo tng daipeong tov P(x) =3x +3x* +6x —13 peto x —2.

3 3 0 0 6 | -13 | p=2 | Youmnpoote pe 0 tovg
18 1 36 | 721 156 GUVTEAEOTEG TMV §UV(§L|J8(OV
TOL X IOV OEV LILAPYOLV.

3 9 18 | 36 | 78 | 143

Enopévac to mniiko tg Stadpeong eivon m(x) =3x* +9x° +18x° +36x + 78
Kot 70 vwoAomo v = P(2) = 143

210 Topamave Topadetypa, ov avti yio to oy Hormer ektehéoovpie
daipeon, Bo Swumictdoovpe 6Tl ot TPAEeS Tov amattovvTat gfval apketd mo enimovec. To
010 Ba ovpPet, av dokipdcovpe vo vroroyicovpe to P(2) 8étovtag 6mov x 1o 2. To oynua
Horner gfvat daitepa ypfoipo oTic mepmtmoelg 6mov to p 1 o Pabudg tov P(x) etvar peydiog
apfpdc. I'io 1o Adyo avtd, 1060 GTIC SLUPESELS LLE TO X—P OGO KOl GTOV DITOAOYIGHO TNG TG
P(p), Ba ypnoponotodpe cuvibog to oynpe Horner.
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HHAPAAEITMATA

1° Na. Bpezei To mmAiko ko To vwérouro TG drmipeong (4x* —8ax +4a?): (X —a)

AYZH

To oynua Horner pe dtonpetéo 1o 4x” —8ox +4a” ko Sroupétn 1o x— o dive:

4 —80. 4a’ o
4o —4¢?
4 —4q, 0

Apa (x) = 4x—4a kot v(x) =0

2° Av v givan évag 0eTik0g aképarog, va omodery0si n TavtoTyTa:
X v-3 2

—a’ =(X—a)X" T+ X Pa+X"Cal ...+ ")

To oyfuo Horner pe Stonpetéo 1o X' — o ko dtapétn 1o X — o divet

v

1 0 0 | .. 0 || —a" | p=a |
o (12 ....... o a’
1 o & | o 0

Enopévac to vrorowmo g dadpeons (x" —a’):(x —a) elvar undév, evod 1o
mAiKo gtval To TOAVGOVLLO
v-1

(x)=x"+ox"? +a’x"” +....+a
Téhog, and v tavtdTTO TG d1eipecN G TPOKVTTEL OTL:

x'—a'=(x—o)nx)+0 N x' —a' =x-o)X""+x" 2o +x"2a’ +.....4+ ")
3° Na g€gTtaotel Y10 moieg TIHEG TOV YUOIKOD aplOpov v To x+a eivor Tapd-
yovtog tov X' +a”, a#0. IV avtég Tig Tipés Tov v, to X' + o va yivel
Ywopgvo TG popeig (x+a) m(x).

AYZH

Av Béoovpe P(x)=x"+a’, 10t¢ P(—0)=(—a)" +a’. Awxpivoope 11g
TEPITTMGELG:
* Av v aptiog, 101¢ P(—a) =0’ +a’ =2a’ # 0, mov onuaivel 61t 10 —0. dgv
etvan pifa tov P(x). Emopévac 1o x+a dev ivan mapdyoviog tov x” +a.
* Av v meprrtog, t0te P(—a)=—-a" +a’ =0 mov onpaivel 6t 10 —0L givan
piCa Tov P(x).
Enopévag to x+ao givon mapdyovtog tov X' +a’.

211 GUVEYELD, OV EPYOCTOVLE OTTMG 6TO Tapddstypa 2 yio v meptttd Ppickov-
pe v tavtotnta: X'+ =(x+o)(x' T =x" o+ x" o’ —L+a' )
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A" OMAAAY
1. No kéveTe TIC TOpaKAT® SLOUPEGELS KL VOL YPAWYETE TNV TOVTOTNTO TG
dlaipeong o€ kabe mepinTtmon.

i) 3%’ +6x> —17x +20):(x +3) ii) (x*-81):(x-3)
iii) (24x7 +20x° —16x* —15):(6x* +5) iv) (2x* +4x’ —5x* +3x - 2): (x> +2x - 3)
v) x*i(x—1)° vi) (x*+7):(x* - 1)

2. Na Bpeite 1o vorouro g dioipeong (18x¥ —6x™ +4x* —2):(x +1).

3. Na Bpeite t1g TYég 0V K, Y100 T1g omoieg o x—1 givar mapdyovtag tov
g(x)=k’x* +3kx* — 4.

4. Me ) Ponbeia Tov oynpotog Horner va Ppeite ta mnAika kot to vwoAouta
TOV SIPECEMV:

i) (—x’ +75x —250):(x +10) i) (x’+512):(x+8)
iii) (x> +1):(x-1) iv) —3x*:(x-2)
V) (4x3+16x2—23x—15):(x+%j

5. Av P(x)=-2x"-2x> —x +2409 , va Ppeite 1o P(-11).

6. No amodeifete 0TL 0L TOAGVLLLL TG LOPPNS X — p TOL divovTal o€ Kabe
nepinTwon etvor mapdyovres tov P(x).

i) P(x)=x"-25x" +144, x+3
i) P(x)=16x" —8x" +9x> +14x — 4, x—%
iii) P(x)=x’-3x"+2, x—1-3

7. Av v gtvar évag apTiog BeTikdg aképaiog, va amodei&ete 0TL To X+y eivan
ToPAyovVToG ToL X' —y .

8. No amodei&ete 011 TO TOPAKAT® TOAVOVOL OEV EYOVV TAPAYOVTA TNG
HopPNg X — p.
i) P(x)=4x*+7x* +12 i) Q(x)=-5x°-3x"-4

9. Av o v givon meptrtdg OeTikog axépatog, Tote To X+1 givon mapdyovrag Tov
x" +1. Na yphyete mv tavtomta g Swodpeons (xV +1): (x +1).

10. No KGveTe TiG O10UPECELC:
i) (3x* —2ax -8a’):(x —2a) i) (X’ +ox’ —a’x—a’):(x + )
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B OMAAAY

1. Na anodei&ete 0t1, av T0 V Vot TapdyovTog Tov |, TOTE Kol 10 x* — o’
etvar Tapdyovrog tov x* — ok, (K, v Beticol aképatot).

2. i) Na amodeitete 611 T0 vVITOLOUTO TG dlaipedN§ £VOG TOA®VOLOL P(X) e
10 ax+f, o =0 elvar v =P B .

a

ii) Na Bpeite T1¢ cuvdkec, 1o TIC omoieg To moAvdvLpo ax’ + B Staupei-
TOL e TO oX+f.

3. Me ) Porbeia Tov oynpatog Horner povo, va anodei&ete 6Tt 10 TOALO-
VOUO P(x)=2x"—6x’+5x* —3x +2 Swupsitar pe 10 (x—1)(x—2) ko va
Bpeite To TAiKko.

4. Na amodeifete 611 10 MOA@VVPO P(X) = (X +1)* —x* —2x—1, v#0
éyel mapdyoveg GAOVS Tovg TOPayovTEg TOL 2X° + 3% + X.

5. Na vrohoyioete toug a,B € R, yio tovg onoiovg 1o P(x) = ax'™ +Bx" +1
éyel mapdyovta o (x —1)°.

4.3 IIOAYQNYMIKEX EEIXQYEIYX KAI ANIXQYXEIX

Y& TPONYOVUEVES TAEELS YVOPICOE TOV TPOTO ETIAVOTG TOV EEICMGEMV

ax+B=0, ox’+Bx+y=0 kou ox*+Px*+y=0, pe a=0

O1 e&lomoetg anTég etvar e101KEC TEPITTOGELS HaG KT Yopiog EELCMGEDV TG LOPPTC

P(x) = 0, 6mov P(x) molvmvopo, ot omoieg Aéyovial moAv@VUpIKES EEI6MOELC.

YuyKekpluévos:

IMoivovopiki €icwon Padpov v ovopdlovpe kabe e&iocmon g Lopeng
ax’+o, X+ toax+o,=0, o, #0
T mopdetypo, ot eélohosic 2x° —5x> +x —2=0 kot —3x° +5x> +1=0 si-
VOl TOAOVVIIKES EE16MGELS 30V Kot 60V Pabpod avTioTolyMG.

Pila puog moivovopikig egicmong ovopdlovpe kébe pilo Tov TOAVOVOLOV
P(x)=a x" +o, X" +... + o, X + o, dnhadn kabe apOud p, yo Tov omoio
oyvel P(p) = 0.

Onog Y10 Tig ToAvovupukég e€lomoelg 1ov kat 200 Babpov, Tt kot yia Tig mo-
Movopikés eElonaoelg 3ov kot 4ov Babpod Exovy Ppebdel yevikol tpdmot eniivong
tovg. Ot TpOTOL AVTOl OUME ATALTOVY YVAOGELG OV €lvarl £ 0O TO GKOTO Ov-
700 T0V PPAiov kot e Ba avomTuyBodv edm. TEAOG, Exet amoderyBel OTL yYeviKdg
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TPOTOG EMAVONG Y10 TOAVOVVIIKES £E10MGELS Pabpol peyaidtepov tov 4 dev
vrapyet. o Toug Adyoug awtovg, Yo TNV ETTAVGT TOAVOVUUIKOV EEI0OGEDY
Babpod peyordtepov omod 2, Ba TEPLOPIGTOVLE OTH YVOOTH LOG TOPAYOVTOTOL-
non.

H enilvon o e&iocmong pe ™ pébodo avtn otnpiletar oty 1Icodvvapio

P(X)-P,(X) .o P(X) =0 @B(X)=0 1 P,(x)=0 7 ..7 P(x)=0)

Anhodn, yio vo, Aboovpe e toAvovouikn egicmon P(x) = 0, mapayovronot-
ovpe 1o P(x) kot avaydpaote £161 6NV Milvon TOAVOVUIIK®OV E1I0OGEDV it
KpotepPoL Pabpod.
o mapddetypo, og Acovue v eéicwon x° —3x +2=0. Avt) ypdoetot:
X} -3x+2=0=x"-x-2x+2=0

S x(X-1)-2(x-1)=0

< (X=Dx(x+1)-2]=0

S X-D(X*+x-2)=0

ox-1=0 7 x’+x-2=0

= x=1 il x=-2

Hapdyovrag TG popeng x — p
To Bewpnua mov akorovBel poag Bondd o opioHEVES TEPITOCELS, GTNV €D-
peon TpOTOPRAO®V TapayOVTOV.

(oxépormv piov) Eoto n molvovouikn eEicmon
a,x"+o, X+ tax+o, =0, le aKEPOIOVG GUVTEAE-
otéc. Av o aképatog p =0 etvan pila g e&icmong, t0te 0 p
etvou drapémg Tov oTadepov 6oL a,.

Avo p=0 eivar pila g e&iomong, T0TE SO0 KA EYOVE

v v-1 v v-1
oap +o, p tatopto, =00, =—a,p —a, p —.....—ap
v-1 v-2
o, =p(-ap T —a, p - —y)
Enedn ot p, 0, 0,,..., 0, givor aképatot €meton 6Tt Ko 0 —o, p*™ —a, p* 7~ -0

gtval aképoog. Amo v teAevtaio 16OTNTO CLUTEPAIVOVIE OTL 0 p €lvorl SLopéTng
TOV Q.
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HHAPAAEIT'MATA

1° No. M0gin eéiocwon x* —3x% +x+2=0

AYZH

Ot mBavég axépareg pileg etvan ot drpéteg £1, £2 10V oTafepOl OpOV. Me
10 oynuo. Horner e€etdlovpe av kdmolog omd avtodg pundevilel 1o moAvmvopro
P(x)=x"—-3x" +x+2.

‘Exovpe:

3 1 ]2 [p=l P(1)=1+#0
1

Apa to 1 dgv givon pila Tov P(x)
-2 —1 1

1
1
1| 3] 1 2 |p=— P(-1)=-3#0
1

1| 4 | =5
5 Apa to —1 dev etvan pia tov P(x)
—4 -3
1| =3 ] 1 2 | p=2 P2)=0
2 =2 | -2

Apa to 2 givon pia Tov P(x)

1 —1 -1 0

Emopévag to x-2 givon mapdyovrag tov P(x). Zvykexpyéva and to televtaio

oMU EYOVUE
P(x)=(x-2)(x’ —x-1)

omdte 1 ebiowon ypagetar (X — 2)(x° — x — 1) =0 kon &gt pilec Tovg aptdpone

1-5 145
2 Ko .

2 2

ZXOAIO  JR¥em TOPATAVO TOUPASELY LA CUUTEPUIVOVLE OTL TO AVTIGTPOQO TOL Bempn)-
potog dev oAndevet. Me ko Adya pmopet £vog axépatog p va givar Stonpémg tov a, , xmpig
aToG va. etvar kot avdykn kon pida g e&lomong my. o p =1.

2° Na h0si 1 e€icoon x* +5%x° +9x* +8x+4=0.

AYZH

Ot dwnpéteg Tov 4 etvan ot =1, £2, £4. Ene1dn] 6Aot o1 cuvteleotés g e&iow-
ong eivon Betikoi, ot draupéteg 1, 2, ko 4 amoxieieton va etvan pilec . Emopé-
vog ot mBaveég aképateg pileg etvar —1, -2, ko —4.
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Av gpyactovpe OmmMG 6To TPonyovuevo mapaderypa, Ppiokovpe P(-1)=120,

EVOD V10U p=—2 EYOVLE:

1 5 9 8 4 p:—z P(_z):O
—2 | —-6| -6 —4
1 3 3 2 0

Apa to -2 givan pia Tov P(x)

H e&lowon 101 YpdoeTan

(x+2)(x* +3x° +3x+2)=0
Av enavaldfovpe ™V Topamdve Stadikasic yie 1o Q(x) = x> +3x” +3x +2
Ko p=—2 €ovpe

1 3 3 2 P:_2| Q(—2)=0
-2 1 =2 | -2
1 1 1 0

Apa to — 2 givan pia Tov Q(X)

Enopévog sivor x° +3x* +3x+2=(x +2)(x* +x +1) xun apyky eéicoon
yYpapeToL

x+2(x*+x+1)=0
H televtaia £yet o povo durhn pila tov aplopd —2.
IIpoonpo yvopévov
‘Eotm 611 Béhovpe va peketioovpe Eva yvopevo P(x) = A(x)-B(X)-....- D(x)
®G mPOg T0 TPOSNUO TOV, dToL o1 Tapdyovtes A(x),B(X),....,P(x) glvar g
Hopeyg ax + B (mpwtofdduior) 1 g poperic ax’ +Px +7 (Tpidvopa).
Bpiokovpe 10 mpdonuo kabe mapdyovio yopioTd Kol 6T GUVEYELD TO TPO-
onuo tov P(x) , 6nmg paiveral 6To mapdderyo Tov akoAovOEl.

HHAPAAEITMA

Na Bpebei yra 11¢ d1dpopeg Tipég tov X € R 10 TPdONILO TOV YIVOUEVOL

P(x)=(x —1)(x* +x —6)(2x* + x +1).
I\YZH

Apycd Bpiokovpe To TpdGMUO TOL KADE TOPAyoVTO YOPLOTA MG EENG:
v Encion
x—120<x2>1,

10 X —1 &lvon BeTicd yo x >1, undév yio x =1 o apvnikd yo x <1 .
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vEmed) x> +x-620= (x+3)(x-2)20x<-3 R x>2,
10 X* +X —6 givar OeTikd Y100 X < =3 Koy x > 2, undév X = —3 Ko yia
X =2 Ko apynTikd i -3 < x < 2.

v Enedy 1o 2x> +x+1 éyet dokpivovoa A=1-8=-7<0, 10 TPLOVLLO
avtd etvar Betikd yuo kabe x € R.

O mpocdopiopde, T, TOL TPOSHLOV TOL Yvopévov P(X) yiveton pe ) Pon-
Beto Tov TopakdTo Tivaka, EEopUOLOVTOG TOV KAVOVO TOV TPOCTLWOV.

X —00 -3 1 2 +00
x—1 - — ( + +
X+ x—6 + ) - ) +
2%+ x+1 + + - +
PG) I

Qote 10 yvopevo P(x) eivan Betikd yio -3 <x <1 xou yio x > 2, evod givon ap-

VKo Yo X < =3 kot yo 1<x <2 . Téhog efvan undév yo x = -3, yox =1 ko

yox=2.

Avicooelg TG popens A(x) - B(x)- ... - ®(x)>0 (<0)

Apeon EQOPLOYT TV TOPATAV® EYOVUE GTNV EMIAVOT] AVICHOCEDV TNG LOPPNG

A(x)-B(x)-.....d(x)>0  (<0), 6mwg glvor yio Topaderypo 1 avicwon
(x-D(x*+x-6)2x* +x+1)<0

[pokeévov va Acovpe v avicwor avth apkel va Ppovpe TG TYES TOL

X €R yu 11¢ omoiec 0 yvopevo P(x) =(x —1)(x* +x —6)(2x* +x +1)

gtvo apynTiko.

A6 TV TpMTN KoL TV TEAEVTOLO YPOULUY TOV TVOKe Tpocnpov Tov P(x) dia-

TLGTMVOLUE OTL ] avicmon aAndedet 6tav x € (—o0,-3) U (1,2).

ITAPAAEITMA
Na 0si n avicoon x> —3x> +x+2>0

AYZH

Av gpyactodue 0mmg 610 Tapddetypa 1, n avicwon ypdeetot

(x-2)(x2—x-1)>0 1 (x—Z)[x—l_z\/g](x—l+\/§]>0.

2

TomoBetovpe T1c pileg Tov P(x) =X’ —3x* + X + 2 ot dEova kot Tapatnpodps Ott:

210 lo amd 6e&id dropo (2,+00) 10 P(X) etvon OeTikd, apod 6Lot o1 mopdryovteg &i-
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1445
2
udvo mapdyovrog, o X —2, ivar apvnikdc. Av cvveyicovpe £tot, Bpickovpe To

poon o Tov P(X) o€ OAa 10 S10GTNUATH OTTMOG PAIVETOL GTO GYTLLOL.

vo 0eTiKol. 10 ETOUEVO LACTN AL ( , ZJ 10 P(x) etvar apvntid, apov évag

Emopévag ot Aeelg g avicmong eivor to X €R |, pe nx>2.

1-5 145
> <X <

2
IIpocowopropdg pilag pe mpocéyyion

Ortav 0 akpipnc mpocdioptopog tov piiov pog e&icwong etvar 6vokolog 1
adVVOTOG, TOTE YPNOLLOTOLOVVTOL d1dpopeg HEHOSOL Y10 VoL TPOGAIOPIGTOVV [UE
Tpocéyyion ot pileg avtég. Mia tétoto TpoceyyloTiky HEH0dOC, TOV TAPOLGIA-
Cetan Ppa mpog Pripa oto mapddetypo mov akolovdet, otnpileton oTo mapokd-
T Oedpnpo

ST 'Eoto 1 ovvaptnon 1
fx)=oax" +a, x" +

Av y10 0vo TpaypaTikovg aptBpovg a, B e a<p ot Tipég f(a),
f(B) g cuvaptnong eivar e1epOGNLES, TOTE VITAPYEL L0 TOVAA-
yotov pila g e&lomwong f(x) = 0 petadd tov a, P.

...... +ox+ o,

To mapandve Bedpnpo eppnvedeTon YEOUETPIKA G EENG:

Av 1 ypagikn Topdotacn g f tepvaet amd dvo onueia A (a, f(a)) ko B(B,f(B))
nov Bpickovron ekatépmbev Tov dEova x'x, TOTE avT TEUVEL TOV dEova o€ Eval
TOVAQYIOTOV ONUElD e TETUMUEVN HETOED TV o Kot .

Ay Ay
() |- ()] O B(Bf(R)

: X1 XN\ _/Xs B X
FB)  BBAB) fla)
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ITAPAAEITMA

No amodeyytei 6T1 ) elicoon x° —3x+1=0 &g mo TovAdy6TOV Pilo pe-
Ta&0 TOV 0ptOpov 1 ko 2. Xt ovvéyera va Bpedei pa pila pe mpooséyyion
oeKaTOL.

AYZH

"Eoto n ovvaptnon f(x)=x"—3x +1
f(1)=-1<0
f(2)=3>0

1° ppa: Exovue {

Enopévag, copemva pe to mapandve Bempnua, VIapyet po TovAdyiotov pila
¢ e&icmong oto dwotua (1,2).
2° Bpa: Bpiokovpe tic Tipéc T ovvdptnong ota evdidpeso onueia 1,1, 1,2,
... 1,9 xau mapatnpodpe ot

f(1,5)=-0,13<0

£(1,6)=0,30>0

Enopévag, vmapyet pa tovddytotov pila oto didotpa (1,5, 1,6).

3° pipa: EnovarapBavovpe ty mponyovuevn dodikacio 6to dthotnua
(1,5, 1,6) xau éyovpe:
£(1,53)=-0,01<0
{f(l,54) =0,03>0
Emopévac, vrapyet wa pia p oto dwompa (1,53, 1,54) dniadn oydet
1,53 <p<1,54.
Apa pe mpocéyyion dekdrtov gfvar p = 1,5.

A OMAAAX
1. Na Moete 116 e€lo0oELs.
i) 5x* =6x’ i) x> +2x*-9x-18=0
iii) 3x° +5x* =3x’ +5x° iv) x*—64=0
V) xX*+x*-2=0 vi) X’ -7x+6=0
vil) (x+1)° +1=0 viii) 7(3x +2)*(1-x)’ —(3x +2)(1-x)* =0
ix) x>’ +8=7(x*+5x+6)+9x*-36 x) x'-3x’+6x-4=0
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2. Na Bpeite Tig aképateg pileg v eElomoE®V
i) x> -3x*+x+2=0 ii) 3x° +8x° —15x+4=0

iii) x> —10x -12=0 iv) x> +2x*+7x+6=0

3. No amodeitete 011 01 mapakdtom EIGMGELG OEV EYovV aképateg piles.
i) x*+3x-2=0 i) 2x* —3x +6x° - 24x+5=0
4. No Bpeite 10 TPOGNO TOV TOPUKAT® YWOUEVOV, Yo TIG OLPOPES TILEG
TOV X.
i) P(x)=(2-3x)(x* —x—-2)(x* —=x +1)
i) Q(x)=(—x" +4)(x* =3x +2)(x* +x +1)

5. Na Moete TG 0viohoELs:
i) 2x° —162x <0 i) (x* —x>+2x-2)(x>-9)>0
iii) 2x® —5x*—6x+9>0 iv) X’ —4x* -3x+18<0
6. No Moete TG 0vIohoELg:
i) x> +2x*+3x+6>0 i) x* —6x° +22x* -30x+13<0
iii) x’ -3x+2<0 iv) x*-x’ +x*-3x-62>0
7. Na Bpeite ta onpeio toung tov aéova X'X Kot TG YPUOIKNG mapacTaong
KoBepiog amod TIC GUVAPTNOELC:
i) f(x)=3x"-3x"-5x-2 i) g(x)=4x’-3x -1
8. Na Bpeite to dooTipaTO, GTO OO0 1] YPOPIKY TOPAGTACT| TNG TOA®-
vopikhg ouvaptnong f(x)=x"* —5x’ +3x* +x Ppiokeron kéto omd TOV
a&ova x'x.
9. Na Aoete TG e€l0DoElG:

i) x*-15x*-16=0 ii) (x—1)* —9(x—1)’ +8=0

2
i) 6(Lj +5(Lj—6=o
x+1 x+1

10. Na Bpebei pa pita g eéicmone x° +5x —3=0 oto didotnua (0,1) pe
TPOGEYYIOT) SEKATOV.
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B OMAAAX
1. Na Moete t1g e€lonoels:
i) ix3+lxz+lx—ﬂ:0, i) X3—§X2—2X+§=0
10 2 5 5 6 3 2

2. Na Bpeite y10 moteg Tipéc tov o, B € R 10 P(x) = x* + ax® +px* —16x —12
éyel mapdryovteg Toug X+1 kot X —2. X1 cuvéyeln va AWoete Ty eElomon
P(x) =0.

3. Na Bpeite 11 Tipéc 100 K € Z v 11¢ onoiec, n e&iomwon

X' —x*+kx+3=0 &g pio TovAdyoTov oképara pila.

* 4, No, amodeifete otin ebiowon x* +2Ax—2=0, veN,v>2, LeZ’,
dev &xel aképaneg pilec.

5. Av P(x)=x°-5x"* —10x* + k, vo Bpsite 11 Tipég Tov k Yt T1¢ 0moieg 0
x —1 givar mapdyovtag tov P(x). [ avtég tig Tipég Tov k va Aoete v
egiowon P(x) = 0.

6. T vo. KOTOOKEVAGOVIE €VO. VOIKTO Kov- X 25
1L o6 Eva 0pHoydvio YapTOvVL e S0OTACELS P |)x
S5dm ko 9dm, k6Bovpe ica teTpdywva amnd i '
k6O yovia Tov kot yupilovpe mpog T TAVED
TG mhevpé Tov. Na Bpeite Tig dwwotdoeig o | i
KovTLo0, av etvar yYvootd 0Tt avtég ekppalo- L)X
vtol o€ dm e axépanovg op1Brong Kot oo
611 0 6yKog Tov eivar 21dm”.

7. H ovykévtpoon oG ynkng ovsiog 6to aipo t dpeg PeTd amd VOOUVTKT
37+t
' +50
otav 3t* +2t° —300t — 200 = 0. No vmoAoyicete pe TposEYYIoT SeKATOV
70 ¥POVO t KaOMS KoL TN HEYIOTN GLYKEVIPMOOT).

éveon dilvetol amd Tov TOUMO C = . H ovykévipoon sivar péyrom,

8. Av 0 &yKoG ToV Shavob oyfuaTog sivon 36m°,  1m

va Bpeite 1o X.
xm

Xm

xXm
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9. Eva maryoBovvo chpetorl and Ty AVTapKTIKn TPOg TV AQPiKi).
Av 0 dyKog tov V, petd and v
nuépeg divetat amd Tov THTO

5007

V= (2000 —100v +20v> —v*),

vo. Bpeite petd 1660 ypdvo to maryofovvo Bo Amoet TeAEiG.

10. Ze yp6vo t devteporénT@V HET
™V TPOGKPOVCN TOL POPTIYOD
070 KlYKAId®pa Tov dpopov, M
TOPAUOPO®MCT G MMm TOv Ki-
yikMdopotoc divetar and tov tomo d = 15t(t° — 6t—9). Ze md60 YPHVO
LETG TNV TPOGKPOVGT 1) UAAPa TOL KIYKAO®patog Oa emavéLOel oty

apyun g Oéon;

11. "Eva moxéto oynpotog ToparAnAemimédov,
Y10 VoL OTOAEL e TO TOLOPOLELD, TIPETEL TO —~
GOpOIGLLOL TOV UKOVS TOV LLE TNV TEPIUETPO
pog kaOetng Toung Tov var punv vaepPaivel
T 108cm (BAéme oynua). Na fpebodv ot d1-
QGTAGELS TOL TOKETOL, o Yvopilovpe 0Tt 0 y

6ykog Tov givan 11664 cm’.

12. i) Na Bpeite v e€icmon g evbeiog Tov
nepvael amd ta onueia A (1,2) kot

o1 1)
22

ii) No amodeifete 0t gubeia avTn TépVEL
TNV KOUTOAN Y = X+x Y10 TOL X TTOL Ei-
vou pilec g e€lomong,.

X+x —5x+3=0
iii) Na Moete v e&lomon ko va Ppeite

TG cvvTETAYUEVES TOL I
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13. 'Eva epyootdolo katackevdlel pkpd doyeia
Yoo yopovg epovtwv. To tupe oxedacUoy

Co , -
TOL €PY00TOCIOV EAPE TPEIC TaparyyeMeG: xcm , \p)gg@,o
2 2 2 2 VUOG o
a) O mpotog meldng Oéher KovTd TOL VO pc),(éd“,(wo
yopovv 200ml yopod ko pe dwotdoels, x+2.cm

2 c z p X+1cm
TOL VO Sla(pspovv Kotd lem, OmmWG Patve-

Tl 670 oyfua. Na amodeybel 6Tt 1o TUNUO £xel va Avoel TV eElcmaon
X’ +3x%> +2x-200=0. Mnopsite va tovg Bonbroete va Ppovv 10 X
LLE TPOCEYYIoN EVOG mm.

B) O devtepog meddng BéAer TEVEKEOAKLIO KV-
Avopid mov va yopodv 1lit kot vor Exovv Vyog ©
10cm peyoddtepo amd 10 pPKog TG axtivag tovg. r+10cm

No amodeybel 6T1 ) e&icmon avt) ™ Popd etvar
r’ +10r* =318 =0 ot vo Bpedei To T pe

ram

0 _318),

npocéyyton evog mm. (No mapete

v) O 1pitog merdtng (NOE KOLTIL GE GYNUO TE-
TPAYOVIKNG TUPAIONS, Tov va ywpovy 250ml, pe
TAgLPA Bhong Scm peyoldtepn amd T0 VYOC.

Na Bpebel n e&lomon kot ot cuvé el pio Kotd
TPOGEYYIOT T TOV Vyovug h (Tpocéyyion yiAto-
oTOV).

4.4 EEIXQXEIX KAI ANIXQXEIX
IIOY ANAT'ONTAI XE IIOAYQNYMIKEX

Ynapyovv eE16MGELS, 01 0moieg OgV £ivol TOA®VOUIKES, AAAG Pe KATAAANAN
dadikaoio n Abon Tovg avayetol 6t AVon moAvmvoKkayv. Tétoleg e§lomaoelg
EMAVOVTOL OTO TOPOUOELYLLOTO TOV akoAoVOOVV.

HTAPAAEII'MATA
_ 1 =0
2x-1 x(2x-1)

1° Na A0sin elicoon x* +

AYZH

H e&icwon opileton yuo kbe X € R pe X # 0 kot X # —. Me awto0g g me-
PLOPLGUOVE EYOVLIE: 2
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X% + 2 1 =0 x(2x —1)x* + x(2x 1) —X(2x-1)———=0
2x-1 x(2x-1) 2x -1 X(2x -1)

o 2x* —x*+2x-1=0
& xP(2x-1)+2x-1=0
S 2x-)(x*+1)=0

H tehevtaia e&icmon &yxet pilec Tovg aptbpovg 1 Kot —1. Adyo tov meplopt-
olmV OeKT etvan povo n x =—1. 2

2° Na M0ei n e€icmon Jx =x-2.

AYZH

H e&icwon opiletorya x > 0. Av VY®OCOLLLE KoL ToL SVO LEAT TG OTO TETPEAY®-
vo, mpokvmtel 1) e&lowon x = x° —4x +4, N omoia ypapetor x> —5x +4=0
Ko £xer ¢ pifeg Tig X, = 4 kar x, = 1. Ot Tipég avTég Tov X, AV KoL IKOvoToL-
oVV TovV mePLoPIopd X >0 dgv givar Ko ot 0vo pilec g apyikng eElomong.
[Mpdypatt av O€covpe TIg TIEG aVTEC oV apyIKh €&i0mOT, TOIPVOLLE:
Tax=4:J4=4-2 nov eivar aAnONG 1wdTO

Tax=1:/1=1-2 mov dev sivar aAnOng 1ot TOL

Apa 1 apyikn eElomon Exet og povadikn pila v x=4.

Amd 10 TOPOTAVO TOPASELYIO TPOKVTTEL OTL, OV VYAOGOVUE TO, MEAN LG
egicmong 610 TeTPAymVo, TOTE 1 €&iGMON MOV TPOKLITEL UIOPEL VoL ExeL Kot GAAEG pileg exTOC
and tig pilec ™mg apykng eéiomong. Eivatl Aoumdv anopaitto o8 T6T01EG TEPITTOGELS VO, K-
vovupe enaAnfevon tav pildv Tov PPIGKOVUE KOt VO ATOPPITTOVUE OGES OO OVTEG OEV EMOL-
AnBedovv v apyikn eElowon.

3° Na M0si ) e€icmon V2x+7 —x=2.

AYZH

H e&lowon opiletor yur k6be x e R pue x > —%. I'C owtd o X Sadoytkd Exove:

2X+7 =x+2 (amopovavovpe To pLiKo)
(N2x+7) =(x+2) (VYDOVOVLLE GTO TETPAYMOVO)

2x+7=x"+4x+4
x*+2x-3=0
H televtaio eElowon éxet og pilec Toug apBpovg —3 kan 1. And t1g pileg avtég
damotwvovpe pe emaAnbevon 0t povo 1 x=1 givar pifa g apyikng.
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4° No. hBein e&icmon 2x+6 —Vx+4 =1.

H &&iowon opiletar yio ta X € R, yia o0 omoia 1oyvovy 2x +6 >0 Kot

X+4>0, oniadn v to X > —3. I avtd to X S1000Y1IKA EYOVLE:

V2x+6=1++x+4 (amopovavovpe To pLiKo)
(V2x+6) =(1+/x +4)’ (VY@VOLLE GTO TETPAY®OVO)

2x+6=1+2Vx+4+x+4
x+1=2Vx+4
(x+1)° =4(x+4) (LYDVOLLE GTO TETPAY®VO)
x*—2x-15=0

H televtaia eiowon €xet og pileg Toug apBuodc —3 kor 5. Ao tig pilec avtég
SO TMOVOVE [E EmaAnBevon 0Tt povo 1 x = 5 etvan pila ¢ apyknc.

ZXOAIO E&lomoelg 0mmg avtég tmv mapadetypdtov 2, 3 kat 4, 6Tov TopUcTUCELS
70V X Bpickovtotl Kito and pilikd, avijkovy o€ pua Katnyopio eElomcemv Tov Aéyovtat

appmrec.

AVICDGELS TG HOPPTS Al) >0(<0)
B(x)
Onwg yvopilovpe To TMAKo Kot T0 YVOUEVO dVO opIBU®OY EVOL OOGT L.
Emopévac:
A(—X)>0<:>A(X)-B(X)>0 Ko @<O<:>A(x)-B(x)<O,
B(x) B(x)
apov, kapio and ¢ Moeig e A(x)-B(x) >0 xot g A(x)-B(x)<0
dev unodevilel to B(x).
[Na mapdodetypa, éotm 6T BEAOVUE VoL AOGOVLE TNV aVIc®OT)
(x— 1)2(2)(2 +x+1) 0.
X" +x-6

H avicwon avt givat 16od0vvoun pe

x-Dx*+x-6)2x*+x+1)>0,
onAadn pe mv P(x)> 0, n omoia, amd Tov mivaka Tpoorov tov P(x) ainbevet

otav x € (—3,1) U (2,+x).
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ZXOAIO Syt avicoon ™mg popeng ——= Alx ) > (0 olnBevel yio ekeivoug TOLG TPAYULOTL-
(x)

KOVG aplOpovS X Y10 TOVG 0TO10VG IGYVOVY GLYYPOVMS
A(x)-B(x)20 xa B(x)#0
—-4x+3

‘Eoto Y10 mapddetypo avwo)cm ——— > 0. 'Eyovpe:
> +3x—4

X2 —4x+3

2—20c:>(x2 —4x+3)(x2 +3x-4)>0 xa x*+3x—4=0.
X +3x—-4
Ot pilec Tov TprVOROL X —4x +3 eivar ot 1 kot 3 , evd TOL TPIOVOLOVL

2 )
X" +3x—4 givar ot 1 ko —4.
YVVTAGGOLLE TOV TIVOKO TPOGT)LLOV TOV YIVOUEVOL:

P(x)= (x2 —4x + 3)()(2 +3x-4)

X -0 -4 1 3 +00
X'— 4x +3 + + —~ )+
X +3x—4 + ) — ( + +
P(x) + — - +

Apa 1 avicoon aindedet dtav X € (—o0,—4) U[3,+x0).

A" OMAAAX
1. Na MWoete T1g €€10m0EIS:
L 3xP-1 2 x> —3x+2 X 2 4
i) T2 = ii) - =2
x—1 x"—-x X x—1 x+1 x"-1

2. Na Moete v e&iowon: 2np’x + cuv’x +2nux —2=0
3. Na AWoete T1g e€loMoelg:
i) Vx® = -4x i) V3x—2=4 iii) V5x —1=—4
iv) \/m:x+1 V) Vx+3=110-x +1 vi) Vx +/x-20=10

vii) Jx = 1+24x =+/x +1
f
4. No AWGETE TIG AVIGDOELC: )
b~ S iy 2o i) X X2 <9

x—3 X +x—-2




154 KEPAAAIO 4°: MTOAYONYMA - MOAYQNYMIKEE EZIZQIEIX

5. No AoETE TIC aVICDOELG:

2_ —
p2X*t3 o4 i) X=2 <4 iy =310 h o
x—1 3x+5 x—1
i) =X <2 g_= 3
3x-5 x-1 2x -1 x+2

6. Na Avogete tv avicoon: x> + 2 > !
2x—-1 x(2x-1)

B OMAAAY
1. Na Moete T1g avichoels:

i) V2x+3 <y/1-3x i) Vx-3>x-5

2. Na Moete T1¢ eElooelc:

D) x+3J/x-10=0 i) Vx> +¥x —6=0
3. Opoing T1g e€lomoelg:

) xP+x—4=vx+rx-2 i) Vx—1+vVx—4=x+4
4. Opoing T1g €£1000E1G:

) Vx—1=a i) V4x2+1=2x—-L

5. No Moete ™y eéicoon 2nu'x —3nu’x —3cuv’x —3nux +4=0

FENIKEZ AZKHZEIZ (I OMAAAZ)

1. Me ) Bonfeto g (x° +x +1)(x —1) =x’ —1, va amodeilete 611 TO TOAD-
dwopo P(x)=x> +x* +x%2 Sunpsitar pe 10 moAGVLHO X +x+] (v,
W, p Betucoi axéparot).

2. Na amodeifete 6TL TO TOAVDOVVLO:
i) f(x)=vx"" = (v+1)x" +1 Swupeiton pe 10 (x —1)°. Na Bpeite 1o m-

Alko g dwipeong.

i) g(x)=(v-2)x" —vx"" +vx-v+2  Suupsitarpeto (x —1)°.

3. Na Moete T1¢ eElohoelc:
i) x*+2x’+2x+1=0 i) x*+x’—4x* +x+1=0
(Ov &ohoelc avtég eivor g popeng ax” +Px’ +x° +Px+a =0,
o # 0. E&lomoelg e popeng autig avikovy o€ o katnyopio eElodoemv
TOL AEYOVTOL AVTIGTPOQES).
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, 7 7 , 2 .
Ynooeiln: Na dwupéoete ta PEAN TV €EI0M0EMV LE X KL GTI) CLVEXELL VO

Ofoete X +—=Yy.
X

4. No Moete 11¢ e&lodoelg
i) x'+x°—16x>-2x+4=0 i) x*+8x°+13x*—8x+1=0
5. Na Aoete my g&iowon (x* +2x — 1) —=3(x* +2x +3)+14=0
Yrédeién: Na Oéoete x° +2x —1=y.
6. No. Bpeite ta. o, B € R y10 1o, omoia To modvdvopo x° +3x* +ox + B, dton-
POVLEVO [IE TO X~ — 2, divel vToLowTo Sx+8.
7. Av P(x)=x"7 —12x"° +12x" —12x" +...+12x — 1, va vroloyioTolV O1
Tég P(11) ko P(13).

8. O Y\0g evog TAOVNTIKOD GLGTNILOTOG HE TNV ThL-
p0J0 TOV ¥POVOL Yiveton AAAOTE BEpUOTEPOG KOt
aArote Yoypotepos. Exet extiundei 611 1 Beppo-
kpaocio T og °C otV emeaveln VoG TAAVITN TOL
GULGTIHOTOG, LETE OO X EKATOUUVPLOL YPOVIL Oa
etvor T=10x> —100x> +270x —180.

i) Metd moco ypovo Ba £pBel To TEAOG TV TOYETOVOV GTOV TAAVITN;

ii) [167te Ba apyioet 0 enduevog mayetdvag Kot 1660 o dlopKETEL,
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IXTOPIKO XHMEIQMA

01 1otopikég pileg TG pneréns tov tolvovinmv Baduov kupiog 1 kot
2 Bpiokovton oty kothdda tov Tiypn kot Tov Evepdrn, T Mecomotapio
ommg Aeyotav, mov Ppioketatl oto onuepvo Ipdx. Ot apyaiot Bafuimviot
nov {oVGaV TNV TEPLOYN AVTH KOt SNUIOVPYNCOAV VAV OO TOVG OPYoLd-
TEPOLS TOMTIGHOVG YVOp® 6Tto 2000 . X. Ni&epav va Ppiokovv Tig pileg mo-
AMovopov Lov kot 2ov Babpov kot Eepav va vroroyilovy TpoceYYIoTIKGA
teTpaymvikeés pilec apuaov. O cupfoMcprog Tovg NTaY TPOTOYOVOS KO
0l JOTVIMCELS TV TPOPANUATOV KOl TOV AVGEDY TOVG YIVOTAV KLPimg
pe Aoyw. Ailetr va onpeiwBel 0t yioo too Mafnpotikd emredypota tmv
Bapuroviov, mov ftav Todd afloAoya yio To LETPOL EKEIVIG TNG ETOYNG,
VINPYE GYEOOV amOILTN dryvola Pt TOAD TEAevTain Ko LOMS YOP® GTO
1930 peAéteg tov Otto Neugebauer pog S1o0p®TIoay YOp® oo To. Lobnpo-
TIKG EKEIVNG TNG TEPLOSOV.

To emdpevo peydro Pripa opeiretar otovg apyaiovg EAlnves. Ot ITvba-
yopeot atov 5° audva m.X. amodetkviouy OtL ot TeTpaymvikég pileg, mov
GLVOVTIOVTOL OVOYKAGTIKG 0T LEAETN TOAV@VOU®V 20v Babpon, 0onyodv
oe éva véo €idog aplBumv, mov Kavelg pEpt TOTE OV VIOTTELOTAY TNV

vrapén tovg. Ot Bafordviot iyav Bpet Ty moAd akpifin mpocéyyion 0Tt

V2 =1,414213, opog dev etyav dtepat el av vdpyet o V2, dnAadn av

. , o, o’ e AP
VILAPYEL KAGOHO. —, TETO0 06TE — = 2. AuTo givon éva ol Pabitepo

EPAOTNLO. GTO OTOI0 OEV UTOPOVE VO OTAVTICOVUE 0GOONTOTE aKPIPELS

vroAoytopovg kot va kévoope. H avaxdivym tov [MuBayopeiov, o1t dev
VIAPYEL TETOL0 KAGGLO, Efvat Pl amd TIG TPMOTES POONUATIKEG amodei&elg
OmMov 1 aoTNP AOYIKN poG delyvel OTL 1 amhr| eumelpio Kot dlaicOnon
gtvat dSuvatov va pag eéomatnoovy. Xe Pifiia tov Evkheion diveton 1 ye-
oUeTPIKT Ao e&lodoemv Lov Kot 2ov Pabpov, onAadt| 1 KOTACKELT TOV
pilov pe kovova kot dwafntm. H dAAn peydin eAAvikn cuveispopd Tpog
™mv katevBuvon avtn NTav 1 Pertioon Tov aAyefpikod cupBoAsoy TOV
ektifeton ot ApOpuntikd tov Aveavtov (tepi to 250 n.X.). Ta ApOunti-
KA Tov Adeavtov givar yro Tnv AlyeBpa 0t lvon to Xtotyeio Tov Eviet-
o v ™ F'eopetpio Kot 1 XOPACT TOVG GTOVG ETOUEVOVS OLOVEG NTOV
TOAD pEeYaAn.
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Amo tovg apyaiovg ‘EAAnveg ) okvtdin mapérafav ot Apafeg, ot
onoiol Bertiooav amo@actoTikd Tov Ahyefpikd LoyIoprd, OgvV EAVGAV OL®G
elomaoelg 3ov Pabuov map’ 6Ao mov epydobnkay Tpog TV kotevHuvon
avtn pe Paokd kivnTpo ™ HeAETN Tpry@vopeTpikav ntnpatov. A&iCe
vao onpelwdet 6t AéEn AkyePpa mpoépyetal amd mapapbopd tov Tithov
evog Piriov tov actpovopov Mohammed ibn Musa al-khowarizmi (wept
10 825), mov ftav Al-jabr w'almugabala.

Onog yvopilovpue, ot pileg wag devtepofaduag e&icmong ox +Bx+y=0

, 2

dtvovrton amd tov Tomo X, = ik f a_ doy nov Ppioketor oyeTkd €V-
KOAOL Ko pe TOAAOVG TpOToVG (BAEme 10TOp1Kd onpeiopa Tov 3%V Kepa-
Aadov g AhyePpag g A’ Avkeiov). O okomdg TOV HOONUATIKOY Ty
va Bpovv avdAoyovg Tumovg Yo eElomaoelg 30v kot peyoldtepov Pabpov.
Metd amd dxapreg mpoonddeieg aumvav o Scipio del Ferro kot o Niccolo
Fontana o11c apyég tov 1600 awdva epyalduevor avedptnta, Pprikav mg
tomo enilvong g ekicwong x° +ax =B tov

SR BEGRROKG)

O tdmog avtdg eépet To dvopa Tov Cardano mov Tov dnpocisvoe oty
gpyooio Tov Ars Magna to 1545 kot tov amodidel otov Fontana. Ztnv
010 epyacio vedpyet o péBodog avaymyms pog eéicowong 4ov Babuod
oe emilvon e&icoong 3ov Pabpov. Exel petvel wotopikn 1 dopdyn tov
Cardano, tov Niccolo del Ferro kot tov Ludovico Ferrari yio v motpo-
TNTO TOV TOTOV QVTAOV.

Oheg o1 mpoomdbeiec mov £yvay 6T GUVEYELDL KOL Y10 TPELS TEPITOV
amveg, pe okomd va Bpedovv tomot Yo e&iomaoelg Pabpov peyaivtepov
T0V 4, anétuyav. Etvat yapaktmpiotikod o0tt e to mpofAnpa ovtd acyoin-
Onkav ot peydrot pabnuaticoi g emoyng ekeivng, 6mwg o Lagrange kot
o Gauss. Avtot, poAovott dev £pBacav o cuUTEPAGHLA Y10 TO oV ot Pileg
TETOLOV EEI0AOGEMV UTOPOVV VoL EKPPAGHOVV e TOHTOVG OTTMS O TOPOTTA-
vV, €V TOVTOLS GTNV TPOSTAOELR TOVG AVTH EKOVOV GNUOVTIKES OVOKOAD-
yelg otnv Alyeppa.

* KaOe ekicoon 3ov Babuov: x* +ax” +Bx +7 =0 pe ™ Bordeio Tov petacynpott-
OUOY X = y—% naipvel T popen x° + Ax = B.

157
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H peyaidtepn cvopfoAin oty tehkn emilvon tov TPoPANUATOS TV
adyefpikmv eflomoemwv d0ONKe TEMKE 6T apyés Tov 190V cdva oo
T0VG veapolg padnuatikovg Abel kot Galois. O Noppnyog Niels H. Abel
(1802-1829) amédeite 1o 1824, oe nhikia 22 Tdv, OTL deV VIAPYOLVY TLTOL,
Onmg otV mepinTwon 20v, 30V Kot 4ov Pabuov, Tov va divovv Tig pileg
Hog vevikng e&iomong Sov Pabpov. Onwodnqmote ypnoyLonoince To oro-
TEAECLLOTOL TV TPONYOLUEVOVY TOV Kot Kupimg tov Lagrange. To yevikd
TpoPAnpa Tov Tapépeve NTav va Bpebovv ot cuvlnkeg, ®ote i e&icmon
vo, umopel va emhvbdel. O Abel mébBave to 1829 oe nhikio 27 €1V and Tig
KOKOVYIEG KO TN QUHATIOO, Y®OPIg VO OLOKANPMGEL T AVOT TOL TPOPAI-
notog. Katd tovg Boypagovg tov taideve oty Evponn melog, yo va
GLVOVTNGEL TOVG LEYAAOVS LOONLLOTIKOVG TNG EMOYNG.

To yeviko mpoPAnua EAvce Alyo apydtepa o veapog I'airhog pobnuati-
k0¢ Evariste Galois (1811-1832), mov £édmae T1g cuvinkeg, ®ote o e&i-
ocoon va £xel pilec mov va ek@palovtol L TOVG GUVTEAEGTEC.

H (on tov Galois anacydAnce moAlovg 16TOpkovg Kot ot Broypai-
€6 Tov glvan peta&d pobov kot mpaypatikotnroag. O Galois édnoe oe
emoyn mov N FaAAio tapaldtay amd moAtikés avatapayss. Aol anétuye
oTIC ewaymyés eketdoelc v v Ecole Polytechnique to 1829 Aoyo
eEMmong Tpomapackeviic, ypaetnke oty Ecole Preparatoire. Exei 1) {on
TOV GNUOSEVTNKE 0O AmOPOAEG, AGOEVELES KAl GUANKIGELS Y10l TOAITIKOVG
royovg. Tehwcd Ehafe pépog oe o povopayio, 6mov TpovpaticOnke Oo-
vaowa kot tébave otig 31 Maiov tov 1832, mpiv couminpmcet ta 21 ypod-
via Tov. Tig avakeddyelg tov o Galois Tig éypaye v TeEdevTaio viyTa TG
Cong tov Tpv amd TN povopoyio oe éva Susavayvmoto yepdypago 31
oeMdwv, T0 omoio Epeve oty aeavel, uExpt Tov o I'dAlog axadnpaikog
Joseph Liouville to mapovsiace otn oddkn Akadnpio otig 4 TovAiov
1843.






Kepdhato 5°
EKOETIKH KAI AOTAPIOMIKH XYNAPTHZH

5.1 EKOETIKH YYNAPTHXH

Avvapeig pe pnto ekféty

Y& mponyovpeves taéelg yvmpicape v évvola g duvaung pe faon Evav
TPAYUOTIKO optOUd Kot EKOETN akEPOL0. ZuyKeKPLUEVOL:
— Ztnv apyn opicape T dvvoun evOc TPayUATIKOD aptBuov pe ekBETN OeTikd
aképato, g eENG:

[ORX o IR o' oy v>1
[ — *
o' =< v rmapéyovieg , O cR xor veN
a ,v=1
INa Topdderypo:

Iyt (_1 _1
2 2 2 2 8
— X1 ovvéyew pe T Pondea v 160THTOV:

_ 1 b .
o’ =1 koo =—=—1], knaz0 veN
o o

emekteivae TV £vvola Tng OUVOUNG EVOG TPAYHATIKOL aplBpol kot otny mepi-
TTOoN mov 0 ekBETC etvan axépatoc. o mapaderypo:
SESE
3) U2) 4
> wyéxsta B0, 0piGOVLLE TAPACTAGEL TG LOPPRG 22, 54 ko YEVIKG TG LOp-

ong ¥, 6mov a > 0, p axépatog Kot v BeTikdg axépaiog. Tic TapacTacELS avTég

Oa ovopdoovpe dvvaperg pe pntoé ek0€TN. O opiopdg Oa yivel e tétoto Tpomo,

HOTE VOl JLOTNPOVVTOL O1 YVOOTES 1010TNTEG TV duvapemy. T 0o npénet vo on-
2

paivel .y, 1o 3%; Av omarthoovpe va woydet n wwotnto (o) =a ko ya tig

duvdpels pe pnto exbétn, tote o givar:
2 2

(3°) =35 =3
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2
Apompéneto 3° va givor Moon e eéicoong x” =37, dniadi o apduog 3/3»72 )
2
[pémet onAadn va eivon 3° = 3/372 .
evikd

Av >0, p axéparog ko v 0eTikdg axéparog, T0TE opilovpe:

n

o =Yt
B
Emumiéov, av p, v, 0ctikoi axéparor, opilovpe 0V =0.

'Etot m.y. 8§ =32 =3fea =4

4
— 3/ 1 1 1
273:32774:3—: = —
V27 37t 3

Amodeucvietat 0Tt, OAEG 01 IOIOTNTEG TOV SLVALEMV LE EKOETN AKEPOILO 1YoV
KOy TG Suvapelg pe exbétn pnto.
To yeyovog awtd dievkoivvel To Aoyioud pe ta prikd. ‘Etot etvon m.y.

1 1 11 7
Yo Yo =a* ad=a*3 =2 =¥’
Ot dvvapelg awtég vroroyilovrot evkola pe ) Bondeta evog vroloyiot Toé-
g og eENg:

AYNAMH XEIPA IAHKTPQN AIIOTEAEEMA

2 2 14 =] 26390158
1,473,21 1.4 3.21 =] 0.3395697
5% 5 7|£| 3 =] 42.749398

Avvapelg pe appnro ekbeTy

Fevviétar Topa To epdOTNLQL
Mmopolpe Vo, 0picovpe SUVARELS TG LOPPNC O LE X GppNTO, KATH TETOL0 TPO-
7O OOTE VoL d1oTNPoVVTAL 01 BACIKEG WO1OTNTEG TV SUVANE®DVY e pNTO €KOETN;
Mmopodpe Yo Topadetylo vo 0piGOvHE TNV 3ﬁ;

Onwg eidape (Piprio B' T'vpvaciov cel. 45) ot dexadikég Tpoceyyioelg Tov
V2 xoré TPOGEYYION OKEPALOG LOVADAS, OEKATOV, EKATOGTOV KTA. Etval
1, 14, 141, 1,414, 1,4142, 1,41421, 1,414213,... (1)
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Ag mapovpe Tdpa TNV akorovdio avT TOV SEKAOIKOV TPOGEYYIGEDY TOV 2
Ko TV ovtiotoyn axkolovdia twv dvvapemy tov 3:
31’ 31,4, 31,41’ 31,414’ 3'1,4142’ 31,41421’ 31,414213’”. @)
Me ) Bonbeta evdg vroroyiot Toénng fpickovpe OTL:

3'=3

3" =4,6555367

344 = 4,7069650

341 =4,7276950

3M1% = 47287339

3M% = 4,7287839

3MRE = 47288015
Av TopoInpioovpEe Tovg aptfpong avtovg pag otvetar 1 ENg evrimwon: Otav
10 TAN00¢ TV dekadkOY Ynoeinv g akolovdiag (1) avédvet, ot dpot ¢ axo-
rovBiog (2) eaiveton vo mpooeyyilovv évav opiopévo aptbpd, mov ALystal opr-
oK TN 1 6pro g axorovBiog avtrg. Eivar emopévog Aoyikd va opicovpe
™ Svvoun 3" ®¢ TV o wave oplakn Tn. ‘Etol pe mpocéyyion teocdpov
JEKUSIKOV Yynoimv etvar 32 4,7288.

[evikd amodetkvoeTon 0Tt

Av >0, X dppnTog Kot p, N dEKUSIKH TPOGEYYLOT TOL X [E V OEKAOIKA Yy oia,
10t KOG T0 v av&dvet telvovtog 6to 400, ot 6pot T akorovdiog (o)
«mpooeyyilovvy Evav opiopévo Tpaypatikd aplpod, tov onoio 6to e&ng Bo ovo-
ualovpe 6pio g axorovdiog (a™).
To 6po avtd cvuPorileton e o kot Aéyetar dOvaun Tov o pe kLT X.
Zopporikd yphpovpe:

Emmiéov, yio kabe x > 0, opilovue 0= 0.
O vroloyiopog duvapewv pe dppnto ekBET yivetonr pe LIOAOYIOTH TGEMNG
OMMG GTOL TOPAKAT® TOPAUOETYLLOTOL:

AYNAMH XEIPA IAHKTPQN AIIOTEAEEMA

3 3 2| || = 4.728801

2" 2 X exp = 8.824977
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O1 Booikég 1010 TEG TV dUVALE®V, YVOOTEG oo TNV A” Avkeiov, amodeicvi-
eTaL OTL 1oYLOVVY Kot Y10 SUVAUELS [e EKOETN TparypaTikd apliud.

2UYKEKPLEVAL:

Av a, B etvar OgTukoi mparypotikoi appoi kot x,x,,x, € R, 101€:

Q.X' ‘(XXZ — (xx,+xz ax, :axz :(xx,—x2
(axl )Xz — axlxz
a) o
(a_B)XzaX'BX [—) :_X
B) B

Ex0etiki] cuvaptnon

‘Eoto a évag Betukdg apbpoc. Onwg idape mponyovpévag yio kibe x e R
opiCetar n dvvaun o . Emopévoc avtictoyifovac kabe x € R otn dvvaun o,
opilovpe ) cvvaptmon:

f:R—=R pe f(x)=a’,

n onoia, otV wepintoon mov eivar a#1, Aéyeton ekOeTiki cuvapTnon pe
Baon a.

Av glvan a = 1, t01¢ £yovpe ™ otabepn cuvdptnon f(x) = 1.

"Eoto tHpa 1 ekbetikn cuvaptnon f(x) = 2" . T va oyedidoovpe mm ypot-
K1 TNG TOPACTOOT KOTOOKEVALOVE TOV TIVOKO TILMV:

x [s]4[8]2[-1Jo[1[2]3]4]s
L - I I B I IS I B I T 5
32 16 | 8 | 4 | 2

TomoBetmvtog ta onueia (X, y) Tov moapa-
TAVO TVOKO GTO KOPTEGLOVO EMIMESO Ko

EVOVOVTAG TO LUE GUVEYN KOUTOAN EYOVLLE TO 1 P
SumAovo Gy L. 1
H cvvéptnon avtr, kabog kot kébe cuvap- 1
TMGT ™G HOPPNG

f(x)=a* pga>1, J o

OmodEIKVOETAL OTL: ) 1
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* 'Exet medio opiopov 1o R.
*'Exet ohvoro tdv to dtdotnpa (0,+0)
TOV OETIKOV TPAYLOTIKOV aplOudV.
* Eivar yvnoing avéovoa oto R. Anlaon
Yo kGOe X, X, € R woydet:

av X, <X,, 16te o™ <o’

* H ypagwr| ™g mopdotacn TéRvel Tov

a&ova y'y oto onueio A(0,1) kot £xet acv-
UTTOTO TOV ApVNTIKO NULAEOVE TOV X.

‘Eoto emmAéov kat 1 ekbetikr) cuvdpton g(x) :(

X

1
5 [Na va oyedtdoovie

™ YPAPIKY TG TAPAGTOGT KATAGKEVALOVIE TOV VUKW TILAV:

x |-5| 4| -3|-2|-1]0 1 2 3 4 5
1 X 32 | 16 8 4 2 1 1 1 1 Ll
2 2 4 8 16 | 32

TomoBetmvTOg Ta onueia (X, y) tov mapao-
TAve TVOKO 0TO KOPTEGLOVO EMIMESO Kot
EVOVOVTAG TO. UE GLVEYXN KOUTOAN €xovpe
TO OITAOVO YN MO
H ovvapmon avtr, xabog kot kébe ov-
vapmon mg Hoperig

f(x)=a* pe0<o<l,

OodEIKVOETAL OTL:

*'Eyet medio opiopov o R.
* 'Exet ovvoro tiadv to ddompa (0,+00)
TOV OETIKOV TPAYUATIKOV aplOpmy.
* Etvar yvmoiong pbivovca oto R. Anhoon
Yo KGOE X, X, €R oyvet:

av X, <X,, Tt o >a™

* H ypoowm tg mapdotacn TéEUVEL TOV
a&ova y'y oto onueio A(0,1) kot éyel acv-

y=q, 0<a<1

o*

K

UTTOTO TO BeTIKG Mbcova TV X.

X1 X2 0O

NG
>
X
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I'a t1g suvaptroelg
l X
f(x)=2"kar g(x)= (5j TAPOTPOVUE
oty kabe x € R 1oyvet:
1 1
X)=| — = = 27x = f —X
g(x) ( 2) X (=x)

Avtd onuaivel OTL 01 YPOPIKES TOPAGTAGELS

TOVG €lVOL CUUUETPIKEG OG TPOC TOV AEOVAL
Y.

ZXOAIO VN ™ povotovio g ekfettkng cvuvapmong fix)=a", pe 0 <a =1,

TPOKVTTEL OTL: v X, #X,, T0T8 O #
ondTE, LE OMAYMOYN GE ATOTO, EXOVUE OTL:
X yX2 A —
av ol =0, T0TE X, = X,.
Enopévag, woyvetl n icodvvayio:

o =a" & X, =X,

yA YA
ax2
ax
—/ > i H >
0 X X X X 0 % X

H ¥omta avt eivon Wwitepa yprioun yw v enilvon e£lcmcemV, OTOL 0
dyvootog eppaviCetor otov ekfét. Ot eilomaoelg avtég Aéyovior eKOeTIKES

eglonoels.
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ITAPAAEITMATA

1° Na AwB0ovv o1 e€lodoeic:
i) =l i) 9°-8-3-9=0
64

AYZH

i) H e€iowon ypaeetat drod0yka:

23X ZLQ 23X — 2—6
64 ) ,
= 3X=-6 Eme1on 1 exbetikn
e X=-2 ovvaptnon eivor 1-1
ii) H e&ioowon ypaeetar

37-8-3-9=0<(3%-8-39=0

Av Bécovpe 3" =y, avth yiveton y'—8y-9 = 0 kon &yt pileg Toug aptdpodc — 1 ko 9.
Emopévog n apyikn e&iocmon €yl wg AceLg Tig MoEI Tov eE1I0MGEMV:

3*=-1 ko 3* =9
AT quTéC 1) TGO Eivan advvarTn, apod 3> 0, eved 1 debtepn ypdpeton 3* =37 kat £yl
pila To x=2, mov etvar kou povadikn pila g apykng e&icmong.

2° Na h0gi 0 cvoTnpO:

2.3*-3.2"=-22
1 (exBetikd cvoTN L)
5.3 + 3 27 =9

AYZH

Av 0écovpe 3" =0 ka1 2”= ¢ 10 GhoTNUA YiveTaL:
20-3¢=-22

1
S50+—0=9
2(P

To ypopukd avtd cvotua £xel Avon @ = 1 ko ¢ = 8, ondTe T0 APYIKO GOOTIHOL

YPAQETOL
3 =] e 3*=3°
1M 1603V
2 =8 2V =2’

amo 1o omoio maipvovpe x =0 ko y = 3.
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3° Na 20000y o1 avic®oeIc:

i) 3% >% ii) (%) <%
i) Eyxoovpe B 1 9By 32
& X2 -3x>-2 [ agov 3> 1

< xP=3x+2>0
&x<l n x>2

X2 +x X2 +x 2
i) 'Eyovpe 1 <1<:> 1 < 1
2 4 2 2

SXPHX>2

apovy —<1
¢ 2

SxP+x-2>0
ox<-2 7 x>1
4° Na yivovov o1 YpOQIKES TPUGTAGELS TMOV GUVAPTIGEMV:
i) f(x)=2"+3 i) g(x) =2 i) h(x) =22 +2

AYZH

1) H ypaopwn npdotaon g f mpokvmtel omd o Ko-
TakOpLEN petotdmion e O(x) = 2* kot 3 povadeg

TPOG TO, TAV. y=2"+3
il) H ypogikn mopdotacn e g TPOKOMTEL OO o

opilovtio petardmion g ¢(x) = 2" katd 3 povadec N

TPOg o deE14. 4
iii) Téhog 1 ypapikn mapdotacn e h Tpokdntel omo T
3

800 petatonicelc g ¢(x) = 2"

— g oplovTIoG Katd 3 HoVAOES TPOG TOL OEELA Kot _l/ 1 x
— HL0G KOTAKOPLONG KATA 2 LOVAOES TPOG TOL TAVE. ol 1
Yy

o\
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O ap1Bpog e

Mia Tpdnela yio vo dtopnpiotel KAvel pio moAd 101k1 Tpospopd. Omotog Kota-
Béoel v emopevn pépa moco 1 exatoppvpiov gvpm, avtd Ho TOKIGTEL e £THG10
emtokio 100% ko pe dvvatdtnta avatoKiopov tov 1, 2, 3, ... 1 v popég To ¥povo,
o€ oo ypovikd dwactipato, avaroya pe Ty emtBopia Tov Kotadém.

‘Exet onuocio yo tov Kotabétn 1o mOceg popég To ¥pdvo Bo ovaTOKIGTEL TO Ke-
QaA0O:

, . , , €
Am6 10 Y010 TOTO TOL avaTokiopoy o, =, (1+1)" , dmov T=—.
¥ 100

e yiav=1, eivor =1 kar o, =1(1+1)' =2 exaroppdpia evpa.

1 1Y
* yuv=2, givon = 5 Kot oL, = 1(1 + Ej =2,25 ekatoppdpia evpo.

1 3
* 1o v=3, glvan 1= 3 Kol o, = 1(1 + %j =2,44 eKoToppOpLeL EVPO.

, 1 1Y 1Y , ,
* Y v=v, etvont= — kot o, =1{ 1+— | =|1+—| exotopupdplo evpo.
v

A% \%

AV ¥pNGUYLOTOMGOVLE VTOAOYIGTY TOEMNG KOTAOKEVALOVLLE TOV TIVOKOL:

1 2 4 12 52
M ové ava ova, ava ava
(fos) | Cottuwo) | Corot) | (o) | (o)
1 v
(1 +;j 2 2,25 2,441406 2,613035 2,704813
1000 10000 100000 1000000
2,716923 2,718145 2,718268 2,718280

Vv
[Mapatnpovpe 011, kKabmg T0 v av&dvel, avEAVEL Kat TO (1 + —) Kol Tpooeyyilet
v

Evov op1opéEvo Tpaypatikd aplfpd. O aplBpog avtdg etval dppntog kot cuppo-
AMCetan pe e. O ovpPoropog owtdg opeitetar oto peydao EAPeto, pobnuatikod
Leohard Euler (1707-1783). O ap1Bu6¢ € [e Tpoo€yyion mEVTE OEKOIKMV Yneiny

Zopfoikd ypbpovpe e=Ilim

V—>0

givon e = 2,71828. v
[+3)

\%
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Ao ta mapandve PAETOLLE OTL O TYWES TOV Vv EYOVV HeYAAN onpacio 660
OVTEG TOPOUEVOLV «UIKPEG). ATO [ TIU OUMG Kot LETE, OG0 Kol av ovEdvet
T0 V, TO TEMKO OGO OgV PETAPAMAETOL OVGLOGTIKG.

Y& MOMEC TPAYUATIKEG EQUPUOYES ELLQOL- yA
vilovton ekbetikég ovvaptnoelg pue Paon tov
apBué e. H amhovotepn 10100 GLVAPTNON &i-
v f(x) = €. H cuvaptnon ovtq ovopdieta
amAMG EKOETIKY KaL 1) YPOUPIKN TNG TOPAGTOOT

QOiVETAL OTO SITAVO GYTLLOL.

N x
0

O vopog ¢ ekBeTiKC peTafornc
Mio axopn exfetikn cuvaptnon pe Pdon to e eivarn

Q)=Q, e (1)
Avt| exppalet Eva puotkd péyedog, mov petafdrieton pe to ypovo t. To Q, eivar
N apykn Ty tov Q (Y t = 0) xon eivon Q, > 0, evad To ¢ eivan pia otadepd Tov
eCaptdror k6Be Popd amd T GLYKEKPIUEVN epappoy. H cuvaptnon avth eivon
YVOOTH ¢ VOROGS TG ekBeTIKG peTaforrc. Av c > 0 1 cvvdptnon Q eivar yvn-
olog avEovoa Ko ek@palel To VOUO TG KBeTIKNGS avEnong, evad av c<0n Q eivan
yvnoing ebivovca kot ekppdlet To vopo g ekBeTIKNg amdoPeons. O vopog g
ekBeTikng petaPorng amotedel £vol IKOVOTOMTIKO LOVTELOD Y10 TThPa TOALEG EQapP-
poyég g duowkng, g Bloloylag, g ZtatioTikng kot GAA®V emotnumv. T
TOPASELYUO O OPLOUOS TV YPOUUOPI®V LIOG PASIEVEPYOD OVGING KOTA TN XPOVIKT
oty t (oe devtepdrenta) Sivetar amd tov Tomo Q(t) =200-e . Avtd onpoi-
VEL OTL 1] OLGI0 TOV TAPAUEVEL OOACTOOTH LETA OO 7 dgvTEPOLETTAL EIVOLL:

Q(7) =200e™7 =200(2,718) " = 24,5 ypapudpio.

O yp6vog mov ypetdletar yio va dlaomacdel 1 va e€apaviodel n (o mocoTn o
[og padtevepyov ovaiog Aéyetat nuitmn 1 ypovog vroduriaslacpuov g padt-
EVEPYOD 0VGIOGC.

Y10V Tivako Tov akoAoLOEl avapépetal N MUY OPIGUEVOV PASIEVEPYDV
1GOTOMOV:

1X0TOIIO HMIZQH
AvOpakag (C') 5730 ém
P40 (Ra™) 1600 étn
[oAdvio (Po™™”) 138 nuépeg

dhogopog (P?) 14 nuépeg
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TTAPAAEITMA
Av 1 num evog padievepyod vitkov givar 5 ypovia, vo amoderfei 6T N
1
ovvaptnon mov ekPpaler v ekbeTikn amdoPfeon avtod givan Q(t)=Q,2 °.
A@ob n nuilen etvar 5 xpdvia, omd to vopo g ekbeTikng andcPfeong
—0O .pt"tsa .

Q(t)=Q,-e""" éxovpe: Q _

2

c- c 1
Q, e’ ¢ =3

Apa Q1) =Q,2 .

A OMAAAY

1. 210 510 cvoT U AEOVOV VO TOPOCTHGETE YPUPIKA TIG GUVOPTNOELG:

) f(x)=3" ko f@):@jx

ii) f(x)=3", f,(x)=3"+2 ke £, (x)=3" -3
i) f(x)=3", f,(x)=3"> ko £ (x)=3""

iv) f(x)=3" «a f,(x)=3"2+1

V) g)=c L g ()= g ()= ku g (x)=e+2

2. No Aoete 116 e€lodoelg:

i) 2* =64 i) (1) 1 (l) 4 iv) 3 =L
2 2 81

8
V) [ i) _64 i) 27 o i) 32% =167 vili) 32 =1
4 27
3. Na Aoete 116 e€lodoeig:
i) 22" —4.2* =0 i) 2-4*-5-2"+2=0

iii) 37" -26-3*-9=0
4. No AMGETE TIC AVICHOELG:

i) 5x2—5x+6 <1 ii) 72x—4 > 7x+l iii) (ljxﬂ 3 (lsz;
5. Na Aoete o GuoTOTO! 2

87 =324 35 +27 =11

' {5-5*"y =5 l {3" S20=
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6. No Woete to cuotnpoTo:
e*:e¥ = 2%.2Y =8
i) ii)
e*-e’=¢e’ 2°+2V=6
7. No Moete v avicwon w” —101w +100 < 0 kot 6T GuvEXEL TV avicwon
10> —101-10* +100 < 0.
B OMAAAX

1. Na Bpeite t1¢ T]ég Tov o €R, ya T1g omoieg opiletor oe 6Ao t0 R 1 cuvap-

—a ) . , , ,
mon: f(x) = ) [ moleg amd aTég TIg TWES 1 cvvaptnon eival:

i) yvnoing pdivovca ii) yynoiog avgovca

2. Na Moete T16 e€lomoelc:

i) 47 -5V477 +1=0 i) 3* +3" = ;:i +3lx
i) 21-3% + 5 =3 4 5*+2 iv) 37 +9% =11-4" 44"
1 1
v) 4 =3 2=3"2 o
3. No AVoete To GLGTHHOTO
o = =l 2%.5" =250
i) if)
3+16-27" =11 2755 =40

4. No TopacTiETE YPAOIKE TIC GLUVAPTNGELG:
i) £(x)=3" i) £(x)=3"

5.Av f(x)= %(a" +o) ko g(x)= %(ocx —o"), voomodeibete 0Tt

[f()] ~[g()] =1
6. Av aproovpe To kamdakt evog meviditpov doyeiov pe Beviivn avowktd, n Pevii-
wn e€atpiletan pe puOuod 20% ava efdopdda.
i) No Bpeite T cvvaptnon mov divel Ty 060N TO
™G Beviivng oto doyeio petd and t efoopddec.
ii) Na kdvete ) ypo@ikn g napdotoon
iii) Me ) ypnon vroloyloT TGENNG VoL SIOTICTMGETE
o1t petd 40 efdouadec povo n popmord mg Beviivng
Ba vrapyet oto doyelo.
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7. To padievepyd Padio &xet ypovo vrodumdaciacpov 1600 ypovia. Av 1 op-
YIKN ToGOTNTA £lvat 5 YpapLpapa,
i) va amodeilete 6TL M GLVAPTNON, N oMol SiveL TV TOGOTNTO TOV
t

Podiov petd t ypovia sivar Q(t) = 5(0,5)16%

ii) vo vtoloyicete v TocotnTA TOL OO EyEl amopieiver petd 600 ypovia
LE TPOGEYYION 2 OEKANKDOV YNeiwv.

iii) va amodei&ete o1t petd 20000 ypovia poiig 0,001 ypappdpio Oa Exovv
amopeivet.

8. 'Evog moAnmg avtokvitov Befatdvel tovg meAdteg tov 0Tt 1 aia evog
avtokwntov 40.000 evpd erattdvetal katd 15% 1o xpdvo oto TpdTa 6
YPOVIOL OO TNV TOANGCT] TOV.

i) Na Bpeite ) cvvaptmon mov divel Ty T TOL CLTOKIVTOL HEGH OTOL
6 povLO.

ii) No vroloyicete v Ty TOL OVTOKIVITOL GTO TEAOG TOV EKTOL YPO-
Vov.

9. H évtaomn tov nAokod eotdc o Pabog x pétpa g Boing Apvng, ehot-
TOVETOL EKOETIKA (G TPOG TO X, COUPMVO. LLE TOV TOTO

I(x)=1,-¢*™* (x>0),
omov I eivon n évtoon oty empaveia Tov vepov.
i) No vrohoyioete to ¢ ™™ yiox=0,1,2,3,4,5.

ii) No Bpeite tv Tyun tov X, otov

TANGLEGTEPO OKEPOLO, Y10 TNV OTTOL0L

; - I(x) .
0 Adyog elvar =22 givat
0

() 1 (B)0,1.

iii) No emBefordoete kot ypapikd tnv Tiun mov o Bpeite.

10. H 6eppokpacia T(t) (o€ °C) evoc Ppactipa, KATEPYETAL LEXPL VO, PTAGEL
v Oeppokpacia T, Tov dwpatiov, cOUEOVA pE TOV TUTO

Tt)=T,1+e™) (t>0)

i) No voroyioete to e yut=0, 1,2, 3
ii) Na Bpeite v Tun tov t, 6TOV
TANGLEGTEPO OKEPOLO, Y10 TNV OTOI0L

0 Adyog 1) etvan

0

(a) 1,1 B 2.
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11. Ivkvetig yopntikdttag C (oe F) éxer poptio q, (oe Cb). Av cuvoé-
GOVLE TOV TUKVOTN He avtiotaon R (o€ ohm), to poptio Tov TLKVOTY

EMOTTOVETOL GOULPMVO, LLE TOV TOTO.
t

q(t) = qoefﬁ (t og devtepOLETTOL)

i) Me por «mpoyepn» ypopiky Topaoteon c
va, Ogiete Mg petafaiieTon To Poptio ||
q ®G TPOG TO YPOVO t. R

ii) Na Bpeite t1g TYég TOL t TG LOPONG ’\\\‘\\\l

kRC (k aképaiog) petd Tig onoieg to
@optio yiveton LiKpOTEPO OTTO:

1 1
a — —_—
) 2qo B) IOqO

5.2 AOT'APIOMOI

H évvowo Tov AoyapiOpov

O minBvopog g yng avéaver pe etoro podpé 1,7%. To 1987
NTav 5 S16eKaTOPpOPLE KATOWKOL. AV cuveyilel va avidvel pe Tov oo puo-
1o, téte 0o SuThacLOGTEL;

AYZH

v

20UV LLE TOV TOTO O, = 0, (1 + ﬁ] (BA. avatokiopog Piprio AlyePpag A’
Avkelov . 141) o mAinBuopdg e yng petd and t xpdvia Ba eivor:

N(t)=5-10"-1,017" xdroikot
2oupova pe 1o TpofAnpa (ntdue ekelvn TV TN TOL t Yol TNV omoio 1YVEL

N(t)=2-5-10" kdrowor, (tépe hodh ™ Adon g eéicwong
5-10°-1,017'=2-5-10°

1 1603VVaLLO TNG: 1,017' =2 (1)

Tnyv elowon o, pe TIC YVOOELS TOV £X0V- Y4
ue péxpt topa, povo pe ) Pondeta g ypoet- !E
K¢ Tapdotacng g cuvaptnong ft) = 1,017
pmopovpe vo, T Aoovpe. Onmg paivetatl 6to
dimhavo oynua givor t =41. Eropévmg o min-

Buopndg g yng Ba dSuthaciactel og 41 mepimov | | | ;
ypovia. o6 o 1987, dnhadn to 2028. 0 10 20 30 40
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Me avdrioyo Tpdmo, OTMC GTO TOPOTAVE TPOPANLE, prTopodue va Ppodue

KoTd Tpoogyyion ) Avon g e&lomong:
o' =0, omovo>0pe o=l xon6>0
H mapandve e&icmon £xel povadikn Avon, apov 1 ekbetikn cuvdptnon f(x) =
o givan yvnoiog povotovn kar o 0 aviket 6to chvoro Tudv e, Tn povadikny
ot Aon m cvpBolrilovpe pe log, 0 kar tnv ovopdlovpe Aoyapidpo Tov 0 wg
npog Paon o.
Qote, av o> 0 pe oo #1 ko 6> 0, to18:
=0 x=log, 0

[oodvvapa avtd datvmdveTol og eENg:

O log 0 ivoi 0 ekBétng 6TOV OMOT0 TPEMEL VAL VYDGOVLLE TOV O
Yo vo. Bpovpe To 0

INo Topddetypo:

log,8=3 , yloti g§=2°
log42:% , Yot 2=4"
log,, 0,001 =3 ,yori 0,001=107
log,;0,25=2 , Yot 0,25=0,5

Ao Tov Topamive optopd Tov Aoyopifuov TpokvnTel apécms OtL, av o > 0
pe a =1, 10te Y10 k6Be x € R ko yuo kaBe 6 > 0 oydet:

X _ log, 0 __
log, a*=x ko = o*"=0
e , 0 1 ,
E&aiAov, emedn 1 =a ko o = o, woyvet:

log,1=0 «xot log, a=1

Io16tNTEg TOV hoyapiOpmv

O1 13101 TEC TOL CKOAOVOOVY Kot Efval YVOOTEG MG LOLOTNTES TOV Loy pif-
ROV, £lvol ToAD oNUAVTIKES Y10 TO AOYIGHO He AoyaplOpovg BeTik®v aplOumy.
Ot 1816 1Eg 0TS, OTMS O oV LE, TPOKVTTOLV OO OVTIGTOYES 1O10TNTES TOV
SuVApE®V, TPAYHE PLCIKO AAAMGTE, POV Kol 01 A0YAP1OLOL XPNGLLOTOL0VVTOL
G eKDETEG SuvaUE®V.



5.2 NOTAPIOMOI 175

AMNMOAEI=H

1. Eoto ot elvar:

log, 0, =x, Ko log, 0, =x, (1)
Tote €xovpe
o’ =0, Kot a =0,
omdte
X Xy _ X +Xy _
o' -a=600,, Ko o' =00,

Amd tov opiopd OpmS Tov AoydpiBov, 1 TehevTaio 16OTNTO Etvat lGodHvaN He
mv
log,(0,0,)=x, +x,

and v onoia, Adyw tov (1), £xovpe TeAKA:

log,(0,0,)=log 6, +log, 0,
2. Epyalopacte pe tov 1610 tpdmo.
3.’Eoto 011 givau:

log, 6=x 2
Tote éxovpe o'=0 onodre:

a* =0*
Am6 0V 0plopd OUmG TOL AOYAPIOLOV, N TEAELTAIN 1GOTNTA Efval 1GOSVVaLT
Le v

log, 0" =kx
and v onoia, Adym ¢ (2), mpoxdmrel OTL:

log, 6 =k-log, 0

1
MAPATHPHZH B Ry R e

1
-1
log, /6 =log, 6" =—log, O
v
Ag dovpE TMPOL LE VO TOPAIEY O TOG O1 TOPATAVED WOIOTNTES LG OLEVKOAIVOLY GTO AOYIGHO

ue LoyapBpovg Betikdv apBudv.
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‘Eotm 611 Béhovpe va Bpodpe v Ty g mapdotoonc:
A= %log2 256+ 2log,3—log,18
‘Eyovpe dradoyika:
A= %log2 256+ 2log,3—-1og,18

=log, /256 +log,3” —log,18 [I516T 10 3]

=log,16+log,9—1log,18

=log, Q ,
18 [[60tnTeg 1,2]

=log,8=1log,2’ =3

Agkodikol Loyaprpot

[pw omd ™V £AMA®OT TOV NAEKTPOVIKOY VTOAOYIGTMV, Y10 TOAVTAOKOVG
aplOUNTIKOVG VITOAOYIGHOVG YpNoyLonolovsay AoydpiBpovg pe Baon to 10. Ot
AoyapBuot avtol Aéyovtal dekadkoi 1) Kowvoi AoydpiOpor.

O dexad1kdg AoyapBpog evag Betikod apBpov 0, copPorilerar amid pe logh
Ko Oy pe log, 0.

Enopévaoc: logh=x<10"=0

Ot dexadkoi AoydpiBpot vroroyilovrar evkodra, pe T Bordelo Tov VITOAOYIGT
TGEMNG OGS OTO TOPAOETYLOTA TOV 0KOAOLOOVV:

AOTAPIOGMOX YEIPA TIAHKTPQN ATIOTEAEEMA
log 213 213 |0g = 2.328379603
log 0,325 0.325 | log = —0.488116639
®vowkoi Loydaprdpor

I'vopicape oe Tponyovueves mapaypdeovg Tov apliud e Kot eldape T on-
LOGTi0 TOV TNV TEPLYPUPT] OLOPOPMOV POIVOUEVOV. XT0, pofnpaticd eivot ToAD
ypNoyot ko ot AoyapBpot pe Baon tov apiBuo e. Ot loydpiBpot avtoi Aéyovron
PVoKoi 1 veméprol AoyaprOpor.

O @uowdg royapBpog evog Betikod apBpov O copPoirileton pe Inb ko oyt
ue log 0.

Emopévag: nO=x<e*=0
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O1 puowkoi AoyapBpot vroroyilovton vkola, pe T Borbeia Tov VITOAOYL-
oT1 T6ETNG, OTMG GTO TOPUSELYHOTA TTOV 0kOAOVHOVV:

AOTAPI®GMOZ YEIPA ITAHKTPQN AIIOTEAEXMA
In325 325 In = 5.783825172
1n0,37 037 | In = —0.994252273

Alhayn paong

Av Ko o1 ypnoylomolovpeveg Bacelg Tmv AoyopiBuwy givar cuvifmg o 10
KOl TO €, EVTOVTOLG LEPIKES POPES amaTeitan va vtoAoyicovpe AoydpBovg pe
GAAN PBaom. O vroloyiopog avtdg pumopet va yivel pe Tov akdAovbo tHmo, mov
etvar yvmotog g TOmog oAlayng Béong tov Aoyopibuwy.

log, 6

Av o,>0 pe o,B#1 , 101€ Y100 kGO 6>0 1oy ve: log, 6= log. P
08,

‘Eotw onteivan log, 6 =x. Tote 6=p", onorte:

log, 6 =log, B* =xlog, B=1log, 0-log, B (enedon x =log, 6)

Apa Eyovpe: 0w 0
log;0-log,B=log, 6, omodte log, 6= 9%
log, B
ZOUQOVOL [LE TOV TOTO 0TO EYOVLLE:
|
log, 0= log® ko logg 0= In®
logf3 Inf3

Enopévag o vroloyiopog tov logh avayetar 6tov vmoroyiopd tov dekadikdv Aoyapibuwov

logb Kkat logf, N v euowdv Aoyapibuov Ind kot Inp.

TNo mapdaderypa etvat: log17
log,17 =

=4,087462841
log2

Ene1om 1o ovuporo log 0 opicOnke povo otav a >0 pe o #1
Ko 0 > 0, 0mov oto €1 T0 cLvavTApE, B evvoeitat 6T o > 0
nPozoxH M€ o =1 kot 6> 0 ywpic va tovileton Wwitepa.
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HHAPAAEITMATA

1° Xopgova pe v khipaxka Richter o péyedoc R gvog esiopod svraceng 1
’ , , I

divetor amd Tov TOTO R =log—

IO

omov I, ma opropévn erdypotn Evraon.

i) Na Bpe0si to péyedog R evog oeiopot mov £xet évraon 1=10001,

ii) No ekppaodsi to I ©g euvaptnon tov R kor tov I,

iii) Iléogg Popéc peyardTepn eivar 1) évrac) evég oelopov amd Ty évracn evog

a)h0v o160V OV givor pikpoTePoc katd 1 povada Richter.

AYZH

i) Enewom 1=10001, , am6 tov tomo R = 10gIl Bpickovpe ot
0

R =log IO(I)OIO =1og1000=3

0

ii) Ao tov optopd tov dekadikov AoydpiBpov TpokvmTEL T

Rzlogllcll:lOR@I:IO-lOR (1)

0 0

iii) 'Ecto ovo ceiopoli pe evtdoeig 1, I' kau peyédn R, R' avtictotya.
Av R'=R +1, 161 Moym tov tOmov (1) €xovpe:
I' I,-10% 10*

= =——=10, omnote I'=10-1
I I,-108 10%

Emopévog 1 évraon 1' evog oetopov givor 10mhdoia g évraong I evog dilov oet-
ool pkpotepov katd 1 povéada Richter.

2° O ymuikoi ypnoeipomorovy évay opdpo wov svpPoritetar pe pH yo vo wepr-
ypawyovuv Ty o&TnTa £V Srardpatoc. EE opropod siver pH =—10g[H'], é6mov
[H'] civoan n ovykévipoon tov H ¢ ypoppoiovra ava Aitpo.
i) Na vroroyicere T0 pH TV €&)g 0vo1OV:
— 7ov Edwov: [H']=6,3-107°
— Tov vepod g Odhaccag: [H*]=5,0-10"°
ii) No vmoloyicete T ovykévipoon ypappoiévrov vdpoyévov [H'] otig eéig
ovoieg:
— Mnipa: pH =4,2
—T'dho: pH=6,6
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AYZH

i) — To pH tov &18100 sivan ico pe —log(6,3-107) =2,2

—To pH tov vepod ¢ Bdhaccag sival ico pe —log(5,0-107) =83
if) — Emewdn yioo mv pmbpa eivor pH =4,2., éyovpe

4,2=—log[H'] < log[H']=—4,2 < [H']=10"" < [H']=6,3-10"

— Eme1on ywo to yaka eivon pH = 6,6 , £yovpe
6,6 =—log[H"] < log[H' ]=-6,6 < [H"]=10"° < [H']=2,5-10"

3° Av 11 ouvaptnon mov eKPpalel v ekBeTIKN amdoPeon Tov POSPOPOV
P% givar N(t) = N, -e %", 6mov t 0 ypévog og Nuépes, va Ppedei n uiion
TOV POGPOPOV p*.

AYZH

Av t gfvon  (rodpevn nuion, tote Ba eivor N(t) = % Enopévag éyovpe:

. N . 1
N, -e 00405t _ No oy o-0.0495t _ =
2 2

< —0,0495t = In%
< —0,0495t =-0,69314718

S t=14 nuépeg

A" OMAAAY
1. Na vroAoyisBovv, yopic ™ ypron VtoAoyloTh Teémng, ot Aoydpiopot:
i) log,,0,001 i) log , v/10 iii) log, 32
10 2
V27 8
iv) log,—— v) log ~16 vi) log,.,[—
) log, 3 ) log ; ) log % 27
2. ['lo oo TN Tov X oy vEL:
i) log,, x=3 ii) lo x——l iii) lo x—g
X = g4 > g5 3

3. [lo moa Tipm Tov o wydeL: 3
i) log, 16=4 ii) log, 8= P iii) log 0,1=-3

4. No amodei&ete Ot
i) log,3+2log,4-1log,12=2 i) 3log,,2+log,,5—1log,,4=1

iii) %log10 25+ élog10 8 —élog10 32=1-log,,2 iv) Qlog 6210, 3 _ o
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v) 2log,(2+ \/E) + log2(6—4\/5) =17

5. O apiBuog Tav Paktpidiov mov eueavifoviol 6e po KOAMEPYELD HETA oo t
opeg dtvetar and tov Tomo Q(t) = Qoe°’34‘ , omov Q etvar 0 apykdg aplOpog
Tov Baktmpdiov. [16cog ypovog Ba tepdoel mote 0 apBudg Tov Paktnpidimy
vo dekamhoctocOet;

6. Katm and otabepn| Oeppokpacio, n atposeatptkn wicon p (o€ Pascals), og 0yog
h (og pétpa) diveton amd Tov TOTO

p=101300-¢*"
i) Na Bpeite v Ty tov k, ov o€ Dyog 3050m 1 atpoo@aipikr wicon eivarn
68900 Pascals.
ii) ITow fvon 1 atpoocearpikr mieon og Hyog 1000m;

7. Ot 00tépeg TaEIVOLOVVTOL OVAroYa UE T (QOVOUEV) AAUTPOTITA TOVG GE Ka-
myopieg mov kahodvran peyebn. Ot acOevistepor actépeg pe Aapmpotnra L,
Aépe ot Exovv péyebog 6. Kabe allhog aotépag Aapmpotntog L Exet péyebog m
nov kabopiletar amd Tov TOTO: L

m=6-2,5-log—
LO
i) Na Bpeite 1o péyebog m tov aotépa mov Exel dapurapomra L = 100 - L,.
ii) [Tooec Popég Aapmpotepog eivan évag actépag 17 peyédovg amd évav actépa
6° uey£bovg;

8. O toMoeig S(t) (o€ yhdades povades) evog Tpoidvtog oe drdotna t ypdvov
LETG TNV ELGOY®YT] TOV 6TV ayopd. Stvovron amd Tov Tomo S(t) =100(1—e*).
i) Na vroloyicete 1o k, av o1 twAncels katd 1o pato £Tog oviAbay g 15000
LLOVAOEC.

i) [16oeg Oa eivar o1 TwANoEIS 0T 5 TPAOTO YPOVIQL,;

B OMAAAY

1. No vroAoyioeTe TNV TN TOV TOPACTACEDV:
17110 23 llo ;18-1

42" ii) 92

2. Av o1 Oetikol apibuoi 0, 6,, 0, ... etvon dradoyikoi Opot yemueTpikng Tpooddov,
vo. amodei&ete 0t ot logh,, logh,, logl,, ... eivar dradoyucoi dpot aprdunTikng
TPOOOOL KOl OVTIGTPOPOG.

3. Miog aplBuntikng mpoddov o Tpdtog 0pog eivar i6og pe log2 kat o dgdTepog
0pog e log8. No amodei&ete 611 10 GOpOIGHO X TOV V-TPOTOV OpmV TG divetan

omd Tov TUTO.
T, =v’-log2

4. No anodeiéete ot log| log 1\0[ B 1\01....1\0/5 =V
%/—/

v plkd
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5. Na amodei&ete otu:

log(l—l}r log(1 —l) +log(l—1]+....+log(l—l) =—logv
2 3 4 v
* 6. Na amodei&ete 0Tt yio k6be x> 0 1oydet:
log, x =log . x’

*7. Na amodeitete oL

i) log, B-log,a =1 i) log, B’ -log, a’=6

iii) log, B-log,v-log, o =1

*8. No amodeilete ot

i) log,0+log, 6=0

o

ii) log,, (o) +logy (af) =log,, (ap) - logy (o)

5.3 AOTAPIOMIKH XYNAPTHXH

H LoyaprOpikn] cuvaptnon

‘Eoto a évag Betikdg apBpodc dtapopetikdg g povadas. Onmg eldape oty
mapdypopo 4.2, yua kébe x>0 opileton o log, x. Emouévag, avtiotoryilovrag
k@Oe x € (0,+0) oto log, x, opilovpe T cuvaptnon

£:(0,+0) > R pe f(x)=log, x
H ocvvdpton avt) Afyeton AoyaprOpmki svuvaptnon pe faon o.
Ag Bewpficovpue, tdpa, T Aoyapdpikn cvvdptmon f(x) =log, x. Enedn
log, x=y<a’ =x,

avto M(&n) ivan onpeio Thg ypapikhig apdotacng mgovvaptnong Y = log, X,
101 10 N(1,&) O etvan onpeio g Ypapikng Tapactacng TG cuvaptTnons 'y =
o kot avtiotpdeog. Ta onueio, Opmc, M(E1) kat N(n,é) etvoil GLUETPIKE G
mpog TV gvbeio mov diyotopei Tig yovieg xOy kar X O y.
Emopévag:

O1 Ypo@IKéG TOPACTAGELS TOV CLVOPTIGEDY

y=Ilog, x kou y=a"

etval GUUUETPIKES G PG TNV evbein oy dryotopel TS Yovieg XOy kX Oy.
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yA “ yA
=a
N(n,€), y=x y M(En)
! 1
y=a" M(E,n) N(n,&)
o /1 X o) \5(
a>1
y=log x
y=logx y=X O<ax<1

Av AdPovpe TdOPO LTOYT LG TNV TOPUTAVEO GUUUETPIO Kot 650 LABopLE yio
v ekBetik) cuvapmon f(x)=o" KATOAYOVLE GTO GUUTEPOUGHLN OTL:

Av a.> 1, tote ) hoyapdukn cvvaptnon g(x) =log, x:
*'Eyet medio opiopo? to ddotnpa (0,+0)

*'Exet ouvoro Tinmv 1o svvoro R tov

, , logux,
TPOYUOTIKOV aplOpmy.

AY
log.x,

* Etvat yvnoiog avéovoa, mov onpaivel 0t 0
av X, <X,, téte log, x, <log, x,

am' dmov TPOKVTTEL OTL:

(log, x <0, av0<x<1) xo (log,x >0, avx>1)

y=logyx, a>1

*'Exet ypo@ikn mapdotacn mov téuvel Tov dEova x'x oto onpeio A(1,0) ko éyet

acOUnT®MTO ToV Nacova Oy'.

Av 0 < @ <1, 10te | AoyapiBukn cuvaptnon y
g(x)=log, x:

*'Eyet medio opiopo? to ddotnpa (0,+0)

* 'Exet ohvoro Tdv 10 cuvoro R tmv

TPAYLOTIKOV aplOudV.

4

y=logyx, 0<a<1
X

* Etvan yvnoiog ebivovsa, mov onuaivet ott: o gqg
1

av x, <x,, téte log, X, >log, X, l0g.X,
an' dmov TPOKVTTEL OTL:

(log, x >0, av 0<x<1) kot (log, x <0, av x>1)

X4 Xy N
7

*'Exel ypo@ikn mopdotact mov TEUvel Tov aEova x'x 6to onpeto A(1,0) ko €xet

acvurtmTo Tov nuiaéova Oy.

Téhog, and ™ povotovia TG AoyapBuIKng cuvApTNOoNG TPOKLITEL OTL:

av X; # X,, 101¢ log, X, # log, X,
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ondTE, L€ ATOYWYT) GE ATOTO, EXOVUE OTL:
av log, x, =log, x,, 101€ X, =X,
Enopévag, woyet ) icodvvayio:
log, x, =log, X, & X, =X,

H televtaio omta lvor Wiaitepa ypnoyn yia eniivon eElomoemv 6nmg m.y.
N log,(x* —1) =3, mov Movetat g e&Ag:
log, (x* —1) =3 <> log, (x* —1) = log, 2°
< log, (x* -1)=log, 8
oxP-1=8
oxP=9
&Sx=3 N x=-3

E&ohoeig 6mmg n mponyovpevn, 6mov o Gyveotog eppovifetot 6to Aoydpifpo
Aéyovtor hoyaprOpkég eEiomoerc.

HAPAAEITMATA - EGAPMOI'EY

1° Xto i010 cVoTNNO AEOVOV VO TOPAGTAOOVY YPAPIKE 0L GUVEPTIGELS
i) o(x)=Inx ii) f(x)=Inx+1 iii) g(x) =In(x—-2)

AYZH
Mo ™ ypaeun mapdotacn e ¢(x) = Inx katackevalovpe vav Tivako TIHMV:

X 0,2 0,3 0,5 0,7 1 2 3 4 5
y=Inx | -1,6 | -1,2 | 0,7 | 0,4 0 0,7 1,1 1,4 1,6

TomoOetwvtag to. onueio (X, y) o0  y,
TOPOTAVO TVOKO GTO KOPTEGLOVO EMITE-
00 KOl EVAOVOVTAG TOL L€ GUVEYN KOUTOAN
Bpiokovpe ™ Ypaeikn TopdoTact g ov-
vaptnong ¢(x)=Inx.

H ypagwn napdotaon mg fix)=lnx+1 75
TPOKVMTEL OO 0L KOTOKOPLON UETOTOTL-
o1 TNG YPOIPIkig TapaoTaong g @(x)=Inx
Kotd 1 povédo mpog to TAV®, EVE TNG
g(x)=In(x-2) and o oplovte pe-
TOTOMION NG YPOPIKNG TOPACTACNG TNG |
o(x)=Inx xotd 2 povadeg mpog Ta deEid.
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2° Na Ppebei 10 La00g 6TOVS TUPUKATO GVALOYIOPROVG:

Amo TV avicoTTa 2>1 Taipvovpe SradoyIKA:
2log0,5 >1log0,5
log0,5% >10g0,5

log0,25>10g0,5
0.25>0.5 OV £ival GTomo.

‘pdod 310y

A3Q 10X ()>G030] 31 1< S02l200140 Sla ly3r 0Q 02 103 3MDOYIOVYLDYYO] |

3° Na Mlci 0 ekicowon:

log, (x> —x)=1+1og,(x -1)
H e&icoon avt) opileton epdoov x* —x >0 kar x —1>0. Me avtoig toug
nEPLOPIoHOVG N e€lowon YpdeeTat Stadoykd:
log, (x> —x) = log, 2+ log, (x —1) < log, (x* — X) = log,[2(x —1)]

<X -x=2(x-1)

< x=1 N Xx=2
AT T1g TIES anTEG TOV X UOVO 1) X=2 1KaVOTOLEL TOVG TEPLOPIGHOVG. Emopévag
N e€lowon &yet axpPmg po Avon, tn x = 2.

A" OMAAAY
1. 270 1610 cVOTNUA AEOVOV VO TAPAGTNOETE YPOPIKA TIC GUVOPTHGELS:
f(x)=1log, x Ko g(x)=log, x

2
Tt mapatnpeite; No S1koloAOYGETE TNV OTAVTNON.

2. 210 1610 GVOGT O AEOVOV VO TOPUCTNOETE YPAUPIKA TIC GUVAPTNOELS:
f(x)=logx , g(x)=logx—-1 «a h(x)=log(x—-1)

3. Na mpocdiopicete v ekbetikni cuvaptnon f(x)=o™ kot Aoyopbukn cu-
vapmon g(x)=1log, X tev onoimv ot ypupikég TopacTAGELS TEPVOVY Ond TO
omueio:

i) AQ2,4) ii) B(-2,4) iii) ['(2,—4) iv) A(-2,—4)

4. H gvaieOncio evog potoypaeikod QiAp petplétat o povadeg ASA 1 oe povadeg
DIN. Av x povadeg ASA cvvdéovtan pe y povades DIN pe tov tomo y = 1+1010gx,
Vo, QTIAEETE Evay TIVOKOL TILMV TG Tapomive cuvaptnong yio x= 50, 100, 200,
400, 800, 1600 ASA. Ti mopatnpeite; (Atveton 611 log2 = 0,3).




5.3 NOTAPIOMIKH LYNAPTHXH 185

5. Na AbBobv ot e&iomoeig:
i) log(x+1)+log(x—1)=1log2 ii) log(x —1)+logx =1-1log5

iii) logx”* = (logx)’ iv) log(x”* +1)—logx = log2
6. Na Abodv o1 e&lomoelc:
) 5% = 9l-x i) 3%l —gx#l
7. Na ovykpifovv ot apibpoi:
i) log,2 o log,5 il) log,,5 o log,,7

iii) log(x* +1) kot log2x

8. Eva diwpa Bsopeitor 6&wve av [H']>1077 «a Baowé av [H ] <107
Na Bpeite Tig avtioTolyeg avicotTes Yo 1o pH.

B OMAAAY
1. No mopacTHOETE YPOPIKA TIC GLUVUPTIOELS:
) f(x)=In|x| ii) f(x)=%lnx2 iii) £(x)=|Inx|

iv) f(x)=1log(10x —20)

2. Na amodei&ete 0Tl 01 TOPUKAT® GLUVAPTHOELS EIVOL TEPITTEG:
) ) =In(x+vxC +1) i) £(x) =X

3. I moteg Tipég Tov X € R ot apBpoi bex

logl78, log+/81(2* +2-3%), xlog3

UE TN 6€lpd oL divovTot givar d1adoyikoi Opot aptOUNTIKNG TPOOOOL;

* 4. Av log, B=log,y-log, a, va anodeilete dnia=pn o= 1

p

5. Na Moete Ti¢ e€lomoels:
i) logv/x =/logx i) In*x-5In*x+4=0
6. Na amodeiete 6Tt X °%° = 5 ko o1 cuvéyela va Woete Ty s&icmon
g2logx _ 5 4 4. xlos5
7. No AMGETE T0. GLOTALLOTOL:
) {log(xy)=4log2 , {xy=8 i) {y=2x
logx -logy =3(log2)’ logy =2logx 2logy =logx +log2
8. Na Moete TIc avicmoels:
i) logx®>(logx)’ i) log(x>—4)<log3x iii) x"*®* >10
* 9. No anodeitete 0Tt log, 3 > log, 9

10. No anodeitete 0t yio omotodnmote o, > 0 pe o # B oyvet:

a”-pf >aof -p*
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FENIKEZ AZKHZEIZ (FOMAAAY)

1. No Woete Tic e§lohoelc:
i) (x*-3x+1)"" =1 i) x* 7 =x

2. Av 10 tpiymvo ABI givan opBoymvio oto A va amodeitete ot

log,.,v+log, ,y=2log, ;v-log, ;v (a+Bra—B=1)

3. Av (ay)**P =y*, va amodeifete 611 ot apduoi log, 6, log; 0 xo log, 6

gtvan dradoykoi Opot apduntikig poddov (0 <a,B,y =1, 6>0).

4. Av apifpoi a, B, v etvor d1000y1KoT OPOL YEMUETPIKNG TPOASOV, VO OTOdEIEETE

ot
log,6—log;6 log, 6 (0<a,B,y,0%1
log,6—log 6 log, 6 By
5. No amodeifete 6t log5 =1-1log2 o ot cuvéyeta va Moete v e&icmon
Xlog(Zx) — 5

6. No Moete 610 (O, gj mv e&iowon:
logmlx 2+log,_ . 2+ logwa 2-log_ .. 2=0

7. No, MOGETE 670 (0, g) mv e&icoon: (epx)™ = (opx)”™™

8. Na Moete v avicwon: 27 +12* —=2-8* >0
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IXTOPIKO XHMEIQMA

H Baocucn wéa Tov AoyopiOpov

H évvola Tov hoydpidpov emvondnke otig opyéc Tov 177 audva wg éva
LEGO OTAOTIOINGNG TOV UPOUNTIKOV VTOAOYIGHAOV KOl 1] ELOAVIOT) TOV TPO-
TOV A0YapOKOV TIVAK®OV Elye, EKEVI TNV ETOYN, EXIMTMOGCTN GTNV EMCTHUN
avaAOYN W GVTAV TOL EYOVV Ol NAEKTPOVIKOL VITOAOYIOTEG OTIS UEPES HOGC.
H apyum pobnpaticn 10éa oty omoia otnpileton n €vvola Tov Aoyapipov
gtvar ToA amAn. Av Bécovpe o€ avtioTotyio Evav TPog £V TOVG OPOVS LIS
apOUNTIKNG KoL LLOG YEOUETPIKNG TPOOOOV, OTIMG T.Y.

0,1,2,3,4,5,6,7, 8,9, 1, 11, 12 ,..
1,2,4,8,16, 32,64,128,256,512,1024,2048, 4096, ...

TOTE PTOPOVLE VO TOPOTNPNCGOVLE OTL TO YIVOHEVO 2 Op®V TNG YEOUETPIKNG
(my. 32 - 128 = 4096) Bpioketar akpipadg kdtm and to dfpooua TV avti-
otory®v Opev ™G aplBunTikng (5+7 = 12). Anhad| 0 TOAOTANGLOGHOS 0V~
YETOL 0LOLOOTIKG o€ P Tpocheon. [ToAd edkora pmopovpe emiong va dtomt-
OTMOGOLUE OTL T JOIPEST AVAYETAL GE APAIPEDT], ] VWMOT GE SV GE OTAO
nolamlactacpd pe to exbét ko n e€ayoyn pilag oe amin daipeon pe O
deiktn. ILy.

4096:128 =32 (12-7=5)
16° =4096 (4-3=12)
44096 =8 (12:4=3)

AvTéc TIg avaymyEG TOV BacikdV TPAEemV e amloVoTEPES EIYOV EMLOT-
pavel Kot Statvrmoet ToAlol podnpatikoi Tov 150v kot 160V aidva, 6TOG 0
I'dAhog N. Chuquet to 1484 xou o I'eppovoc M. Stifel to 1544. Onwg etvor
Qavepd GE LG, Ol TPONYOVUEVEG avaymyés otnpiloval oTig Wt TEg TOV
duvapemv (o1 Tapamdve Tpdodot givar ot akorovdiec Tmv ekBetdv Ko TV
aVTIOTOLY®V SUVAHE®V TOV 2 1, e GAAQ AOY1a, Ol OPOL TG UPBUNTIKNG Etvat
01 A0Yap1Op0L TV avTIoTOY®MV Op®V TNG YEOUETPIKNG 1e Baon To 2). To 160
AV OPOG OV VINPYE KATOL0G KOWE 0modeKTOS GLUHBOAIGUOG Yo TG dv-
VAUELS 0UTE glyav dloTLTtmBEL e yevikoTnTa o1 1310t TES TovG. To TPOPAN L
7oL TEONKE GTOVG LOONUATIKOVS TNG EMOYNG NTAV 1) KUTUGKELT YEMUETPIKOV
TPOOOIMV OPKETE «TVKVMVY», MOTE OVAUEGH GTOVG OPOVE TOVG VoL LTTOPOVV VO,

*To 1ot0pikd onpeiopo £ypoye o Madnuotikog I'évvng @mpoiong

187
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mopepPAnbolv, yopic onuavtikd cediua, ot aptdpot mov eupavifoviay ov-
AV GTOVG VTOAOYIGUOVG (T.). Ol TWES TOV TPIYMVOUETPIKAOV GUVOPTIGE®DY).
Tavtoypova o1 Gpot Hog TETOL0E YEMUETPIKNG TPoddov Ba Empene va tebodv
o€ £VaV TPOG £VOV OVTIGTOLYIN [LE TOVG OPOVS LLOG OPLOUNTIKNS TPOOSOV.
Owvtp@TOL WivaKeg AoyapiOpmv

H xatackev| mvakov T€T010v Ipoddmv NTav Yo TNV £moyn ekeivn £pyo
TEPACTIO OV 1| OLOKANPMOGT] TOV OAiTNGE TOAAA Xpovie. Ot TPOTOL TOL oM~
pocievoayv tétowong mivakes Ntav o EAPetdg Jobst Biirgi (1552-1632) kot o
Ykwtoélog John Napier (1550-1617).

O Biirgi Ntav ®poioyomoldg Kot KOTOUoKEVUOTHS AGTPOVOULKMV 0pYavmv
KO [LE TIG WO1OTNTEG AVTEG EPYAGTNKE OTO LEYOAVTEPO ALOGTEPOCKOTEID TNG EMTO-
NS TOL. ZTOVG Tivakég Tov, mov dnpoctevdnkav to 1620 oty Ipdya, kato-
OKEVOOE L0, YEMUETPIKT] TPOOSO GUUPMVA LE TNV AVOIPOLLIKT GYECN

o, =100.000.000

o
a,., =o,+ =

=% 10,000 (1)

Anhodn) o Biirgi Eekwvd amd To 100.000.000 kot vroroyiletl Tov endpevo kabe

O6pov TPOGHETOVTOC 6™ AVTOV TO £VaL SEKAKIC YIAMOGTO TOL. ME TOV TpOTTO 0VTO

VIOAOYIOE, EVay TPOG évav, meploodTtepovs amd 23.000 6povg TG TPpooddov.

1
Amo v (1), mov ypagetar o, =, (1 + 07 ) ovumepaivovpe 6Tt 0 Adyog

QDTG TNG YEMUETPIKNG TPoOSoV givar A =1+ 7 =1,0001 ko 0 yevikdg g
OpOG UTopEl va YpapTel 6TN Lopen
1 v
o, =0,-A" niadq o, = 108(1+ WJ ,v=0,1,2,..

' vt TV Tpo0odo, o Biirgi avtictoiyioe v apiBuntikn tpoodo 0, 10, 20,
30,..., 230.270 pe yevikd 6po B, = 10v.
"Etot otoug mivakeg Tov Biirgi vwdpyet n avrictoyio

o, =100.000.000 < > 0=p,
o, =100.010.000 < > 10=,
o, =100.020.001 < > 20=,
a —108(1+LJV < > 10v=
v 104 v

A
\/

Oyyory = 999.999.779 230.270 =B,
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Amo6 tovg mivakeg Tov Bilirgi anovotdlel omoladnmote avapopd ce EVvoleg
ommg «exkBémo» 1N «Paon» otig omoieg otnpiletar o HYYPOVOG OPIGUOS TOV
LoyapiBpov. (O mponyodpevog yevikdg GVUPOAGUOG Y10, TO 0, ¥PNOIUOTOLEL-
TOL OO LLaS, Yo AOYOLs TTov o pavepmBolv Tapakdto, 6tav eENyoovpE
onuacio tov apBpod e). Ovte AAhmwote 0 6pog «hoyapBLOG) YPNCYLOTOM-
Onke amo Tov Biirgi. O titAog tov BipAiov Tov frav «Ilivakeg aptBuntikdy kot
YEOUETPIKAOV TPOAIOV» KOl 0t Opot TG apBUNTIKNG TPOAIOV AVAPEPOVTOY
®G «KOKKVOL aptfpoi» amd 1o ypdUa TG HEAAVNS TTOV ElYaV EKTVTMOEL.

H mpoélevon Tov 6pov «hoyapiOpoc»

Ot mivakeg mpoddmv Tov Biirgi dev yvopioav peydin d1ddoon yoti dnpoct-
gutnKav apyd, 6tav eiyav 1dn tponynOet, to 1614, ot mivaxeg tov Napier. O
John Napier ftav mho0c10¢ €0yeVIG He EvTovo evolagépov Yo To. Mabnpott-
KA ko Tig €@appoyég tovg. O mivaxég tov otnpilovran eniong 6ty aviietor-
xlo TOV OpOV HOG YEMUETPIKNS Kol oG aptduntikng tpoddov. Ot mpdodot
OVTEG OULMG Efvan TOAD M0 TUKVEG (Ko ETOUEVOS YPNOUES 0TV TTPAn) amd
eketveg tov Biirgi kot yo tov vrohoyiopd tov 0pwv toug o Napier entvonce
Lo 6E1pa 0o 10109LT TEYVAcUaTo. XTov Napier opeihetal xiong n dnuovp-
vio Tov 6pov «roydplOpogy and T cuVOEST TOV EAMVIKOV AEEE®V «AOYOS»
Kot «appocy. (O tithog tov Pfiiov Tov Nrav «Ileprypaen Tov Hovpdoiov
Kavova tov AoyapiBumvy). H onpacio tov 6pov sivar akpifog «o aptBpog
7OV PETPE TO TAB0G TV AOYOV». AV Be@pnGovpE T.Y. TIC TPOOSOVG

0,1,2,3,4,5,6,7,..,
1,2,4,8,16,32,64, 128 , ..
101€, 0 6 M.y (MOV eivar 0 AoydpiBpog tov 64 pe Pdon To 2) deiyvel «mdoot
Aoyow yperalovtal ot cuvey avaAoyio
2 4 8 16 32 64
1 2 4 8 16 32
Y10 VoL QTAGOVLE GTOV Opo 64 (oTnVv emoyn Tov Napier, 1 YEOUETPIKT TPO0S0G
opilovtav oav o akoiovBio aplBpmv mov Ppickovial 6 cuveyn avaioyia).
H onpoeocio tov apBpov e

H avayvapion g duvatdmTog va optotodv ot hoyapifpot cov ek0ETeg og
Tpog pa Baon €ywve Babpuaia, apod TPOTO ATOCAPNVIGTNKE KoL YEVIKEDTNKE
1 évvoua. g dvvaung. H évvota g Pdong opog kot e1d1kdtepa 0 aptiuog e =
2,7 1828 1828 45 90 45 ... (mpocéEte T LVNUOTEYVIKT d1aTasn TV Yyneiov
T0V) Ppioketar NN, 6TOVG TPAOTOVG AoYAPIOUIKOVG TIVAKES, GE Lo, «A0vOA-
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vovooy katdotaon. H yeopetpikn mpdodog tov Biirgi.

a, =10° 1+ L“
10
YPAPETOL OLUOOYIKAL:

o 1 10* # 1 10* 11% 1 10* %VS
10° ( 104j ( 104) ( 104)

Av 0écovpe otny Tponyoduevn X = IOZ)VS (I xow y= IBFVS (2), téte av

yiveton
1 104 y
x = (1+_4j 3)
10

10
(1 + %j =2,718145927 ...

[Mapatnpovpe dpmg ot etvat

[, Ty ov ovpmintetl o€ 4 dekadikd ymoio ' antiv tov apdpov e. ‘Etot
rowdv, N wponyovpevn wotta (3) pmopel v’ avtikotaotadel pe tkavorowm-
Tk akpifelo amd ™ x =¥, dnhadn wyder y=Inx (4). Amod 116 100TNTEG
(1), (2) xou (4) ovumepaivovpe OtL, v 6T0 cVoTUA TOL Biirgi ot 6pot g
YEWUETPIKNG TPpoddov () Stopebodv pe to 10° ko ot Gpot TS opOUNTIKAG
mpodoov (B) pe o 10° (awtéc ot Slaupéosig onuaivovy amhdg pa petokiviion
™G VTOOIGTOANG KOTh 8 Kot 5 0€a€1g, avtioTolya, TPog aploTtepd), TOTE

To cvomua Tpoddwv tov Biirgi 16odvvapel He KOVOTOMTIKY TPO-
OEYYIoN, HE TO ONUEPWVO CVOTNUL TOV GUGIK®V Aoyapifumv mov
&yovv Bdaom tov apiuo e.
Tov Topdderypo og Tépovpe omd Tovg Tivakeg Tov Biirgi tov 98° dpo ¢ ve-
OUeTPKNG Tpoodov 100.984.768 kat tov avtictoryd Tov g aptfuntikng 980.
Awpédvrag pe 1o 10° kon o 10° avtictoya, Ppickovpe

1,00984768 xou 0,0098
"Evag 60yypovog vmoAoyIoTIG TOEMNG LOG OTveL

In(1,00984768) =9,7995075x10~* = 0,0097995075 = 0,0098

Onog PAémovpe Aoov, o aptBudc e dev emiéyeton avbaipeto aAld epavi-
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Cetan avamdeevkTa 6Tav OEAOEL KATOL0G VOl KATOUGKEVAGEL [0 TUKVY YEOLE-
TPIKT TPO0J0 (0mdTE 0 AdYOG TG Bar eivan Evag aptBpog eAdyLoTo LEYOADTEPOG
1N WKpdTEPOS TG HoVAdaGS). Me tnv évvota o), 0 aptipos e «umapyewy 6ToVG
Tivaxeg Tov Biirgi kot Napier, ot 0moiot Op®g dgv €lyav KOppid avtidnym tov
pPOAOL TOV.

To ovpporo e ypnoyoromdnke yio TpdTH Popd amd tov L. Euler to 1728,
EVOV Vel LETE TNV EUPAVIOT) TOV AoyopiOpmy.
H gpoavien Tov gueikav Aoyapidpmv

Eve howmdv ot AoyapiBuot eiyov emvondel, Ommg eidapLe, OTOKAEIGTIKG Y10
™V amikonoinom 1oV aptfunTiK®V VIOAOYIGUMY, YOp® 6T0 1650 dromotdin-
KE L0 0PpOGOOKN TN ELPAVIGT) TOVG GE YEMUETPIKA {nTipata.
Agempia vpée To TPOPANLLA TOL VTOAO- Z
YIGHOV TOV EUPOSOV TOV TEPIKAEIETOL

1
and éva 100 AB ¢ vepfoing Y = ;,

T Toparinieg and ta A, B mpog ™ o
acvunTe kot and to tunpa I'A mov opi-
Covv o1 mapdAAnAec 6TNV GAAN OGOUTTO-
™ (ONA. T0 EPPAdOV TOL KAUTVAGYPALULOV
tpameCion ABAT 610 duthavo oynua).
[MTapatnprnke 10te 011, v 10 T'A dronpebet étor wote ta Tpunpota OI, OF,
0Z, OAvo amotehohv yempeTpkn Tp60do, Tote Ta. epPadd (AHET), (HOZE),
(BBAZ) eivan ioa peta&d tovg ko emopévag ta eppadd (AHET), (AGZID),
(ABAT’) amotehodv aplBpuntikny tpdodo.

Av m.y. eivar OI' = 1, OE = 2, OZ =4, OA = 8, 161¢ vmoroyilovtog kabéva
amo ta epPadd (AHED), (HOZE), (BBAZ) tpoceyyiotikd, cav dOpoiouo £y-
veypapupévav opboyoviov (0nwg T.y., 6to oynua, 1o O@BAZ aroteleiton and
10 této10 opbfoymdvia) Ppickovpe 0T, pe axpifeta 4 dekadikdv yneimv, sivol:
(AHEI') = (HOZE) = (@BAZ) = 0,693 1. 'Etot Aoutdv pmopovple va dnpovp-
YNOOLLLE 0L CVTIGTOLYI0L AVALEGT GTT] YEOUETPIKT TPOOOO

OE=2,0Z=4,0A=8,...
Ko TV optOpunTiKn Tpoodo
(AHEI') = 0,6931, (AGZI') = 1,3862, (ABAI') = 2,0793,...

"Exovpe dnradn ) Paoikn apyn vog Aoyaplfpikod GUGTALATOS, TOV OToi-
oV dumg ot AoydapiBpot (6pot TG apBuNTIKNG TPOOAIOV) £XO0VV €3G L0 TPO-
oovi] QUK onpacia: Exppdlovv to epfadd GUYKEKPILEVOV YEOUETPIKOV

Y X

Ol EZ A
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oynmuatev. [pdtog ypnoyonoince Tov 6po «puoikoi AoydpBpony to 1668
o N. Mercator (1620-1687) kot cwtot givar akpipmg ot onpeptvoi Aoydapiopot
ue Paon tov e, tov cupfoiilovrar debvag pe to cdpPfoiro In (amd Ta apyd
Tov AéEewv logarithmus naturalis).
H LoyapiOuixy eovaptiyon

211 GNUEPIVI ETOYN TOV NAEKTPOVIKAOY VITOAOYIGTAOV, 1] APYIKN YPNOOTN T
TV Aoyapifumv og éva Héco amhomoinong ToV apfunTIKdV VTOAOYICUMV
£yeL QUOIKA eKUNOEVIOTEL. AvtifeTa Op®G, Etvan TOAD PLEYAAN 1) XPNOLOTHTO
™G AoyaplBiKnG GLUVAPTNONG GOV £VOL LEGO LOOMUOTIKNAG TEPLYPOPNG KOTO-
0TAGEMV TOV PLGIKOY KOGUOL. [Ipémel pdhiota va onpeidcovpe 0Tt TOAEG
amo TIG EQAPUOYES TNG Aoyapdkng cuvaptnong otnpilovial 6TV apykn
10£0. TNG AVTIOTOLYI0G P0G YEMUETPIKNG KO LG OpOUNTIKNG TPOOSOU.

Yuykekpyéva, otav Eva péyebog petafaiieTor Tord ypryopo («yempe-
TPIKAY) Kot £va. GAho, Tov oyetiletol ' avtd, TOAD apyd («aplOunTicdy)
T0TE M UETOED TOVG oYEomn umopel va ekppaotel AoyapOukd. Kilaowkod mo-
padetypa anotekel o vopog twv Weber-Fechner oty Yuyoloyia, mov mept-
YpaQel podnpaticd ™ oxéon avapeca o Eva epéBiopa kot TNV aichnon mov
npokadel. Av, yuo mapddetypa, E eivar  évtaon evog Nyov kot A n évtaon
TOVL OKOVOTIKOD 0GONUOTOG TTOV TPOKAAEL, TOTE 1GYVEL

A =xlogE

omov K i otadepd, eEopToUEVN OO TN GLYVOTNTO TOL NYOL KOl TOV OT0-
déktn tov epebiopatog. H oyéon ant mposkuye HoTEPQ OO TEPALOTO TOV
I'eppovov emompovev E.H. Weber (1795-1878) kot G.T. Fechner (1801-
1887), mov £detéav 011, o oepd £pefIoUATOV (OTTIKMV, OKOVGTIKOV K.AT.)
T0. omoio. pmopodv var peTpnBovv Kot avédvouy Katd yemUeTpiky Tpdodo,
TPOKOAOVV 0. GEPA acOnuaToVv (avTidpacemv) Tov avédvouy Katd apilo-
UNTIKN TPG0d0. XNV TPOTYOUHEVT 10OTNTA GTNPILETAL O OPIGHOS TOV LOVEL-
dwv akovototTag bel ko decibel.

Mua GAAN EVTVTOGLOKT), GOYYXPOVY EQAPLOYT THG AOYUPLOLIKNG GUVAPTN-
ong yiverar otnv [IAnpo@opikn Kot GUYKEKPYLEVE GTN GYECT AVAUESH GTNV
TOGOTNTO TANPOPOPLOG OV HETAPEPEL Eva GOUPOAO KoL TNV ThavOTHTO ELL-
(QOVIONG TOV.
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AZKHZEIZ EMANAAHWHE (A" OMAAAYX)

1. Na Aoete v e&icmon:
nu’x — 243npxouvx — cuvix = —/3

2. i) Na anodeilete 611 1 €&lomon anux +Bovvx =y £xel Aon av Kot povo av
a’ +p> =y
ii) Na Moete v g&lowon (1+cvvt) - nux +nut-covx =2 yio TiG S1PopEg
TIHEG TOV t € (-, ).

3epo—eq’a

3. No amodeifete 0Tt @30 = KOl GTN GUVEYELL VO, DVTTOAOYIGETE TNV

1-3ep’a

8(p% 0po¥ TpGOTa. detlete 6Tt At elvar Moon g ekicwong x” —3x* =3x +1=0.

4. (Ap1Opdg orapetog pe to 9)

— O op1Bpog 198 =22 -9 dpeiton pe 10 9. To dBporopa 1+9+8 = 18 twv yneiov
TOV £TioNg dlopeiton pe 1o 9.

— Opoiog o apBpog 17397 =1933-9 kot to aBpowopa 1+7+3+9+7 = 27 tov ym-
¢iov Tov dtpovvTol Le To 9.
Ievikd va amodei&ete OTL IGYVEL O KOVOVOC:
O opBpog «afyd» drarpeiton pe o 9, Lovo av 1o abpotcpa o+p+y+d Tov ynoi-
@V ToV Stonpeitan pe 10 9.
Yroédeien: Eivon << afyd >>=al0’ +B10° +y10+35 . Na fewproete To moAv-
@vopo f(x)=ax’ +Bx’ +yx +8 karmv tavtémra f(x) = (x —)n(x)+f(1)
Ko va Béoete x=1 ko x=10.

5. (Pytég piles morlvmvopikilg eEicwonc). To Bempnua mov akorovBel mapéyet
o aopn pEB0do TPocdloplood pimv OpPIGUEVOY TOAMVUUIK®OV EEIGHCEDV.
Osdpnpa: ‘Eoto 1 molvevopk eéicoon o x” +ao, x"" +..+ox+o, =0

. . . K K ‘ . .
LE OKEPOLOVG GUVTEAESTEC. AV 0 pNTog T #0 3 Gvoyero KAGopo | etvor
pila g e€icmong, TtE 0 K £ivor drupEmg Tov oTadepod Opov o, Kar o A eivar

daupémg Tov cuvtereott| o, . Me tn fondeto Tov Oempripatog avtod:
i) Na Aoete T1¢ e€lodoelc:
25’ +x* +x-1=0 6x* +29x° +27x* +9x +1=0
ii) No anodeiete 611 o1 opifpol /2 ko +/12 dev givan pnroi.
6. No amodeiéete 0t M elowon 3™ +4* =5 &yet akpipog pio Avon.

7. No Moete v e&iowon
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8. ['lo moteg Tipég Tov o € R 1 e€icwon 2log(x +3) = log(ax) éyet povadikn Avon;
9. No amodeitete 011 1 e&lowon opx +log, x =2 €xet 610 Srdopa (0,m) axpt-
Bdg pior Adom. 4
10. Na Moete v avicoon: log,(16* —2-12%) <2x +1
11. i) Zto {610 cOoT U AEOVOV VO TOPUCTHGETE YPOPLKE TIC GUVOPTNGELS
f(x)=Inx kot g(x)=1-x Kot ot cuvéyew va AoeTe TV avicwon
Inx <1-—x.
i) Opoing yw tig cuvapmoelg f(x)=Inx ku g(x)=-x>+1 KotV
avicoon Inx >-x*+1.
12. Aivovton tpetg Oetikol mpaypotikoi apBuoi a, B, y ko tpelg yovieg A, B, I étot
OOTE:
o p Y

A, B, T >0, A+B+l == Ko = =
nuA  nuB nul’

No amodsifets ot o =B +77 —2BycuvA
B’ =y’ +a’ —2yacvvB

v =a’ +p’ —2apovvll
13. Aivovtar tpeig Oetikoi mpaypoticoi aptBpoi a, B, y kot tpelg yovieg A, B, I état

MOTE: o 8
AB,T>0, A+BT=1 «a =P ¥
nuA  mpB mul’

Na anodeitete 011 vapyet akpiPmg éva Tpiymvo KAM pe (AM) = a, (KM) = j,

(KA) =1, K=A, A=B, M=T
14. Aivovtar tpeig Oetikoi mpaypoticoi apBpoi a, B, y kot tpelg yovieg A, B, I €tat
MOTE: aZ _ BZ + ,\{2 _ ZB'YGUVA

0<A,B,T<mt «m B’ =y +a’ — 2yacuvB
v? = +B° - 20Bouvl
Na amodei&ete ot

o B _ Kot A+B+[ =m7.
NHA  muB - mul’
15. Aivovtar tpeig Oeticoi mpaypotikoi apBuoi a, B, y ko tpelg yovieg A, B, I état
0’)0'[8: aZ — BZ + ,‘{2 _ ZB'YGUVA

0<A,B,T<m o B’ =y +a’ — 2yacuvB

v? = +B° — 20Bouvl’

Na armodei&ete 6t vIapyEL akpPag éva tpiyovo KAM, e (AM) = a, (KM) = f,
(KA) =1, K=A, A=B, M=T.
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YIIOAEIZELY - ATANTHXELY TON AXKHXEQN

1© KEPAAAIO
§1.1
A" Opadag
1. 3—1) 2.1) (21,24) i) (3 %)
3.0) G—4) i) (5.2).

4.1) Adbvarto ii) dmepeg Moelg g
Hopeng: (K,KT”J, k eR.
5. 1)(3,1) i) (2,-1).
6. 1) Movadwkn ii) dmepeg
ii1) advvaTo.
7. i) (B +1).x), keR
i1) advvaro.
8. 1) (4,3,-5) ii) advvarto
iii) (10x +2,-16x+2,x), k eR.
B" Opdoac
1. 1) g :y=—%x+2, g,:y=x-1
i) 2,1
2. 10 dixhva, 16 tpikiva
3. 1500 woudid, 700 eviiike.
4. R = L -+ 11
600 30°
5. 40ml, 60ml.

6. 1) ;H:_%, xzz_%

i1) dev vapyovV i) o #—.
7.1) Av o # +1, ot gvbeieg £xovv po-

VOOUKQ KOWO onueio, To
K a +a+l —-o j

a+l o+l

av o= 1, ot gvbeieg tawtilovron, av
=— 1, ot evBeieg etvar TapdAin-
A&G.

i1) ot evBeieg Eyovv povadkd kovo
onueto yo ke o € R.

8.1) Av A # £3, povadwn Avon, av
A=3, advvaro, av A = —3, addvaro,
1) Av p # £3, povadikn Avon, av
u=3, dmepeg AGEL, av w=-3,
advvVaTO.

9.2cm, 4 cm, 3 cm.

10. x=t—a, y=1-B, z=1—Y.
11. 22,88 1t, 17,68 1t, 11,44 1t.

12. f(x)=x"—4x +3,
g(x)=—x*+2x+3,
h(x)=0,5x* - 3x + 4.

§1.2
A’ Opadoag
1. (-1,2), (2,-

J

3
u)(w_ 3J_J
202

32 32
27 2

iii) (-1,-2), (1,2), (-2,-1), (2,1).

2. 1)
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B’ Opaoag 39 KE®AAAIO
1. (4,3), (-4,3), (0,-5). §3.1
2. (15 O)s (37 0)9 (25_1)3 (4: 3)
3.12 cm, 10 cm. A’ Opadag

4. x<l1.

29 KE®AAAIO

§2.1

A’ Opdoag
1. £7 (=oo,1], f 1 [L40), g 1 (-0,0],
g 1[0,2], g 1 [2,4), h ¥ (~o0,~1],
h 1[-1,0], h ¥ [0,1], h 1 [1,+o0).
2. f(1) =—1 okwo erdyioTO,
M g dgv £xel OMKa axpoTaTa,
h(-1)=-2, h(l)=-2
OMKO eAGY10TO.
3. 1) Apkel f(x)>1(3)
i) Apkel g(x) < g(1)
4. 1) Aptwa ii) dptia iii) timota

1V) TePUIT V) TIMOTOL Vi) TEPLTTH.

5. i) Aptwa ii) Timota iii) TEPLTTH
1V) mepLTTN| V) ApTio Vi) GpTIoL
6. 1) Ilepirt ii) Gptuo iii) timota

7. 1) Aptia 1) Tepir iii) Timotal

§2.2

A" Opadag

4.9) f(x)=2-(x-1)"+3
i) f(x)=—2-(x—-2)*-1.

6. 1) 2(x—2)" ii) 2(x-3)*-3
i) 2(x +2)* iv) 2(x+3)* -3

1. x=3, y=3\/§, » =45’
2. AB=1, AT =+/3.
3. i)6rad

i) 3rad iii) 2 rad.

4 i) Erad i) 2T rad
6 3
ii1) 7m rad 1v) BEC rad

5. 0) 18 i) 150°
18000°

iii) 5460°

1v)

£

u|<|

NI»—*

\/_ L A,
—,—,v3
272’

i1) 0,—1,0, dev opiletat.

iv) 0,1,0, dev opiletar.
B’ Opaoag
1.1)=478,=733,=1062 1i)=58".

2.ii)) 2-v2 ) %‘E

3. 12+ 83, 1243.

4, ~ 573 mm.
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§3.2
A’ Opaoag
1 cn)vx——i & X—_E o x——i
. 59 (P 4, (p 3
2 oo 5 25
SRR T
3. 6(px=—\/§’np_xz_%’60vx=§'
4 S(PX_—S ‘”IMX_ﬁ S
2 2 3 s 3
5. 8520
s
6.1) Oy i) oy i) vau
B’ Opadog
2
N N iy 2
L.1) i) 20( iii) —
a -1 a” -1
2
iv) @G-
§3.3
A’ Opadag
1. 1) nu1200° =£,Govl200° __L
2 2
€01200° =—/3,501200° :—?,
11) nu(-28507) = %,Guv(—2850°) = g,
£p(-2850°) = ?,G(p(—2850°) =3
2. 1) 877 __1 187n __\3
) mu—te—o, ow—t=-n,
187n _ 3 187n _
£¢ 6 _Ta (&) 6 —\/5.
) e A, AT S
L 4 2 > 4 - 2 5
21w 21n
ep—=0p—=1.

4 4

3. A+(B+1)=180",

é+[B+FJ:90".

2 2
4. 6oa. 6. 1.
B’ Opaoag
1. 0. 3.23.
§3.4
A" Opdaoag

5. Méyioto 10 2 Kou EAQY16TO TO
—2. H mepiodog woovton pe 4.

6. Méyioto 10 2 Ko EAQYIGTO TO
—2. H mepilodog ioovtan e 4.
B" Opaoag

5 X
L.1) y=nux, y=nuz, y=mulx

i) y=nux, y=3-nux, y=0,5nux,

y=—-2,5npxX.
2. 1) YynAotepn 3m, yopnAdtepn

-3 m, dtapopd 6m.

N 2 o 2T
3.1) — m 1) —

) : ) :
4.1) 0,1.

§3.5
A’ Opadag
1. i) x=An, AeZ

11) X=2Km+ 2~ M x=2KTc+3—n, KEZ
4 2

TC

m)x=An+—=, AeZ
2

. s

1V)x=2KniZ, KeZ.

2. i)x=21<7c—§ 1 X=2KTE+7ZTC,KEZ
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221
iii) X=KTE+4—5, KeZ
. T
i) x:21<7c—5, KeZ . X_6K7‘C+1t
3n SRR
1) X =2kn+*—, KE€Z oG
4 1 X=——, KEZ
V) X =2kn+7n, KeZ. 9
) ii) X=10kn+5n, ke Z
3. 1) X =xm, keZ
» T 42knt+ 7T
ii) X=Kto, keZ iii) e KeZ
T
=Kn+—, Z
111) X = KT i Ke 9. i) x:2m—%ﬂ, -
iv)x=1<n+£, KeZ.
6 11) 24k + T
: m X=—""
4. 1)X=KTE—E, KeZ 36
- | X:%{ﬂ’ kel
ii)x:Kn—E, KeZ » 36
-12xn—m
PSR SV n i) X=——F———, KeZ.
5. {)X=2KT+— M X=2KT+— 60
2 3
_ T
il x:2mc+2?n, keZ 10. 1) 03:2‘(7‘—5
T, 5w A _ e
ii)XZZKTE_Z | x:ZmH-T n o 2K7t+6
N x=2kn, KeZ
. . 1 (D=2KTC—5—TC, KeZ
6. 1) X=Kkn—— 1N X=KN+—,KEZ 6
3 4 .. T
o - 1) Xx=2knt—, KeZ
i) X=2knt— N X=xnt_— 3
3 3 T
i) t=kn——, KeZ.
7 T 6
il x=1<7c+5, KeZ.
27 ) x = n
7. i) X =2Km+— 11. 1) x-21<ni3
5}

3

2n
TT - — <
W X=2Kkn+—, KeZ N x=2knt : ,KeZ

4 At
iy X=2kn+t " KkeZ ii) Adovam
> 12. i) Méyioto yu x=7 10 3 Kot ehdyi-

oto yio x=0 10 —3.
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i) Méywoto yo x = g, T0 g(gj =7

; 3n
KOl EAA10TO Yol X = -

{2

13. 1) lavovépilog — Mduog

i) Maptioc.
B" Opdoag

1. 1) XZKTC—g,KEZ

.. KT
i) x=—=+

T
—,K€eZ.

30

2. 1) X=KTC+§,KEZ

i) X =K — =

| X=K7‘C+2?n, KEZ.

3. 131

§3.6

A" Opéoag
1
1. 1) =
1) 5
ii) 1
2. 1) ovvx

4. )1 i)l

3n  19n
127 12
1
) ==
) 2
iv) 0
o N2
1) >

i) /3 iv)O0.

1. Etva

5. 1) nudx i) L iii) —eox
2

V) —oQX.
105 = Y20+3)
4

ocvvl05 \/5(1_\/5),
4

epl05° :—2—\/3,

ol 05 =—2+\/§,

195 = \/5(14—\/5)’

cuvl95° :—_\E(H\/g),
4

£pl95° =243,

o195 =2 +4/3.

10.) (ot B) =32,

ocuv(a+ ) :_6_556’
ep(a+p) =_5—6,
cp(a+p) :g.

11. 1) X=K1‘C+%,KEZ

.. T
1) X=KTEi§,KEZ

T
ii1) X=KTC+Z,KEZ.

B" Opadag

nu(a—f)
GuvacLVf

=gQa — PP KTA.
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2. nu(e+2B) =np((c+B) +B) = ..

5w
X=—

T
3. x=— .
4n 4

, T ,
4. Etvan 3 = 71 o, omdte

eQp = sq{g - aj =

8 x=" 4 x=2"
: p =
§3.7
A’ Opadag
3
1. i) -1 i) % i) 0
B
v) —.
3
2. i) nuda  ii) nu2a
1il) 6o .

. 24 7
4. 1 200=—, ouvv2a=—,
) == -

24
epa=—, ocQo=—.
& 7 s 24

5. so(a+2p)= 2

7. )x=2xn N X=2Kn+7m, KEZ

ii)x:21<nir% n X=2KTE+§,K€Z.

8. 2-\2+2
r”’l__ )
16 2

T oN24+2+42
G\)V—6— ) ,

16 2+\/2+\/§
2+ 2+\/§
c(p— .
16 2+\/_
9. i)nul \f Vo \E
)nu GLV >
=3 Ty
ii) n E:\ﬁ Gwﬁz_\ﬁ
" 5 2 5
o 1 o
= —=-2.
=Ty G(pz

10. 1) x=21<1tig | X=2K1ti2?n,K€Z
.. T
11)X22K7Ei§,K€Z
T
111)x=21<ni5, KeZ

V)X =2kn+7, KeZ

B’ Opaoag
3.Eivar © 3_n:£’ omote
8 8 2

cov3—n—n ks
5 ug...

6. i)x=21<nJ_rE 7 = e
2 6
n X=2Kn+%y kel

.. T, T
11)X=KTC+§ hx=wn-=, kKeZ.

§3.8
A" Opadag
1 . 3+2
1) —, 11)
4 4
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S |

ii) y v) 1
2. i) MU3X —Mpx

i) cLV2X —GLVOX

iil) cLV2X +GLVEX

iv) %(n u8x —npdx)

V) lcsov2x.
2
Lo KT X_2Kn+n ‘e
3. 1) 5 Ul 10 s
. X_2KTE+TE X_2KTC—TC el
i) X= 3 noxX=——
4. i)ﬁ i) _ﬁ iii) 0.
2

5. 1) 2nu3xocvvx i) —2npdxnux

iii) 2cLV2x - 26VVX
iV) 2 2 E_}_i
ny ( R
V) 200V’ =
2

T e
) X=KT+— { X =2KT+—
8. 1) 2 n 6

1 X=2KTE+5£, KeZ
i x—mt—ﬂ 1 x—|<1t+7—7t
1f) 1z " 12
KT
N X=—1, KeZ
N 3
KT, 6K+ 27
i) x=— =
6 9
6k —2
0 X= sl n’ Ke.
9
B” Opadag

1. Metaoynuatifovpe ta ywvopeve oe
aOpoicpata.

4. MetaoynuoatiCovue to abpoiopora
GE YWVOUEVAL.

5. Eivat A+B+I =mr omote...

§3.9

A’ Opadag
1. i)2m, 2, 2

2. i) f(x)= Znu(x + %)
ii) f(x)= \/Em,t(x + %"j
iii) £(x)= Znu(x + 4?"]
iv) f(X)=x/§nu(X—§j~

i) 2, 1, 1.

4

4. i)X=2Kﬂ:—?, KeZ
i) x =2kn— =~
2
M x=2kn, KeZ
1) X =2k Iz
12

l x=2mc+M, KeZ.
12

B" Opdoog
T, Sn
l.o=— M o=—.
12 12

2. i) (OA)+(OB)= 2ﬁnu(6+§j
.. T, .
1) 0= 7 UEYLOTT TUY TOV

(OA)+(OB) =2+/2.



202

YMNOAEIZEIY - AMTANTHZEIXZ TON AZKHZIEQN

3. 1) 16, 10
i) 2v2+2, 242 +2.

4. x=1<7t+2—7z1 Ll X=KTC+;—Z,K€Z.

5.11) 6= g, eAdyIoTN TN TOV
h=40(/2-1)

6.1i) 0= g, UEYLOTN TN

TOV P=1+\/§.

§3.10
A’ Opdoag

1. AB=284 m

2. BA=1,58 m

5.0=115

6. AB=51,2 m

7. 0=60,25

B’ Opaoag

1.-5. Epappolovpe to vopo tmv
NUTOVOV.

6.-7. Epappodlovpe to vopo tmv
GLUVILTOVOV.

8.-10. Epapuolovpe tov tHmo

1
E=—BmpA.
2
11. AOB =30°.
TI'ENIKEX AXKHXEIX

3. Apxet va deigete 0t1 (MK)=2

4. 1) x=21<7£i§, KeZ

.o Tc
i) x=2Kkn+—

il X=2KTC+5£, KeZ.

6. 131
3
7. i) (10+2+/2)m, 14m,

(10-2+/2)m
if) 10+4nu(M)-
4
NS RN AN

4 2 4
12. x=2km+ =

13. ii) S= 200*/511“[29+§j+200

iii) 0= g S, =200(~2 +1).

15. B=60", [ =45".

4° KEDAAAIO
§4.1

A" Opdaooag
1. 1) Naw
iv) Oyt
2. Tlpdaées.
1
3. u==.
H 2

4. o=1.
5. 1) -1 pila

i) Now  1iii) Oy

i) —1, 1 piCec.
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6.k=6.

T.a=1 1 a=2.

B" Opadag

l.a=3, p=-10, y=5.
2.a=-2, B=-19

3. A=-3, u=-5_

4. E&etalovpe TIG TEPMTOCELG

D202 )0,
33
2 .
A== A=——
1i1) : 1v)
5. P(x)=x"—-5x +1.
§4.2
A’ Opadag

1. i) n(x)=3x"-3x-8, v(x)=44

i) m(x)=x"+3x"+9x +27, D(x)=0
vx)=—=

iv) m(x)=2x"+ 1, D(X)=X+l

iii) m(x)=4x’ ——

V) n(x)=x+3, v(x)=6x"-8x+3
vi) m(x)=x7, v(x)=x"+7.
2.v=14.

3. k=11 k=—4.

4. 1) n(x)=—x>+10x-25, v=0
i) m(x)=x>-8x+64, v=0
iil) m(x)=x"+x"+x’+x+1, v=2
V) n(x)=-3x’ —6x>~12x-24, v=-48

V) n(x)=4x>+14x-30, v=0,

5. P(—11)=4840.

6. Epyalopaote pe oynue Horner.

7. Av P(x) =
P(-y)=0.

8. MMapatpodpe 61t P(p)>0 eved
Q(p)<0.
9.Te P(x)=x"+1 eivar P(-1)=0.
10. @empovyie T0 SrPeTEO Kot TO
SLPETN MG TOAVDVULLOL TOV X.

B" Opaoag

1. I'pdeovpe x* —a* =x"" —a

x" —y" omodeilre 611

PYKTA.
2. 1) I'paoovpe P(x)=(ax+P)m(x)+v
i)p=0 1 a=p N a=-P.
3. Zynua Horner dadoyukd pe
x—1 kot x—-2.
4. Etvar P(0)=0, P(-1)=0,

P(——J:O.
2
5. a=v, B=-1-
§4.3
A’ Opéaodag
1.1) 0 \/: —\/7 i) —2,3,-3
ii) 0,1,— _5 iv) 2,-2 v)1
vi) 1,2,-3 vii) -2
viii) —g,l,—E
3 22

ix) —2,9+45,9-45
x) V2,-V2, 1, 2.
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)2 i) L4 i) —2 iv) -1.

1) O +1, £2 dev eivan pileg

i) Ot =1, 5 dev givon pilec.

) x>-2 1) x=1 i) x<-2

wv)x<-1 1 x>2,

DR i) (1,0), (—%,o) .

8.2-5<x<0 1§ I<x<2++5
0.9 2,-2 )23 iii) —%,2.
B” Opadag

1.0) 1,-2,-4 ii) 3,2,-15.

2. -1,2,-2,-3.

3. -3,1,-7,-11.

4

i
6.
7.
8.
9.

. Otdupétregtov 2 yio A€ Z

dev emainBevovv v e&icwon.

1, -1, —2+3J2, J2+342.
3,7, 1.
t=4,6,c=0,45.

X=3 m.

v=20 nuépec.

10. t=3 sec.
11. y+4x <108 kot x*y=11664,

x=18 cm, y=36 cm.

12.i) y=5x -3

iii) X, =1 duhny, x, =-3
kot ['(=3,-18).

§4.4

A" Opadag
1.1) x=-3 i) V2, 2.
2. X =2Km + =
6
1 x:(21<+1)1t—g, KeZ.
3.1)0, 16 i)6 iii) advvat
iv) 69, =59 v) -1, 2 vi) 36
vii) 4, 16 viii) 0, 4.
6. x<-11x>0.
B" Opdodog
1. 1) i <X < 2
2
11) teputoelg X —5 <0,
x—=520
2. )4 i) 8.
3. 1)-3, 2 i) 5.
4. 1) mepurtooeg <0, a>0

.. , A
11) TEPMTOOELS X < —, X = —.
) TEp SR 5

T T
X=2KT+— N X=2KT+— M
5. > N 6
x:(2K+1)n—g, xeZ

I'ENIKEX AXKHXEIX

1. Na Bemprioete ) drapopd
P(X)—(X* +X+1) =

3p+l 3pt+2

XV =1+ X3 —x + x X

2.1) I'phyte

fx)=vx"'(x-1)—-(x"-1)=
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. =(x-1)P(x)
kot P(x)=(x-1Dn(x)

i) Ipayte g(x) = (x —1)P(x)
Kot P(x) =(x —1)Q(x) ot
Q(x) = (x = Dr(x).

. No Stpéoete pe x° Kot Petd vo

’ 1
Ofoete x +—=y.
X

4. No. Stapéosete e X Kot v
0éoete otV

1) x—g:y, i) x—l:y.
X X

5.Na Oéoete x* +2x —1 =7y, ondte
x*+2x+3=y+4.

. ZTNV T00TOTNTO TG dtaipesng va
Oéoete x =/2.

. 1) Me oynua Horner Bpickovpe
ot P(11)=10.
i1) Cpayrte 10

P(x)=x"-1-12x-

16
x" -1 K.TA.

x+1
.1) x=1 ekatop. ypovia ii) apyilet
0€ 3 EKOTOLL. YPOVLO Kot dLopKel
3 exatopl. ypovia.

5° KEGAAAIO
§5.1
A’ Opadag
2. )x=6 ii)x=3 iii)x=-2
v)x=4 v) x=-3vi) x=%

vii) x:g viil) x=21 x =—1.

3. )x=l i)x=-1 1 x=1
i) x=2.
4.1)2<x<3 i) x>5 i) x<5.

5.1) x=0 kor y=0 1i) x=2 o y=1.

B’ Opaodag

1. i)%<oc<1 i) 1<a<2

1ii) %<a<2 pe o =1.

N

. 1) x=0 1 x=2, ii)x=I,

) x =—1, iv)x:%, V)X =

w

. 1) (x=1 xany=1) 1
(x=3 ko y=2) ii) x=1 o y=3.
- 1) Q) =5-(0.8)
ii1) 0,0000132.
.1i) 3,86 gr 1ii) 0,001.
1) T(t)=40-(0,85)", 0<t<6
ii) 15085 evpo.
1)1, 0,606, 0,368,
0,135, 0,082
i) a)x=0 P)x=5.
10. i) 1, 0,135, 0,018, 0,002
i) o) t=1 B)t=0.
11.1i) a) t=k - RC, 6mov
k=1,2,3,....
B) t=k - RC 6mov k=3, 4, 5,....

0,223,
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§5.2

A’ Opdaoag .

1.1) -3 ii)—% iii) =5 iv) > V)8
vi) =3.

2.1)1000 i) % iii) 32

3.1)2 i) 4 iii) /10

5. 6"-46™"

6.1) —0,000126 1ii) 89308 Pascals.

7.1) m=5 ii) 100 popéc.
8.1) —0,16 ii) 55070 povadec.
B" Opadag
L4
1.1) 3 i) 2.
7. Eivan log, 3= logP KTA.
loga

8. Na ypnoponomoete Tov THmo oA~
Aayng Paong pe véa Baon to 10.

§5.3
A’ Opaoag
3.1) f(x)=2" ko g(x) = log,; x
i) f(x)= % X , EVO M g dev
opileton

iii) g(x)=log , x,evon fdev

, 4
opileton 2

iv) Agv opilovtati ot f, g.

4. |x| 50 | 100 | 200 | 400 | 800 | 1600

y| 18 | 21 | 24 | 27 | 30 | 33

5.i) x=3

ii) x=2

i) x=1 1q x=100 iv)x=I.
6.1) x=1log2 1) x=4,4190
8. O&wvo av pH<7 kot PBoaowd av

pH>7.

B" Opdoag
3.x=4.
5. 1) x=1 1 x=10000

|

. i) 1<x<100

i)x=e" 7 x=e”.

. x=10.
. 1) (x=2 ko y=8) 1 (x=8 o y=2)

i) x=2 ko y=4 iii) X :% Kot y=1.
i) 2<x<4

iii) 0<x<0,1 7 x>10.

IF'ENIKEX AXKHXEIX
L)x=0 7N x=3 1 x=-
n x=l 1)x=0 7 x=1
n x=-3 N x=-1.
5. x=0,1 1 x=3.
6. x=2.
4
e x:E.
4
8. x>0
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AYXKHXEIYX EITANAAHYHX
(A" OMAAAZY)
1 T iyl o B2i3
= D n 2 23 39 ’
T .. , I .
X=Kn+ o, KeZ. i) Hapatnpriote 6Tt 10 2 eivan
pilatng x> —2 =0 kat 6t ot dev
.. &xer pnrég piles.
2. 11)X=2KTE+E, keZ. Xerpriréc piteg
2 6.x=2.
5 x=-1 1 T.x=1.
x=2-43 7 8.0<0 M a=12.
x=2+4/3. 9. x =2,
4
Apa gq)%zz_@. 10. 2,4094 < x <3,8188..

11.1) x€(0,1].

. 1
5. i) X=E 11) XE[I,-I—OO)-



BdaoeiTou v. 3966/2011 ta d10aKTIKA BIBAia TOU AnpoTikoU,
Tou [Nupvaaoiou, Tou Aukeiou, Twv EMA.A. kai Twv ENMA.Z.
TuTtwvovTal ato 1o ITYE - AIOPANTOZ kai diavéuovTal
dwpedv ota Anuooia ZyoAcia. Ta BiBAia uptropei va
dlaTiBevTal TTPpog TTWANGCN, OTav @EPouV 0T OECId KATW
ywvia Tou eutrpocBO@uAou évdeign «AIATIOETAI ME
TIMH MQAHZHZ». K&Be avrtitutro 1Tou dIaTiBeTal Tpog
TTWANGCN Kal 8ev PEPEI TNV TTAPATTAVW £vOEIEn BewpeiTal
KAEWITUTTO Kal O TTapaATnG OIWKETAI TUUPWVA HE TIG
dlatdgeig Tou apBpou 7 Tou vopou 1129 Tng 15/21
MapTiou 1946 (PEK 1946, 108, A”).

ArrayopeUeTal N avamapaywyrn OrroloudnTToTE TURNATOS
autoUu Tou PiBAiou, mou KaAutrrerar amd  dikalwuaTa
(copyright), n n xpnon Tou o< oTToIAdNTIOTE HOPPH, XWPIC
N ypamt Gdeia Tou Ymoupyeiou [aideiag kai
Opnokeuudrwy / ITYE - AIOPANTO:Z.
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