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MPOAOIOX

To BiBAio mov kpatdte oo Yépra cog mepAapPavel TV VAN ™G Alyeppog
kot tov [Tibavotitov mov tpoPrémetal amd T0 TPOHYPULLN CTOVIMY TG
A’ téEng tov I'evikov Avkeiov.

To BipAio awtd mponAbe and avapdpewon g A’ €xdoong (2010) Tov Pr-
BAiov AATEBPA A’ TENIKOY AYKEIQY, tov omoiov 1 6uyypagikn opdoo
amoteAovV ot . Avopeaddxng, B. Katoapyvpng, X. Iaracstavpiong, . [Toiv-
Cog ko A. EBéproc. [Ipootédnkav emiong dvo akoOp Ke@dAa: TO KEPAANLO
«ITBavoTTEG) KO TO KEPAAO0 «IIpO0dow.

To kepdroro «ITiBavoTNTES) €lvol HEPOG TOV AVTIGTOLYOL KEPAANIOV OTd
10 Bifrio MAGHMATIKA KAI ETOIXEIA XTATIZTIKHE I'" TENIKOY
AYKEIOY (2010) tov omoiov ™ cvyypoa@ikn opddo omoterodv ot A. Ada-
poémoviog, X. Aapavod kot A. ZBépkoc. To kepdrato «IIpdodor givar pépog
0V avtiotoyov kepaAaiov and to Piprio AATEBPA B” TENIKOY AYKEI-
OY (2010), Tov 0moioL TN GLYYPAPIKT OLADO ATOTELOVV Ol X. AvOpeaddKmng,
B. Katcapydpng, X. IMamactavpiong, I [Toivlog kot A. Zépkog.

To mepieydpevo Tov PiAiov TeptAapuPdvel og YeEVIKES YPOUUES TO ENG:

10 1o Kepdharo yiveton pia eioayoyn ot Oswpio tov [Tibavotitov.
H anddeién tov 1010thtev g mhovotntag vOg EVOEYOUEVOD YIVETOL
povo oty mepintmon mov to omAd gvdexopeva givat ioomifavo. H G-
opio tov [MBavot OV 0oyoAeiTol e KOTOOTACES OOV LITAPYEL OfE-
Botdtnra, Kot ovtd TV KAVEL 1010{TEPO CNIOVTIKY OTIC EPUPUOYEG TNG
kafnpepwig Comg.

210 20 Ke@dhoro smovolopavovtal, GOUTANPOVOVTOL Kot ETEKTEIVOVTOL
01 PaCIKEG IO1IOTNTES TOV TPOUYUATIKOV 0PLOH®V.

210 30 Keparmo snavorappdvovtol, enekteivovron Kot eEgtdlovion ov-
OTNUATIKA 0G0 etvol yvootd and to ['vpvacio yuo tig e€lomaoelg 1ov
Kot 200 Babpov. Eniong eéetdlovion e€ilodaelc mov, yio va mavboiyv,
avdayovtal og Llov kot 20v Badpov.

210 40 Kepdroro napovsialovior avicdoels 1ov kot 200 Babpod kabag
KO 0VIGMGELG TTOV, Y10, VO, ETIAVO0V, avdyovtol o€ 1ov kot 200 fabd-
pov.

210 50 Ke@daharo yiveton elcaywyn otnv évvola g akoiovbiog mpaypo-
TIKGOV apOudv, kot eEetdlovtol N apOUnTIKY Kol 1 YEOUETPIKN TPO-
000G (G EWOIKEG TEPUTTAOCELG KAvOoVIKOTNTAG (pattern) o€ akoAovdiec.

210 60 Kepdhraro siodyeton n évvola g cuvaptnons. H cuvdptnon eivor
pio Oepemdong évvola mov dtomepvd GAoVG TOVG KAASOVG TV Mabn-
LLOTIKGV Kot EYEL KEVIPIKN onuacio yo v Tepartépe avantuén Kot
EPAPLOYN TOVC.

210 70 Ke@arawo yivetar perétm tov cuvapticenv f(x) = ax’, f(X)=
kon f(x)=ox’ +Bx+7y. H pehém me f(x)=ax’ +Px+7 eivar o k

o
X
o

VIPIKOG GTOXOG TOL KEPOANIOV AVTOD.
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E.1 TO AEEIAOITO THX AOI'TKHX

Ztnv TapAypapo ot Oa yvopicovpe pepikés Pacikég Evvoleg TS AOYIKNg, TIG Omoi-
€G B0l YPNOLOTOUCOVUE OTN GLVEXELN, OTTOV CVTO KPIVETOL OvVaryKoaio, Yo Tr GOQE-
oTEPN JTVIWGOT LOONUATIKOV EVVOLDV, TPOTAGEDV KTA.

Ta mapadeiypoto Tov o XPNCUYLOTOUCOVLE AVOPEPOVTOL GE EVVOLEG KO LOLOTNTEG TTOV
etvar yvootég amd to opvacio.

H cvveraywyn
Ag Bewpricovpe dvo TpaypoTikovg aplfpots a kot . Eivat yvooto ot
Av ot apBpoi a ko B glvar ioot, TOTE Kot o TETPhyva Tovg Bo givat ioa.

Av10 onpaivet Ot
Av 0 1oYVpIopoc «a = Br eivor adnOng, TOTE Kot 0 16YVPIoUdS «a” = B Ba eivar
oaAnone.

I't’ avTtd AépE OTL O IGYVPIGUOC «OL = B» GUVENAYETAL TOV IGYVPISHO «o” = B» Kat ypd-
eovpe: o= = a?= %

Tevikad:

Av P ko Q givar 600 woyvpiopoi, Tétolol wote, 6tav aAnbevet o P va ainbedet ko

0 Q, tote Aépe 6TL 0 P ovvermayeton Tov Q ko ypdopovpe P= Q.

O woyvpopdc « P= Q » Aéyetar cvvemaymyn kot moAAEg popég dwafaletar «av P, tote
Q». O P Aéyeton voBeon g cuvemaywync, eved o Q Aéystar svpmépacpa avthc!.

M ¥y kabnuepwvi Tpaén, cuvhbg, dev xPNOILOTOI00UE CUVETNY®YES HE WeLdH LOBeoN. AAAG Ko 1) paldnpoatikn
EMOTHUN JeV £YEL AVAYKN TETOWOL €id0VG cuvenay®Y®Y. OpmG, Yo TEXVIKOVG AOYOLG TOV GUVIEOVTOL [E TV
€VKOAia TG £k@poong pabnpatikodv nmmudtov, Ba vioBetcovpe ™ cvpPacn 6Tl | cvveraywyn «P = Q» va
gtvar aAnOng kot oty mepintmon mov 1 vodbeon P eivon wevdne. ‘Etot, n cuveroywmyn «P = Q» givar ywevdng,
povo otav 1 vdbeon P eivar aknbng kot to cupmépaca Q eivar yevdég kot akndng oe kabe arkn mepinton.
Ex npdng dyems n ovopPacn avt eaivetot nepiepyn, ahhé 610 mAaicto Tov mapoévtog BiAiov dev pumopovv va
e&NynBovv o1 Adyotl Tov 0d1ynoaV o€ aVTY.
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H 1600vvauia 1 dimi covemaywyn
Acg Bewproovie Tig YVooTég pog and To ['vpvaocio cvuveroywyés:

Kot
o=P=a+y=B+y @),

OV 1GYVLOLV Y10 OAOVS TOVG TPOLYLLATIKOVGS 0, B Kot .

[Mapatnpovpe otL:

v T v TpodT cvvenaymyn, dev 1oyvEL TO ovTioTpoPo. Anladn dev 1oyvEL | GUVE-
noyoyy o =B = o =P Y10 6Lovg TOVG TPAYHOTIKODG APOHOVS 0. Kat B, apoD Y10
nopadstypa stvar (-3)° =37, evd -3 #3.

v Tt dedtepn, Opwc, cvverayy” 1oxDEL Kot TO oVTIGTPOPO. ANLadn] Yoo GAOVS TOVG
TPOYUOTIKOVS aptOpods o, B, ¥ 1oxDeL Kot 1) GLVETAY®OYN:

a+y=B+y=a=p
I'U avtd Aépe 611 01 600 16YVPIGHOIT Eival LIGOSHVOLOL KOl YPAPOVLLE:
o= a+y=PB+7.

Tevika

Av P xor Q givon 600 1oyvpiopol, tétolol mote, dtav aAndevet o P, vo ainbevet
Kot 0 Q ko 6tav aAnBevet o Q, va aAnBevet ko o P, tote Aépe 611 0 P cvvemdrye-
1oL TOV Q Kol OVTIGTPOPOG 1, aAMDG, 0Tt 0 P givan 1600vvapog pe Tov Q kot

ypdoovpe P < Q.

O woyvpopdc «P < Q» Aéyetar w6odvvapio kot apketés eopés dwfaletar «P av ko
novo av Q».

O 6vvieouog «i»
I'vopilovpe otu:

To yvouevo 0vo mpoyuatikdy apiBucv o kol i eival ico pe 1o unodév, av kot uévo av
EVog TOVAGYIGTOV 0Tt TOVG 0P10uUoDGS o ka1 ff eival 100G [E TO UNOEY.

[N va. SnAdoovpe 4Tt £vag TOLAGYIGTOV Ao TovG o kot P glvar 160G e To Undév, ypd-
eovpe o =01 B = 0. Eto, éyovpe v 1codvvapio

a-B=0=a=01 =0

T'evika
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Av P ko Q givar dVo woyvpiopoi, T0te 0 1oxvpopog P i Q ainbevetl povo otnv
TEPIMTOOT TOL £VOC TOVAGYIGTOV OO TOVG dVO LGYLPLGLLOVG oA BEVEL.

O woyvpropog «P 1 Q» Aéyeton d1dlevén tov P ko Q.
INo mopaderypa n e&iocwon
x*=x)(x*=1)=0

aAnBevEL, av Kol LOVO oV £VOg TOLAGYIGTOV 0O TOLG TapdryovTeg X* — X kot x> —1 givan
100G pe 10 undév, dMAadn, av Kot Lovo av 1oyvet 1 0alevén:

x2—x=0Mx*-1=0.
[Mopoatnpovpe ed® otL:
v Tw x =1 aAnBedovv kot o1 dH0 £E10D0ELS, EVAD
v T x =0 aAnfeder povo n mpodtn Kot yioe x = —1 aAnbevel poévo n dedrepn.
0 6VvoecUOG «Ka)

I'vopilovpe ot

«To yvéuevo dvo mpayuotikay opiBudv o kai f eivar S16Qopo Tov undevog, av Kal
HOvo av ka1 o1 000 aprfuol o ko ff eivar d16popor Tov UNIEVOSH.

Mo va Snldcovpe 6Tt Kot 01 0Vo aptBpol a kot B ivar S1popot Tov PUNOEVOS YPAPOVLLE

a0k f#0

"Eto1, égovpe v 1coduvapio

B0 a=0 ko B0
Tevikd

Av P xan Q gtvon dvo oyvpiopoi, 10t 0 woyvpiopds P kot Q ainbeder povo otnv
TEPITTOOT TOV Kot 01 500 16 LPIGHOT aAnBevLOLV.

O 1oyvpropodg «P ko Q» Aéyetar ovievén tov P ko Q.
Mo Topddetypa, o 16YLPIGHOG
x(x—1)=0xor (x—1)(x+1)=0

aAnBever yio eketvo ta X yio ta omoio aAnBgbovv kot o1 6Ho e€lomaoetg, niadn yio x = 1.
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EPQTHXEIYX KATANOHXHX

L. X& kaOgpio 06 TIS TOPUKATO TEPUTTAOGELS VU KUKAMGETE TO Ypappo A, av o
oY VPLopdg givar aAn01)g Y1 6200¢ TOVG TPAYRATIKOVS aplOpovg o ko B. Awa-
POPETIKA VO, KUKA®oGETE TO Ypappa Y.

. ’=9=>a=3
2. a’=as a=1
3. a?za=>a=zl
4, az2oa’z4
5. a>2=a’>4
6. a<2=>a’ <4
7. ¥ <4=>a<2

8. a’>d4=a>2

e S S . .
ST - T~ O~ B~ B

9. a<2 ko f<3=a-f<6

I1. No avtiotoyyicete kKo.0éva 0T6 TOVG LGYVPIGROVS TG ORAO0S A’ IE TOV 1600V-
vapé Tov 1oyvpLlopnd amé Ty opdda B'.

A’ OMAAA B’ OMAAA
1 x(x—2)=0 A Xx#0 kot x#2
2 xX(x—2)#0 B xX=2
3 x*=4 r Xx=-21M x=2
4 x?=4 kot x<0 A x=0
5 x(x—2)=0 ko x(x—1)=0 E x=0mx=2
6 x2=4 kot x>0 Z x=-2
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E.2 2YNOAA

H évvoia tov ovviéion

[ToAloi avBpmmotr cuvnBilovv vo GLALEYOVV S1APOPa TPAYOTOL, OTMG TT.Y. YPULUUOTOOT-
po, vopiopoto, tivakes (oypagtkng, epnuepides, Bipria kKTh. Ot meptocdTEPOL GLALEKTES
TaEWVOHOVV TIC GLAAOYEG TOVG GE KOTIYOPIES, T.Y. «YPULUATOCTLLO TTOV TPOEPYOVTUL AT
™V 1010 YOPO», KVOUIGLOTO TOV TEPUCHEVOD LDV, KTIVOKES TNG OVOYEVVIOTGY» KTA.
Emiong and apyorotdtov ypovov ot avOpomol evalagépOnkay Yo Toug aplfpong Kot
TOVG TOEWVOUNCOV GE KOTNYoples, OmmG etvat T.y. «ot dptiot aplfpoi», «ot Tpmtot apid-
Ho» KTA.

YVAMOYEG N} KATNYOPiES OTMG Ol TAPOUTAV® 1 OKOUT OUASES OVTIKELLEVMV, OLOEOMV N
OY1, TOL UTOPOVUE e KATO0 TpOTO Vva Ta. Eeympicovpe, ovoudlovtal oto Mabnuotucd
GUVOL.

ZOoppovo pe tov peydio pobnuatiko Cantor:

YOVoro eival KAOE GLALOYN OVTIKEILEVOV, TTOV TPOEPYOVTOL OO TV EUTELPTOL LLOG
M ™ d10vOnoN HaG, Eival KOAG OpIoUEVE KOl SLOKPIVOVTOL TO £Va 0t TO GAAO.

Ta avtikeipevo owtd, Tov amoTeELoVV T0 GUVOLO, OVORALovVTaLl OTOLEID 1| LEAN TOV GL-
vOAOV.

YXOAIO

‘Eva. ouvolo mpémel va etvar, 0tmg cvvnBilovpe va AEpe, «KOANDG OPIGUEVOY.
Av1d onpaivel 61t o oTorKEin Tov pmopovv va avayvopilovtat pe cryovpid. ['a
TOPASELY O, OEV UTOPOVILE VO LMAGLLE Y10 TO GUVOAO TOV UEYOA®V TPOYUOTIKOV
aplpmv. Avtd dev glvar chvolro, pe T pobnuatiky évvola Tov 6pov, d1OTL dev
VILApYEL Kavovag Tov va Kabopilel av Evag Tporypatikds aptOpog eivorl 1 dev eivor
UEYAAOG. AV OU®G OEmPNGOVILE TOVS TPOYHOTIKOVS aplOOVS TOV Eival peyolvTe-
pot tov 1000000, tote QVTOL ATOTEAOVY GUVOAO.

INo va cvpPoricovpe éva chvoro oto MaOnpatikd, xpnoIHoTolovpe Eva and To Ke-
earaio ypappato tTov EAANvikoy 1 tov Aatvikod aApafitov, eve Yo To 6TotYEld TOV
YPNOYOTOLOVLE TaL JUKPA Yphppoto avt®dv. o mapddety o

v pe N ovppoiilovpe 10 GOVOAO TV QUGIKAV apPOUdV,
v e Z 10 GOVOAO TV aKEPUIOV aplOUdV,
v e Q to ohvoro TV pnTOV apOp®V Kot

v pe R 10 chvoro TV TPOyUOTIKGOV aplOpmy.
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To cvufolo € kot &

[N va dnAdoovpe 6T1 10 X gival 6TotxElo TOV GLVOLOL A, Ypdpovpe XEA Kot dtapdlov-
LLE «TO X OVIKEL GTO A», EVD Y10l VoL ONADGOLLE OTL TO X deV £ival GTOYEL0 TOV GLVOAOL
A ypaopovue xZA kot drafdlovpe «To X deV AVIKEL GTO Ay.

INo Topadetypo

3
%eN, SEQ, 2€Z, 2¢Q, V2eR

Hapaoracy cvvoiov
[No vo Tapacticovpe £va GHVOAO XPNGILOTOIOVHE GUVIHOMG EVay OO TOVG TOPUKAT®
TPOTOVG:
a) Otav divovtar 6Aa T otoryeio Tov Kot gival Ay o€ TAN00G, TOTE YPAPOLE TO. GTOL-
yelo avtd peta&y dvo aykiotpov, yopilovtdag ta e to kKOppo. 'Etot m.y., av 1o civolo A
&xel ¢ ototyeio Tovg apBpovs 2, 4 kot 6, YPAPOLLIE:

A={2,4,6}
[ToAAEG POPEG XPMOOTOIOVUE EVOV TAPOUOL0 GUUPBOMGHO Kot Yot GOVOAL TOV €XOVV
TOAG 1 AmElpaL oTOLYXELD, YPAPOVTOG HEPIKE LOVO OTO GVTA KO OTOCIOTOVTOG TO VITO-

Aowma, apkel va glvar capég mota givar avtd mov mapoieitovrol. 'Etot yio mapddety o to
ovvoro B tov akepaiov and 1o 1 péypt to 100 cupPoriletor mg e&ng

B=1{1,23,..,100},

EVM TO GUVOAO TOV KAUGUATOV TNG LOPPNG omov v Betiog axépaiog, cupPoriletan

oG £ENG:

b

O mapomdve TpodTog TUPACTACTS VOGS GUVOLOL AEYETOL «TTAPAGTACT TOV GUVOAOV UE
avaypoQ1] TOV GTOYEI®V TOVY.

B) Av a6 T0 GHVOLO TOV TPOYUATIKMOV APOU®V ETAEEOVILE EKEIVOVG TTOV EYOVV TNV 101
otnTa va glval Oetikol, T0TE ETIdYVOVUE TO GUVOLO T®V BETIKOV TPOyUATIKOV 0plOudV,
10 omoio cvpPoAileTon pe:

{x€R|x > 0}
kot drefaletor «To chvoro Twv XER, dmov x > 0.
Opoimg To 6UVOLO TV ApTILV aKePainY cupBorileTal

{XEZ|x dptioc}
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Tevikd, av anod éva chvoro Q emidéyovpe ekeiva To GTOLXEID TOV, TTOL £XOVV L0 OPICLLE-
v Wt to I, 10TE PTId VoL UE EVo VEO GUVOLO TTOL GLUPBOAI ETON LIE:

{xEQx &xer v 0100 [}

xot drofaletan «To ochvoro TV XEQ, 6oL X £xel TNV 10T TO [».
O mopomdve TpoOTOg TAPACTAUOTG EVOS GUVOLOL AEYETOL KTTAPAGTACT] TOV GUVOAOV LE
TEPLYPO.PT] TOV GTOLYEIDV TOLY.

Toa cvvola

Ac Bewprcovpe Tdpa ToL GHVOAML:

A={1,2} xku B={xeR|(x -1)(x—2)=0}

Eme1dn o1 Aoeig g e&iowong (x —1)(x — 2) = 0 givar ot apBpoi 1 kot 2, to cuvoro B
&xel o, 101 axpPdg otoryeio pe o A. Xg autn TV TepinTmon AEUE OTL To GUVOLO A Kol
B eivan {0

Tevika

Avo chvora A kot B Aéyovtat iea, dtov Exovv ta id1o axpifdg ototyeia.

Me dAAo Aoyio.:

«AvYo cvvoro A kou B Aéyovron ica, 0Tav kKGOE cToLyEio TOV A givar Kon 6TOoLYEl0 TOV
B kot avtisTpémc ka0e otoryeio Tov B givan kKon oToygio ToV A,

Xmv nepintwon avtr yphooovus A = B.

Yrocivvola cvvolov

Acg Bewpncovpie To. GHVOAQ

A={1,2,3, ..., 15} ket B={1,2, 3, ..., 100}
Hopatmpovpe 611 kéOe oToKEl0 TOV GUVOLOL A gival kKon 6TotKEL0 TOV GLVOAOL B. XNV
nepintwon ovth Aépe 0Tt T0 A gival vmosvuvoro tov B.

T'evika

"Eva ohvoro A Aéyetal vtoovvoro evoc cuvorov B, 6tav kabe ototyeio Tov A givan
Ko ototyeio Tov B.

Yy mepintmon avth ypdeovpse A S B.

AEGEC GUVETEIEG TOV OPIGHOV Efvar oL
i) ACA, yuo kGBe cOVoAO A.

ii) Av A ©B ko1 BCET, 1018 ACT.

iii) Av A CB ko1 BEA, t61¢ A=B.
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To kevo ovvoio

Ag avalntnoovpe ta otoyggio Tov cuvorov A ={xER|x> = —1}. Eivon pavepd o1t tétoa
otoyggia dev vdpyovv, agov N e&icwon x* = —1 givar addvarn oo R. To cHvoro avtd,

7oV dgv €Yl kavévo otoyelo, AEyeTon Kevo ovvoro kot cupPoriletonr pe @7 { }.
Anhodn:

Kevo cvvoro elvar 1o chvoro TTov dev €xel GTOLYELOL.
AgyOpaote 0TL TO KEVO GOVOAO E1vOil VTOGUVOLO KAOE GUVOLOV.

Awaypopuaza Venn

Mo €TOTTIKN TOPOVGIOGT TOV GUVOA®Y KOl TOV UETOED TOVG GYECEMV YIVETOL LE TO
Swypappoto Venn.

*  Kabe @opd mov epyaldpoote pe cUVOLQ, To GOVOAN OVTA Be®POVVTAL VTTOGHVOAM
€vOc ouvOLoL oV Aéyeton facikd ovvoro Kot cupPorileton pe Q. o Tapdderypo,
t0. ovvora N, Z ko Q, eivor vtosvvora Tov facikod cuvorov Q = R.

To Baociwkd cOvoro cupPoriletor pe TO £0OTEPIKO
evoc opboywviov, eved kKabe vTocHvVoAo evog Pact-
KOU GUVOAOL TOPICTOVETOL LE TO ECMTEPIKO H10G
KAEIOTNG KOUTOANG TOV TEPLEYETOL GTO E0OTEPIKO
0V opBoywviov.

* Av A C B, 161¢ 10 A TOPIGTAVETOL LIE TO ECOTEPLKO

H0G KAEIOTHG KOUTOANG TTOL TEPIEYETAL OTO ECMOTE- Q
P TG KAEIOTHG KAUTOANG TOV TOPLGTAVEL TO B.

Ilpaéeig pue ovoia
‘Eoto Q= {1, 2, 3,...,10} éva Pacikd VoA Kol VO VITOGHVOAG TOV:
A={1,2,3,4} xa B={3,4,5, 6}.

e Toobvoro {1,2,3,4,5, 6}, 1oV £l WG GTOLYELD TOL KOWVA KO TO, 1] KOWVA GTOUXELO
Tov A Kot B, dnladn 1o cuvolo TV ototyeiny Tov Q 1oL aviKOVY TOLAGYIGTOV GE
éva amo ta A ko B Aéyeton évoon towv cuvorwv A kot B.
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Tevika:

"Evoon d0o vrocuvorlmv A, B evog Pacikod cuvo-
Aov Q Aéyetal To GLVOLO TOV GTOWXEI®V TOL  TOV
OVI|KOVV TOLAGYIOTOV GE €VO, OO TOL GUVOAN A Ko
B xot cuppoAiileton pe A U B.

N
x

Anhodn giva:
AUB={xeQlxeAfixeB}
* To olhvoro {3, 4} mov £xel ®g oTorKEln To KO LOVO oTotyeln Tov A kol B Aéyetan
Toun Tov A kat B.

T'evikad:

Topn Vo vtocvvorwv A, B evdg Bactkod cuvorov
Q Aéyeton To 6HVOAO T®V GTOLYEIDV TOV £ TOL OVN-
KoLV Kot 6Tl dVo cuvora A, B kot cupfoiileton pe
ANB. A B

Anhodn giva:
ANB={xeQ[xeA xaux B}

XV mepintoon wov 600 cuvora A kot B dev Exouv kowvd ototygia, dniadn 6tav A N B
=@, ta 500 chvora Aéyovtol EEve peta&d TovG.

* To cbvolo {5,6,7,8,9, 10} mov £xetl wg oTorKEin Ta TOLYEIN TOV L TOV dEV AVIIKOVV
070 A, AéyETol GUUTANP®UO TOV GUVOAOD A.

Tevikd:

ZopmANpORe. VoG LTOGLVOLOL A €vOg Pactkov
oLuVOLoL Q Aéyetanl TO GOVOAO TOV GTOWXEI®V TOV
Q 7ov dgv avikovv 610 A Kot coufolileton pe A'.

Anhaon givor:
A'={xeQxeA}
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EPOQTHZXEIYX KATANOHXHX

I. 1. Xtovc TopoKAT® TIVOKEG VO, GUUTANPMOCETE [LE TO GOUPBOAO “V” gKeiva Tal TE-
TPOYOVAKLO TV OTOI®MV 0 OVTIGTOLY0G OPlOOG AVIKEL GTO OVTIGTOLYO GUVOAO.
2. Tlwg ovopdalovtot ot aptBpoi yio Tovg 0moiovs £xovv cuumTAnpwOel Ta TeTpoy®-
vakio LOVO NG TEAELTALOG YPOUUNG;
3. Na ypnoonomoeTe To O10ypaULOTO TOV Venn Y1 VO, TUPUGTIOETE TIG d100)L-
k&G oyéoelg eyKAelopol TV cuvorwv N, Z, Q kot R kot va tomobetnoete péca
o€ OVTA TOVG 0PLOLOVG AVTOVG.

35| 0 |10 R 23 | 2 |[Jioo| s

EN

EZ

€Q
€R

I1. X& koOep1d 0o TIC TUPUKATO EPOTIGELS VO COUTMPAOGETE TIS LGOTNTES,

1. Av A = {x€N|x droupétg tov 16} ko B = {XEN|x drpéng tov 24}, to1e:
o) AUB= B) ANB =

2. Ag Bempnoovpe ®¢ Pactkd GHVOAO TO GUVOAO Q TOV YPULUATOV TOV
EMMNVIKOD 0APABNTOL Kot T0 VTOGVUVOLY TOV
A= {xEQ[x poviiev} ko B ={XEQ|X cOppwvo}.
Tore:

III. X¢ kaOgp1d oo TIC TUPAKATO EPMOTNCELS VO PALETE 0€ KOKAO TIC OMOTES OO~
VINGELS.
1.’Eoto 600 cuvoro A kou B. Tote:
o) AcANnB ppBcANB 79)AnBcA O8)ANnBcB
2.’Ecto Vo chvora A kor B . Tore:

o) AcAUB p) AUBcB 7)) AUBcA 08 BCcAUB
IV. X& kaOgma amd TG TaPUKAT® EPOTICELS VO COUTANPACETE TIS IGOTNTES.

1.’Eoto Q éva facikd cbvoro, @ 1o kevo civoro kot A € Q .Tote:
@) O = B) Q = V) (A') =



[MIOANOTHTEX 1
(0

Ewcaywyi

Yndpxa 6€ TOAAOVG 1] EVIVTIMGT OTL TO KVUPL0 KIVITPO Y10 TNV avantuén g Oew-
piog tov [TiBavotHTemV TPoNAbe 0o T0 EVO0PEPOV TOV AVOPMITOL Y10 TO TVYEPEL
oy vidlo. Inuovtikny pdAiota ddnorn oty avamtuén tov KAASov avtod Tmv Mabn-
LLOTIKGV OOTEAEGE 1] YOVIUN aAANLoYpapio Tov avarntoyOnke avdpeoa otovg Pascal
kot Fermat to 170 oudva pe apoppn 516popo TpoPAROTO TOV TPOEKLYAV 0md TNV
EVOGYOANGT TOV avOPOTOL E T TUYEPE ALY VIdLAL.

MoAovoTt OLmG o TUYXEPE Ty vide NTOV EVPEMS SLUBESOUEVO KOl GTOVG Apyaiovg
"EXnveg ko otovg Popaiovg, n Ocwpio tov [TiBovothtev dev avortiybnke Kotd
NV apYooTnTo, OTMG GLVERN He dALOLS KAAdOLE TV MabnUaTIKOY, oAAG TOAD
apyotepa, to 160 kot 170 cwdva p.X. I owtd morhol amoppintovv v dmoyn Ot
N Ocwpio Tov [IBovoTATOV 0QEilel TN YEVESN TG GTNV EvaoKOANOT TOV avOpOTOV
LLE TO. TUYEPA TTOYVISLO, KOl TNV OodidouV 6TIS avAayKeS VoL AvOovv TpofAnpoto wov
TOPOVGLAGTNKOV LE TNV OVATTLEN TOV EUTOPION, TOV OCPUAIGE®Y, TNG GLAAOYNG
€600mV 10V KpaTovg KTA. H avamtuén g Oswpiog tov [IiBavottov opesileton emni-
omng ka1 oTig avaykes Tov Pvokdv Emotuomv 6mog n epappoyn g Ocwpiog Zooai-
UAT®V GE AGTPOVOUIKES TOPOTIPNOELS.

H @cwpio tov [TiBavotntemv avartuydnke axdpo mepiocdtepo 10 180 aidva pe Tig
a&loonpeinteg epyaocieg tov podnuatikov Bernoulli, Moivre, Laplace kot Gauss.
Idwitepa o Laplace pe t1g epyacieg Tov dvoi&e po kovovpyto emoyn yio ) Oswpia
[MBavottwv. INati o Laplace dev mepropiletor povo ot podnpotikn avédivon tov
TUYEPDOV TOLYVIOLDV, OALG EQAPUOLEL TO. GUUTEPACOATAE TOV Kot G€ £va, TAN00G Ao
EMOTNLOVIKA Kot TPAKTIKG TpoPAnuata. Etot, pe apopun m HeAétn TV cQoApndtov
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OV TPOKVTTOVV OTIG EXAVOAUUPAVOUEVES LETPNGELS TOV {010V AGTPOVOLLKOD HEYEDOVG
OVOKOADTTETOL 1) TEPIPTUN KovoviKn katavoun Tov Gauss. Katdémv amodeikvieTor 0Tt
1 KOVOVIKT KOTOVOUT amelkovilel oyl HOVO TNV KOTOVOUN TOV COOAUIT®V TV 0GTPO-
VOUK®OV TOPOTNPNCEOV AL KOl TNV KOTOVOUTY TOAAGV PLOAOYIKOV, KOWVOVIKGOV Kol
QLOIKOV povopévav. ‘Etot, ot didpketa Tov 1900 audva yevviobvtor vEor KAASO0L TV
EPAPUOGHEVOV HOONUATIKOV, OTwG glval 11 Oswpia ToV ZQUAUATOV, T AGEAAMGTIKG
MoOnuotikd Kot 1 ZToTioTikn Mnyovik.

>mig pépeg pog n Ocwpio tov [MbBavotntov e TIG epyacieg TOAADV Stdonumy Lodnpo-
TIKGV, 6mwg givar ot Chebyshev, Markov, Von Mises, Kolmogorov «.d., £yl onpeidost
oAaT®OM TPO0do. Kavovpylo Bempntikd amotelécuota mapéyouy VEEC SVVATOTITEG
v T ¥pnotponoinon tov pefddwv e Oswpiag twv [Mbavotitwv. Eivor agloonpeio-
70 TO YEYOVOG OTL 01 pappoyég Tav [Tbavotitov avaeépoviotl oe Eva VpHTOTO PAGHLOL
emomuUaV 6moc N Pvowm, 1 Xnueia, n Fevetikn, n Yoyxoroyia, n Owovoporoyia, M
Tniemkowvwvia, 1 Metewpoloyio KTA.

H @cwpia tov [TBavothToVv avikel 6To0g KAASOVG TV Mabnuotikdv mov cupfadilovv
HE TNV aVATTLEN TOV PUGIKAOV ETIGTIULMV KOl TG TEYVOA0Ying. AvTto de onuaivel BERora
ot M Oewpia Tov ITiBavotHTeV gival amdog Eva fondntkd epyodreio yio T Avor mpa-
KTIKOV TPOPANUATOV TOV GAL®V ETGTNUOV. ATEVOVTIOG £XEL LETACYNUATICTEL GE Evav
oVTOTEM KAGOO TV Kabopdv Mabnpotikdv, Tov £xet d1kd Tov TPOPAUOTO Kot d1kég
oV pehodovg.

1.1 AEITMATIKOZX XQPOZX - ENAEXOMENA

Ieipaua Toyns

Onwg yvopilovpe arnd ) Gvoikn, av Oepudvoupe amootaypévo vepo og 100° Kedoiov
oV empaveln ¢ BdAaccoc, dnradn oe atpoceapikn ieon 760 mm Hg, to vepd Oa
Bpdoet. Eniong, av apnoovpe Eva copo vo TEcEL 610 KevO vrd v emidpacn g Popv-
NTOG, LITOPOVLE VO TPOPAEYOLLLE pe aKpifela To dtdoTnpa Tov Bo SlovOGEL G OPIGUEVO
ypovo t. Kabe této1o meipapio Kotd o 0moio 1 yvadon Tmv cUVONK®OV KAT® oto TG 0TOIES
exteleiton kaBopilel TANpwG To amotéhecpa AEyeTol aTlOKPaTIKG (deterministic) met-
poLLOL.

Y7rapyovv OU®OG Kot TEPAUOTE TOV OTOIOV eV UTOPOVLE EK TV TPOTEPMV VO, TPO-
BAéyovpue tO OomoTEAEGHO, HOAOVOTL emavOAOUPAvVOVTOL (POIVOUEVIKA TOVAAYIGTOV)
kGt omd T1g ideg ouvOnkes. ‘Eva tétoto meipapo ovopdleton meipape Toymg (random
experiment). ' wapaderypo, dev pmopovpe va tpoPfAéyovpe pe axpifela Tov apbpd
TOV TPOYAIOV aATLYNUATOV ToV GuUPaivouv oe pia efdopdda og Eva onueio piag 0vikng
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0000, 0oV 0 ap1Buog aVTdS €E0PTATAL OO TOAAOVG ATPOPAETTOVG TOPAYOVTES.

[Mewpdpara oG etvor Ko to ENG:

1. Piyveton éva vopiopa kot kotaypdeetat 1 dve dyn tov.

2. Piyvetan éva {apt kot Kotoypaeetar 1 EVOEEn g v £5pag TOV.

3. Awéyeton owbaipeta pio otkoyévela pe 600 modid Kot eEetdletal ¢ TPog T0 PUAO
TOV TAOIMV Kol T GEPE YEVVNONG TOVG.

4. Piyvetat éva vopiopo domov va eépovps "ypaupata adld oyl teplocOTEPO amd TPELS
popéc.

5. Emiéyetar toyaio pio TNAEQ®VIKY GuvOldAeEn Kot KaToypapeTon 1 SIpKELd TG,

6. I'iveton n KApwon tov AOTTO Kot KoToypapeTot T0 AmOTEAEG AL

7. Tnv mapapovi| tov [aoya, 6T1g 5 W.LL., LETPETAL TO UKOG TNG OVPAG TOV CVTOKVITOV
oto TpdTa 510010 TG EBvikng 0500 ABnvav-Aapiog.

8. Ent\éyeton tuyaio po pépa e efoopddog Kot HETpLéTon o aptBpog tov miedeatdv
OV TOPOKOAOVONoAV TO amoysvpaTvo deltio ewdncewy oty ET1.

9. Emt\éyeton toyaio pio padlevepyodg mnyn Kol Kotoypaeetot o apliudc Tmv EKTEUTOLE-
VOV GOUOTIOOV GE GLUYKEKPILEVO XPOVIKO S1ACTNLLAL.

Aerypatinog Xopog

OMlo to 0mOTEAEGHOTO TTOL UITOPOLY VO ELPAVICTOVV GE Eva TElpapo TOYNS AEyovtal
duvatd amoteAéopata 1 SUVATEG TEPUMTMGELG TOL TTEWPEpaToc. To GUVoro TV duvatdv
OTOTELEGLATOV AEYETOL OELYPROTIKOS YD Pog (sample space) kot cvpforileton cuvnbmg
ue to ypdupa Q. Av dniadn o, o,, ..., ®_eivor ta duvotd anoteléouate evog meEppLo-
T0G TOYNG, TOTE 0 SEIYUATIKOG YDPOG TOV TEPEpaTOG Ba €ivorl To GUVOAO:

Q={o,0,.., 0.

"Eto1, 610 mp®dTO 0d TO TOLPATAV® TTEWPAOTO TOYNG, av e K ovpforicovpe o amoté-
Aeopa vo eépovpe "kepain" ko pe I' o anotéheopa va eépovpe "ypdppata, T0TE O
derypatikdg ympog eivar Q = {K, T'}. Eniong, oto dedtepo amd T mopamdved TepapoTo.
TG M €voelEn g ave £dpag pmopel va givar évog amd toug apdpovg 1, 2, 3, 4, 5, 6.
Emopévmg, o derypatikog ympog sivor Q ={1, 2, 3, 4, 5, 6}.

Evigyoueva

To 6hvoro Tov €xel mg oToLyEin £va 1] TEPIOGHTEPO OMOTEAEGLLOTA EVOG TEPAATOS TV-
NG Aéyeton evdgyopevo (event) 1 yeyovog. ['o mapaderypo, ot piyn evog Laptod to ov-
voh A= {2,4,6},B={1,3,5} xan I'= {6} eivar evdeydpeva. To A eivar 10 gvdeyopevo
va. pépove Gptio aplBud, to B va gépovpe meptttd apBpod kot to I' va pépovpe 6. Eivan
QOVEPO OTL £Va, EVIEYOUEVO EIVOL VTOGVUVOLO TOV JEIYHOTIKOD Ydpov. 'Eva evdeydpevo
Aéyetar amwhé OTOv £xEL Eva LOVO GTOXELD KOl GUVOETO av £YEL TEPIGGOTEPU GTOLYELM.
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lNo mapdderypa, to I' givar Eva amdd evoeyopevo, eva ta A kot B givarl chvOeta evoeyo-
peva. Otav to amotélecpa evOg TEPAOTOC, GE 10 GLUYKEKPILEVT EKTEAECT TOL gival
oTolYEl0 EVOG EVOEYOUEVOL, TOTE AELLE OTL TO EVOEYOUEVO OVTO TPAYNOTOTOLELTAL 1] GULL-
Paiver. I'' avto ta oTOoKElN EVOG EVOEXOUEVOD AEYOVTOL KO EVVOIKES TEPUTTMGELS Y10,
v Tpaypoatonoinon tov. Etol, yio mapddetypa, to evdexdpevo A = {2, 4, 6} &xel Tpeig
EVVOTKEG TEPUTTMOGELS KO TPOyLaToTolEiTal, Otay gépovpe 214 1 6.

O 18106 0 deryHoTIKOC YdPOg Q evOC TEPAUATOG Be@peitaon OTL Eivar evOEYOUEVO, TO OO0
LAALGTO TPOLYLATOTOLEITOL TAVTOTE, APOV OTOL0 KOl 0V EIVOL TO OTOTEAECLLO TOV TEPJ-
potog Oo aviket oto Q. Tt awtd 1o Q Aéyeton BEParo evdgydpevo. AsyOLOOTE OKOLO MG
EVOEYOLEVO Kal TO KEVO cOVOLO & TOL BEV TPOYLLOTOTOLEITAL O KOULY EKTELECT] TOV
TEPANATOC TOYNG. T avtd Aépe 61110 I €ivar To adOVETO EVHELONEVO.

To m0og Twv oToyeiwv evog evdeyopévov A Ba to supporilovpe pe N(A). Emopévac,
avQ=1{1,2,3,4,5,6} kan A= {2,4, 6} é&ovue N(A)=3, N (Q)=6 xkau N(J)=0.

Ilpaées pue Evogyouevo.
Onwg eldape, To evogyOUEVA EIVOL VTTOGUVOAL TOV detypatikoy yopov Q. Emnopévag,
peta&d TV evOgOUEVOV EVOC TEPALATOS LTOPOLY VO OPLOTOVV Ol YVMOGTEG TPAEELS
peTa&d TV CLVOAWV, 0o TIG 0Toieg TPoKHTTOLVY Vi evdeydpeva. 'Etot, av A kon B giva
Vo evdgydueva, Exovpe:

A
B
* To gvdeyopevo A N B, mov dwePfaletor "A toun B" 1 "A
kol B" ko mpaypatomoteital, 0Tav TpoyloTomotovvTol
ouyypoves ta A kot B.
Q

ANB
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* To evdeyduevo A U B, mov dwPaletor "A évoon B" i
"A " B" xou mpayparomoteitol, dtov mpoyLotomoteiton A B
éva TovAdytotov amo ta A, B.
Q
AUB
* To evdeydpevo A’, mov dafaleton "oyt A" 1 "ovpumin-
POLOTIKS TOV A" KO TPOLYLOTOTOLEITOL, OTAV OEV TPOLY-
partomoteitor o A. To A" Aéyetar kon "avtibeto Tov A", A’
Q
* To evdeyouevo A — B, mov dwPaletar "dopopd Tov
B and 1o A" ko mparypatonoteitol, Gtov TpoyoTonot-
glton to A aAAd Oyt to B. Eivar ed0kolo va dodpe ot A B
A-B=ANB.
Q
\
A-B

2tov mapoKdato mivaka to A kol B cvpfoiifovv evdeydueva evog mepdpatos Kol 10 @
€VaL AOTEAEGLOL TOV TTEPALOTOG OVTOV. XTIV OPLOTEPT] GTHAN TOV TIVOKO CVOy pAPOVTOL
dpopeg oyéoels Yo ta A Ko B drotvmopéveg oty Ko YAdooa, Kot ot 0e€1d otAAn
avaypAPOVTaL Ol 101G OYEGELS OALA SLOTVTOUEVEG OTT] YADGGH TV GUVOAMV.

* To gvdeyopevo A mpaypotomoleito weA
* To gvdeyopevo A dev mporypotonoteiton weA (1 ogA)

*'Eva tovAdyiotov and to A kot B mpaypatonoeiton e AUB

* [Ipaypatorotobvtar appdtepa o A kot B me AnB

* Agv mpaypartomoteiton kovéva amd to A ko B we(AUB)

* [Ipaypoatomoteiton povo 10 A ®cA-B (h meAnB’)
* H mpaypatomoinon tov A cuvendystat ACB

™V Tpaypoatonoinon tov B
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Mo topdderypa, otn piyn evog Loplov £otm Ta evdeyopeva A = {1, 2,3, 4} xkau B= {2, 4,
6}. Av 10 amotéleopa g piyng etvat o apBudc 1, tote ta evoeyopueva A, AUB, A—B,

B’ mpaypotonoodvial, evd o A', B, (A UB)', (A —B), A N B dev npayuatorolodvrat.

Acovufifacta Evogyoueva

21 piym evog Coplov av A givor To EVOEYOUEVO VO PEPOV-
pe aptio aptduo kot B to evdgydpevo va oEPOLLE TEPITTO A B
appo, &xoope A= {2, 4, 6} xar B = {1, 3, 5}. TTaparn-
povpe 0Tt T A ko B dgv pmopovv va mpaypatomombodv
oLYYPOVAGS, POV OEV EYOVV KavEVE KOO GTol El0. TNV 0

ngp’immcn ovt o A kot B Aéyovton acvppipacta. Ie- ANB-0O
VIKQ:

Avo gvdgyopeva A kar B Aéyovran acvpfifacta, 6tav ANB=0.

Avo acvppifaocto evdeydueva Aéyovtar emiong Eéve peta&d Tovg N apoipaing amwo-
KAE0pEVa.



1.1 AEITMATIKOX XQPOX - ENAEXOMENA 25

E®PAPMOTIEX

1. Piyvoope éva vopiopa TpeLs 61000 1KES POPEG.

i) Na ypa@Tel 0 de1ypatikiog yopog ©Q Tov TEPARATOS.

ii) Na mapaotadovv pe avaypoei to gvogyoépeva mov tpocdiopilovror amd Ty

avtiotoyym w10TNTA:

2 "0 aprOpog tov K vagpPaiver tov apiOpo tov I'"
,¢ "0 apBpog Tov K givar akpipog 2"
: "0 apOpdg Tov K givar tovrayiotov 2"
2 "o oym ko 6TIG TPELS piyEs”
: "Xy mpot piyn eépvoope K"

5°

iii) Na ppe@ovv to evogydpeva A',, A, NA,, A;UA,.

AYEH

1) T'lo vo Tpoodiopicovpie To deryuatikd ydpo, B0, ypNCILOTONGOVUE £VO, SEVTPOILI-

3

P i

YpoppaL:
In piyn 2n piyn 3n piyn Armotéleaua
K KKK
K 41‘ KKT
K< <K KTK
r
r KI'T
— o
K r rKr
r
K rrk
r <
r rrr

Apa, 0 SEYHOTIKOG YDPOG TOV TEWPAUTOC AmOTEAEITAL OO SloTETAYUEVES TPLAOES
pe otoyyeto o K xat to I' ko elvan

Q= {KKK, KKT, KT'K, KIT, 'KK, T'KI, ITK, ['TT?}.

i) "Exyovtog vmoyn 1o detypatikd xmpo £ Kot TNy avtictoryn 1010t To £XOVLE:
A = {KKK, KKT, KT'K, I'KK}
A, = {KKIT, KT'K, I'KK}
A, = {KKK, KKT, KT'K, TKK} (ITapatmpodpe 6Tt A, = A)
A,= {KKK, I'TT}
A, = {KKK, KIT, KI'K, KIT}.
iii) To A’, mepiéyet exeiva o oToryeia Tov SeryHoTIKoD YMPOL TOL deV MEPLEYEL TO A,
TEPIEYEL ONAOT T oTOLYXEID oTaL ool 0 ap1OdS Tv K elvan pikpodtepog omd 2.
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Emopévag, A, = {KI'T, KT, ITK, I'TT'}..

To evdeyopevo As M A, mepigyel Ta kowd otoyeio Tov A kot A,, dnladf to
otoyeia pe d0vo axpipng K, ek tov onoiwv to éva oy npmtn Béon. Eropévac,
As N A, ={KKT, KT'K}.

To evdeyduevo As U As mepiéyel ta ototyela mov oty mpdtn B€on €xovv K 1
T0. oToyyEinr Tov Eyovv 1d1eg ko Tig Tpels evoeiEels. Emopévac, As U Ay = {KKIT,
KT'K, KKT, KKK, I'TT}.

2. Aivovtar 0v0 gvogyopeva A kol B evog mepdportog pe oerypotiké yopo Q. No wa-
paoTafolv pe dwaypdppato Venn kol vo EKQPactovy pue 1 oo cuvorov ta
gvogydpevo mov opilovral pe TIg EKPploeis:

i) [Ipaypatomoreitar povo éva amd Ta A ko B.
ii) Aev mpayporomorgiton kavéva amo 1o A ko B.

AYXH

i) Ereidn 0élovpe va mpoypotomolgitor poévo to A 1
pnévo to B, ypappookialove Tig EmQAaveleg Tov A Kot A

B pe e€aipegon v topn Toug, dSNAASN TNV KON Emt-
Paveld Toug,.

[Mapatnpovpe O6tL oV MEPITTMOOTN OWVTH TPOYUATO-
moteital éva povo omd ta A - B ko B - A. Apa, 10 re)

ntovpevo evdeyouevo sivar 1o (A—B)U(B—-A) 1 \
wodbvapa to (AN B)U(A'NB). A-B B-4

ii) Emedn 0€hovpe vo unv Tpoylotonoleiton Kaveve amd
Ta A ko1 B, ypoppookidlovpe Ty emepavelo tov Q mov A B
glvan extog NG Evaons Tov A kot B. Xty nepintmon
0TI TOPATNPOVUE OTL TO (NTOVHEVO GVVOAO Eival GL-
wnpopatikd tov A U B, dnhadq o (A UB) \
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AYKHXEIX A'OMAAAX

1.'Eva kovti €xel Tpelg pmdles, o Aomp, pio poopn Kot pio kokkwn. Kavoope to
eENg melpopa: Taipvovpe omd TO KOLTI U0 UTAA, KOTOYPAPOVLE TO YPMUO TNG
Kot TV EovaPalovpe 6To KOUTL. XTN CUVEXEWD TOIPVOLLE [0 OEVTEPT UITGA KO
Kataypdpovpe eniong to ypopa te. (Onmg Aéue maipvovpe dradoyicd 600 pmdAeg
pe emavatomofétnon).

i) [Tolog €ivat 0 deryaTIKOG YDPOG TOV TEPAATOS;

ii) [Towo &ivar 1o evdeydpevo "N TpdTN prdda vo eivor KoOKKvN";
iii) [Towo sivar To evdeydpevo "va e&aybel Ko Tig Svo POPEC pmdda. Le To 1610 Ypm-

po';

2. Noa emthvbei o mponyoduevo TpoOPANUa, YOpig OU®G TP Vo Yivel ETavUTomodE-
mMon ™G TPAOTNG pUrdrog pv v e€aymyn g devtepnc. (Onwg Aéue maipvoupe
dradoykd dvo umadeg yopic exovaTomodétnon.)

3. Mo okoyéveta amd v AOfva amopacilel vo Kével Tig ETOUEVES S10KOTES TNG OTNV
Kompo 1 ot Mokedovia. Zmnv Konpo pmopei va mael pe agpomhdvo M pe mhoio.
1 Maxkedovio pmopel vo, mhet Pe To anToKiviTo TG, LE TPEVO 1] LE 0EPOTAGVO. AV
OG ATOTELEGLLOL TOV TEPAATOS OE@PNTOVLLE TOV TOTO SUKOTAOV Kol TO TAEOIOTIKO
Léco, TOTE:

i) Na ypayete 10 detypotikd xmpo £ tov TepapoTod.
ii) Noa Bpeite 1o evdeydpevo A: "H owoyévela Ba mdet pe aepomAdvo 6Tov TN T™V
SoKommv g

4. Eva Egvodoyeio mpoopépet yeba mov amotereitan omd tpia mdra. To khpro mdro,
TO GLVOOEVTIKO Kot TO YAVKO. Ot duvatég emAoyEg SivovTal GTOV TOPUKAT® TIVOKOL:

Teopa Emoyéc

Kvpo mdro Kotoémovlo 1 priéto
2VV0dEVTIKO Moxapovia 1 poQ n xopto
Mo [Moywto 1 tovpta N LeAé

"Eva dtopo mpoxetrton vo StodéEeL Eva €100g amd ke midto,
i) No Bpeite 10 detypotikd xdpo Tov TEWPEUOTOG
ii) No Bpeite 1o evdeydpevo A: "to dropo emréyel moyoto"
iii) Na Ppeite 10 evdeydpevo B: "to dtopo emiéyet KotdmovAo"
iv) No Bpeite to evdexduevo AN B
v) Av I" 10 evdeydpevo: "to dropo emidéyel poll", va. fpeite 10 £vOEXOUEVO
(AnB)NT.
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5. H devbuvon evdg vocoropeiov kwdikomolel Tovg acbeveic cOupmva pe To av gival
AoPOMOLEVOL 1] O)L KOl COLG®VO [LE TNV KOTAGTAGN TG LYEING TOVS, 1] 0TTOi0 XOPO-
knpiletarl og kaAr, pétpia, cofapn N kpiown. H dievbovven kotaypdest pe 0 tov
avao@aioto achevn kat pe 1 Tov aspaloUEVO, Kol 6T GUVEYELD 1AL YPAPEL Eva
amo To ypappoto o, B, y 1 8, aviAoyo e TO av 1) KATAGTooN TOV gival KoAn, LéTpla,
cofapn 1N kpicyn. Oewpovpe T0 TEIPOLLL TG KOIKOTOINGNG EVOG VEOL 060gvoG.
Noa Bpeite:

i) To derypatikd xmpo Q TV TEPALOTOG.
ii) To evdeyopevo A: "n xatdotoom Tov acbevois eivatl coPapn N kpioyn ko givor
avacaAleToc",
iii) To evdeydpevo B: "n xatdotoon tov achevovg etvor kodn 1 pétpua”,
iv) To evdeyopevo I': "o acbevng etvar acaricuévos”.

6. X¢ kofepd amod TG TOPOKATO TEPIMTMCELS VO EETAGETE av Ta EvOEYOUEVa A Ko B
gtvar acvppipacrta:
i) Piyvoope éva (apt. A gival o evdeyopevo va eépovpe 3 kot B eivar to evoeyodpie-
vo va. pépovpe aptio apipod.
ii) EmAéyovpe éva dropo. A givar o gvdeyopevo va £xet yevvn el otnv EALGSa Ko
B 10 evdeyodpevo va givar kaboAkag.
iii) Emiéyovpe o yovaika. A gtvon to evdgydpevo va £xet nikio aveo tov 30 ko B
70 €vOEYOMEVO Va elvar TavTpeUEVN TOVE ard 30 ypovia.
iv) Eniéyovpe kdmolov pe évo antokivnto. A ivor To evOEYOUEVO TO QVTOKIVNTO
ToV Vo gtvon eupomaikd kKo B 1o evdeydpevo va etvar actotikd.

7. Meta&) TV 01KoYeVEIDV pE TPl TondLd EMAEYOVIE TUYOHO L0 OIKOYEVELDL Kol EEE-

Talovpe To oS MG TPOG TO PVAO KO O TPOG TN GEPE YEVVNOT|G TOVG. Nat ypdye-
TE TO OELYHOTIKO YMDPO TOL TEPALOTOC.

AYKHZXEIX B' OMAAAX

1. AVo maixteg Oa TaiEovv GKAKL KOl GLUEMVOVY VIKNTAG VO Elval EKEIVOG TOL TPMOTOG
Ba kepdioel 000 maryvidia. Av o givol T0 amOTELEG LA VO KEPOIGEL O TPAOTOG TOIKTNG
éva oy viol Ko  €ivor o amoTtéAEGLo Vo KEPOIGEL 0 HEVLTEPOG TAUKTNG £VaL Ty Vidt,
VO YPOAYETE TO SELYLOTIKO YDPO TOV TEPELOTOG.

2. Piyvovope éva Lapt dvo popés. Na Ppeite Ta evoeydpeva:
A: "To amotéleopa g Ing piyng sivor peyoddtepo amd 10 AmOTEAEGHO TNG 21G
piyng".
B: "To é0poicpa tmv evdeiewmv otic dvo piyelg eivatl aptiog aptpog'.
I': "To ywopevo tmv evdeiemv oTig dVo piyelg sival pkpoTtePo tov 5".
1 ovvéyela va Ppeite ta evdegyopeva ANB, ANT, BNT, (AnB)NT.
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Ewsaywyn

‘Eva amd o KOplo yopaKTnpioTikd Tov TEPALATOS TOYNG, Onwg eidape, sivar 1 ofe-
BotdTnTa Y100 TO TOWO AMOTELEGHO TOV TEWPAUOTOC Ol ELPAVIOTEL GE L0 GUYKEKPLUEVT
extéleon tov. Emopévag, av A givor éva evoeydpevo, dev pumopoipe pe Befordotnta vo
wpoPAréyovure av to A Ba mpaypatorombei ) oyt I'' avtd ivon ypnoio vo avtieTotyi-
covpe o€ kdOe gvdeyopevo A évav apBpo, mov Ba givar Eva pétpo g "tpocdoxiog” pe
TNV 07oia. AVOUEVOVE TNV TpaypaToroinon tov. Tov aptdud avtd Tov ovopdlovue mi-
Bavotnta tov A kai tov cupPoiilovpe pe P(A). Iog 6pmg Ba tpocdiopicovpe yia kdbe
EVOEYOLEVO VOGS TTEWPALOTOG TOYNG TV THaVOTNTA Tov; Andadn Tdg Ba Ppovpe o
dwdkooia pe v omoio og kibe gvdexopevo Bo avtictoyyilovpe v mTOAvVOTNTA TOV;
B0 TPOGTOONGOLLLE GTN GUVEYELD VO OTALVTI|COVUE GTO EPMTNILOTO, QVTA.

‘Evvoia ka1 Id10tytes Lyetikng Loyvotntog

Av ¢ v EKTELEGELG EVOG TEPAIATOC EVOL EVOEYOUEVO A TPOYLOTOTOIEITOL K POPES, TOTE
, K . , , , ;
0 AOYO0g " ovopdtetar ayetikij ovyvornto tov A kou cupBoriCeton pe f,. [dwitepa av o

FELYHOTIKOG YMDPOG £VOG TEPAUATOG EIVAL TO TEMEPAGHEVO GUVOAO Q= {®,, ®,, ..., ©®, } KOL
0€ V EKTELEGELG TOV TEWPALOTOG AVTOD TOL ATAGL EVOEXOUEVE {®, }, {®,}, ...,{®,) TpayuaTO-

TOLOVVTOL K , K, ..., K, POPEG AVTIGTOTYMG, TOTE Y10 TIG OYETIKEG GLUYVOTNTEG
K K K , , ,

fi=—, fi=—=, ..., f, == 10V anhdv evdgyopévav Do Exovpe:
\Y v Y

1LO<fi <1, i=1,2.., A (apod 0<k; <V)

K K, otk Vv

2. h+Hhte ot ff=—m———=—=1
v v

Ac exkteléoovpe Tdpa To akdAovbo melpapio: Piyvouue £va cupETPIKd Kot OHOYEVEG VO-
popo Ko onpeidvovpe pe K to amotédeoua "kepodn" kot pe I' 1o amotéhespa "ypap-
pota'.

21OV TOpoKATo Tivaka avapépoviol To TAnbog tav K kot ot avtictolyeg oxeTikég ov-
yvotnteg otig 10, 20, 30, ..., 200 piyelg Tov vopicpatoc, evéd 6to oynua 1 mapiotdveton
TO OVTIGTOLYO OIAYPUULO CYETIKOV GUYVOTNTMOV.
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Mivaxag

plyemv gvég vopiocpotog

v

10
20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180
190
200

K

13
16
23
26
31
33
39
43
46
53
61
66
70
73
81
87
89
93
99

f.

0,700
0,650
0,533
0,575
0,520
0,517
0,471
0,488
0,478
0,460
0,482
0,508
0,508
0,500
0,486
0,506
0,512
0,494
0,489
0,495

l\fk
17 (1)

.

L]

) .

0,5-—'—.0—..—"—.—'—’—.—.—04—000—
A%
0 L S R N L R B |
0 50 100 150 200

[Mopoampovpe 6T KOOGS ov&dvetor o aplBudg
V TV plYyemV 1 GYETIKY GLYVOTNTO. f EUPAVI-
ong g "kepang" otabeponoteitor YOpw amod
mv Ty 0,5 1, 0mmg Aépe "teivel” otov apBpo
0,5. Avtd emPepfardver v "mpocdokia” pog
0T 01N plymn evOG GLUUETPIKOD KOl OPLOYEVODG
VOUIoLOTOG 1), OTT®G AEpE, £VOG "apepOANTTOL"
VOUIOLLOTOG, 01 GYETIKEG GUYVOTNTES TOV EVOE-
yopévov {K}, {I'} eivon ioeg. Avéloya mapa-
Selypoto (o 0d1YoUV 6TO GUUTEPAGHLO OTL OL
OYETIKEG GLYVOTNTEG TPOAYLOTOTOINGNG TMV

EVOEYOUEVAV EVOG TTEIPALOTOG GTAOEPOTOIOVVTAL YUP® OO KATOI0LS apltdpovg (ot mh-
v1oTE 10100G), KaBMOG 0 0plOUOC TV SOKIUDY TOVL TEPAUATOG ETAVIAAUPAVETOL OTEPLO-

proto. To epmepikd ovtd e&aydpevo, to omoio emifePormdveror kot Oempntikd, ovopdale-
TOL GTOTIGTIKI] ORLOAOTITA 1] VOROG TOV PEYAL®V aplOpdv.
Oa tpocmadnoovpe TOpo GTNPWOLEVOL GTIG TPOTYOVUEVES SOMIGTMOGELS VO OPIGOVUE

TNV TOAVOTNTO EVOG EVOEYOUEVOU.

Klooikog Opiouos IBavoryrag

Ag e€etdoovpe TNV E01KY| TEPITTMOON TOV AUEPOANTTOL Vopiouatog. Piyvovue éva té-

TOL0 VOGO KOl TTOPOTpovLE TNV Oyn Tov Ba epgaviotel. Onmg S1omoT®ooe Tpon-
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YOUUEV®G 1] GYETIKT cLYVOTNTA KoBEVOG 0md ta amhd evoeyoueva {K}, {I'} teivel otov

aplpo 1 Opoimg Ha propovoape vo SImGTOGOVHE OTL 0T Py EVOG AUEPOANTTO
2

Coprod N oyeTikn cuyvotnTo Kabevoc amd ta amhd evdgyopeva {1},{2},{3},{4},{5} ko
{6} teivel oToVv apOud o e TEWPAPATO OTOC TO TPONYOVUEVO AEUE OTL TAL SVVATH OTTO-

TEAEGUATO 1], 1GOOVVALLDL, TO. OTAG EVOEYOLEVA Elval 160TTiOava.

Ac 00VE TOPO TTOL0. AVOUEVOVLLE VO, EIVOL ] GYETIKT GLYVOTNTA EVOG GUVOETOV EVOE)O-
pévou oe éva melpapo pe womifava amoteléouaro.

‘Eoto o mapdderypa, 1o gvdeyopevo vo gépovpe Luyd apibud ot plyn evog ape-
ponmrov Laprov. Emeldn 1o evoeyOUeEVO 0TO TPOYUATOTOLEITOL OTAV TO OMOTELECLLOL
TOV TEWPANOTOC etvat 2 1 4 1 6 Ko kabéva amd To amoTEAESUATO OVTA ERPAVICETOL [

GYETIKN GLYVOTNTOL 3 N ovxvotTo epedvions tov Luyod apBpod avopéverol vo eivat

1 1 1 3

—+—+—==.

6 6 6 6

Ievikd, og éva meipapo e v 160Ti00Vo OMOTELEGOTO 1] GYETIKN GLYVOTNTO EVOG EVOE-

YoLévoL e K otolyeio Oa teivel otov apBpd —. T't' avtd eivar droyo oe Eva meipapio
v

e woomiBava amoteAéopota va opicovpe og Thavotnta Tov evdeyopévov A tov aplfud:

P(A) = ITMBog Evvoikov Tepumtwoewv  N(A)
(A) ITAn0og Avvatov Iepintdceny  N(Q)
'Eto1, éyovpe tov Khaowko opiopd g mibavotrog, mov datummbnke and tov Laplace
T0 1812.
A6 TOV TPOTYOOUEVO OPIGHO TPOKVITEL AUECH OTL:

Lo MO
2. P(D) = % =0

3. T kG0e evdeydpevo A oyvel 0 < P(A) <1, apod to TAN00¢ TV 6ToXElmV EVOG EVOE-
YOLEVOV givat {50 1 HIKPOTEPO Amd TO TANHOG TV GTOLYEI®MV TOV SEIYHOTIKOD XDPOV.
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Aéiwparinos Opiouog Ihifavorytos

[N va pmopet Opmg vo ypnoyomombei o KAGIKOS 0pIopog g mBavOTN TS GE £val dELY-
LOTIKO YDPO LE TETEPUOTUEVO TANO0C GTOLYEI®V, Elval amapaitnTo TO, ATAL EVOEYOUEVA
va givar womiBova. YTapyouv Opme ToALY TEPALATO TOYNG, TOV OTOIMV O dETYHATIKOS
YDOPOG dev amoteleiton omd womibova amhd evdexopeva. Onmg yio Topadetypa o opid-
UOC TOV OTOKIVITIGTIKOV SUGTUYNUATOV Lo OpIopév efdopdda, n piyn evog Loplon
7OV OeV €lval GUUUETPIKO KTA. [0l TIG TEPUTTOCELG AVTEC YPNOUYLOTOLOVLLE TOV TOPOKAT®
a&lopatikd optopd g TOOVOTNTOC, 0 0TOT0G EYEL OVAAOYES WOOTNTEG LE TN OYETIKN
cuyvotnTa.

‘Eoto Q = {0, 0, ..., ® } £&vag SeryLaTikOg XDPOG HE TEXEPACHEVO TANOOG GTOL-
xelov. X kabe amho evdeyopevo {o.} avtiotorifovpue Evav mpaypatikd aptouo,
mov tov cvpforifovpe pe P(w), ot dote vo ioydovy:

*0<P(0)<1

*P(w) +P(w,) +..+P(w)=1.
Tov apBuo6 P(w,) ovopdlovpe mbavotta tov gvoeyopévon {o |.
Q¢ mbavomto P(A) evig evdeyouévov A= {a,, a,, ..., a } # & opilovue to GOpor-
opa P(a,) +P(a,) + ... + P(0,), evod og mBavotto Tov advvatov evdgxopévon
opiloupe tov apbud P(J) =0.

1
AvP(,) = v’ i=1,2,...,v, 10te £M0VE TOV KAUGIKO 0ptoplLd TG mhavoTnTag £vOg
EVOEYOUEVOV.

YXOAIO

Otav &xovpe €va detypatikd xopo Q = {0, @, ..., ® } Kol YPNGIOTOIOVUE TN
@pdon "maipvovpe Toyoia Eva ototyeio Tov Q", evvoole 6Tt OAa TaL Suvatd omo-
tedéopata eivat ioonibava pe mbavotnto P(w,)=—, i=1,2, ..., v.
v

Kavoves Aoyiouov twv IIi@avoritwy

[N T1g TBavOTNTEG TV EVOEYOUEVOV EVOG OETYLLATIKOD YDPOL £ 1GYVOVV Ol TOPUKAT®
WOTNTEG, YVOOTEG OG "Kavoveg Aoyiopol Towv mbavotitemv". Ot kavoveg avtoi Bo amo-
deyHovv oy TEPinT®OON OV TOL OTAG EVOEYOUEV €TV 1o0TIOAVOL. ATOSEIKVOETOL OLLMG
OTL 1oYLOVV KOl GTNV TEPITTOGCT TOV Ta, ATAAQ EVOEYOUEVA OEV Eivarl 1comiBava.
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1. ' omowadnmote acvpPifacto petadd toug evogyopeva A ko B ioyvet:

P(A UB)=P(A) + P(B)

ATIOAEIEH

AvN(A) =k kot N(B) =4, t6te T0 A UB €61 € + A 6T01)E10, Y10TE 0AMDG TOL A Ko B d¢
Ba Mtav acvppifacta. Aniaon, Exovpe N(A UB) =Kk +A = N(A)+ N(B).

Enopévacg: P(AUB)=M B
N(Q) A

~ N(A)+N(B) Q
T N©Q)

_N(A)_ NB)
NOQ) N

Q

AUB
=P(A)+P(B).

H womto avt ivorl yvoot) og arhog tpocdetikoc vopog (simply additive law) kot
oy0eL kat yuo TepLocdTep oo o000 evdeyopeva. Etot, av ta evdeydpeva A, B kot I givan
avé dvo acvuPipacta Oa Exovpe: P(AUWBUTI) =P(A)+ P(B)+P(D).

2. [N 000 cupmAnpopoatikd evogyopevo A kot A’ ioyvet:

P(A")=1-P(A)

ATTIOAEIEH

Eneion AnA'=, nhadn ta A kat A’ givar acopfifacta, govpe dtadoyicd, cOPEO-
VoL e TOV amAd TPOGHETIKO VOLLO:

P(AUA')=P(A)+P(A")
P(Q)=P(A)+P(A") A’
1=P(A) +P(A").

Omndte P(A")=1-P(A).

Q

3. ' 800 evdeyopeva A ko B evag detypotikon ydpov Q 1oydet:

P(A UB)=P(A)+P(B)—P(ANB)
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ATIOAEIEH

I dvo evdeyopeva A kou B éxovpe

N(A UB)=N(A)+N(B)-N(ANB), (1)
a@ov oto dBpoiopa N(A) + N(B) to mAnbog tov otouyei-
®v 100 A N B vroloyiletan dvo gopéc.

Av dwpéoovpe To e g (1) pe N(Q) éyovpe:

AUB

N(AUB) _N(A) N(B) NANB)
N©)  N©Q) N©Q N

KOl ETOUEVDS

P(AUB)=P(A)+P(B)-P(ANB)

H 1316mra avt givar yvoot oc mpocdeTikog vopog (additive law).

Av A SB. 1616 P(A) < P(B)

ATIOAEIEH

Eneidn A < B éyovue drodoyka:
N(A) < N(B)

N(A) _ N(B)
N(©Q) ~ N(Q)

P(A) < P(B)

=

5. T 600 evdeyopeva A ko B evog detypatikod ydpov Q 16y0et

P(A-B)=P(A)-P(ANB).

ATIOAEIEH

Emeidn o evdeyopeva A — B kor A N B givar acopfifa-

ota kol (A—-B)U(ANB)=A, éovpe:
P(A)=P(A-B)+P(ANB).

Apa. P(A—B)=P(A)—P(ANB).
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E®APMOTI'EX

1. Piyvouope 6vo "apepoinnrta' Lapro. Na Bpedei n mOavotnTa va gépovpe g amo-
Téheopa 600 41000y 1KOVS aprOpove.

AYXH

* T va Bpodpe 10 deyHOTIKO YDPO TOL TEPAUATOG, YPTCLLOTOIOVUE EVOV TLVOKO,
"durAng €16000V", dnmg poaivetarl 6To akdrovbo oy,

NN IS

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
2,1) 2,2) 2,3) 2,4) 2,5) (2,6)
3.1 (3.2) (3.3) 3.4 3.5 (3,6)
4,1 4,2) (4,3) 4.4 4.5) (4,6)
(5,1) (5,2) (5,3) (5,4) (5,5) (5,6)
(6,1) (6,2) (6,3) (6,4) (6,5) (6,6)

AN W A W N =

Ao Tov Tivaka auTOV EXOVLE OTL 0 JEIYUATIKOG YDpog Q €xel 36 1oomiBava dvuvatd
amotelécpata, onAaon N(Q) = 36.
* To evdeydpevo A: "va pépovpe d00 dadoykovg aplBrong”, eivot To
A={(1,2),(2,1),(23),(3.,2), (3,4, (4.3), (4,5), (5:4), (5,6), (6,5)}
onradn N(A)=10

N(A) 10 5

e Emouévme, P(A) = =—=—
hevos, P(A) N(Q) 36 18

Apa, n mbavoémro va pépovpe S0 Sadoyukong apldpovg vl li ~ 0,28 1, o
YADGGO TOV TOGOGTOV, TEPITOL 28%. 8

2. e dVo evdgyopeva A kar B gvég detypatikov yopov Q divovrar P(A) = 0,5, P(B)
=0,4 ko P(A N B)=0,2. Na Bpebei n mBavotnTa TOV EVOELOPEVOV:
i) Na pnv npaypoartoron0ei kavéva and Ta A ko B.
ii) Na wpaypotomom0ei povo éva omd ta A ko B.

AYXH

i) To evdeyouevo vo punv npaypotorombel kavéva amd o A kol B givar to (A U B)'.
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Emopévmg
P((AuB))=1-P(AUB) y B
=1-(P(A)+P(B)-P(AnB))
=1-(0,5+0,4-0,2)
=1-0,7
=0,3. 2 /
(AUB)’

ii) To evdeyopevo va mpaypoatorombel poévo
éva and ta A xou B gfvar o (A—-B)U(B—-A).
Ene1on] to evoeydpevo A— B kan B — A A
gtvon aovpPifacta, Exovpe:

P((A-B)U(B—A))=P(A-B)+P(B-A)
=P(A)-P(ANB)+P(B)-P(ANB)
=P(A)+P(B)-2P(ANB) (A-B)u(B-A)
=0,5+0,4-2-0,2
=0,5.

Q

3. TN 8%0 gvdgydpeva gvog derypatikov yopov L woyvovv P(A) = 0,6 kot P(B) =0,5.
i) No eetaotel av Ta A kot B sivar acopfipacta.

ii) No armodcitere 6Tt 0,1<P(ANB)<0,5.

AYXH

i) Av 0 A kou B tav acoppifoacta, amd tov ankd mpocheTikd VOO TmV THuvoTHTOV
O eiyape:
P(AUB)=P(A)+P(B)=0,6+0,5=1,1
oyveL, nradn, P(A U B)>1, mov eivon dromo. Apa, Ta A kot B dev eivon acoufipo-
oTa.

ii) Enetdf AN Bc B ko1 ANBc A, €ovue
P(A nB)<P(B) kat P(ANB)<P(A),
emopévas P(ANB)<0,5 )

(ANB)



1.2 ENNOIA THZ NMI©ANOTHTAZ

37

Ao tov TpocheTiKo VOO TV TOOVOTHTOV EXOVLE:
P(AuUB)=P(A)+P(B)-P(ANB)
P(AuUB)=0,6+0,5-P(ANB).

Opwmg P(AuB)<I1.

Enopévog: 0,6+0,5-P(AnB)<I1
0,6+0,5-1<P(AnB)
0,1<P(ANB). 2)

A6 116 (1) ko (2) mpoxvmret Ot
0,1<P(ANB)<0,5.
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AYKHZEIYX A" OMAAAX

1. A6 o tpdmovia pe 52 goAla maipvovpe éva oty toxn. Nao Ppeite tig mbavo-
TNTEG TOV EVOEYOUEVOV 1) TO YapTi va glvor TEVTE 1) TO YOPTL VoL unv givor TévTe.

2. Na Bpeite v mbavotta o1 piyn 600 VORIGUATOV Vo ELPAVIGTODY dVO "YpajL-
poza'.

3.’Eva xovti mepiéyel pmdieg: 10 dompec, 15 pavpec, 5 koéxkwveg ko 10 npdoivec.
[Maipvoupe Toyxaing pio praio. No Bpeite Tig mOovOTNTEG TOV EVOEYOUEVOV 1 WAL
Ao va giva:
1) powpn ii) dompn 1 pLowpn iii) oVTE KOKKIVI 0VTE TPAGIVN.

4. X o taén pe 30 poabntéc, pombnkav ot padntég ndéca adédgia Exovv. Ot amavti-
GELC TOVG PAIVOVTOL GTOV ETOUEVO TTiVOKOL:

Ap1Ouos podntov 4 11 9 3 2 1

Ap1Ou6s aderpmv 0 1 2 3 4 5

Av gmiéEovpe Toyaio amd v TaEN Eva pobnt, va Bpeite v mbavoTTo 1] O1KO-
YEVELA TOL Va £xEL TPl Tad1d.

5.'Eoto 10, o0vola Q={me N|10 <020}, A={ne Q|oo TOAOTAGG10 TOV 3} Kot
B={we Q|o) noAlamAdolo Tov 4}. Av emAélovple Tuyaing éva ototyeio Tov Q, va
Bpeite T1g mBavoOTTEG 1) VO VIKEL GTO A 11) VO unv avikel oto B.

6. X¢ évav aydva n mhavotnta va kepdicel o Agvtépng eivan 30%, n mbavotra va
kepdioet o [Tavrog etvor 20% kot n mbavoTTa va kepdicet o Nikog eivar 40%. Na
Bpeite v mbavota 1) va kepdicel o Agvutépng 1 o [TavAog ii) va unv kepdicel o
Agvtépng M o Nikog.

7. T to evdeydpueva A kot B evog detypotikod ydpov Q oyvouvv P(A)=;—(7),
P(B) =% kot P(AUB) = % Noa Bpeite v P(A N B).
1

8.Ta ta evdeydpeva A kou B evog detypatikod ydpov Q 1oyvouvv P(A):E’

P(AUB)= % kot P(ANB)= % Noa Bpeite v P(B).

9. INa To evdeyopeva A kot B Tov 1610v derypatikod yopov eival yvwotd 6tL P(A) =
P(B), P(AUB)=0,6 xor P(AnB)=0,2. Na Bpeite v P(A).
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10. I'o ta evdeyopeva A ko B tov 16100 detypotikon ydpov Q divetar 6Tt P(A) = %,

2 1
P(B") = B kot P(ANB) = 7 Na Bpeite v P(A UB).

11. T 000 evdeyodpeva Tov 1610V detypatikon ydpov Q va dei&ete 6L
P(AUB)<P(A)+P(B).

12."Eva opiopévo katdotnpa 0éyetot mot@tikés kKapteg D 1 V. To 25% tov nehotdv
&xovv kapta D, 10 55% &yovv kapta V kot to 15% £xovv kot t1g 6vo kaptes. Iowa
glvar n mBovoTTe VO TELATNG TOL EMAEYETAL TVYOH VoL EYEL io TOLAGYIGTOV
oo TIG dVO KAPTEG;

13. To 10% tov atépmv evog mAnbucpod Exovv vaéptact, To 6% oTepaviaia Kop-
Stk acBévera kot to 2% Eyovv kot ta dvo. [ éva dropo mov emAéyeton Tuyoia
mota etvo 1 havoTnTa va £xet
o) TOLAGYLoTOV pio acBévela; B) povo pio acbévela,;

14. A6 tovg pabntég evog oyoieiov to 80% pabaiver Ayyid, to 30% IoaAiiud kot
10 20% Ko T1g 600 YAwooeg. EmAéyovpe toyaimg Eva padnt. Nao Bpeite v mi-
Bavotnta va pn podaivel Kopd omd T 600 YAMOGES.

AYKHZEIY B' OMAAAX

1. Av ywo ta evdeyopeva A kot B evog derypatikod ympov Q €xovpe P(A) =«, P(B) =
A kot P(A mB)=p, va Bpeite tig mboavotnTEG:
1) va Tpaypotonon0el tovAdyiotov évo amd ta A kot B
ii) va, unv Tpaypotonombet kavéva and to A kot B
iii) va Tpaypoatoron0el povo éva amd to A kot B.
2. Xe po kopomoAn to 15% tov voikokvplov dgv £xouv tnieopacn, 1o 40% dev

&yovv Bivteo kot to 10% dev £xovv ovte TmAedpacm ovte Pivieo. Emdéyovpe to-
yaimg éva vowkokvptd. No Bpeite nv mbovotnta va £xel tTnAedpacn kot Biveo.
3. Av &) = E, va Bpeite tig mBavotnteg P(A) ko P(A).
P(A") 4
4. Av 0 <P(A) <1, vo amodei&ete 011 L + L >4,
P(A) P(A")
5. Av A ka1 B gtvon evdgydpeva tov 10100 derypaticov yopov Q pe P(A) = 0,6 kot
P(B) = 0.7, va dei&ete 61 0,3 <P(A N B)<0,6.
6. "o dvo evdeydpueva A kot B tov 18100 derypatikod yodpov Q va deifete OT1

P(B)-P(A’) <P(A NB).
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EPQTHZXEIYX KATANOHXHZX 1ov KEGPAAAIOY

1. Av piéovpe 600 vopiopato o amoteléopato Uropel vo givol 600 "keparés”, wa
"kepoAn" ko pa "ypappota, 1 600 "ypappota, Kot EmouEves, Kaféva ard autd

Ta evdgyopeva el mbavotmro l Tt etvon AdBog oto emyeipnua ovtd; Iowo givon
T0 0®OTO; 3
2.'Eva vopopa piyvetar S popég ko Epyeton kabe popd "kepoin". Eropévmg, n mba-

votnto vo pEpovpe "kePaln" og o piyn Tov VOUIGHOTOG sivar B =1. No oyoMd-
GETE TO OMOTEAEGLOL AVTO.

3. Tpia cuvnOopéva Lapia, Eva Aompo, Eva Lopo Kot Vo KOKKIVO, TOToHETOVVTOL GE
éva kouti. 'Eva meipapo cvuviototon otny toyeio emAoyn evog Laptod amd To KOVTi,
ot piyn Tov {ePlov CVTOV KOl GTNV TAPATIPNOT TOV YPOUOTOS Kot TNG EVOEIENS
™G AV £3pOG TOL.

(o) Tr onpaiver €6 m AEEN "Toyaia';
(B) To 006 T®V 6TOXEI®V TOL SETYLATIKOV YDPOL TOL TEWPANOTOG Elvar
i)3-6 (i1) 3¢ >iii) 6 (iv) 3 - 6°.
(Noa BéAete o KHKAO TN COGTN ATAVINGT).)
(Ze kaBeid omd TG epOTNOELS 4-6 pio LOVO Ad TIG GUVOOEVTIKEG ATAVTIGELS EVOL

owot. Na BdAete oe kKHKAO T 6OGTN AmdvIno).)

4. Av n mBavotnta TpoyuaTonoinong vog evogyopnévov givar 0,4, moto givar n mba-
VOTNTO TNG L] TPOLYLOTOTOINGNG TOV EVOEYOLEVOD OLTOV;
(o) 0,2 (B) 0,8 (v) 0,6 (8) 1.,4.

1 1
5. Av 1ta evdeyoueva A ko B givar tétowa dote P(A) =—, P(B) = l, P(ANnB)=—,
i : 2 2 4
mowo. eivon . P(A U B);

(a) 1 (B) % ) % ¥) % (&) timota o T TPONYOUUEVQL.

6. [To1o evdeyOLEVO TOPIGTAVEL GTO SITAAVO OLGYPOLLLLOL
Venn 10 6K10GUEVO EUPAOOV; A B
(@WBP)A'(Y)A-B () B-A.

(KaBeid amd tic mapakdtm mpotdoelg 7-9 eivol co-
o™ M AdBoc.

Av givor cmoT, KUKA®GOTE TO X, ov givan AdBog, K- Q
KA®doTE TO A).
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7. AVo copmAnpoUOTIKAE evogyOueva givar EEva peta&d Tovg. Xz, A
8. Ao evdgyopeva EEva peta&d Toug ivar avtibeta. 2 A
9. Av 600 evogyopeva A ko B gtvon E€va peta&d tovg, 1ot

KOl TOL CUUTANPOUATIKA TOVg A’ kot B etvon Eévar peta&v tovg. X A

10. Av ta evdgyopeva A kot B givar EEva peta&d tovg, pumopet vo, 1oyvet
P(A) +P(B) = 1,3;
-No S1KOOAOYNGETE TNV ATAVINGT GOGC.

11. Na ypdyete pe ™ Ponbeto tov Tpaéemv TmV GUVOL®Y TO EVOEYOIEVO TOV TTaPL-
GTAVEL TO OKLOOUEVO EUPaOOV GE KabEva omd To TopoKaTo dloypdupato Venn:

A B A B
HL? i)

A B A B
iii) 2 iv)







Ol MPAIMATIKOI
APIOMOI

2.1 OI ITPAEEIX KAI OI IAIOTHTEX TOYX
(Eravaiqyels — Zopminpooels)

Ewcayowyi

2 :ro IMpvécio pabope 6t ot Tparypotikoi aptOpol amoTeAOVVTOL 0O TOVG PTOVG
KOl TOVG GPPNTOVS 0PlOODS Kot TOPLGTAVOVTOL LE TO onpeia evog dEova, Tov
GEOVO, TOV TTPAYRATIKAOV apLtOp@v.

Y

Oupifovpe ot

v Kdbe pntog apBuoc Exet (M pmopel va mapet) KAAGHOATIKY LOpen, Oniadn T pop-
on g, omov a, B axéparot, pe f # 0.

v Kdabe pntoc apBpoc pmopet va ypapel oG deKadKog 1 TeEPLOdKOg dEKAOKOG KO,

avTIoTPOPMG, KaBE deKOIKOG 1 TEPLOSIKOC dEKOIKOG UTOPEL VO TAPEL KAOGLLOLTL-
K1 popen. o mapdaderypa,

5:2,8, —2=—1,25, @zs,ﬁ, 2,25:§ Kot 2,32 =""—
8 11 100

Mmnopovpe dnAadn va wovue 6Tt ot pntol aptdpol amoteAovVTAL 0O TOVG dEKAIL-
KOG KOl TOVG TTEPLOOKOVS deKITKOVS 0ptOpong.
Yrdpyovv Opmg Kot aptfpol, 6mmg ot \/E , \/5 , T, KTA., TOV 0V UITOPOVV Va, TAPOVV
™ Hopen E, omov a, B aképatot, pe B # 0 (1, pe GAro AoyLa, deV LTOPOLV VO, YPoL-

@OVV 0VTE G OeKadIKOl OVTE ¢ TEPLOdIKOl dekadikot). Ot apBuol avtoi Aéyovrot
appnror apfpot.
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Ilpaées

2T0VG TPAYLOTIKOVG aptBpoVs opiotnkay o1 TPa&elg e Tpdcheons Kot Tov TOALOTAL-

olGHoY Ko, pe T forfeld Tovg, 1 apaipeon kot 1 dlaipeon.

e [l Vv mpdcbeomn Kol TOV TOAUTAAGLOAGUO 1GYVOVY Ol WOIOTNTEG TOV AVUPEPOVTOL
6TOV ENOUEVO TIVOKO, Ol OTTOIEG KO AoTEAOVV TN BAon Tov aAdyePpikod Aoyiopoo.

AvtietofeTuan at+tB=B+a afy = Ba
TIpoceTapioTIKN a+tP+y)=(@+p)+y a(By) = (aB)y
Ovdétepo Trorysio at+t0=a al=a
AvtifeTog/AvticTpogog ApOpot a+(a)=0 o };: 1,a#0
Empeprotikn aBty)=of +ay

2tov mivaka aTtov, ALG Kot 6T GLVEXELD TOV PIBALOV, TO YPALOTO TTOV XPTCLULOTOL-
00VTOL TOPLGTAVOVY OTOI0VTONTOTE TPOYUATIKODS 0p1010DS, EKTOG 0V SNAMVETOL S10.pO-
PETIKA.

O apBpog 0 Aéyetor kot 0vdETEPO GTOLYELD TG TPOGOEGN S, S1OTL TPOCTIOEUEVOC GE
omolovonmote aplfud dev tov petofdiiel. Emiong o apBuog 1 Aéyeton kot ovdétepo
oTOLYEL0 TOV TOAAUTAAGLAGOV, J10TL 0TO10GONTOTE 0PLOUOC TOAATANGIOLOUEVOS UE
aVTOV dev peTafAAAeTOL.

2XOAI0

H avtipletafetikn kon 1 Tpocetonplotikn 10t ta T Tpocheons £XouV oG GLVETELN
K60e aBpotopa pe mEPIoadTEPOVG Ad HVO TPOGHETEOLS, VO 1IGOVTAL [LE OTOL0ONTTOTE
dAlo éBpotopa mov cynuatiletor amd Tovg 1010V APBLOVS e OTOLONTOTE GEPE.
Kot v Toug Tapovpe. ['o Topdadetypa,

342432432 +5-2=-3+3+2-2+5+2-2=5.
Opoimg, éva YvOLEVO e TEPIGGOTEPOVS OO VO TOPEYOVTEG IGOVTOL LLE OTOLOONTTO-
T€ AAAO YWWOHEVO TTOV pmopel vo oynuatiodel amd tovg idtovg aptBpods pe omolodn-
TOTE GEPE KoL 0V TOVG TAPOLUE. 1o TopadetypaL,

3o 2

(H amdoeién tov Topamdve 1oYLpIoU®V Eival opKeTd ToADTAOKY Kol TUPUAEITETOL. )
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* H agaipeon ko 1 dwaipeon opilovrat pe ) fondeta tng tpdcbeonc Kot Tov ToAlamAo-
GLOUGHOV OVTIGTOTYMG G €ENG:

a-B=a+(-p) ko a:B=%=a% B=0)

Anhodn:

INo va Bpodpe ) dapopd o — B, TpocHETovpe 6T0 HEIWTED TOV OVTIOETO TOV APULPETE-
0V, VM Yo vo. Bpovie To TnAiko <, pe B # 0, moALomAaGIALOVIE TO SOUPETED LE TOV
avTIGTPOPO TOL JOPETT).

HMEIQXH

Ene1om] dwaipeon pe dopétn to undév oev opiletal, 0mov 6to €E1G GLVOVTALE TO TNAIKO

o ; . , .

—, evvoeitar 0Tt B # 0 kou dev Oa Toviletan Wiaitepa.

¢ [0 T1¢ Téo0EpIg TPAEELS KO TNV 1GOTNTA, IOYVOLV KOl 01 KOAOVOES 1310TNTES TTOL Eivart
YVooTtéc amd To ['vuvdaoio:

1. (a=PBxuy=0)=>a+ty=p+0o

IMAadn, 6o 16OHTNTEG LTOPOVLLE VAL TIG TPOGHEGOVLE KOTA LEAN.

2. (a=PB xory=10)= ay=po

dNAadn|, Vo 1GOTNTEG UTOPOVLLE VO, TIG TOAAATANGIAGOVLE KOTE LEAN.
3. a=feoaty=p+y
OMAadn, UTOpPOVUE Kot 6TOL dVO UEAN H10G 100TNTAG VO TPOGHEGOVLE 1] VO APULPEGOVUE
ToV 1010 apOpo.
4. Avy #0, to1e:
a=p e ay=py

OMAadn, HTopovUE Kot TO OLO HEAN UG 16OTNTOG VO TO TOALOTANGIAGOVIE 1| VO, TO.
OLOPEGOVLE E TOV 1010 U1 UNOEVIKO aplOuo.

5. a-B=02a=0Mp=0

dMAadn, To YOUEVO 600 TPAYUOTIKOV aptOudv gival ico pe to undév, av Kot Hovo ov
évag ToVAdLoTOV Ao ToVg apldovg etvat 160G pe To Undév.
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Apeon cvvénelo TG 1010TNTOG 0VTNG Elval 1 okOAovon:
o0-PF0S a#0kouf#0

>XOAIO

Otav amd v 160t o + ¢ = B+ v 1 amd TV 16010 0L - ¥ = P - ¥ peToPaivovpe otnv
wotnta o = B, TotE AéuEe OTL draypd@ovpe Tov id10 Tpochetéo 1 TOV 1010 TOPAYyOVTIQ
avToTolY®G. Opmg oty TepinTor mov S1orypapOvLE TOV 1010 TaPAyOVTa TPETEL VO
EAEYYOLLE PUNTI®G O TOPAYOVTOG 0VTOG Eival 160G e UNdEV, OTOTE EVOEYETAL VOL 00T
ynBovue oe ALdboc, 6Tmg cupPaivel 6to akdAovdo TapaderyLLo.

‘Eoto o = 1. Tote £yovpie d10d0ytKkd:

a=1
o-oo=o-1
o>=a

o’—1l=a-1
(a+1)(a—1)=(a—-1)-1
atl=1
a=0

Opog éyovpe kot o = 1, ondte 10 1 Oa ivar ico pe 1o 0. OdnyndnKape oto AovBoopé-
VO 0T cvpmépacua, 10tt otny wwotnto. (o + 1)(a—1) = (o — 1) - 1 dwypdyape tov
napdyovta (o — 1) o omoiog, Aoy® tng vedheomg, NTav 160G e pPndév.

Avvaueig

Eivat yvoot and to [Mvpvacio n évvota g dvvapng aptfpod pe ekBétn aképato. Xv-
YKEKPUEVA, OV O 0 eIVl TPAYLOTIKOG 0plOUAC Kot 0 V QUGIKOS, £XOVLE OpicEL OTL:

o= -0 0-..-0, v v > 1 kot
- =
v Tapayovieg

a' =0, yav=1.

Av gmmAéov givor a # 0, T0TE opicaple OTL:

=1 Ko a’ =
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XXOAIO

Evd glvar gavepd ot1, av a = B, 10te o = B, 6&v 16YOEL TO AVTIGTPOPO, ALPOV V1o
napadetypo givat (—2)? = 22, aAlG —2 # 2.

Xtov emdpevo Tivaka cuvoyilovtor ot 110tnTeS TV duvapewy pe ekBétn aképato, Le
v tpotimdbeon 611 KAbe Popd opilovtal ot SLVALELS Kot 01 TPAEELS TOV CNUELOVOVTOL.

A Kk o e
a -0 = ?—(X
% K
AR CT & :[gj
p B
((X,K X=(XKK

AS1o6nuEinTes TOVTOTYTES

H évvoua g tavtomtag ival yvoom and to [vpvacio. Zvykekpyéva, kabe 160 ta
OV TEPLEXEL PETAPANTES Kot EmaANOevETOL V1oL OAEG TIG TIHEG TOV HETAPANTOV CVTOV
AéyeTon TOVTOTTO.

2tov mivaKo Tov oKoAoVOEl avapEPOVTOL O1 YVMGTES LOG TTLO 0ELOCTLEIMTEG TAVTOTNTEG:

(o +B)?=02+2ap + B2

(00— B) = a? — 2aB + B2

@ =(a+tp) (a-P)

(a+ By =0+302 P+ 3ap*+p?
(0— B)* = o — 302 + 30p? — B°
@+ B =(atp) (0>—af+p)
@ =B =(a—p) (o’+oaf+p)

(a+PB+y)=0+p+y>+20p + 2By + 2y
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MéBooor amoderéns

1) Evlcio Amédsién

"Eoto 611y Tpelg mpaypatikovg aptfpotg o, B kot y ioyvel n oovOnkn a + B+ vy =0 ko
Béhovpe va amodeitovpe ot o + B + y* = 3afy, dnhadn Eotw ot OEAovUE Vo, amodei-
EOVLE TN GUVETAY®YN:

«Ava+B+vy=0,10te &’ + B + 73 =3ofy».
Enedn a+ B+ =0, eivar o =—(P + v), ondte Oa Eyovpie:

ARy =[-E+P P+

=—PB+ty)y+p+y’

=B -3y 3Py -y + B+
=—3f%y - 3py’

=-3By(B+v)

= 3afy, (apod B +vy=-—0a).

[No v amodeén g mopomdve cuveraywyng Eekivnoape pe v veobeon a+ B +y=0
Ko pe dradoyikd Prpota kataAnéope oto ovpnépacua of + B2 + 3 = 3afy. M tétola
dwdkacio Aéyetal evBgia amddln.

YXOAIA

10) Evfeio amddeién ypnoporomoape Kot 6to I'opvacto yo tny anddelén tov yvo-
oTOV pog TantotTev. o Topdderypa, yio Ty amddelEn g towtotnog (o + )
= o +2af + {7, pue o,PER, Exovpe drodoycd:

(a+p)*=(a+tP)(atp) [Opropog dovapnc]
=a(a+p)+p(atpP) [Empeprotikn d10mta]
=a?+ aff + pa + B> [Empeprotikn 1010 ta]
=a?+2ap + p? [Avayoyn opolwy 6pwv]

20) I'o va amodei&ovpe 6Tt Evag 1oyvpIopoc eivor aAnOng, pepkéc popég pe d1adoyL-
KOUG LETOOYNLOTIGLOVS KOTAANYOVLE GE £VOV AOYIKE 1GOOVVALO 1GYXVPIGHO TOV
etvon aAnOng. 'Etol cupmepaivovpe 6Tt Kot 0 apyikog 1oyvptopos eivan oAndng.

Mo mapadetypa, £6Tm OTL Y10 TOVG TPOYLATIKOVS optOpovgs a, B, X, y 8éhovpe va
amodeifovpe TNV TOVTOHTNTO:

(o + B2)(x*+ y?) = (ax + By)* + (ay — Bx)*
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‘Exovpe d1a80y1Kka:

(a2 + B(x* +y?) = (ax + By)* + (ay — Px)?
= aZXZ + a2y2 + BZXZ + BZyZZ aZXZ + Z(X.Bxy + B2y2 + a2y2 _ 2(1BXY + BZXZ
& o2x% + o?y? + B2x% + By’ = o2x? + oly? + B2+ B, 7oL 1oYVEL

30) ' vo amodei&ovpe 6L vag 1oXVPIGUOG OEV ival TavTa aAndfg, apkel va
Bpovpe éva TapddetyLLa Yo To 01010 0 GLYKEKPIUEVOS IGYVPICLOG OEV 1Y VEL
1M, 6nwg Aépe, apkel va podie Eva avTimapaostypo.

"Etot 0 1oyvpiopog
«ylo k@Og o > 0 1oyveL 02> oy

dev etvar aAndng, agov yo o =% &yovue o = %, onAadn e’ < a. .

21) M£00dog e AToymyng og ATomo

‘Eotm 611 0éhovpe va amodei&ovle TOV 16YVPIGHO:

«Av 10 TETPAYWVO VOGS OKEPAIOD aP1OUOD gV GpTIOG, TOTE KOl 0 aplOuOS owTOS Eval
apTiogy, onloon

«Av 0 0? givan aptiog ap1Opdc, TOTE KoL 0 0. sivan ApTIog aPrOPoS»

[N v amddeEn Tov 1GYVPIGHOL AVTOV CKETTOUACTE OC EENG:
Eotw o011 0 a dev eivar aptiog. Tote o a Ba glvar mepirtdc, dnradn Oa £yl T popen o =
2K + 1, 6mov k axépaioc, omdte Ba Exovpe:

o’ =2k + 1)
=4+ 4+ 1
=2(2k* +2x) + 1
=2A+1 (6mov A = 2 + 2K).

Anhodn o =2A + 1, X € Z, mov onpoivel 0Tt 0 o givar Teprtog. Avtd OUmG EpYETOL 6€
avtifeon pe v vobeon 6t 0 o givar aptiog. Emopévag, n mopadoyn Ot a dev givat
aptiog givar AavOaouévn. Apa o o givar apTLoc.

Yy mopandve anddelén vrobécape 6Tt dev 1oyveL avtd Tov Bélape va amodeifovpe
Kot xpnotponoidviag aAndeig tpotdoels eOAcoLE G VOl GUUTEPOUCLLO TOV EPYETOL GE
avtifeon pe avtd mov yvopilovpe 6t woyvel. OdnyndnkKope O6Tmg Aépe Ge dTomo.

H pébodog avtn amddeléng ypnotponomdnke yio mpdtn popd and Toug Apyaiovg EAAN-
VEG KOl AEYETOL ATAY®YT] GE G.TOTO.



50 2. Ol MIPATMATIKOI APIOMOI

E®APMOI'EX

1. Na amodery0ovv ot ££1S 1O1OTNTES TOV AVIAOYIOV:

i) %z%@aézﬁy (epdoov Bd # 0)
. a y o B ,
i) ==l ==X (epboov Pyd # 0)
87557 s pocov fy
e O Y Oo+P y+9O .
iii) —='o =L - (gpboov Bo # 0)
p 8 p 5
. QO Yy o Yy a+y .
iv) —=lo-=1= (z@ooov Ba(P + 8) # 0)
B & B & P+d ¢ bop
i) [la Bo # 0 éyovpe:
o ¥ ol Y
—=—P0-—=P5 - ad=py.
b b p 5 po-< < ad=Py
ii) ['lo Byd # 0 €yovpe:
g=1<:>0L8:By<:>OL—F)—&@gzﬁ.
p W oy oy 3
iii) [lo Bo # 0 €yovpe:
L N N SR DN e L
p & B 5 p 5

iv) [ BS (B + 8) # 0, av Bécovpe % = % =\, €OvpE:
o= AP Koy = Ad, omote o + v = MP + 5).

Emopévag, A= E—H, OnAadn Q_y_o+y

+8 B & PB+o

2. Na amodery0ei 6T1 0 ap1Opog V2 civa appNTOS. XTN GUVEYELD, IE TN| (PO TOV
Kavovo Kot Tov dwafitn, va mapactadovv ou V2 kav —/2 orov agovo TV Tpay-
ROTIKAOV opl0pov.
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ATIOAEIEH

‘Eoto 6t10 2 givor pntog. Tote pmopodpe va ypdyovpe V2= %, OToV K, A glvar @v-

ool apfpol ko % avaymyo kKhaopa (dniadn KAdopo 6to omolo £xouv yivel OAES Ot

duvatég amhomomoetg). Tote Exovpe drodoyud:

(2)' = Gj

K
=
K2 =207

7oL onuaivel 6t o k? givar dptiog, onote (ogh. 25) kal o k givar Aptiog, dnAadn eivor T
HOPPNG K = 24
Tote €xovpe dadoyKd:
K2 =2A%
(2py? =282
42 =202
A =2’
ITov onpaivet 6t 0 A? givor aptiog, dpa Kot o A givat dptioc.

AoV Lowmodv ot K, A givat dptiot, To KAGGHO % ogv gival avaymyo (Gtomo).

C

M'(—2) ) M(2)
X A(=1) 00) Al X

Y

1o onpelo A tov Tpaypatiko aEova Tov Toplotdvel Tov apdpd 1 vydvovue kdbeto
e AB pe pkog 1. Tote n voteivovsa tov opboywviov tpryddvov OAB €yel unkog
ico pe V2. 21 ovvéyela pe kévrpo 1o O ko axtiva OB = 2 YPAQOVvLLE KOKAO O OTOi-
og tépvel Tov dova x'x ota onueic M xor M mov mapiotdvouy toug aptBpodec V2 kau
—/2 avtietoiymg.
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AYXKHXEIX A'OMAAAX

3 =3
1. Atvetau n mapaotacn A =[(x°y) 7 - (xy’)*]: (%) :

i) Na Seifete ot A=x"-y’. X

ii) No Bpeite v Ty g mapdotaons yo x = 2010 ko y = 010"
2. Na Bpeite v Tipy g mopdotaong A =[(xy ')’ :(x’y')'T

yiox =0,4 xony = -2,5.

3. No vtoloyiceTe TIC TOPACTAGELS:
2 2
i) (7,23)" —(4,23) .

i) 1001° —999° ii) 99-101
11,46

4. i) Na deicete 61 (o +B)° — (0. —B)* = 4ap.
ii) No vroAoyicete tnv Tiun g TopaoeTaonc:

( 999 +1oooj2 _[ 999 _1000J2
1000 999 ) (1000 999 )

5. i) Na omodeifete 61t a” — (o —1)(a+1)=1.
ii) No vroAoyicete tnv Tiun ™¢ TopdoToonc:

(1,3265)* —0,3265-2,3265.

6. No dei&ete 0111 S0QOPA TOV TETPUYDOVOV dVO SLOSOYIKOV PLGIKOV 0PIOU®DV (TOV
UIKPOTEPOL OO TOV PEYOADTEPOV) 1GOVTAL LIE TO AOPOIGLA TOVG.

7. Av v puowkdg appdc, vo deifete 0TL 0 opBudg 2 + 2¥ + 2V gival moAlamhdclo
Tov 7.
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AYKHZEIYX B'OMAAAX

1. No amAOTOMGETE TIC TOPACTAGELC:

3 2 2 _ _
i) o’ —20 +a if) (" —a)+2a 2.

2
a —a

o’ -1

2. No 0TAOTOGETE TIG TOPUCTAGELS:

o——| — ii) .
a) (a+l) a+l  o’-1

i)( 1)2 o’ +a? . OLZ+(1+1.OLZ—1

3. No amhomomoeTe Tig TopucTAGELS:

-1 -1

ap 2R X -

ll) —y 0 72—},72 o

X-y X -y
3 3 2
4. No dei&ete o1 X4y | X -y |=1
x* -y X—y
5.'Eoto a, B kot y to pikn tov mievpav evog tprydvov ABI. Na dei&ete 611 T0 Tpi-
Y®VO €ivVOL IGOTAEVPO G KAOELULA OO TIG TOPUKATO TEPMTMOGELG:

) x+y)x+y)?

)Ay —=—=

B
Y

Q=

<
p
ii)Av a-B=B-y=y—-a.

6. Na dciete 011, av £va opboymvio €xet tepipetpo L = 4a ko epPadov E = a?, tote
70 0pHoy®VIO 0VTO Eivol TETPAYWOVO LE TAELPE oM LIE L.

7. Na d¢iete ot
i) Av a pntoc kan B dppnrog, TotE o + B dppnToC.
ii) Av a pntog, pe o # 0, kot B dppntog, tote o - B dppnroc.
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‘Evvoia tis oraraéns
O1 évvolieg «UeYOADTEPOG ATTO», KUIKPOTEPOS OTO», TTOL £IVOL YVOGTEG amd 10 ["Vpvdcio,
opiotnrayv o¢ €ENg:

(0) 4027 (0)>

‘Evag ap1Buog o Aépe o6t eivan peyadvtepog amod Evay aplfud B, kot ypdpovpe
0.> B, 6tav 1 drapopd a — P eivon BeTikog ap1Opos.

Yty mepintoon ovth Aépe emiong 6T o B eivot PIKPOTEPOS TOL o Kot ypdipovpe P < a.

Amo tov Topamdve opioHd TPOKVLTTEL AUECHOS OTL:
* KdOe Oetikdc aptBpog eivor peyoddbtepog omd 1o pundév.
* KdBe apvnricog apBuodg sivor pikpotepog omd 1o Pnoév.

"ET61 0 apy1kdG opiopds YpaeeTat 16030VaLLaL:
a>pea—PB>0

lsoperpucd n avicdTTO 0 > f oNUALIVEL OTL, TAVEO GTOV AEOVO TV TPOYUATIKOV O 0p1d-
uoc o ivo de&lotepa amd tov . b
o

7 > g > - g e A d g -

X' 4 3 2 - 0 1 2 3 4 X

Av y10 Tovg apOpovg a ko B ioyvet o> B a =P, 10te ypdoovpe a > P kot dStofdlovpe:
«0, pEYOADTEPOG 1 160G TOV Pr.

Amo TOV TPOTO e TOV 0TO10 YivovTot ot TPAEelg TG TPOGHEST|G Kol TOV TOAAUTANGLO-
GOV, TPOKVTTEL OTL:

(a>0xkarB>0)=>a+p>0
(a<O0xkuB<0)=>a+p<0

a, popdonuor s a-f>0 g>O

o, B etepéonuot s a- <0 & %0
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a?> 0, yio kG0e a€R
(H wotta woyvet povo otav o = 0)

A7 TV TELEVTOIC EVKOAN TPOKVITTOVV KOl Ol IGOSVVOIEG:
+tp=0=2a=0xknp=0
C+P>02aFz0np£0

Io1otyTes TV avicoTHTOV

Ympwopevol oty woodvvopio a>p < a—B>0, puropovpue vo amodeifovpe Tig Topa-

KATO 1010TNTES TOV OVIGOTITMV:

1. (a>Braupf>y)=>a>y

co>PBeaty>pty
2. * Avy>0,t6te:a>Poa-y>P-y
* Avy<0,t6te:a>Pa-y<PB-y

e (a>Prkuy>d)=2a+y>p+9d
* T BgTikovg apBpovg a, B, v, O 1oyveL
3. 1 GUVETOY®YT:
(a>Bxkouuy>d)=a-y>p 0

H 1316tta 3 1oy0et Kot yio TEPIGGOTEPES AVIGOTNTES. ZVYKEKPIUEVQL:

v (o, > B xare,> B, ko ... koo >B)=>a ta, o to >R AR LB

v Av, emmléov, ta LA TV avicoTHTOV givar OgTikoi apipoi, tote:
(a, > B, karo,> B, kon ... ko, >PB)=>a o -..-o>p B, .. B (F)

211 ovvéyetla Bo amodeifovpe Ko TNV TOPUKATO 1O10TNTO.

4, INa Beticovg apBpote o, B kot Beticd axépato v
1oYVEL 1 100OVVOLLOL:
a>pea>pY
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ATIOAEIEH

* 'Eotow o> B . Tote, and ™ (*), yio
a=0,=.=a=0>0 ku B, =p,=..=B =B>0,
TPOKVTTEL OTL: 0¥ > [V
* [o Vv omddeEn Tov avToTpOPOL Hal PNGIHOTOGOVE TN HEBOSO TG amay®YNG GE
dromo. Eot® Aowtov ot oY > BY kon oo < B. Tote:
v avntov o =B, and tov opiopd g todtrag Oa giyope o = Y (dtomo), evd
vavnroav o <, 0o eiyope o < BY (dtomo).
Apa,a>f.
Me 1 Pondeia ¢ mapomdve 110t tag o amodeiovpe tdpa OTL:
TN BeTikovg ap1Opove a, P kot O£TIKO aKEPALO V 1oYVEL 1] 1IG0dVVOpia:

o=peoa=p

AIIOAEIEH

* 'Eoto a = B. Tote, and tov opiopd e 160TToG TPOKVTTEL, ONME EIMALE KoL TPOT-
youpévag, 6t o = fV.

* [o v amddetn Tov avtiotpoPov Ha xpnoIpoTotGovE T LEBOdO TG amay®yNg o€
dromo. Eotw Aowtov otL o = BY kan o # . Tote:
v avntoav o> B, Aoym g (4), Oa giyape o’ > BY (dromo), evad
v avntov o < B, AMoym g (4), Oa eiyape o < BY (dromo).

Apa, o= P.

YXOAIA

1o Zopgava pe v 1310t ta 3, oV SV0o VIGOTNTEG TNG 1010, POPAS TIC TPOGHEGOV-
LE KaTé PEAT, TPOKVTTEL OVIGOTNTA TNG 10105 popdc. Agv cvpufaivel PG To
010 pe v agaipeon. o Topdaderypa, eivor

10>6kot7>2,0Ma10-7<6-2.

20 Eniong, chpemva pe v id1dtta 3, av dvo avicOTNTEG TG 10106 POpag e Oe-
TIKOVG, OLMG, OPOVG TIC TOALUTANGIACOVIE KOTA HEAT, TPOKOTTEL AVIGOTNTO
g 10105 Popds. Aev cupPaivel Opmg o 1610 pe T dwaipeon. [ mapdderypa,
etvan

24 > 10 ko1 6 > 2, arlld 2—64<%
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Araotiuoro
To 6VUvoLo TV TPOYUATIKGOV oplOpdV X pe o < X <  AEyeTol KAELGTO S1AGTNHO 00 o
péxpt B ko copPorileton pe [a, B.

Av topo amd 10 KAEWGTO Sdotua [a, B] Topoaieiyovpe o o Kot f TpOKVTTEL TO OVTi-
OTOLY0 AVOIKTO ST 076 TO o péypt f mov cupPoiriletar pe (a, B).

Ot apBpol o kot f Aéyovtol GKPO. TOV SLEGTNRATOV 0VTOV Kot ke apOuog peta&d
TV 0 Kot B Aéyetal E60TEPIKS onpueio avTOV.

H dwpopd dnradn peta&d evog KAEIGTOD Kol TOV OVTIGTOL(OV OVOIKTOD OlOOTILOTOG
etva 611 TO TPOTO TEPLEYEL TOL GKPOL TOV, EVM TO SEVTEPO JEV TOL TEPLEYEL.

AMEG LOPQEC dlooTNUATOV EivoL:

v To avowkté de&1a dvaotnpa [a, P) mov amoteAeiton amd TOLG APOHOVS X Y10 TOVG
omoilovg oyvel o < X < f Kot

v To avowktd apretepd dwastnpa (o, B] mov aroteleitol amd Tovg aApOUoVS HE X Yia
TOVG 0moiovg oyvel o < X < .

TéXog, VO popEPY| SCTNHATOG,
v To 6Vvoro TV apBudv X Yo Tovg 0moiovg 1oyvel o < X cupPorileton pe [a, +0), Evad
v To ovvolo TV aplfudv X yio Tovg omoiovg 1oyvet X < o cupPolriletar pe (—o, al.

Me avahoyo tpomo opilovtar Kot o Stastipato (o, +o0) Kot (—oo, o). To supfoia +oo Kot
—00, TOL O1PALOVTOL «KGVV GTEPO» KOl KTV GTELPO» OVTIGTOIYMG, OEV TAPIGTAVOLV
TPOLYLLOTIKOVG aptOpovC.
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2TOV TOPOKAT® TIVOKO cLVOWILOVTOL Ol LOPPEG OLOCTNUATMV TPOYUATIKOV OPIOU®V Kot
01 S1APOPEG AVATAPUGTAGELS TOVG:

AIAXTHMA ANIZOTHTA LYMBOAIZMOX
" : b g a<x<pB [a, B]
X o B X asx<p [a, B)
x « P X a<x<p (o B]
Y o B x a<x<B (@ B)
X’ o X' X220 [, +0)
X o X X>a (a, +0)
x a X x<a (o0, a]
X o X x<a (=00, a)
E®APMOTI'EX

1. Na amodery0ei ot

1_1
i) Av a, B opdonpor aprBpoi, Tote A<PpS> —>—
o

B

ii) T 6A0vg TOVG TPaypRETIKOVG APLONOVS O, P 1oyer o + B2 > 20p

. 1
iii) Ava >0, totTe a + —2=>2.

a
AITOAEIEH

i) Apo? a, B eivar opdonpor apBpoi Exovpe af > 0 . Eropéveog woyvet:
a B 1 1 I 1
U< —<— —<——>—.
afp ap P o o P
ii) ‘Eyovpe:
>+ F2>20B © o’ + B> - 20 >0 < (a - B)? >0, mov oyvet
iii) ‘Exovpe:

oc+lz2<:>a2+122oc<:>oc2+1—20c20<:>(oc—1)2 >0, mov GyvEL.
a
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2. Av L <x< 3 Ko _2 <y< é, vo amodeyyOei ot
2 4 3 6

-11<8x-12y+3<17.

AITIOAEIEH

, . 1 3, .
And v avicotTo 3 <x< 7 £xovpe dadoyLKd:
8(—1)<8x<8-E
2 4
~4<8x<6 (1
. . 2 5, ,
Opolwg and v -3 <y< s £yovpe S0S0YIKA:

12(—3j<12y<12-§
3 6

-8<12y<10
8§>—-12y>-10
-10<—-12y <8 )

[IpocBHétovpe tdpa katd pEAN T1g avicdtnteg (1) Ko (2), Tov £xovv TNV 1010 POpa, Kot
€Yovpe:

-14<8x-12y <14,
omote Oo 1oy et

-144+3<8x—-12y+3<14+3
Apa —11<8x—-12y +3 <17

AYKHZXEIZ A’ OMAAAX

1. No amodei&ete Otu:
i) o>+ 9> 60 i) 2(a? + B?) > (o + B)?
2. Na anodeifete 0t o + 2 - 20 +1 > 0. TTdte 1oyde n 1o TO);

3. Na Bpeite Tovg mpaypatikods aptfpods X kot y oe kabepd omd Tig mopoKiTo te-
PUTTAGELG:
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DAV (x -2 +Hy+1)P?=0 ii)Avx*+y>-2x+4y+5=0
4.Av 4,5 <x<4,6 xa15,3 <y <54, vo Bpeite T0 Opla peta&d TV omoinv mepiEyeTot
N T KaOeag amod TIc TapucTAGELS:

x+y ii)x-y iii) X iv) x>+ y?

5. To T\GTog X Kot 10 UAKOG Y €vOG 0pHoymVIow 1KOVOTolovV T1g avicOTnTeg 2 < X < 3
Kot 3 <y < 5. Av av&foovpe To TAdTog Kotd 0,2 Kot EALOTTOCOVUE TO UNKOG KOTE
0,1, vo Bpeite T1g Suvatég TIHEG:

i) ™G TepéTpou ii) Tov gpPadov tov véov opboywviov.

6. Av 0 < a <, va deilete 011 ¢ - L
+a 1+
7. Na Bpeite to AdB0og 6T0VC TAPAKAT® GLALOYIGHOVGE:
‘Eotm x > 5 . Tote éyovpe drodoyikd
x>5
5x>25
5x —x2>25-x?
x(5-%x)>(5+x)(5-x)
x>5+x
0>5.

AYKHYFIY B' OMAAAX

1. Atvovtan éva KAdopa @ e BeTikovg Opovg ko vag Betucds apBpdc v. No amodsi-
Eete OTL: B

. o Lot o
i) Av — <1, 1018 Y>—

B+y B

.e a 2 o+ o
ii) Av —>1, 10t¢ r.@

B+y B

2.Ava>1>p,va arodei&ete 6L o+ f>1 + af.

3. Av 0, B Betwcol apBuot, va deitete 6T (o0 + B)[l + %j >4.
o

4. No anodeiEete Ot
oal+ap+p*>0 ii)o?-—af+p>>0
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Opi6uds TS ATOIVTHG TYNS
Ocopolpe Evav aplBpd o Tov TapioTdvetal e To onpeio A mive og Evav d&ova.

0(0) A(w)

Y

|oaj=a

Y

A(0) 0(0)

lol=—a

I'vopilovpe amd to Mopvactio 6t n andotacn Tov onueiov A and v apyr O, dniadn
T0 KOG TOL VOVYpappov Tupatog OA, ovordletatl amdivTn T} ToL apdpov o Kot
ovpporiletal e |a.

A7 TOV TPOTO LE TOV 0010 KOTOOKEVAGTNKE 0 AEOVAG TPOKVTTEL OTL:

. |2| =2, ‘% :%, ‘\/5‘ =2 xat yevikd: |a| = a , Yo k60 o > 0.
Anrodn:

H amérotn Tipn Oetikov apiOpov givar o idrog o ap1Opdc.

1313

B

. |-2/=2,
= 5

—\/E‘ =2 kot yevikd: |a] = —a, yuo kG0s a < 0.

Anhodn:
H anélvtny Ty apvntikod apiOpoet gival o avtifetog tov.
. |0| =0

Emopévamg, égovpe tov axdAovbo odyefpikd optopd g amoOAVTNG TING TPOYUATIKOD
apOpov.
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OPIZMOX

H améivtn Ty evog mpaypaticov apBpov o copforileton pe |of ko opileton
amo Tov TOmo:
|oc|={ a, av o.=>0

—a, av a<0

Ao o mponyolueva cuurepaivove OUEGMS OTL:

* lof=[-0/=0
* |a| > o xot o > —a
* Jof = o

Av 0 > 0, tote:
e x|=0eox=0nx=-0
e X|=lo| ©x=anx=-a

[No mopadetypa,
v Xx[=5ex=51x=-5
Vija-Bl=2a-3f| e a-p=20-3Na-P=3B-2a

, 4
©o=2Bfi o=
1o10THTES TOV AMOIVTOY TIHOY

A7 10V TpOTO eKTELEOTG TV TTPAEE®V PETAED TPAYLOTIKAOV apOU®V, TPOKVTTOLV V1o
TIG OOAVTEG TIHEG O aKOAOVOEG 1010 TES:

L. Jou-B| =] -[8
of _|of
1Bl |B]

3. o+ Bl < |a|+[B]

O1 1310TNTEG AVTES, OUMS, LTOPOLV Vo 0modelyBovv Kot pe ) Ponbeta Twv Tponyovpe-
VOV GUUTEPACUATMV.
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AIIOAEIEH

1. Eme1on ko tor 600 péAn g iootntog o - B| =|a| - |B| elvar un apynrikoi apiBpuot, Exovpe
Sradoyud:
o Bl =1al - [B| & la- B = (o - [B)®
© o B =af - B
S (a - B)* = o? - B2 mov 1oyVEL
2. Amodekvietal e Tov id10 TPOTO.
3. Emetdn ko ta 600 péAn g avicdmrog |o + B < o + |B| eivar un apvntikoi apBpoi,
£xovpe d1000y KA
latB| < |af + (B S|t < (Jof + [B])?
© (a+ By <|af + B>+ 2ol - B
o’ + B2+ 20p <o + B+ 2|af)
< off < |af|, Tov wydEL.

Eivar eoavepo 611 1 106t ta of = |af| woyvet av ko pdvo ov aff > 0, dniadn ov Kot Hovo
av ot aptfpoi o kot B elvat opocN oL ) £VOG TOLAGYLGTOV OO VTOVG £ival 160G e UNJEV.

XXOAIO

* Hwomra |a- | = |a| - |B| 1oxdetl kot yio mepIoGOTEPOVG TAPAYOVTES.

ZUYKEKPLULEVAL:

o -0 - | = o |- o) - - o

Xy €181kt pdMota nepintwon mov givot o = o, = ... = 0 = 0, £OVUE:
o] = af”

* H avicomzta o + B| < |af + |B] 1oxdel kot yro meprocdTepovg TpocheTéonc.
ZUYKEKPLULEVAL:
o, +a, +.. o <|o|+]o|+..+]a]

Amndéotaocny ovo aptBuwmv
* Ag mapovpe Todpa dvo aplBpovg, Yo TapadEY o TOVG —2 Kot 3, TOL TOPIGTAVOVTOL
mhve otov dova pe ta onueio A kol B avtiotoiyoc.

Y

A 00 BO)

5 povadeg

To unkog tov Tpunuatog AB Aéyetal amosTacn tov apBudv -2 kot 3. [Tapatnpodpe 6t

(AB)=5=[(-2)-3|=[3 - (-2)I
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Ievikotepa, ag Bewprcovpe dvo aplBpotc a kot f Tov TAPIGTAVOVTOL TAV® GTOV G50V
pe ta onueio A kot B avtiotoiymg.

A@ 00 B()

Y

d(.B) = o]

To pnrog Tov Tupatog AB Aéyeton amdéotaon tov apBudv o kot B, copforiletan pe
d(a,p) kot ivar ion pe o — B|. Etvar dniodn:

d(a, B) = lo~ Bl

[Mpogavag woyvet d(a, B) = d(B, a). Ztnv nepintwon pdicta wov ivar a < B, TOTE 1 amo-
otoon TV o Kot B glvat ion pe B — o Kot Aéyeton pkog Tov dteothpatog [a, Bl.

* Ac Bswproovpe Topa Eva ddotnua [a, B] kot ag ovopdoovpe A kot B ta onpeio wov
TOPIOTAVOLY GTOV GEOVA TOL GKpaL O Kol B 0VTIGTOIY®™G.
A@  M(x,)  BE@)

pa pa

2 2

Y

Av M(x,) tvot to péoov tov tpfipatog AB, tote £xovpe
(MA) = (MB) & d(x,, o) = d(x,, B)
Slx, - af =[x, - B
e x,-0=p-x, (apov o <x, <P)
e2x, =0+ P

o+
@XOZ—B

O apBudc (x?-i-ﬁ OV OVTIoTOLKEL 6T0 Hécov M tov Tunpatog AB Aéyetar kévrpo tov

B—a

dwotpatog [a, B, eved o apBuds p= e Aéyetar axtiva Tov [a, B].

Q¢ UAKOC, KEVTPO Kol 0KTive TV dlaotnuatov (o, B), [o, B) ko (a, B] opilovue o un-
KOG, TO KEVTPO Kol TNV oKTiva Tov dteothpatog [, B].

* 'Eotm topa 611 Béhovpe va Bpovpe TOVG TPayHaTIKOVG optBong X Yo Toug 0moiovg
woydel [x — 3] < 2.

d(x,3)
——
1 X 3 5 X
X X

2 povadeg 2 povadeg
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Ao ToV 0pIGpd TNG AMOGTOOTG EXOVLLE:
x-3]<2&ed((x,3)<2
&3 -2<x<3+2
©x€EB-2,3+2)
Ievika:

['a x € R kau p > 0, 1oyven:
|X—X0|<p®XE(XO—p,XO+p)
S X, —Pp<X<X,Tp

Aniadn, ot apldpoi X oL Kavomolovy T oyEon X —X | < p ivor Ta onueia Tov StooTh-
patog (X, = P, X, + p) TOL £4EL KEVIPO TO X KOL OKTIVOL p.

Xe—p X Xo Xotp

R 4

p po;désg p novadeg

Ty 18w mepintwon mov givor x; = 0, £xovpe:
XI<peXE(-p,p) S -p<x<p.
INo mapdderypo,
X|<2©x€(-2,2) e -2<x<2.

* 'Eotm, t10pa, 01t 0£Aovpe va Ppolie Tovg TpayoTikong aptfovg X Y10 Toug 0moiong
wyvel [x = 3>2.

d(x,3)

X 1 3

p N

2 povadeg 2 povadeg

Ao tov 0piopd TG amOGTOCNG EXOVLLE:
[x - 3|>2ed(x,3)>2
©x<3-2791x>3+2
© X € (-0, 3 - 2)U(3 + 2, +o0).

levikad:
I x €R kot p > 0, 1oydeL:
[x = X,| >p & x € (=00, X, = p)U(X, + p, +o0)
S X<X,-pAX>X,*tp
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AnAaidn ot aptBpol X TV IKEVOTO00V T GXE0T [X — X | > p aviieToryovv ot onueia M(x)
0V Ggova X'x oL amExovy and to onueio K(x ) andctoon peyaiotepn tov p.

d(x,%o)

X X, X, X+p

Y

P HoOvVAdeg p novadeg

Ty ek mepintwon mov etvon x; = 0, N tedevtaio 1wodvvapio Taipvel ™ popen:

X[>pex<-pnx>p
[No Topadetypo:
X|>2 & x<-217x>2.

AYKHZXEIX A’ OMAAAX

1. No ypayete Tig TopoKATo TOPUoTACELS YWOPIG ATOAVTES TILEG.

i) -3 i) [ — 4|
i) [3— 7 +[4 7 iv) V2 -3|-N3-+2].

2. Av 3 <x <4, va ypayete Yopic TNV amOALTN T TNV ToPAoTOCT
|x - 3| + |x - 4|
3. Na ypdyete xopic TV amOALTN TY TV TPACTOOoT |x - 3| - |4 - x|, otav:

i)x<3 i) x > 4.

o-p

—Q

4. Av o # B, va Bpeite v TN ™G TopEoTOoNG

5. Av x # 0 ko y # 0, va Bpeite Tig TIHég mov pmopel vor TapeL 1 Topd.otacn

A= m + M
Xy
6. H d1qpetpoc evig diokov petpridnke ko fpébnke 2,37dm. To AdBoc g pétpnong
gtvar 1o moAh 0,005dm. Av D givor n TparypoTikn SIGUETPOS TOL KOKAOV, TOTE:
i) Na exepdoete v mapomdve Topadoyn e ) Pondeia g Evvolog g omo-
oTOONG
ii) No Bpeite peta&d mowdv opiov Bpioketor n tun D.
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7. No. GOUTANPOGETE TOV TOPAKATO TIVOKE OTTOC OELYVEL 1] TPAOTN YPOUUN TOV.

IMINAKAX
Amorvtn Twn AmocTaocn i Avbomnpo ﬁ,
£voon 106THATOV
x-4/<2 d(x,4) <2 [2,6]
[x+3]<4
[x —4[>2
x+3]>4
dx,5)<1
dx,—1)>2
dx,5)>1
dx,-1)<2
(=2,2)
[=5,1]
(=00, = 2] U [2, +o0)
(=00, = 5) U (1, +0)

AYKHZXEIZ B' OMAAAX

1. Na amodei&ete Ot |oo— B < |a —y| + [y — B].

2. Av o> B, va amodei&ete OTL

=a+[3+|a—[3|

i) o
) 2

3. Tt onpaivel yuo tovg aptBpode x ko y:

i) H wwomra x| + [y| = 0;

oc+B—|oc—B|

i) p=—

ii) H avicémza x| + [y > 0;
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4. Ecto 0 <a<p.

i) No dwotdéete amd Tov pKkpoTEPO 6TO PEYAADTEPO TOVS OPLOOVS
1, d Ko E
o

ii) Na dei&ete 611 610V TPOYUATIKO GEOVAL O 0P1OUAGC % Bpiloketal TAnociéstepa

p

610 1 amd 0,11 0 apBuog —.
o

5.Av [x = 2| <0,1 kot |y — 4| < 0,2 vo EKTIUNOETE TNV TYN TNG TEPIUETPOV TMV TOPOL-

KATO oYNUATOV:
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TeTpaywviki pida un apvytikos aptBuos
>to ['vpvdoto pabope v vvola g teTpory@vikng pilog pun apvntikod aptdpov Kot Tig
WOOTNTEG TNG. ZVYKEKPIUEVE Labope OTL:

104 0%(0)>

H reTpayovua pife evog un apvntikov aptBuod a copforiletol pe vou ko givorn
0 un apvntikde apuds mov, dtov vYmBel 6To TETPAY®VO, divel ToV a.

Mmropotpe emopévmg va Todue Ot

Avo=>0,1n JE TOPLOTAVEL T1] 1] 0pVITIKY Abon TS e€icmong X2 = a.

INo t1g TeTpaymvikég pileg pun apvnTik®v apldpdy YVopIGaUE TIG ToPaKAT® 1010TNTES:

o =
o = e P

v-oati pio un apvytikov aptBuov

Ac vroBécovpe 0TI BELOVLE VO KATOGKEVAGOVE X
po KoPikn degapevn yopntikdmmrog 64 Kopfikmv
pétpwv kot {ntdpe v mAevpd e, Av X pETpa

etvan m mhevpd g deopevig, TOTE 0 OYKOG TG X
Oa eivar x* KOPBiKd péTpa Ko emopévag Ba 1oyvet: X

x'= 64, 4
Avalntodpe Aowmmov évav aplBpud x mov, Otav /\«
vyobel otov KOPo, B pag ddoel 64. O aptOpdg 4 64

oVTOG, QUPOV TOPIGTAVEL HNKOG, TPETEL VO Elval \_/

Oetikdc. Me dokipéc Bpiokovpe 6Tt 0 {nTovpevog 64



70 2. Ol TPATMATIKOI APIOMOI

apfudc ivar o 4, d1ot 4° = 64.
O apBuog 4 Aéyeton Tpitn pike Tov 64 Ko cupPoriletan pe o4, Anadn Y64 =4.H
tpit pilo evog apBpod Aéyeton Kot kopukn pile Tov apdpov avtod.

Ievikebovtog Topa To Tapomdve Yo KaOe 0eTikd axépaio v, divovpe Tov akoAovbo
OpLGUO.

(04 01%(0)>

H v-o611] pile evoc un apvnrikod apdpod o copPoirileton pe Yo ko givar o pn
apvntikog aptBudc) mov, 6tov vywbel oty v, divel Tov o.

Eniong ypagovpe

Yo =a ka Yo =a.

Mmropolpe emopéEVMG Vo, TOOE OTL:
Av 0> 0, Té6TE N Yo TOPIGTAVEL TN U apvnTiKY] Adon g e€icmong X¥ = o.

XXOAIO

Eivar 10* = 10000, omdte 10000 =10. Eivar emiong kat (-10)* = 10000. Opwc,
dev emrpémetar vo. ypheovpe V10000 =—10, agod, GOUEOVA LE TOV TOPATAVED
opopd, n Y10000 givor n pn apvntiky Avon g e&icwong x* = 10000.

Io1o6TnTes TV pridv

Amd tov opopd g v-00TtiG pilag evog pun apvntikod aptBpov o, cupmepaivovpe opé-
oo Ot

* Ava =0, tote:

(V&)V =0 Kot {/oc_vzoc.

* Ava <0 ko v aptiog, tote:

Yo =|al.

M Amtodetcvogton 6Tt vITapyeL Kot givat Hovodikdg.
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INo mapdderypa:
20 =2, evo J(-2)° =|-2/=2.
Ioybovv dpmg Kot ot 0KOAOVOEG 1810TNTEG, Ad TIG OTOIEC Ol dVO TPATES VAL AVALOYES

TOV 1010TNTOV NG TETPUYOVIKNG pilag:

Av a, B >0, tote:
1. Yoy =yfo-B

Yo [a ,
2. —=y|— #0
X/B 5 (epooov B #0)
3. Yo =a
a. Yorr =3fa

AIIOAEIZH

1.'Eyovypie:
o fp = faB <> WP - (fa-By
& (o) (fp) =a-p

Sa-f=a-B, OV 1oYVEL.

2. Amodewcvoeton 6mog koun 1.

3.’Eyxovpe:
WWa =a & Qo = (Yo
o Wy | ~a
< Q) =0, mov 1GYEL
4. Eyovpe:
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XXOAIO

H 1316tmra 1. woyvetl Kot yio TepecOTEPOVS Ao VO [N OPVITIKOVS TOPEYOVTEG.

ZUYKEKPIUEVQ, Y10 k1 opyNTIKODG aptOpods o, o, ..., o 1GYVEL
V'al . V'(X‘z V'a —V a] az
Xy €181k pdMota tepintwon mov givat o, = a, =a_=a=>0, wydet

Var ={a)",
omoTe, AOY® NG 1010tTag 1, i o, B> 0 éyovpe

Jo'B=a-yB.

Avvaueis pe pyto exbétn

n
1 ovvéyeto Bao opicovpEe TAPUCTAGELS TG HOPPNG a¥, mov o > 0, L 0KEPOLOG KO V
BeTucOg aképatog, T1g onoieg o ovopdcovpe ovvapels pe pnté ekbétn. O opiopdc Ha
vivel e TETO10 TPOTO, MGTE VAL SLOTNPOVVTAL O1 YVOGTES LG 1010TNTES TOV SLVAUEWV LE
aKépoto eKOE.

2
Tu O mpémet, yio Topadetypa, vo onpaivel To 35; Av anmmcov HE Vo 10)(1)& N Wit

(a”)? =af kot yio Suvapelg pe pntd exbétn, Tote Oa givar 35 = 35 =3
2
Apa pénet o 3° va givar Mom g e€lowong x° = 32
2

Anhady mpémet va sivon 35 = 3/372 . Tevikéd:

(04 9217 (0)
H

Av o> 0, i aképarog Kot v Oeticdg aképarog, Tote opilovpe: oY =

Vv

all

®
EmmAéov, av 1, v Betikol axépatot, tote opilovpe 0"=0. T mopaderypo:

2 _4
83 =§/872=%/a=4 Kol 27 3 =X27" =43/2L74 =

:4.

3[274

Me ) Bondeto twv WomTeVv TV pridv amodeikvietal 6Tt o1 W0TNTES TV SLVALEDV
pe axépoto eK0£TN 1oyvovVVY Kal Yo SUVALELS e pNTO EKOETN.
To yeyovog awtd dtevkorvvel To Aoyiopd pe o prikd. ‘Etot £xovpie yio mtopadety o

Yoo = -0 ot = =or
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E®APMOTIEX

1. Av a ko B €ivar pn apvitikoi apiOpoi, vo amoderyOsi 1) 1codvvapio:

a<B©\’/€<{/ﬁ.

"Exovpe:
Yo <3fp = @a) <y

S oa<fB, mov woyvel

2. No 1pamovv 01 TOPUGTACELS OF LGOOVVANES, YMPIS PLIKA 6TOVS TAPOVOUACTEG:

i L2 iy 10 i) >
J3 J5-1 NN
"Eyxovpe:

15 1543 1543 153
YETRG By s

N (U 105+ _10(/5+D) _10/5+1) _5(/5+1)
V5-1 (SB-nD5+) (52 -1 5-1 2

6 66T-V5) _ 6(T-\5) _66T-5) .,
V45 T+ T-5) (17 -(By 7-5 0T

iii)

3. Na amoocy0ei 6Tu:

J10-3/5-¢/40 =10.

ATIOAEIEH

"Eyxovpe:
11 1 1 1
J10-3/5-4/40 =102 -5° - 406 = (2-5)7 - 53 -(2° - 5)°
1 1 1 3 1 1 1 1 1 1

=22.52.53.20.56 =22.22.52.53.50

1
=2'.5236=2.5=10.
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AYXKHXEIX A'OMAAAX

1. No vrohoyicete 11 pileg:

i) 4100, 31000, 410000, $/100000.
i) V4, s, 416, 332.
iii) /0,01, 30,001, 40,0001, $/0,00001.

2. Na ypdyete TIg TOpaKAT®O TaPASTAGELS Y0pig prld:
2
i) (n—4) i) /(-20)? i) /(x—1) iv) , /XI
3. Na anodeiete ot

J2 -5 +J3-5) =1.

4. No anodeiEete Ot

Wx-5-Vx+3)-(Vx-5+x+3)=-8.

5. Na amodeitete otu:

i) (\8—+/18)- (/50 +4/72 -/32) =14
ii) (V28 +/7 ++/32)- (/63 -+/32) =31.

6. Na amodeitete otu:

i) V2-42-2 242 =2
i) 2-Y3+5-Y3-5=2.
7. No arodei&ete Ot
i) Jv2-32 =32
ii) J2v232 =32.
8. Na amodeitete otu:
)3 3B=383 i) Y242 =240 iii) /5 -3/5-¢5* =25.45.

9. No amodei&ete Ot

B 25-\/5210 i \/216-\/%:18
J75 J50 '
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10. No HETATPEYETE TIG TOPAKAT® TOPUCTACELS GE IGOOVVAES LLE PNTOVS TALPOVO-
HOGTEC:
4 if) 8 iii) J7+/6
5-43 J7-45 NN

11. No amodei&ete ot

) \/162+\@:16 i [ 432 3
J50 =32 94270 7

a@oV avoAGeTE TOL VTOPPILE GE YIVOLEVO TPATMOV TAPAYOVIMV.

i)

AYXKHZXEIZ B' OMAAAX

1. i) No amodei&ete Ot

33-242
Ri=

ii) Av a, B > 0 va amodei&ete 0T

GIB[ +B)+
BV = (ot +B) +/ap.

2. i) No Bpeite 10 avomTOYLOTO TOV
(3+247)* xar 3-27)%.

ii) No amodeifete ot

J37+1247 =\37-1247 =6.

2
3. i) No amodei&ete 0T1 0 0p1OpdG [ \/z + \/E J etvon pntoc.
3 2

2
1
ii) Av a Oetikdc pntodc, vo amodei&ete 6TL 0 (\/& + —] elvan pntdc.

Jou

4. No omodei&ete Ot

1)*B+*B=4 T LS S
5-V3 5+43 2-37? (2+\3)7

5. X¢ éva opBoymvio tpiywvo ot kbbeteg mhevpég Tov givar AB =+ o ko Al = \/B
i) No vroAoyicete tnv vroteivovoa BI™ tov tprydvov.

ii) Me t PonBeia ng Tpryvikng avicdTTog va omodeiete 0Tl /o + B < Jo + \/E :

iii) o un apvnikovg apdpovg o kat B, vo amodeibete 0Tt yjoL + < Jo + \/B
[167e woyveL 1 16oTNTOL,
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EPQTHXEIY KATANOHXHZX 20v KEPAAAIOY

L. X& koOgpid omo TIS TOPUKATM TEPITTOGELS VO KUKAMGETE TO YPpAupa A, av o
W6YVPIGPG givar a0 yra 6A0vg TOVG TPOYRATIKOVS 0plOpovg a, B, ¥ Kot o.
Al0QopeTIKG Vo KVKLOGETE TO Ypaupa V.

1. (a=Bxony=93) ©a+y=p+0.
2. Av o? = of}, tote a = .
3. (a+P)y=0+p.

4. To éBpoiopa o + B dVo appnTeV oplBp®dV o Kot B etvor
GppnTog aptOpdc.

>
He

5. To ywoépevo a - B dvo dppntov apfudv o Kot B ivor
GppNTog optOpdc.

6. Ava>Bxory<9,toétea—7vy>p -0.
7. Av o? > ofy, tote o> .

8. Av 2>1, ToTE 00> .

9. Ava> B xota> -, tote a> 0.

10. Av oc>l, TotE 0> 1.
a

11. Ava<B<0,1ote o> B2

12. Ava>-2xomp>-3,t6teaf>6.
13. Ava<-2xouPB<-3,t6teaf>6.
14. 402 - 20aB + 25p% > 0.

15. (o -1 +(a+ 1)>>0.

16. (o> - 1) +(a+1)>>0.

17. (a+B) > +Ha-BP?=0a=p=0.
18. Ava-pB>0, tote o+ B|= ol + B
19. AVOLz:B,T(’)TSOL:\/E.

20. \/?zoc.

21. Av a>0, tote (\/&)2 = 0.

b S - e e S S S
K 8 M€ & & € H H€ <& H& +& £ £ =& =& = £
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II.

22. Av a - 3 > 0, T61€ LmOPOHLLE TAVTOTE VAL YPAPOVLE A/aL - B = Jo \/E A Y
23.Av B>0, 618 o> B = 0[P ¥
24.\Ja’ +B° =a +B. A b4
25. Av a. > 0, 10T€ PmopovLLE TAVTOTE VOL YPAPOVLE 9/; =o. A v
26. Mropodpe mévtote vo ypagovpe Yo' = Jo. A b Y
27.5%>25%. A b4
28. 1122 > 221, A bd
No emAéEeTe TN 6OOTH OTAVTNON 0€ KOOEULA 0O TIS TAPUKATO TEPITTMOGELS.
1. Av 2 <x < 5 t61e ) mapdotaon |x — 2| + [x — 5| etvon {om pe:
A)2x -7 B) 7 - 2x r)-3 A) 3.
—-10 -20
2. Av 10 <x <20 tote | TI TG TOPAGTOGNG u 4 u glvar fon pe:
x—-10 x-20
A)?2 B)-2 )10 A) 0.

3. Av a:%,ﬁ:ﬁ Ko y=€/§, TOTE:
A)a<P<y B)oa<y<p Dy<a<p A)P<y<o.

4. O apOuog /9 + 45 givan io0G pe:
A)3+24/5 B)3+24/5 N2+5 A)2+35.

I11. Xtov mapokatm déova to onpeia O, I, A kor B wapistdvovv Tovg aprOpovg 0,

1, a ko p avriotoiymg, pe 0 < a <1 ko f > 1, evo ta onpsio I A, E, Z, H kot
O TuPL6TAVOLY TOVG AP0V Ja, \/_ , 02, B2, @ ko B3, 6y Opeg pe T GEPG
mov avaypdeovrol. Na avrietoyyioete Ta onpeia I, A, E, Z, H ko © pe Tovg
0pLOLOVG TOV TAPLETAVOLV.

A4
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IXTOPIKO XHMEIQMA

O«Smkacmcpég TOV TETPAYDOVOLY», ONAGON M KoTo- B
OKELN €VOG TETPAY®VOL UE EUPadO OIMAAGIO €VOG
aAhov 600évtog TETPOY®VOL, UTOopEl va. Yivel pe i omAn o
CYEOUETPIKT KOTOGKELT. AEYOVTOG «YEMUETPIKNY KOTO-
GKEVT] EVVOOVE KOTUOKELT UE YOpOKa Kol OlofnTn.
Qo1600, N WAELPE P, TOVL TETPAYOVOL LE TO NMALGLO

, , . . B= o2
euPado, dev TpokHITEL OO TNV TAELPA O LE TOAAATAC-
ocpd eni pnto aplud. Avtd onuaivel OTL dev VITAPYEL E
evbvypappo Tupa (¢ povade pETpnons) He TO omoio

UTopOoVLE VO LETPOOVLE OKPIPDS TOL SVO AVTA TUALOTO, TAEVPE KOl SL0YDVIO TETPOL-
YOVOV.

H andde1&n e dmapéng dppntov optBpmv Bewmpeitor o omd 115 6GToVdaOTEPES OVOIKOL-
Myets tov [Tvbayopeiov. (TTvbaydpac: 60¢ w.X. aidvag).

Ot apyaiot EAAnveg elyov pia Pabid wiotn 611 Tavtote dvo evfOYpapo TURIOTO £XOVV
Kowo pétpo. IV’ awtd, ota mAaicio tng Emoyng ekeivng, N avakdivyn avtn tov [Tvbayo-
peiwv dev NToV amAd Kot LOVO ol evOlapEPOLGa. LaOMUOTIKT TPOTAGT, OAAG GNHOLVE
NV ovaTpomn OEPEM®ODY PILOGOPIKMOV OVTIAMWE®MVY Y10, TOV KOGLO KOl T QUOT.

"Hrav xevrpn avtiinyn tov [MubBayopeiov 6t1 | ovoia kdbe dvtog pmopel va avoydel
o€ PLo1KOVS aptBpove. O veomvbayodpeiog DAdA00G YOp® ota 450 7.X., £ypoee:
«Ipayuozixe to kobeti mov yvwpilovue Exel évav apiBuo (oniadn pvoixo). AALiws Oa
ATAV 0.00VOTO VoL TO YVWPIeODUE KO Vo. TO KoToAdfovue e ) Aoyiky. To éva eivar n opyn
TOD TOVTOCH.

H avaxdloyn Lowdv 6tL vadpyovv peyén kot paloto omid, OTmg 1 VIOTEIVOLGO, TE-
TPOYMDVOL, T OTOI0 0EV UTOPOVV VO, EKPPAGTOVV GTO TAAICIO TOV PLGIKAOV aPlOUdV,
Oewpnnke adnbwn copeopd yio v TLhaydpelo PLA0GOPIn. XopoKTNPIGTIKOL Eivor
ot Opvrot wov TepPaArovv T Yeyovoc avtod. Katd évav amd avtode,  ovakdAvyn g
Vmapéne Tov appntov aptumy yive and tov Tubayopeto ITracco, 6tav avtdc Kot dAlot
[MvBayodpetot ta&idevav pe mhoio. H avtidpaon tov [Mubayopeiwv nrav va mviEovv tov
‘Itacco Kot va GupE@VRGouV Peta&l Toug va. pun dtadobel 1 avakdivyn mpog o EEm.

H vrépPaon tov «dvokoidvy mov eépvel oto, Mabnuatikd 1 vropén dppntov apld-
pav, katéotn dvvaty and tov Evdo&o (360 m.X.) pe v wdropun «Bempio Twv Adywvy.
H omddeitn yio to 611 évag ovykekpyévog aptpog eivat appntog givor Eva tpdpinua
OV ATOLTEL TOAAEC POPEG TOAVTAOKOVG GUALOYIGUOVG.
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3.1 EEIZXQXEIY 1o BAOMOY

H &icwon ax + =10

Zro Ivpvéoio pabape tov Tpdmo emilvons tov eElodoemv g Lopeng ox + =0
Y10 GLYKEKPLUEVOLS 0ptOpovs a, B, pe o # 0.
Tevikotepa todpa, Bo dovuE TOG pe TN Ponbeta TV 1010THTOV TOV TPAEE®V, ETIADOL-
pe v mopondve eEicmor, omolodnmote Kot av ival ot apBuoi a, B .
"Exovpe Aourdv

ox+pB=0ax+B-p=-P

& ox =—P

Alokpivovpe TOPA TIG TEPUTTAOGELG:
e Ava#01ote:

p

ox=—-pfSx=——
o

p

Emopévag, av a # 0 n e&lomon éxet akpifag pia Adon, Ty x =——.
o
* Ava=0,10te 1 e€iomwon ax = — B yiveton 0x = —f, | omoia:
i. avelvar B # 0 dev éxer Abom kot yU' avtd Aépe 0Tt elvan a.dVVAT, EVO
ii. avetvon =0 &etm popen 0x = 0 Ko akndevet Yo KGO TporyLaTiko aptOpo
X OMA0OY| Elval TOVTOHTNTO.

H Mon g e&iomong ox + B = 0 kot yevikd ka0e e&icmong Aéyetar ko pila ovtng.
Mo mapdderypa

v Ty e&lowon 4(x — 5) =x — 5 €yovpe:
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4(x-5)=x-5<4x-20=x-5
& 4x-x=20-5

<3x=15
<:>x=1—5=5.
3

Apa, n e€lowon £xel povadikn Ao, Ty x = 5.

I'o v e&iowon 3x — x — 3 =2x. 'Eyovpe

3Xx-x-3=2x3x-x-2x=30x=3

7oV givat advvarn.

INao v e€lowon 4(x — 5) — x = 3x — 20 éyovpe

Ix-20-x=3x-2024x-x-3x=20-200x=0

7oV gival TAVTOTNTO.

XXOAIO

Onwg PAémovpe 6TO TAPATAVD TAPASEYHOTO, KAOE pOpd KoTadyoue o€ e&lom-
on ™G Hopeng ax + =0, g omoiog ot GLVIEAECTEG 0 KO B €ivOil GUYKEKPLUEVOL
aptBpol Ko HTopovpe APESMS VO SOVLLE TOL0L OO TIG TPOTYOVLEVEG TEPUTTMGELG

woyveL. Agv cupfaivel OpmG To 1010, v 01 GUVTEAESTEG o Ko B Tng e&iowong ox + B

= 0 exppalovton pe n Pondelo YpopUATOV. Xe TETOIEG TEPMTMGELS, TO YPOLUOTOL

ovTd Aéyovtol TaPApeTPoL, 1 eEI0WON AEYETOL TUPOPUETPLKY] KOL 1] EPYACIN TOV

KGVOLLLE Y10 TV €VPEGT TOV TANO0VG TV PLL®V TNG AEYETAL OLEPELVI|ON).

INo Topadetypa n e&iocwon
M -Dx-A+1=0,2€R
EXEL TOPALETPO TO A KoL YPAPETOL 1G0OVVALLQL
RM-Dx-A+1=0=R-1)x=r-1
SA+DHA-Dx=r-1
Emopévag

v AvLA#-1xkud# 1, n elomon éxet povadikn Adon, tnv
. A—1 1
A+DH(A-1) A+l

v Av=-1,1n e&iowon yiveror 0x = -2 kou glvar advvon.

v AvA=1,n e&lomon yivetar 0x = 0 Kot givor TowtdHTNTO.
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E®PAPMOTI'H

"Evog modnAiatig mye amd po toin A og pio téin B ko enéotpeye and tov idro
opoépo. X1n petapaon odnyovoe pe péon tayvTnta 25 km/h kor EgkovpaoTnke evor-
apeca 1 Opa. Ztnv emotpo@i] 00nyovee pe péon tayvtntoe 20 km/h kot dgv ékave
Kopio 61601. Av 0 cVVOMKOg Ypdvog Tov TaEdol Tav 10 mpeg, va vroioyiotel T0
pKog TG owwdpopnc AB.

AYEH

Av x km givar | amootacn AB, 101e 0 TOIMAGTNG YPEICTNKE 2% ®PES YO VoL TAEL OO
70 A oto B kot 2X—0 MOPES Y10 VO EMGTPEYEL. APOV EEKOVPACTNKE Kot 1 dpa, 0 GUVOAMKOG

¥POVOG TOL TaEd100 TV XX
25 20

Eme1dn o ypdvog avtdc eivar 10 dpeg, £xovpe v eicmon:

XX 41=10
25 20

Avvovpe v e&lowon kot £YOvpE:
2+ 2 4 1=10 < 4x +5x +100 =1000
25 20
< 9x =900
< x=100

Apa T0 pnKog g dradpopng eivor 100 km.

Eéiowoeig mov avayovral o€ eGicwoers 1ov fabuov

2t ovvéyela Ba dovpe, pe tn Pondela mapaderypdtov, Tdg PTOpodIE VO EMAVGOVLE
e&lomaoelg o1 omoieg dev eivan pev e&lomaelg 1ov Babdpov, oAb, pe KOTAAANAN Slodtko-
ola, avayovtal og e€lomoelg 1ov Babpov.

ITAPAAEIT'MA 10
No M0¢in eicowon

AYXH

H e&icwon avt) opiletan yuo ke x # 1. Me avtd 1OV TEPLOPIoUO EXOVLLE:
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2 2
X 1 X

X_l—1=;<:>(X—I)X_1—(x—l)=(x—l)

1
x—1
ox -x+1=1
ox-x=0
S x(x-1)=0
< x=0, apov x # 1.

Enopévag 1 e&icmon €xetl povadikn Avomn, v x = 0.

ITAPAAEIT'MA 20
Na A0l n e€icmon
2x - 1| =[x +3|.

AYXH

AT TG 1OOTNTEG TOV OMOAVTOV TILDV EYOVLLE:
2x-1]=x+3]|©2x-1=x+3 1 2x-1=-(x+3)
Opawg:

V 2x-1l=x+32x-x=4x=4

V 2x-1l=-x+3)e2x+tx=-3+t13x=-2¢& x:—%

Emopévmg 1 e&lomon €xet dvo Adoelg, Toug aptfpong 4 kot —%,

YXOAIO

Me tov id10 Tpoémo Avovpe ke e&icwon g popens | f (X)| = |g(x)|.
MMAPAAEIT'MA 30
Na holei n e€icmon
[2x - 3| =3x - 2.

AYZH

Emedn to npmdto péhog g e&iocmwong sival pun apvntiko, yuo. va £xel Abon 1 eicmon
VT TPETEL Kot TO SEVTEPO PEAOG TNG Va. £fval U apvnTiKO. Anhadn, Tpénet:

3x-2>0

(1)

Me ot 10V TEPLOPITUO, AOY® TOV I10TNTOV TOV ATOAVT®V TIUMV, EXOVLIE:
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2x-3|=3x-2©2x-3=3x-2
S2x -3x=-2+3

s -x=1
ox=-1

83
N 2x-3=2-3x
M 2x+3x=2+3
n 5x=95
n x=1

Ao T1g Tapoamdveo AVcELG dekTr| eitvar poévo 1 x = 1, S10TL HOVO QLT IKOVOTOLET

Tov tepLopopo (1).

XXOAIO

Me tov id10 Tpoémo Avovpe e&lodaoelg ™G Lopens | £ (X)] = g(x).

AXKHZEIX A'OMAAAX

1. Na Moete T1c eE16M0ELS

i) 4x —3(2x—1)=7x-42

2. Na Aoete Ti¢ €E1I0MGELG

i) 23x-1)-32x-1)=4

o 1—-4x x+1 x-4 5
ii) — = dp=

5 4 20 4
iv) L2(x+1)—2,5+1,5x =8,

6.

ii) 2X_5—x: 5 7X.
3 3 3

3. Na Avoete T1g £loMGELG Yo TIG O1APOPES TIEG TNG TOPAUETPOV AER.

i) L-Dx=n-1
i) AL —D)x=1—1

4. 210 dimhavo opboymvio Tpaméio va Ppebei n Béon
Tov onueiov M oty AA dote Yo To spPadd

A A A
E,=(MAT), E,=(MAB) ku E, =(MBI) va

GYVEL:

i) E, +E, =E,

i) E, =E,.

i) (A —2)x =2
iv) AL —Dx =17+,

A 5 B

5. Ao kepdharo 4000 € éva pépog tov katatédnke oe o tpanelo Tpog 5% kot To
VIOAOTO G Pl GAAN Tpdmela Tpog 3%. "Yotepa amd 1 ypodvo ewompdydnkav cuvo-
Ak 175 € tokot. Ioto Toc6 tokiotnke mpog 5% Kat moto mtpog 3%:;
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6. Na emtAv0ovv o1 TopaKAT® TOTOL WG TPOG TV AVOPEPOUEVT LETOPANTN:

i) v=v,+at, a#0 (wgmpog 1o t) ii) 1 = 1 + L (g mpog to R)).
Rl R2
7. No. Aoete T1g e£lomoelg

Dx*x-4)+2xx-4)+x-4)=0 i)x-2)y-2-x)@+x)=0.

8. Na Avoete T1g e&lomoelg
Dx(x*-1)-x*+x2=0 i) x +1)>+x2-1=0.
9. Na Aoete Ti¢ €E10DGELG

x(x-22=x>-4x+4 i) (X - 4)(x - 1) = (- 1)(x - 2).

10. Na Avoete T1g e§l0moELg

DX -2 -x+2=0 i) X - 2x2 - (2x - 1)(x - 2) = 0.

11. No MWoete T1c e€lomoelg

X 1 x+1 2

) P ii)

12. No Avoete Tig §lomoelg

i) 1 N 12
x—-1 x+1 x*-1

i)y =%
x+2 x°-4

13. Na Bpeite tpeig 61000y 1K0VG 0KEPALOVE TETOLOVG MGTE TO AHPOIGLLA TOVG VO 1IGOVTOL

LLE TO YIVOUEVO TOVG,.

14. No Avoete T1g £10MGELS

i) [2x-3]=5 i) [2x -4 =[x ]|

iii) [x —2|=2x-1

+ =0.
x?—1 x?=2x+1

2 x—4

X+2 X X +2x

ii)

.. X —X X
iv) — =—.
x"—1 x+1

iv) [2x -1|=x-2.
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15. No Moete T1¢ £10M0EIS

) bre es 2 2+t =11

5 3 e 3 2 2
16. No Moete 116 e€lomoelg
g S ii) [x —1||jx 2| =[x ~1].
3+x

AYKHXEIZX B'OMAAAX

1

. Na Avoete v e€lowon

. No amodeifete 011 01 e€1000€1S:

x-o x-f

§ o

£€YOVV VT AVGCT), OTOLOIONTOTE Kot av glval ot Tparypatikoi aptBuot a, B.

i) (x+ (1)2 —-(x- [?))2 =20(a+B) ii)

. [Towot mepropiopol mpénet va 1oydovv yo ta o, BPER , dote va €xel Aon n e&lowon
X X
S
a B

. [1660 kaBapd owvdmvevpo TPETEL Vo TPOGHEGEL £voc papuokonoldg oe 200ml 516~

Aopo owvorvebpatog meptektikodtTTag 15%, yio va mépet Stlvpo otvomved LaTog
meplektikdtTTag 32%:;

."Eva avtoxivnto A xwveiton pe 100km/h. "Eva dedtepo avtokivnto B mov kveiton pe

120km/h tpocmepviel o A. Xe toca Aemtd ta. Svo avtokivinta Oo améyovv 1kmy;

X+ 0 2

. Na Avoete v e€lowon N Yo OAEG T1G THES TOV aER.

x—o x’—o

3_
X 8:xz+4.

. No Moete v eéiomon |2|x| — 1| =3.

. Na Moete ™y elicmon Vx> —2x+1= |3x = 5|.



32HEEIZOEZH X =a

*'Eoto 1 e&lowon x* = 8. Onwg avapépape 6Tov optopd g v-00tig pilog pn apvntikod
apBuov, n e€lomon x* = 8 £yt akpiPmg o Oetikn Aoon, v Y8=2.H e&lomon ot
dev &yl un apvntikég Avoetg, yioti yio ke x < 0 woyvet x> < 0.

Emopévag 1 egiowon x* = 8 éyet akpipadg po Adon, tnv 8.

Ievikotepa:

H g&icowon x¥=a, pe a > 0 kot v wePrrTod puoikd apliud, £xet axpiPdc o Adon,

mv Yo

*'Eoto 1 e€iomon x* = 16 . Onwg kat tponyovpévag 1 e&lomwon avt Exel akpidg pua
Oetucn Aoom, v le=2. H gElomon avt) opog £yl og Mon kot v —V16 =-2,
agod (—¥16)* = (¥16)* =16.

Emopévag n egicmon x* = 16 £xel axpifhg 6vo Moeig, tnv 16 =2 xa mv —Y16 =-2.

Tevikotepa:

H &&icwon x¥ = a, pe a > 0 Ko v apTio puoikd apdpo, Exet akpipdg dvo AGELS,

nc Yo ko —Ya.

*'Eoto 1 e&icwon x* = -8 . "Exyovpe 51000y1KA.:

X’=-8cx'=8c(-x) =8 x=Y8 o x=-Y_=-2.

Enopévag 1 eEicmon ot éxet akpifdg wa Mon, v —3/8 = 2.

Tevikotepa:

H e&lomon x¥ = a, pe o < 0 kon v wEPLTTO YLGIKO ap1BLo, Exel axpPdg (o Avon,

™mv —(/a ;

*'Eoto 1 e&icwon x* = -4 . Exedn ywo kaOe x oyvet x* > 0, ) e€iowon givar adovorn.

levikotepa:

H e&icmwon x¥ = a., pe o < 0 Kor v apTio puoikd aptbpod, sivar advvorn.
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Ao ta Topandve cupmepdopaTo Kot ond o yeyovog ot 1 e&lowon XV = o, pe VEN*,
€xel TpoPavn Ao T X = o, TPOKVTTEL OTL:

* Av 0 v TgpurTéc, T0TE ] €icmon X¥ = @ £y€L povadikn Ao, T X = o.

* Av o v pTiog, Tote 1 e€icmon X' = 0¥ &g 600 ML, TIC X, = 0. KoL X, = — (..

E®PAPMOTI'H

No. M0¢i 1 eéicoon x* + 8x = 0.

AYXH

x'+8x =0 x(x*+8)=0
Sx=01x"=-8

<x=01x==/8=-2.

AYKHZXEIX A'OMAAAX

1. Na MWoete 11 e€lomoelg
)x*-125=0 ii) x*-243=0 iii) x’ - 1 =0.

2. Na Avoete T1g e&lomoelg
)x3+125=0 ii) x> +243=0 iii) X’ + 1 =0.

3. No Moete 11 e£lomaoelg
)x*-64=0 i)x*-81=0 iii) x* - 64=0.

4. No Avoete T1g £10M0ELg

i)x’-8x2=0 i) x*+x=0 iii) x° + 16x = 0.

5. ’Eva opBoydvio maporinieninedo xel Oyko 81m? kot dnotdoelg x, x kot 3x. Na
Bpetite T1g 010.0TAGELG TOL TOPOAANAETITESOV.

6. No Avoete T1g e&lodoelg
)(x+1)y>=64 ii) 1 +125x*=0 iii) x - 1)*-27(x-1)=0.
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H &éicwon ax? + fx+y=0, a # 0
H Aon moAov mpofinudatov e IN'eopetpiag, e voikng kabdg kot AoV emotn-
LV avayeton otV enilvon pog e&lcmong g Lopens:

ax>+Bx+y=0,puca#0 (1

1 omoia Aéyeton e&icmon devtépov fadpov.

1
I tapdderypo, £6tm o Tomog S= vt + Eytz, OOV S TO SIAGTNLO TOV SLOVVEL KIVITO
o€ POVO t, pe apyikn TovTNTA vV, Kol emtdyuven v. Av Bewpficovpe g Gyvwoto tov

ypoOvo t, TOTE TPOoKVTTEL 1 EEICOON:
1,
E'Yt + Vot -S= 0,

1 omoia etvan e&iowon devTépov Padpod.

21 ovvéyeta Oa emAVGovE TNV e&lomaon devTéPov Pabov 6T YEVIKN TNG LOPPT| LE TN
HEBOSO NG «CVUTAPMOCIG TOV TETPUYDVOLY.
‘Eyxovpe:

ax2+[3x+y=0<:>X2+EX+l=0 [apod a#0]
o o
ox+PxoX
o o}

p

oxiix- LT
20, a

2 2
<:>x2+2x-£+B—2:—l+ Bz
200 4a o 4o

2 2
-4
ofx+ | P dwr
20 4a,
Av 0écovpe A = B* - 4ay, tote 1 teElevtoia eiowon yiveral:

(x+£} _A )

200 40

Awaxpivovpe Tdpa TG NG TEPMTMOELG:

* Av A> 0, 101€ &YoLE!

x+£:£ 'x+£ ﬂ

200 20 " 20 200
Mradn
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(o TBrVA L BoA
20 20

Enopévog 1 e€icmon (2), dpa kot 1 teoddvaur g (1), &xet 600 AGEIS GviGeS, TIC:

—B+/A _—B—\/K
X1=—2 Ko X, =————
(04

200

T cvvtopio o1 Aoelg avtég ypdpovton

_ B

1,2
200

* AvA=0, 161 N e&lowon (2) ypdoetat:

(x+£}2 =0<:>(x+£)-(x+£j=0
20, 20, 200

Sx+—=0 1 x+£=o
2a 2a
<:>X=—£ ul x=—£
2o 20

Zmv mepintwon avth Aépe 0t 1 e&iowon €xel Sy pila v —2£.
o
* AvA <0, t6te 1 e&loman (2), Gpa ka1 toodvvoun g (1), dev Exel mpaypaticés pilec,
dnradn etvon advvern oto R.

H oAyefpucn mopdotaon A= B* — 4ary, and v Tiun g onoiag e&aptdrol To TA00g TV
pldv g e&lowong ax? + Bx + vy =0, a # 0, ovopdletor dLokpivovsa avTng.

Ta mapondve coprnepdopota cuvoyiloviatl otov akdlovho mivaioa:

A=B—4ay H cticoon ax’+ Px+y=0, a# 0

R
a 200

A>0 ‘Exer 800 pileg aviceg TG X, ,

p

‘Exet i durhn pida ) x= ——.
200

Eivar advvon oto R.
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Mo mapdderypa
v/ Hekloowon 2x* -3x+ 1 =0éetA=(-3)>-4.2.1=1>0, ondte £ye1 dvo pilec, Tig

3441 3-41 1
X, = 2.5 =1 kot XZZWZE.

v Heliooonx?-4x+4=0¢&eiA=(-4)*-4.1.4=0, ondte el o durhn pida
—(—4
4)_,

X=—-=

2-1
H nopandve eEiocwon Avetor cuvtopa og eEng:
xX*-4x+4=0& (x-2)*=0 & x =2 (duth pila).
v Heklowon 2x* -3x+4=0¢&eA=(-3)>-4-2-4=-23<0, ondte dev &yel mpary-
potikég piles.
Zmv nepintoon mov N eicoon ax® + Px +y =0, a # 0 £yel mpaypatikég pifeg X, X
EYOLIE:

B+VA B-VA_2B_ B

X1+X2 =—— Kol

20 200 200
o BEVA BVA (P (A BB —day) _doy v
b 20 200 40 40 407 o

Av e S ovpfolicovpe to dbpotoua x| + X, Kot pe P 1o yvopevo X, - x,, 10te £ovpue T0ug
TOTOVG:

7OV €ival Yv®oTol og TOTol Tov Vieta.

H e&iowon ox* + Bx + v =0, pue m Porbeia tov tonwv tov Vieta, petaoynpotiletor og
edng:
ax’ +Px+y=0x’ +Ex+l:0
oa o

<X = (X, +X,) X +X, X, =0

&S xP-Sx+P=0
H televtaio popen| g e&iomong ax? + Bx +y = 0 pog divel tn duvatdTTa VoL TV KoTa-
OKELAGOVLE, OTaV YVOPIlovpEe TO AOPOIGHA Kot TO YIVOUEVO TV pLldV TG,

Mo mopaderypa, n eElcwon pe aBpotopa préov 3 kot yvopevo V2 gtvonn x* —3x + J2=0.
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E®APMOTIEX

1. Na Wbsi 1 Eicoon x’—2(v/3 +1)x +4/3 =0.

AYXH

H dwxpivovoa eivor
A=4(RB+17 —4-43 =4[(\3)* =243 +1]=4(/3 - 1)’
Enopévag n e€lowon éxet dvo pilec, Tig

2B+ 4B -1 23425231

b2 2 2

23

2
2. ’Evag Bpayog ppicketon 6Ty Kopuen TG o.padpas evog ToTapov, 1 0mwoio £YEl
padog 300m. IM6cog ypdvog amarteitan péypr T oTryp] mov o Ppdyog Oa ayyier
TO vEPO TOV TOTANOV, AV 0 Bpdyog
i. @éoeL amé TNV KopvPN;
iil. £KOQPEVOOVIOTEL KUTAKOPLPO TPOS TO KATO pe TayvTTe 50 m/sec;
AidgTar 0T g=10m/sec?.

AYXH

i) Etvat yvooto and ) Pucikr| 6Tt 10 S1dotnpo S Tov StovoeL Evo, oo oty eEAeDbepn
TTAOOT 6€ ¥pOVo t sec givat: S = Eth .
Enedn S = 300m wan g=10 m/sec?, Eyovle:
%10t2 =300 < 5t =300 < > =60 < t =+/60 < t = 47,75
H apvnticn pilo dev glvar amodektn, 810t 0 pOVOG 6TO GUYKEKPIUEVO TPOPANLLOL dEV

pmopel va etvon apvntikog. Apa t=7,75 sec.
i) Otav 1o copa &gt apyun taydTa v , 70 S1doTnua Tov draviel o€ xpovo t sec eival

1
S=V0t+5yt2.

Enewdn v, = 50 kot > 0 0a EYOVLLE:
sec

%10'{2 +50t =300 < 5t + 50t —300 =0

St +10t-60=0

-t -10++/100+4-60 -10+18,43

= =4,22 sec.
2 2

Apa, o intovpevog xpodvog sivar mepinov 4,22 sec.
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YXXOAIO

Katd v eniivon evog TpoPANUaTog, OTmG EI0NE Kol TOPATAV®, OEV TPETEL VO
Eexvape vo EAEYYOVLE 0V 01 AMOGELS TOV BpNKapLe eival EDAOYES.

E&iedaoers mov avayovral o€ e§16@6els 200 fabuot

1 ovvéyewn Ba dovpe, pe T Pondela TopadElyUATOV, TAOG UTOPOVUE VO ETAVGOVLE
e€lodoelg o1 omoieg dev givat pev 20v Babov, oArd, He KaTGAANAN dtadikacic, avayo-
vtot o€ e€lomaoelg 20V Padpo?.

ITAPAAEITMA 1o
Na M0¢i n eicowon:
x> -2x] -3=0.

AYXH

Eneidn x* =[x, 1 e€iowon ypapetat:

[x]*-2[x| -3=0.
Av Béoovpe [X| = o, 10TE 1 e€icmon yiveTon

o -20-3=0.

H e&icwon avtr €xet piec Tic o, = 3 kar @, = —1. An6 avtég dektn eivar pdvo n O,
a@o¥ o = |x| > 0. Emopévac |x| = 3, mov onpaivet x = -3 1 x = 3.

ITA PAAEITMA 20

Na A0 n e€icmon:
Ix—1 2 2x* +x—1
x—1 x  x—x

AYXH

INa va opileton 1 e&iowon npénerx — 1 #0 ko1 x> — x # 0, dAadn x # 0 ko x # 1. Me
0VTOVG TOVG TEPLOPIGLOVS TOV X EYOVLE:

2x*+x—1
x(x—1)

3x—-1 2 2x*+x-1 3x—1
—S=——ox(x-)) .
< —

—x(x—l)g:x(x—l)
x—1 x X —X X

SxBx-D)—-(x-1)2=2x"+x-1

& xP—4x+3=0
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H tehevtaio ediowon &xet piCec x, = 1 xou x, = 3. A6 awtég, AOy® TOL TEPLOPIGHOY,
dektn etva povo n x, = 3.

ITAPAAEIT'MA 30
Na M0sei n eicowon:
2x-T7x*-4=0 (1)

AYXH

Av Béoovpe x* =y 1 e&iowon yivetat:

2y? =Ty -4=0 2)

H e€icoon 2y* - 7y - 4 =0 égepilec gy, =4 xon y, = —l. Emeidn y = x* > 0, dext
glvorpovony, =4 . 2

Emopévag, ot pieg g (1) ivar ot piCeg g e€icmong x> = 4, dnhadh ot X, = — 2 KoL

>XOAIO

H pébodog mov axkorlovbnoape 6to mopamdve Tapddetypo epopproleTol Kot yio
v emilvon Kabe e&icwong e Lopeng:

ax*+px>+y=0, pe a#0
O1 e&lodoelg ™G Lopeng ot ovopdloviot TETPaymveg EEIGMOGELS.

AYXKHXEIX A'OMAAAX

1. Na Moete 116 e€1600€1C:
i)2x*-5x+3=0 i) x> -6x+9=0 iii) 3x*> +4x +2=0.

2. Na Avoete TG eElomoels:
i)x>-1,69=0 ii) 0,5x>-x=0 iii) 3x*> +27=0.

3. Na anodei&ete 0TL 01 TOpaKATO EEIGMOGELG EYOVV TPUYUATIKES pileg:
DAX2+2x-(A-2)=0,1#0 i) ax>+ (a +B)x +B =0, a#0.

4. No. Bpeite Tig Tipég tov pER Y10 Tig omoieg 1 e&lowon px? + 2x + p =0, u# 0 &yt
o pilo.
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5. Av a # B, va dei€ete 011 givar advvatn oto R 1 e&icwon (o + B2)x2 + 2(a + B)x +
2 =0. Na e&etdoete TV TepinTmon wov eivar o = f.

6. Na Bpeite v e&icwon 20v Pabpov mov €yet pileg Tovg aptBpode
i) 2 ko 3 i) 1 ko % iiii) 5—26 ko 5+ 24/6.
7. Na Bpeite 6vo aplBpovs, EPOGOV VILAPYOLV, TOV VO £XOVV

i) ABpotopa 2 kot ywvopevo —15.
ii) ABpoiopa 9 ko yrvopevo 10.

8. Na Moete 116 e€lodoers:

i) x> — (5 +3)x+4/15=0 ii) x>+ (2 -1)x -2 =0.

9. Na Moete v e€iomon x? + o2 = B? — 20X, Y10 Tig S1GQopeg TIEG Tov a, B € R.
10. No. Bpeite 11 TAevpéc £vOC opboymviov pe mepipeTpo 68cm Kot dloymvio 26cm.

11. No Moete T1c e€l0moElg
i) x>-7x|+12=0 i) x>+ 2x| -35=0 iii) x>- 8|x| + 12 =0.

12. Na Moete v e&icwon (x — 1) +4jx - 1| - 5=0.

2
13. Na Avoegte v e€icmon (x + lj - S(X + lj +6=0.
X X

14. No Adoete TG e&lomoelg

X x+1 13 w2 2x-3 2-%?
+ =— i) —+ ————=0.
x+1 X 6 X x-2 X" -2x

i)

15. Na Abdoete T1g e&lomoelg

i) x*+6x2-40=0 i) 4xt +11x2=3=0 i) 2x* + 7x> + 3 = 0.
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AYXKHXEIX B'OMAAAX

1. Aivetar m e€lomon o?x? = 20’x +a* = 1 =0, pe a. # 0.
i) No dei&ete 611 1) drokpivovoa tng e&icmwong eivor A = 4a?.

2 2

. . . . . . o +1 o -1
ii) Na dei&ete 611 01 pilec g e&lowong givat ot Ko .
o

(03

2. Atvetou 1) e€icoon x* —(5— \/E)x +6-3v2 =0.
i) Na d¢itete 611 1 drakpivovca g e&icmong eivar A = (1+ V2 ).
ii) Na dei&ete 011 01 pileg g e&lomong etvat ot 3 ko 2 — V2.

3. Na Bpeite T1¢ Tipéc Tov 0ER Y1 T1g omoieg 1 e€lcmon
2x2+ (00— 9)x + a? + 3a + 4 = 0 éyer durhn pila.

4. Av 0 ap1Budg p eivor n pia g e€iowong ox* + Bx +y =0, pe a. - vy # 0, vo. dgi-

Eete OTL 0 aplOpog 1 givon 1 pica g e€iowong yx> + Px + o= 0.
p
5. Na AMoete 116 e&lodoels:

) xttcotl, azo ELE G P neg
o X a x B a
6. Aiveton n e€lowon x> +2Ax -8 =0
i) No dei&ete 6T n e&iowon €xel mpaypatikég pileg yio kibe AER.
ii) Av n wa pile g e€icmong 1oovtal pe o TeETphymvo ¢ GAANG, TOTE Vo
Bpebovv o1 pilec kot ) T TOL A.

7. Na g€etdioete av VITAPYOLY SLAO0YIKOT OKEPALOL TTOV VO, EIVOIL UNKT] TAELPOV
opBoywviov tprydvov.

8. H onuaio Tov simAavod oyfuotog Exet A E N r
dotdoelg 4m kot 3m avrictolyms. Na d
Bpeite TAdtog d Tov GTALPOY, OV YVO- N 0 M A
pilovpe 6TL TO EUPASOV TOL EivaL GO e d
70 eUPaddV TOV VTOAOTOL HEPOVS TNG E 7 1 K
onpaiog.
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9. Mo KataoKevaoTiKY etanpeia oabétel dvo unyaviuata A kot B. To punydvnuo
B yperdleton 12 dpeg mepiocodTEPO amd 6,11 TO punydvnio. A Y10 vo TEAELOGEL £va
GLYKEKPEVO £pYo. O ¥POVOG TOV ATTOLTEITOL VIO VO TEAELDGEL TO £PYO, OV XPNOl-
pomoinfovv kot ta dvo pnyaviuota poll, etvar 8 dpeg. Na Bpeite to ypovo mov Ha
ypefOTaV TO KAOE PnYGvLLoL Y10 VO TEAELOGEL TO £pY0 aLTO oV epyaldTav novo
TOV.

10. Eivor yvootd ot e pia g e&icmong x* — 10x* + o = 0 givon o apBudg 1. Na
Bpeite 10 o ko va Avoete v e&icwon.

EPQTHXEIYX KATANOHXZHZX 30v KEPAAAIOY

L. Y& koOgpid amd TIS TUPUKATO TEPUTTMOELS VO, KOKLOGETE TO Ypappa A, av o
o VPLoRlg eivar ainong Yo 6Aovg Tovg TPaypaTIKOVS aprOpoeds o, f Kot vy.
Al0QopETIKA Vo KOKLOGETE TO Ypapupa V.

1. H e&icowon (a — 1)x = o —1) éyel povadikn Adomn ) X = o. A Y
2. H e&iowon (|x| + 1)(Jx| + 2) = 0 eivor adbvon. A Y
3. H e&icwon (|x] = 1)(|x| = 2) = 0 &yet 60 mpaypotikég pilec. A Y
4. H e&icwon (|x| = 1)(|x| +2) = 0 éyel 600 mpaypatikég piles. A Y
5. H e&iowon [x| = X — 2 &xel povadikn Avon. A Y
6. H e&iocwon [x| = 2 — x &xel povadikn Avon. A Y

7. Av o1 cuvteleoTég a kot ¥ NG e&lowong ax? + fx +y =0
glvar etepoon o, 10t N e&icmon yxel Vo pileg dvioec. A Y

8. Av 600 e&lomaelc 20v Babpov £xovv Tig id01eg pileg, TOTE 01 GUVTE-
AEGTEC TOV IGMV SVLVAUEDY TOV X TOV EEICOCEMY OVTAOV Eival iGOt. A VY

9. H e€iomon ox? + 2x — a = 0 éyet1 d00 pileg TPOyHOTIKES KOl AVIGEC. A VY

10. H e&icwon x* — 4ox + 40’ =0, pue a # 0, &xel 600 pileg TPayUOTIKEG
KoL AVIGEC. A Y

11. H €icowon a?x? — 20x + 2 =0, pe o # 0, dev éyel mpaypatikég pieg. A bg
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12. H e€iowon 2x? + 3ax + o2 = 0 dev &yet mpaypoatiksg pilec. A Y
13. H e&icoon x° —(a +ljx +1=0, pe o # 0,1 £xet 600 Gviceg
o
Ko ovTIGTPOPES TPy LLATIKES Piles. A b4
2
14. O sé1ohosic B 0 ko X2 - 3x + 2 = 0 &ovv
T1¢ id1eg Mosig. X -1 A v
2
15. Ot e&lomoelg w =5k (2x*+3x+1)=5x>-1)
X —
£xouv T1G 101e¢ AVGELC. A v
16. Ynapyovv mpaypatikol aplfpol X Koty mov vo Egouv
dOpoopa S =-10 xor ywopevo P = 16. A Y
17. Yndpyovv mpaypoatikol apifpol X Koty mov vo Egouv afpoisiia
S = 10 ko ywvopevo P = 25. A Y
18. Ynapyovv mpaypatikol aplfpoi X Koty Tov vo Egouv
aBpotopa S =2 kot ywopevo P =2. A v

Na evromicete To L000S 6TOVS TAPAKAT®O GVALOYIGHOVS:

1. H e&lomon (2x — 1)(X +2) = (3 — 2x)(X + 2) YpAQETOL 1GOOVVOLLOL:
2x-DEE+2)=B-2x)(xt2)e2x-1=3-2xo4x=4x=1.
Opwg kot 0 apBpog x = — 2 exainfevet  dobeica e&iocwon.

2. H e&icwon 2x — 1| = x = 2 ypapeTal 160dOVOoLLL:
Rx-1|=x-2©2x-1=x-272x-1=2-xeox=-11x=1.

Opog kopio omd T1c TIéS avTés Tov X dev emainfevet T dobeica e&icwon.
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IXTOPIKO ZHMEIQMA

A7d ta apyaio xpovio 01 LOONUATIKOT ¥PNGILOTOINGAY SIPOPES TEYVIKES Y10 VO AVGOVV
o e&lomon 2o0v Babpod.

O apyaiot EAAnveg ypnoponoincay yewpetpikés pedoddovg, icmg Adym tewv SueKoMdV
7oV glyav e Tovg AppnTovg aptBpoHs, ALE Kot AOY® TPUKTIKOV SLUGKOAMY TOV TPOE-
KUTTTOV 0td TO EAANVIKG ymoio.

O1 Ivdoti ko o1 Apafec ypnotponoincav pio péBodo Opota e T onuepvy dtodikacio
COLUTANPOOTG TETPOUYDVOVY, TEPTYPAPOVTAG OLLMG AEKTIKG TOV TPOTO EVPECTG TOV AV-
oe®Vv. Avtol Bempovcav ®g S1opopeTIKOL TOTTOL KAOE i amd Tig eEIoMOELG

XX+px=q,X>*-px=q, x> -px=-4.

INpepa Op®G YPAPOLUE TIG EEIGMOELG AVTEG LLE TN YEVIKT LOPON|
ox>+Px+y=0

O o¥yypovog cupPoloog apyioe va epgaviletal epi o 1500 p.X, kot ot SuvatoTnTEG
YPNOUOTOIMMONG apVNTIKOV PLidV Kol oKOp Hyadik®v pildv mpotddnkav amd Ttoug
Cardano kon Girard. H yeopetpikr napdotacn tov apvntuikadv piéov ond tov Descartes
KoL ToV pyadikdv apludv and tovg Wessel, Argand ko Gauss éxape Toug aptOpong
QVTOVG TEPLOTOTEPO ATOOEKTOVC MG pilec piag devtepofadiag eicmonc.

Opomg N mowidio Tov eMAVNcE®V Tov avarTHYONKE T apyoio ¥pOVIO HOG EVETVELGE VO
avOTTOEOVIE PEPTKOVS TPOTOVS EENYOYNG TOV TOTOV

_—BEB’ —4ay

200

X

mov dtver Tig pileg ™G yevikng e€lcmong 2ov Pabdpov
ax’>+Px+y=0,a#0.

211 ovvéyela Tapovctalovpe Tpelg pebddovg emilvong piog e&icmong 2ov Paduov.

MéBodog tawv Ivoamv

H enilvon avt, mov emvornke otnv Ivdia, amodideton otov Sridhara (1025 p.X. me-
pimov).

"Exovpe dadoyikd:

ax>+Bx+vy=0

ax?+Px=—7vy

[MoAdamlactalovpe kat To 000 péAn g e&icmong pe 4o kat vVotepo Tpochétovpie to 2
KOl 6T SVO PEAT], Y10 VOL TPOKDYEL EVOL KTELELO» TETPAY®OVO GTO 0PLoTePO HELOG. Anhadn
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4o’x* + 4oPx = 4oy
40x* +doPx +B° =p* —4day
(Qax +B)* =p* —4ay
20x +B =+B’ —4ay, epooov B> —4ay > 0.

—B++B’ —day
2a

XXOAIO

H amlotta e pnebosov tmv Ivémv yapaktnpiletatl amd 10 yeyovog 0Tt To KAJ-
opa ogv gppovifeton Topd PLovVo 6To TEAELTAIO PripaL.

"Etot mpoxvmtel 011 X =

MéBoodog tov Vieta

H g&icoon 20v Babupod ax® + Bx +y =0, o # 0 umopei va Avbei gukolotepa, av dev
eyl Tov TpwtoPdopio 6po PBX, Tpaypo Tov pmopel gvkoAn va emitevydel pe v
p

X=y-—5 (1)

OVTIKOTAGTAO)

2
Tote n e&lowon yiveton: a(y - Zﬂ) + B(y - ZEJ +v =0 n omoia 6tav amhomwomnOel yi-
ol ol
vetat:

ay’ + “Prday 0.
40,
B —4ay

On pileg g e&lowong avtrg elvar y = epooov B* —4day > 0.

20
INo va Bpodpe Tig pileg ™g apyikng eElo®oNG avTIKaOIGTOOUE TNV TOPATAV® TN TOV
y otV (1) ko €yovpe:

oy BB oy
=y =+
200 200 200
R+ / 2 _
Omnodrte X w.
o

XXOAIO

H péBodog avtn tov Vieta etvor gvdtapépovoa, yloti gival o TpodyyeAog g Te-
YVIKNG YioL TNV ETIAVOT TG YEVIKNG TPLTofadpiag Kabmg Kot g SITeETpaymvng
e€iowong. INa Topaderypa, To TpdTo Prine oty enilvon g e&icwong ax® + Px>
+vx + 6 =0, etvorn avikatdotoon x = y — — Tov anoArdccel v &icwon and
10 devtePOoPado dpo. =
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MébOodog Tov Harriot

O padnpoticég Thomas Harriot (1560-1621) epdppoce ™ pébodo g mopoayovromoi-
nong, yw vo Bpet tig Aoelg pog e&icmong 2o0v Pfadpov, 6To HEYEAO £pYo TOV Yo TNV
GlyePpa «Artis Analytical Praxisy. H teyvikn| tov glvon | )G mepimov:

YmroOérovpe 011 X, Kau X, eivar ot pileg g devtepoPabuiag eEicwong
ax>+Bx+y=0, a#0 (1).
ZymuatiCovpue topa pia e&icmon pe piCeg x, ko x,. Avt) etvoun (x - x, )(x —=x,) =0
1M, 160dVVaLa, 1
X=X, +x)x+x x,=0 2)

Me dwipeon tov pehav g (1) pe o # 0, Bpickovpue:

x2+Ex+l=O 3)
o o

Emedn o1 e€icmoeic (2) kot (3) eivon 1d1ec, ot avticTOL0l CUVIEAECTEG TIPEMEL VOL EIVOL
ioot. Emopévac:

X+ X, :_E Kol - XX, =T 4)
o o

H tavtomra (x, - X, )* = (X, + X, )* = 4, X, o€ cuvdvacud pe my (4) divel

VB’ — 4oy
(0

X, —X,=% , [epocov B> —4ay>0]  (5)

Avvovtog to chonua Tov eElomceny (4) kot (5) Eyovpue:

_ P+ B —4ay BB 4oy

Kol X, =

Xl
20 200

YXOAIO

Eivar apxetod va Oempnoovpe povo t etk tetpayovikny piloe g (5).
H apyntikn pila andog evodriooer ) diatoln Tov X, Kol X,.
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Or avicaroeig: ax + >0 kot ox + <0

I'vopicape oto T'vpvéoio ™ dadikacio eniivong pog avicmong g LopeNS
ox + B> 0mnM g popeng ax + B <0, pe a Kot B cuyKekpéEVoLg aptdpong.
Tevikotepa Exovpe:
ox+B>0=ax+B-pB>-P
& ox >

Awoxpivovpe Todpa T1g NG TEPITTMOELG:
* Ava >0, tote:

ox >-pf < X, i

o o

<:>x>_—B

, a
* Ava <0, tote:

ox -
ocx>—[3<:>—<—B
o o

X< —
(04

* Av o =0, tote N avicwon yiveton 0x > — B, 1 omoia
v/ aAnbfevel yio kaOe xER, av givor B> 0, evod

v glvar advvarn, av gtvon B < 0.
INo mopddetypo:
* H avicoon 4x > 8 yphopetat:

4x>8c>x>§c>x>2.
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Emopévmg 1 avicoon avt oAnedet yuo XE(2, +0)

X’ 2 X
* H avicoon —4x > 8§ ypaoeetat:
—4x>8<:>x<—§<:>x<—2.
Emouévog n avicwon avt) adnbedet yio XE(—0,-2).
X’ -2 X

* H avicwon 0x > — 2 aAnbedel yuo kdbe XER , evod 1 avicwon 0x > 2 givor addvar.

E®PAPMOTI'H

i) Na Av000v o1 avic®osic:

H-GHO<I2ox ka2 rel2a4y

ii) Na ppe0ovv o1 Kowvég ADGELS TOV 010 OVICOGEMV.

AYXH

i) o v tpdt avicmon €yovpe:
2x+4)-(x+6)<12-x = 2x+8-x-6<12-x
S 2x—x+x<12+6-8
< 2x <10
2x 10
o< —
2 2
& x<S.
Apo 1 avicwon aAndevet yuo kb mpoypoTikod optBpd x < 5.

[No ) devtepn avicwon Eyovpe:

2x+%+§22(l+x)<:>12x+x+10212(1+x)

<S12x+x+10>12+12x

< x2>2.

Apa n avicwon aAnbevet yio Kabe TpaypoTikd aptopud x > 2.
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ii) Ene1on n mpdtn avicwon ainbevet yio x < 5 ko 1 dg0TEPN Y1 X > 2, Ol AVICHGELG
ouvoAnBebovv Yo kbbe mpoaypatikd apud x pe 2 < x < 5, dnAad ol aVIcMOGELS
ouvoinbedovv dtav XE[2,5).

I"o Tov TPoGdoPIcHO TV KOWV®V AGEMY TV dV0 OVICHCENDY oG SIEVKOADVEL VL TToL-
POCTHGOVLLE TIG MWGELS TOVG 6TOV 1610 dEova (Zynpa), an’ dmov TPokOTTEL OTL2 <X < 5.

7

X 2 5 X
Aviedoels pue amoivtes TIuEG
Me 1 BonBeta TV 10T TOV NG AmOAVTNG TIUNG Kol TNG £VVOLHG TNG amocTaons 600
aplOp®V, UTOPOVLE VO ETADOVLE OVICHGELS TTOV TEPLEYOVV UTOAVTES TILEC. 2T GUVE-
yew Bo dovpE pePIKA TOPAdEY AT ETIAVOG TETOL®Y OVICMGEMV.

ITAPAAEITMA 10
Na M0si n avicoon: |x - 2| <3.

AYXH

H enilvon g avicwong [x — 2| < 3, pe m Pondeta g 1ot Tog
|x—x0|<p<:>x0—p<x<x0+p
yivetal og €ENgG:
[x-2|<3<2-3<x<2+3
& -1<x <5,
Mmnopovpe GG vo, ADGoVLE TNV Topamdve avicwon kot pe Tt fondeia g 1ot tog
lx|<pe-—p<x<p
o¢ £ENG:
[x-2[<3e-3<x-2<3
& 3+2<x-2+2<3+2
& -1<x <5,
Apa m avicoon aindevet yia x €(-1,5).
ITAPAAEIT'MA 20
Na Av0sei n avicwon: |2x—1| > 5.

AYXH

Ao Vv 10161 TOL |X| >peXx<—p N x>p €OvpE:
2x-1|>5<2x-1<=5 | 2x-1>5
S 2x<—4 n 2x>6
ox<-2 n x>3
Apa 1 avicwon aindevet yio XE(—0,-2)U(3,+x).



104 4. ANIZQXEIX

AYXKHXEIX A'OMAAAX

1. No AWoete TIc avichoels:

x—1 2x+3 x LX—12 x 3 e X—2 1-2x x 2
+ <= ii) +—+=>X ii) +

i .
)2 4 6 2 2 4 2 5 10 5

2. No Bpeite TI¢ TIHEG TOV X Y10, TIG 0TTOiEG GLVOANOEHOVY Ol AVIGMCELS:

3x—-1<x+5 ko 2—§£x+l.
2 2

3. Na e€etdoete ov cuvaAnHedovy ot avVIGHOGELS:
1 x 1 _x
X——>—+1 kot x ——<——1.
2 2

4. No. Bpeite o XEZ Y10, ToL 0T0i0. GLVAANOELOVY O1 AVICAOCELS:

2x—X—_l>x Ko x—4+X—+1<O.
8 2

5. No A0oeTE TIG aVIGMGELS:

i) x| <3 i) [x - 1] <4 iiii) [2x +1| < 5.

6. No ADoeTe T1g aVIGMGELS:

i) [x| >3 ii)[x - 1|>4 iiii) [2x +1] > 5.

7. No Avoete Tig e£lomoelg:

i) [2x - 6|=2x - 6 i) 3x -1 =1 - 3x.

8. Na Aoete Tic ovIomoELs:

i |x—l|—4+§<|x—l| i) |x|+1_M>l—|x|.
2 3 3 2 3 3

9. Na Moete tv avicoon Vx> —6x+9 < 5.

10. Na Bpeite v avicoon g popeng [x = X | < p, mov £xel wg AGeLg Tovg ap1dpong
Tov StuotpaTog (—7,3).
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11. H oyéon mov cvvdéet toug Pabpovg Keioiov (°C) pe toug Babuovg Dapevart (°F)
glvaun F= %C +32. Xt dudpketo pog voytag 1 Oeppoxpacio oe pio TOAN KOUAV-
Onke amd 41°F péypr S0°F. Na Bpeite to didotnpa petafoing g Oeppoxpaciog

ot °C.

AYKHXEIZX B'OMAAAX

1. Na Bpetite T1g TIéG X Yo TIG 0TOlES IoYVEL:

)3<4x-1<6 if)-4<2-3x<-2.

2. Na Bpeite T1g TYEG X Y10l TIG OTTO1eg oY VEL:

i)2<[x|<4 ii) 2 <|x - 5| <4.

3.’Eoto A ko B ta onpeio mov mapiotdvovv o€ évav dova Toug aplfpong — 3 Kot 5
kot M 1o péco tov tunuatog AB.
i) [Totog ap1Oudc avtioToryel oto onueio M;
ii) Na dwatvndoete yeopetpikd to (ntoduevo g avicmong [x — 5| < [x + 3] kot vo
Bpeite t1g Moeig .
iii) No emPepfardoete alyefpikd to cOUTEPAGHOTA GOG.

4.’Eoto A xou B ta onpeio mov mopiotdvouv og évav a&ova Toug aptBpote 1 kot 7 Kot
M 10 péco tov tunpatog AB.

i) [Tolog ap1Budc avTioToryel ot onpeio M;
ii) No diatvndoete yeopetpikd 1o (ntovpevo g e&icwong [x — 1]+ [x = 7] = 6 ko
va Bpeite TIg AOCELG TNC.
iii) Na emiPePordoete adyefpikd To GUUTEPAGLATA GOG, CLPOV TPONYOVUEVMS GV-
VTaEeTe TIVOKO TPOGT OV TOV TOPACTAGEDV X — 1 Ko X — 7.
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Mopoés tprwviuov

H napdotoon ax? + Bx + v, a # 0 Aéyetar Tpudvopo 200 aOpov 1, w10 amhd, TPLOVONO.

H dwkpivovoa A g avtictoyng eiowong ax? + Bx + v = 0 Aéyeton kot dtokpivovea

Tov Tprvopov. Ot pileg g e&icwong ox? + fx + v = 0, dnradn ot x, =

X,

e
20

ovopdlovtot Ko pileg ToU TPLOVOHOV.

To tpidvopo ox® + Bx + v, o # 0 petacynuotiCeTor og eENc:

ax2+Bx+y=a(x2+Ex+l)
oa o
:o{x2+2-x-£+(£j —[ﬁj +l}
200 \2a 2o o
20, 4o’
Enopévog: )
ocx2+Bx+y=o{(x+£j —%}

20, 4a,

Awoxpivovpe Todpa TG NG TEPIMTMGELG:

e A>0.Tote woyvel A= (\/X)z, omoTE EYOVLLE:

ax’ +Px+y=a

Enopévag:

:t

-

X+£j_(
20

B A

X+—=—
20

—B+A

20

5.

]

p

Il

ox>+px+y=a(x - X )(X - X,),

omov X, X, ot pileg Tov TPIWVLLOL.

_+£J

20 20

_B_\/X

200

o

_BJ’_\/K K
20

(1.

)
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Apa, 6tav A > 0, TOTE TO TPUOVLUO HETOTPETETAL GE YIVOUEVO TOV 0O £l dVO TP®TO-
BaOovg mapdyovec.

* A=0.Tote and v 1oétta (1) épovpe:
p

2
ax2+Bx+y=a(x+—j.
20

Apa, 6tav A = 0, T0TE TO TPUOVOUO UETATPETETOL GE YIVOLEVO TOV 0. €Tl £val TEAELD
TETPAYMVO.
* A<0.Tote woyvet |A| = - A, ondte Eovpe:

ox’ +Bx+y=o{(x+£j2 + A :l

200) 4’
Emedn yuo kéOe XER ,  mapdotaon péca oty aykvAn givor OTiKy, T0 TPUOVVLO OeV
OVOADETOL GE YIVOLEVO TPOTORAOLIOV TOPAYOVTOV.

ZovoyilovTag To Tapanaved GOUTEPAGUTO Y1 TIC LOPPEG TOV TPIOVOLOL ax® + BX + v,
o # 0 pe daxpivovoa A £xovpe:

e AvA>0, tote:
ox® + Bx + 7= o(x - X (X - X,),
omov x,, X, o1 piCeg Tov TPLWVHHOVL.

e AvA=0, tote:

B 2
(xx2+Bx+y=oc(x+—) .
20

e AvVA<O, tote:

ocx2+[3x+y:a|:(x+£j +ﬂ}

20 40’

[No mopddetypo:
v To tprdvopo 2x* +3x - 2 et A=9 + 16 = 25 > 0 xou pileg x, :% Ko x, = - 2.
Emopévag:

2x? +3x—2:2()(—%](X+2):(2x—1)(x+2).

p

=0 kot o =-3. Enopévag:

v To tpidvopo l><2+3x+2 et A=9—4-
2 2 a

N | —
NS INe]
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v/ To tpudvopo 2x> — 6x + 5 éxet A= — 4 < 0. Emopévac:

2
2x*—6x+5=2 x—gj +l .
2 4

IIpocnuo Ty TIHOY TOD TPLOVOHUOD

['o vo LEAETNGOVUE TO TPOCTLO TMV TIUMY TOV TPIOVOUOL ax’ + Bx + v, o £ 0, Oa yp1-
GLOTOUWCOVE TIG LOPPESG TOV AVAAOYOL LE TN S10KPIVOLGOL.
* Av A> 0, 10TE, OTOG EIDOLE TPONYOVUEV®GS, IGYVEL:

oxX*+Px+y=0(x-x)x-x%x) (1)

YroOétovpe 611X, < X, ko TomobeTovpe Tig pileg og Evav agova.

[Mapanpovpe otL:
v Av x < x, <X, (Zyquo), ote X — X, < 0 xou X’ X

x = x, <0, omodte (x - X )(X - X,) > 0. Emopévac, X X X
AOy® ™G (1), TO TPLOVLLO Elvol OLOCTLLO TOV a.

v AV x; < x <X, (Eua), ote X — x; > 0 ko X X

x = x, <0, omote (x - X,)(X - X,) < 0. Emopévac, X X X
MOy ™G (1), TO TPIOVLLO ETVOL ETEPOGTLO TOV 0L

v AV X, <X, <x (Zyfua), tote X - X, > 0 Ko X X

X =X, >0, omote (x - X )(X - x,) > 0. Emopévac, X, X, X
AOy® ¢ (1), To TPLOdVLUO Elval opdeM O TOV .

* Av A= 0, tote Woyvel:
B 2
ax’ +Bx+y=a(x +—) .
2a

Enopévemg, to tprdvopo gtvor opdono tov o yio Kabe mpaypotikd x # —zﬁ, EVO
B o

pndevileton yioo x = ———.
2o
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* Av A<, 1018 1oYVEL:

ax’ +Bx+y=a (x+£j2+ 4
200) 40|

Oupwg n mopdotaon péca otny oykOAN eivar BeTikn yio Kabe Tparypatikd apOpuod x.
Emopévemg to tpudvopo givor opdonpo tov o og 6Ao 10 R.

To topoandve cuvoyilovtor 6Tov mivoko:

To Tpidvvpo ox* + Bx + v, o # 0 yiverou:

* Etgpéonpo Tov a, povo otav eivar A > 0 kot yio Ti TIEG TOL X, TToV BpickovTon
petald Tov priav.

e Mnodév, 6tov 1 Tin ToL X etvon Kamoto arnd 115 piles TOL TPLOVOLOV.

* Opéonpo tov o ce KaOe AAAN TepinTon).

AVicdoEIs TS popeic ox’ + fx +y> 01 ax’ + fx +p <0

Ta TponyodEVO GUUTEPAGUATO ¥PNCLOTOLOVVTOL GTHV EMIAVGN OVIGOGEWY TNG LOP-
ong ox® + Bx +vy>0M ox® + Bx + v <0, a# 0, TG omoieg OVOUALOVUE AVICAGELS DEVTE-
pov BaBpov. O T1pdémoc enthvong aVTOV QOIVETOL GTO TOPOKAT® TOPASELYLLOTAL.

ITAPAAEITMA 10

Na Aw000v o1 avicaoelg
i)2x2-3x-2>0 i) 2x2 -3x-2<0

AYXH

Zntape TIg TWES TOL X, Y10 TIG OTOiEg TO TPLOVLNO 2x% — 3x — 2 givor Betikd oty mepi-
ntmon (1) Kot apyntikd oty tepintmon (ii).

To tpudvupo &xet pileg Tovg aptpong - Ko 2 ko, enedn o = 2 > 0, o Tpdenud Tov
QOIVETOL OTOV TOPOKATE TIVOKA.

I Co
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A6 TOV TIVOKO 0VTOV TTPOKVITEL OTL:

i) H avicwon 2x2 — 3x — 2 > 0 éyet Moeig ta XER yio ta omoia 1oydel X < L nx>2,
, 1 , , o 2
Mrodn 1o X € —oo,—z U (2,+00). Ot MWGEIS 0vTéG ETOTTIKA QAIVOVTOL GTO TapOL-

KaTo oynua.

| |

X’ -1/2 2 X

ii) H aviocwon 2x* - 3x = 2 < 0 éyet Mogig ta XER yio To omoia 1oyvet —% <X <2,

oniadn ta x € (—%,2). O1 Moelg aVTéG EMOTTIKG POIVOVTOL GTO TOPAKAT® YL

l |

X’ -1/2 2 X

ITAPAAEITMA 20

Na Av0si n avicoon 2x* - 3x - 2 <0.

AYXH

ZNTapE TIC TES TOV X, OV £ivat AGELS TG aviowong 2x2 — 3x —2 < 0 1 pileg g e&icw-
ong 2x% - 3x — 2 = 0. Enouévac obupwva pe to 1o mapdaderypo ot Aoeig g avicmong

2x%* - 3x = 2 <0 eivan ta XER, pe —% <x <2, 0MAadn To X € [—%, 2}. O1 Moelg avTég

EMOTTIKA POIVOVTAL GTO TOPOUKAT® GYNLLOL.

x’ -1/2 2 X
ITAPAAEIT'MA 30
Na A000v o1 avicaoelg
x2-2x+1>0 i) x2-2x+1<0.

AYXH

H dwxpivovoa tov tprovipov x* — 2x + 1 givar A = 0, ondte £xet dumdn pilo ™m x = 1.
Apo 10 TPLOVLUO glvar opodoTo Tov o = 1, dnAaodn Oetikd, yio kabe XER pe X # 1.
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Emopévag o1 Maceig g avicwong (i) eivar OAot ot Tparypatikoi aptBpol X, pe X # 1, evad
N avicwon (ii) eivor advvon.
O1Moelg ™G (1) EMOTTIKG POIVOVTOL GTO TOPAKAT® GYTLLO.

l

X’ 1 X

IMAPAAEIT'MA 40
Na M0si n avicoon x> +x +1> 0.

AYXH

H Swokpivovoa tov tprovipov x>+ x + 1 eivor A= -3 <0, ondte T0 TPUOVLUO Eival Opod-
onpo tov o = 1, dnAradn Betkd, yio kébe xER. Enopévog o1 Moelg g avicwong eivat
OAot o1 TporypLoTiKol aptOpol.

E®APMOTIEX

1. Na Bpe@ovv ot Tipég Tov XER yia T1g 0m0ieg cuvaANOgvOLVY 01 aVIcOGEIC:

X2 -4x-5<0kx>’-x-6>0.
AYXH

Avvovupe k40g avicwon yoploTd Kot LETA PPICKOVE TIG KOWVEG AVGELC.
"Eyovpe:

VX —4x-5<0 (x-5)(x+1)<0e -1<x<5
VX —x-6>0(x+2)(x-3)>0x<-2 1 x>3

x’ -2 -1 3 5 X

Apa o1 avichoelg cuvainfevovy yuo XE(3,5).

2. Aivetor ) e€icoon x> - (o + Dx + o +4 =0, aER.
i) Na Bpe0ei n droxpivovea g e€icmong ko va pehetn0ei To mpoonué te.
ii) I Toweg Tipég Tov o 1 e€icmon £yl dvo pileg dvioeg;
iii) [N woeg Tipég Tov a N e€icmon £xel durh pila;

iv) o Toreg Tipég Tov a 1 eicmon givar advvarn 6to R;
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AYXH

i) 'Exovpe:
A=[-(a+D)]P-4-1-(a+4)=0>-20-15.
[Mopatmpovpe 6t1 N drakpivovsa eivor Evo TPLOVLLO TOL O e JKPIvOLGo.
A'=(-2)Y-4-1-(-15)=64>0.
Enopévmg 1 draxpivovoa A €yet pilec:
_248 2-8

o, = =5 Kot a2=T=—3.

KoL TO TPOGNUO TNG POIVETOL GTOV TOPUKAT® TIVOKC.

o —00 -3 5 +o0

Amd Tov mivake anTd TPOKVHTTEL OTL:

ii) H e&lowon €xet dvo pileg aviceg av A > 0, dniadn av o <-3 1 o> 5.
iii) H e&lowon &xet pia dutdn pile ov A= 0, dnradn av o =-3 10 =>5.
iv) H e&icmon givor advvarn av A< 0, dnrodn =3 <a < 5.

AYKHZXEIZ A’ OMAAAX

1. No petatpéyete og yvOUEVA TOPAYOVIMOV TO TPLOVULLOL

i) x? - 3x +2 i) 2x2 - 3x - 2.

2. No. amAOoToMGETE TIG TOPUCTAGELG:

x> —=3x+2 o 2x2+8x—42 s AXT—12x+9
— i) ————— i) ————.
2x°—3x-2 X" —49 2x°—5x+3

i)
3. ' Tig drpopeg Tég Tov XER, va Ppeite To TPOGNHO TOV TPIOVOUMV:

i)x>-2x -15 i) 4% — 4x + 1 iiii) x2 — 4x + 13.

4. o Tig drdpopeg Tég Tov XER, va Ppeite To TPOGN O TOV TPLOVOUMV:

i) —x>+4x -3 ii) -9x% + 6x -1 iii) —x2 + 2x - 2.
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5. No Aoete Tig avVIoHOELS:
i) 5x2 <20x ii) x2 + 3x <4,

6. No A0oete TIG 0VICDGELS:
Dx>-x-2>0 ii) 2x2 - 3x - 5<0.

7. No MCETE TIC OVICMGELS:
i) x> +4>4x ii) x> + 9 <6x.

8. Na Aoete Tic ovIemoEels:
) x*+3x+5<0 i) 2x2 - 3x +20 > 0.

9. No. Moete v avicwon —%(x2 —4x+3)>0.
10. Na Bpeite t1c TuéG Tov XER Y10 T1¢ omoieg 1oydet: 2x — 1 <x? -4 <12,

11. Na Bpeite t1g Tiuég tov XER yia 116 00ieg GuVaANHELOVY 01 VIGHOELG
x* - 6x+5<0kmx’>-5x+6>0.

AYXKHZXEIX B' OMAAAX

1. i) No petatpéyete og yvopeva Tapoyovimv TiG ToPUCTAGELS:

o’ +af—2p° kar o’ —of —6p°.

2 2
ii) No amAonoumoete v TopacToon (124'01—[32[32.
o —ap-6p
2. Na TopayovIomoGeTe To TPIOVOLO 2X” + (2B — o)X — af.

x> —ax +px —of
x> —30x + 20’

3. No amlomooeTe TV TopAoTOoN

4. Aiverar m e€icmon Ax* + 3Ax + L + 5= 0, A€ER. Na Bpeite T1g TIHEG TOL A Y10 TIg
omoiec n e&iowon:

i) éyel pilec ioeg ii) éye1 pileg vioeg iii) etvon advvar.

5. Na Bpeite tig Tyuéc Tov AER yia Tig omoieg n ovicwon x? + 3Ax + A > 0 aknOevet
v kB xER.
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6. Aiveton o tpidvopo (A + 2)x2 — 2hx + 3\, L # 2.
i) Na Bpeite ™ dwakpivovsa A Tov TpL@vOHoL Kot vo AVGeTE TV avicmoon A < 0.
ii) Na Bpeite tig tipuég tov A yio Tig omoieg n avicwon (A + 2)x% — 2Ax + 34 <0, L #
-2 aAnOever yo kébe xER.

7. Zto duthavd oynpa to ABIA givon te- ° o
pdyovo mievpds AB = 3 kot 10 M
glvarl évo onueio g dwymviov AT
Noa Bpeite 115 0¢0€1g Tov onueiov M
mhve ot daydvio Al Yo Tig omoieg
10 dOpolopa TV eUPaddV TV GKlo-
OUEVOV TETPOYOV®V givol HiKpOTEPO
omd 5.

M

e,

A x E B

8. i) Na amodeifete 11 o — off + B2 > 0 yio OAa T o, BER pe a, B # 0.

B

ii) No xafopicete 1o mpdonpo g mopdotaong A = 2. E Y TG S1apopeg
TéEG Tov o, B # 0. P a
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Ilpoonuo yrvouévov
‘Eotm 611 Béhovpe va pedetioovpe éva yivopevo P(x) = A(X) - B(x) - ... - O(X) wg mpog
10 TPOSNUO TOL, 6oV o1 mapdyovies A(x), B(X) , ... , O(X) eivor g popeng ax +
(mpwtofaduior) 1§ g popeng ax? + Px + vy (tprdvoua).
Bpiokovpe 10 mpoéonpo kabe mopdyovio ywplotd Kol 6T GLVEYEWN TO TPOCNUO TOV
P(x), 6nmg paivetal 610 Topdadetypo mTov akoAovOel.
ITAPAAEITMA
Na Bpebei v Tig drapopes Tipég Tov XER T0 TPpHSNNO TOV YIvOopuéVoy

P(x)=(x -1)(x* +x —6)(2x* +x +1).

AYXH

Apyd Bpickovpe To TPOSN O TOV KAOE TOpdyovTa YmploTd oG eENG:
v Emedm
x—-1>20e=x21,
10 X — 1 etvon BeTikd yio x > 1, undév yio x = 1 xon opvmtid yio x < 1.
v Emeidn

X +Xx-620 (x+3)(x-2)20x<-3 19 x>2,
10 X* + X — 6 givar Betikd Yo x < =3 Koty x > 2, undév yuo x = =3 ko yuo X = 2 Kot
apyNTIKO Yo -3 <x < 2.

v Emeidn 1o 2x% + x +1 &gl drakpivovco A =1 - 8 = =7 < 0, T0 TpLOVLHO GVTO Eivon
OeTkd Yo kabe XER.

O mpocdIopIoUOG, TOPO, TOL TPOCHUOV TOV YivouEvov P(X) yiveton pe tn Ponbeto Tov

TOPOKAT® VoK, EQAPUOlOVTOS TOV KOVOVO TV TPOSTU®V.

X -0 =3 1 2 +00
x-1 = = + +
x*+x-6 + = = +
2x%x+1 + + + +
P(x) - ? 4 ? - ? <

‘Qote 1o ywopevo P(X) gival Oetikd yio -3 <x < 1 kot yuo X > 2, evd glvot apvnTiko yio
x <=3 ko1 yw 1 <x <2. Téhog etvor umdév yio x = =3, yio x = 1 ot yuo x = 2.
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Avieareerg s popeis A(x) - B(x) - ... - D(x) > 0 (<0)

Apeon eQUpLOYN TOV TOPUTAVEO EXOVUE GTNV ETIAVGT AVICOGEDV TNG LOPPNS

A(X)-B(X) - ... - d(x) > 0 (< 0), 6nwg etvor yio Topdderypa 1 avicmon
x-DE*+x-6)2x*+x+1)<0

IIpokeyévov va Acovpe v avicmon avth, apkel va Bpodpe Tig Tipés tov XER Yo

T1g omoieg 10 ywopevo P(x) = (x — 1)(x* + x — 6)(2x*> + x + 1) eivat apvnTiKo.

ATO TV TPAOTN KoL TNV TEAEVTAIO VPO TOVL Tivake Tpocipov Tov P(X) dwumioetod-
voupe 6t avicwon aindevet 6tav xE(—w, —3)U(1,2) .

A(x)
B(x)

Onwg yvopilovpe To TAiko Kot T YIVOUEVO dVO aplOU®V Etvol OHOGT L.
Emopévoc:

AvieadoEls THS Hopons >0 (<0)

AR ) o AX)BH)>0 Kk AX)
B(x) B(x)

<0< A(x)-B(x) <0,

aeo¥ kapio amd Tig Maoelg ™ A(X) - B(x) > 0 kot g A(X) - B(x) < 0 dev undevilet
70 B(x).

INo mapaderypo, £6tm 6TL B OVLE VO, ADGOVLE TNV AVicmON

_ 2
(x 1)2(2x +x+1) 0.
X +x—-6

H avicwon avtn givat icodvvoun pe v
x-D(x*+x-6)2x" +x+1)>0,

dniaodn pe v P(x) > 0, n omoia, amd tov wivaka tpoonpov tov P(x) ainbedel otav
xE(-3,1)U(2, +x).

YXOAIO

Mia avicmon Tng popenc A(x)
B(x)

aplOOBS X Y10 TOLG OTTOI0VG IGYVOVY GLYYPOVDS

>0 aAn0evet Yo EKEIVOVG TOVG TPOLYUOTIKOVG

A(x) - B(x) > 0 xou B(x) # 0.

2
-4
‘Eocto ywo mopadetypa n avicwon Xz—m >0. 'Exovpe:
X +3x—-4
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x> —4x+3

3 >0 (x> —4x+3)(x*+3x—4)>0 xou x* +3x -4 =0.
X +3x-4

O1 piCec Tov Tprovopov x? — 4x + 3 givor ot 1 kot 3, evd Tov Tprovopoy x> + 3x — 4
gtvor ot 1 ko —4.
YVVTAGGOVUE TOV TTIVAKO TPOGT|LLOV TOV YIVOUEVOL:

P(x)= (x2 —4x + 3)()(2 +3x—4)

X —0 -4 1 3 +00
x2—4x+3 + + (# = +
x*+3x-4 + = 6 + +
P(x) s - - 4

Apa n avicwon aindevet 6tav XE(—w, — 4)U[3, +00).

AYXKHXEIX A'OMAAAX

1. No Bpeite 10 TpOGNLO TOL YIVOUEVOL

P(x)=(2-3x)(x* —x -2)(x* = x +1).

2. Na Bpeite T0 TPOGN O TOV YIVOUEVOD

P(x) = (x> +4)(x* =3x + 2)(x* + x +1).
3. No Adoete v avicwon (x - 1)(x* +2)(x> - 9) > 0.
4. No Adogte v avicwon (3 - x)(2x? + 6x)(x* + 3) < 0.
5. No Aoete v avicwon (2 — x - x?)(x> +2x + 1) <0.

6. No Mboete v avicwon (x - 3)(2x*+x - 3)(x - 1 - 2x%) > 0.
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7. No AMGETE TIG AVICHCELS:

X—2 2x +1

i) >0 ii) <0.
x+1 x—-3
2
8. No Mcete v avicmon x2—>(2 <0.
X +x-2
AXKHXEIX B' OMAAAX
1. No AoeTe TIG aVIGOGELS:
p2Xt3 oy i) X=2 <4
x—1 3x+5
x> =3x-10
2. Na Avoete v avicmon: —— +2<0.
X —
. No AoeTe TIC 0VICMGELS:
X < 2 iy X >3
3x-5 x-1 2x—-1 x+2
. Na Avoete v avicwon Ehdl > 2.
X

. Mia gtoupeio Topdyet nhekTpikovg Aoumtipes. o éva cuykekpiévo Tomo Aa-
UTTAP®V TO TUNHO EPEVLVOS OYOPAS TNG ETAPELNG EKTIUA OTL OV 1) T TAOANONG
TOV AOUTTNP®V EIVOL X EVPO 0vA Aapmtipa, TOTE T0 ERdonadiaio kdotog K kot ta
avtiotoyo £60da E (o8 ilddeg evpm) divovtar omd Tovg tomovg K =7 — x kot E
= 5x — x% Na Bpeite T1¢ THéEC TOANONE TOV AAUTTAPOV Y10, TIG OTOIEG 1) ETOIPEIQ
€xel KEPOOC.

. 'Eva pappoko givol amoteAecUaTiKd av 1) GUYKEVIPWOGOT] TOV GTO KUKAOPOPIKO G-
oo vrepPaivel pio opiopévn Tiun, Tov KoAeitor ELdyioto Bepamevticd eninedo.

Y7robétovpe 0Tl 1 GLYKEVIPMOOT G EVOG QOPLAKOV, t MPEG VOTEPA GO TN ANYM

t
mer / It.
IR

AV Y10, TO GUYKEKPIUEVO QAPLOKO TO EAAYIOTO BepamevTiKd eninedo givar 4 mgr /

TOV, OIVETOL OO TOV TOTTO G =

It, va. Bpeite moTE M GLYKEVTP®OT| TOV O EeMepAcEL TO minedo ©.
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EPQTHXEIY KATANOHXZHZX 40v KEPAAAIOY

I. X& kaOepid o TIC TAPAKATO TEPUTTMOGCELS VO, EMAEEETE TN COOTI| ATAVTNGY).
1. Av n avicwon —x> + 2x + v > 0 givar adbvatn toTE:
A)y>-1 B)y=-1 Ny<-1 A)y=-1.

2. Av 1 avicwon x? — 2x +v > 0 oAnfevet yio kéOe XER, 118!
A)y<l B)y=1 r)y>1 A)y<l1.

3. Av 1 avicwon —2x2 + 3Ax — A2 < 0 aAndgdel yio kabe XxER, 10TE:
A)A>0 B)A<0 =1 A)A=0.

4. H e€iowon |x — 1| + |x — 5| = 4 aAnBevet av kot pévo av:

A)x<l1 B)x>5 INi1<x<5 A) 1 <x<5.
5.H e&loowon [x - 1| =x - I:

A) Eival addvon B) ‘Eyet povadikn Avon m x = 1

I') 'Eyet amepec Moeig  A) Etvon towtdtro.

II. Y& koOepid 06 TIS TAPUKATO TEPUTTMOELS VO KUKADGETE TO YPALNO A, AV 0
6 VPLeplg givar ain01g kKor 10 ypappa W, av o 16vplopdg givar WYevong.

1. H avicwon x> + Ax + A*> 0, pe A # 0, aknBevet yio Oho ta XER. A VY
2. H avicoon A*x? + 4hx + 5 <0, pe L # 0, ainBevet yia 6ro to XER. A ¥
3. Oravicmoes x*(x — 1) > 0 xar x — 1 > 0 €govv T1g 1d1€g AVGELS. A VY
4. Oravicmoeg x*(x — 1) <0 ko x — 1 < 0 gygovv T1g 161€g AvoELS. A VY
5. Ot avichoelg _1 >1 kot 2x — 1 >x + 1 érovv 116 1d1eg AVoELS. A Y
X +
6. O1 avic®oELg P >0 kot x — 1 >0 €youv T1g 1d1eg AVoELS. A VY
7. O1 oviIcMGoELg 2 >0 kot (x = 1) (x = 2)*> 0 égovv Tig idleg Moeic. A P
X—2

8. Ov avichoelg

: >0 ko (x —2)(x =1) >0 égovv 11 id1eg Mo, A W
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X _T <0 ko (x — 2)(x —1) <0 €yovv 115 id1eg Moeie. A W

9. Ot avichoelg

10. Ot avicdhoelg x+l <X +? ko (x + 1> <(x-D)(x+1)
X —
€YovV TIG 101ec AVGCEILG. A VY

III. No avriotoryicete KaOéva amé Ta TPLOVLRA THS A’ OpPadOG PHE TNV 1600VVAUN
pop@1] Tov amé T B’ opdda.

A" OMAAA B OMAAA
~2X* + 6x - 4 (x -1)(x - 2)
x2—-3x+2 -(x-1)(x-2)
-x?+3x -2 2(x - D(x-2)
2x2 — 6x + 4 2(x = 1)(x = 2)

IV. Na gvromicete 10 A100G 6TOVG TAPAKAT®O GUALOYIGHOVG:

1. H avicwon (2x — 6)(x — 1) > 0 ypaeetor 1codvvapoL:
2x-6)x-1)>02x-6>0kuux-1>0©x>3kux>1ex>3.
Opwg o apBpog 0, av kot givar pikpdtepog tov 3, emaindevet ) dobeica avicw-
on.

2. H avicwon x < 4 YPAPETAL LIGOSVVOLLOL:
X

x<i<:>x2<4<:>x2—4<0<:>—2<x<2.
X

Ouwg o apBuog —1, av kot givor petald tov —2 kot Tov 2, dev_emoindevel
dofeica avicmon.

3. H avicoon (x + 2)* (x = 1) > 0 ypdoetot 1c0d0vapo:

x+2)(x-D20=x-120=x>1.

Ouwmg o apBuds -2, av ko etvon pkpotepog tov 1, emainfevet t dobeica avi-
omOT).



[TPOOAOI

5.1 AKOAOYOIEX

H évvora g axolovbiag

¢ vmoBécovpe 6Tt katabétovpe oty Tpdmela éva kepdiaio 10000 evpd pe ava-
TOKIGHO ava £T0G Kot [e emtOkto 2%. Avtd onpaivet 6Tt e €va xpoOvo ot TOKot
oV O amodMoEL TO KEPAANO TPOGTIOEVTOL GE OVTO KOl TO TOGO TTOV TPOKVTTEL
Eavatoxileton yio Tov endpevo xpovo pe 1o id1o emtdkio. H dadwacio avt propet
vo. cuveylotet 6oa xpovia BEAovpe. Etopévmg, To kepdrato twv 10000 gupd Oa yivel:
e 1 xpovo:
10000 + 0,02 -10000 = 10000(1+0,02) = 10200 gvp.
e 2 ypovia:
10000-1,02 + 0,02 - (10000 -1,02) = 10000 - 1,02 - (1+0,02) =10000 - (1,02)* = 10404
EVPW.
Yvveyilovtog pe tov id10 Tpdémo Ppickovpe 6Tt T0 T0c6 Twv 10000 evpd Oa yivet:
Xe 3 ypovia 10000 - (1,02)% evpm, o 4 ypodvia 10000 - (1,02)* evpd KTA. KoL GE V YpO-
via Oa yiver 10000 - (1,02 )" gvpod.
"Etot éyovpe tov mivaxa:

Xpovia: v 1 2 3 v

Kepdroro
GE V YpoOvie

10000-1,02 | 10000 - (1,02)* [ 10000 (1,02)* | --- | 10000+ (1,02)" | --

[Mopoatpovpe 6Tt Kabe BeTikdc aképarog v avtiotoryileton 6ToV TPaypatikd aplopd
10000 - (1,02)".

H mopandve avtictoiyion ovopdletor akolovbio Tpaypotikdv aptOpdv.

Ievikd akorovOio TPOyROTIKOV aplOp@V £ivol Lo avTIeTOl o TOV PLOIKOV
apOuov 1,2, 3, ..., v, ... 6TOVG TPAYLOTIKOVG aptBpovs. O aplBpdg 6tov omoio avti-
otoyel 0 1 kokeiton TpaTog 6pog TG axorovdiag kot tov cupPoirilovpe cuvnbmg

0]
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ue @, 0 appdg otov omoio avtictoryel 0 2 kakeitan devTEPOG HpOg TG akorovdiag Kot
Tov cvpBoriCovpe cuviBwg pe a, kAm. [evikd o apduodg ctov onoio avtictoyel évag
QLOIKOG aPOOG Vv KOAEITOL V-06TOG 1] YEVIKOG OpOg NG akolovbiog Kot Tov cLUBOAL-
Covpe cuvnbog pe a. .

Aniadn, 1— o, 2—a,,3—a,, ..., v— 0, ... Tnv akolovbia avty ™ cvpBoriCovpe (a ).

ITAPAAEIT'MATA
i) H ovtiotoiyion 1—17, 2—27, ... v—V?, ... givoun axolovbio (o) pe mpdTo dpo o, =17,
de0TEPO OPO 0,=2% K.AT. KOIL YEVIKO OpO o = V7.

ii) H axolovbia (o) pe yevikd 6po o, = (=1)" éxe1 0povg: o= -1, a,=1, 0= -1, ...

iii) H axolovbia (o) pe v-0016 6po a, :l gxeLopovg: o, =1, a, = %, o, =
v

1
3
Axolovbicg mov opilovrar avadpouird
v axorovdia 12,22, 3%, ..., v, ... 0 YeVIKOG TG OpOG 0, = V* oG EMTPENEL VaL Bpovpe Tov
ontotovonmote 6po . Eivau m.y. o, = 20> =400, o, = 100> = 10000 KTA.
Yrdpyovv Opag kot akoAovdieg Tov yio 1o Yevikd Toug 0po givarl duokoro va Ppedel Evog
LB LLOTIKOG TOTOG.
Ag Oeowproovpe m.y. v akorovdia (o, ), TG omoiag 0 TpmdTOG 6pOg eivar To 1, 0 devTEPOG
opog gtvar emiong to 1 kot kdBs GAhog Opog, amd Tov Tpito Kkat petd, slvon i6og pe o
aBpotoa TV SO TPONYOVUEVOV OPOV:

o=La=1Loao,=a, o
‘Eyxovpe:

o, =1+1=2, o, =2+1=3, a;=3+2=5, 0,=5+3=8,«kh
[Mopoatnpovpe 6Tt pTopovpE pe d1adoyIKa Pripata vo Bpovpe Tov 0mtolovonmote 6po NG
akoAovBiag. Avtd onpaiver 6tin axorovbio (o) elvan Teleimg opiopévn.

Aépe 6T1 n axolovbia (o) opiletar avadpopkd ko n woTnta o, = o, + o Afyeton

avadpopKog TOTog g akolovbioc. [evikdtepa, yio va opiletor puo axolovbio avo-

dpopkd, amarteiton vo, yvopilovpe:

i) Tov avadpopikd g THmo Kot

ii) Ocovg apyikovg 6povs pog ypetalovial, MOTE 0 AVadPOUKOS TOTOG Vo apyicEL Vo
divel 6povg.

>XOAIO

Yrdpyovv axorovbieg yia Tig omoieg péypt tdpa o yvwpilovpe obte Evav TOTO Yo
TO YEVIKO TOVG OpO 0VTE EVav aVadPOUIKO TUTTO0. Mo T€Tota akolovdia givor mw.y. 1
axoAovdio TV TPpOT®V oplOumV:

2,3,5,7, 11,13, ...
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IMAPAAEIT'MA 1o

No. ypawyete T00g TE66EPIS TPMTOVS 6povS Kot Tovg 200V 6POVG TOV AKOAOVOL®V:
=D’

2v-1

i)a, =2v* -3 i) B, =

AYXH

i) Exovpe o, =2-1° =3=-1, a,=2-2"-3=5,
o,=2-3"-3=15, a,=2-4"-3=29
Kot 0L,y =2-20° =3=797.

&)

1
ii) Eyovpe B, =———=-1, = =—,
) Exovp Bl 2 1-1 Bz 201 3
=y 1 =Dt 1
P 2.3-1 5 Ps 2:4-1 7
20
T |
0 2.20-1 39
MAPAAEITMA 20

Aiverar | akorovOia pe o, =2 kav o, = o} + 1. Na peBovv o1 tpdTOL TéGOEPIG HpoL
¢ akolovOiag.

AYXZH

‘Eyovue a, =2
a,=a’ +1=2"+1=5
o, =0 +1=5"+1=26
o, =0 +1=26"+1=677.

IMAPAAEIT'MA 30
Aivetar 1 akorovOio o, = 3v+5. Na opretei n oxorovdio avti Ko avadpopka.

AYXH

‘Exovpe a,,, —a, =[3(v+1D)+5]-(3v+5)
=3v+3+5-3v-5
=3
Apaa . =3+ a mov givar 0 ovadpoukdg Tumog g akorovbiag.

Emewon a, =3 -1+ 5 =8, n akohovbia opiletor avadpopikd og e&ng:

a=8xouo, =3+ao.
v+1 v
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AYXKHXEIX A'OMAAAX

1. Na Bpeite toug mévte mpOTOVG OPOVG TV AKOAOVDV:

2
-1
i) o, =2v+1 i) o, =2" iii) o, =V +v iv) o, =~
v+1
1) 1Y VI
v)a,=|—— vi) o, =1—-| —— vii) o, =[5—-v viii) oo, =nu—
)V(loj )V(zj ) o, =[5-V] ) o, =mu
ix) a, == x) o, =(-D)""! 1 xi) o, = (=)',
Y v
2. No Bpeite T0UG TEVTE TPDOTOVG OPOVG TOV AKOAOLOIDV:
i) o =2, oy _ L i) o, =0, a0, =a’ +1 iii) o, =3, o, =2(ct, - 1).
Oy
3. No opicete avadpopkd Tic akorovdieg:
i)a,=v+5 i) a, =2" iii) o, =2" -1 iv) o, =5v+3.

4. No Bpeite 10 ve 6po TV axorovidv:

i)o,=1 0, =at2 ii) a =3 a, =50,
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— Zmv akolovbia 1, 3, 5, 7, ... tov meprttdv apludv, ke 6pog mpokHTTEL OO TOV
TPOTYOLLLEVS TOV e TPHGheST TOV p1BpoD 2. Andadn yio v akolovbio oty 1oyveL:

0‘v+]:av+2 n a’v+l_a :2

H axoAovbio (0,) Aéyetor aprOuntikn ap6odog pue dro@opd. 2.

— XtV axolovbia 15, 10, 5, 0, =5, -10, ... k4B 6pog TPoKHITEL O TOV TPONYOVUEVO
oV pe mpdcbeon tov aptBpod —5. Andadn yio v axorovbio avt woydEL:

av+1: 0'\/—5 ﬁ O“VH_ av: _5
Onwg kot Tponyovpévag, n akorovdio (o) Aéyetol aplOunTikn Tp60dog pe dSrapopd
-5.
I'evikdtepa opilovpe Ot

Mo axoAovBio Aéyeton apr@puntikn Tp6odoc, av kabe 6pog TG TPOKVTTEL ATO
TOV TPOTNYOVUEVO TOV LE TPOGHEGT TOL 1510V TAVTOTE OPlOLUOV.

Tov apBuod avtd tov copPorilovpie pe @ kot Tov AEpe dLaPopa TG TPO6OovL.
Emopévog, n axorovbio (o) ivar apiBpntuch mpdodog pe Stopopd o, av Kot Povo av
GYVEL:

Q’v+1 :a’v+(0 n a

Av og o appntiki ©p6odo yvmpilovpe Tov IpmdTo 6po G 0 Kot TN d1popd g ,
T0TE 0 OVaOPOUIKOG TNG TOTOG @,
LLOTO TOV OTTO1OVONTTOTE OPO NG,

Mmnopodpe dpwg va vroroyicovpe katevbeiav o ve 6po a, uag aptduntikic Tpoddov wg

=0, T o poagemrpénel va Bpodue pe Sradoyucd fi-

CLVAPTNON TOV o, ® Kot V mg 61G: ATO TOV 0pIoUO TNG aptOUNTIKHG TPOOSOV £XOVLE:
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o, =,

o, =0,+0
o, =0, +®
o, =0, +0
a,_ —(Xv72+03

[TpocBétovtog kaTd PHEAN TNG V ALTEG 1IGOTNTEG Kol EPapOlovTag TNV 110TNTA TNG 010~

ypoorg, Bpiokovpe o, = o, + (v —-1)w.
Enopévamg

O v 6pog piag aptouNTIKIG TPOOGOL HE TPMTO OPO 0, KO S1POPd @ givort

a, =a, +(v-Do.

‘Etor .y, oy apibuntikn np6odo 3, 5,7, 9, ..., nonoia éxgta, =3 kuw=5-3=2,0
ves dpog g etvar o, =3 + (v — 1) - 2. Emopévag o 20 6pog ¢ etvar o, =3 +19 -2 =
41, 0 1002 6pog g etvar o, , = 3 +99 - 2 = 201 kTl

Ap1Buntirog uécog

AV TAPOLLE TPELS SL0dOYIKOVG OPOLS o, B, Y HoG aplOUNTIKNG TPOOdoV LE dapopd ™,
TOTE WOYVEL:

o+
> .

B-a=0 kot y-B=0o, etopéveg B-oa=y—-pf N B=

AMG Kot avTIoTpOPMG, oV Yo TPELS apldovg a, B, v 1oyvet B = aty

, TOTE £YOVLE!

PB=a+y | P-a=y-p,
7oV onpaivel 6tL ot a, B, y elvan dradoytkol Opot apdunTikng Tpoddov. O B Aéyeton aprd-
UNTIKOG HEGOS TMOV 0L KOL Y.
Amodeitope homov ot

Tpeig apBpol a, B, v elvar dtodoykoi 6pot aptOunTIKNg TPOOSOL

, , a+y
oV Ko LOVo av oyveL B = 5
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ABbporcua v d10d0y1k0v 6pwv aprtOuntikyg Tpoédov
Ag Bewproovpe v apuntikn mpdodo 1, 2, 3, 4, ... xor ag fpovue to dOpoicua Towv
100 mpdTv Opwv NG

S o= 1H2+3+..498+99+100
Avtiva TpocBécovpie Tovg aplBpovg o Tovg e ToV GLVHON TPOTO, UITOPOVLE VA BpovLe
GLVTOUOTEPX TO GOPOIGUA TOVG MG EENG:
I'pagpovpe dvo popéc 10 mapandved dBpotspa, aAdd Le avtibetn ) celpd TV TpocOeté-
@V KOl TPOGHETOVLE TIG SVO 1GOTNTES KOTA LEAN|:

S0 =1+2+3+..+98+99+100

S0 =1004+994+98+...+3+2+1

28,00 =(14+100)+(2+99) +(3+98) +...+ (98 +3) + (99 + 2) + (100 + 1)

N 2S,,=101+101+101+...+101+101+101

100-101

W 2S,,, =100-101, Gpa S, = 5050

Epoappolovtag tov mopoandve tpdémo og pio omolodnmote aplfuntikny tpdodo, Ha amo-
deiovpe ot

To GBpotopa twv TpOTOV v Opwv apBuntikic Tpoddov (o, ) pe dlapopd o eivar

v
S, =5(0L1 +a,).

ATIOAEIEH*

‘Eyovpe: S, =a, +(a, +©) + (o, + 20) +...+[a, + (v -2)o] +[a, + (v -Dw]

kot S, =a, +(a, —»)+(a, —20)+..+[a, —(v-2)o]+[a, - (v-1)o]
Av pocBécove Katd PEAN TIG TOPUTAV® 1GOTNTEG EYOVLLE:

28, =(o, +a,)+ (o, +o, )+ (o, +a,)+..+(a, +a)+ (o, +a,)

n 2S,=v(a, +a,). Apa S, =§(0¢1 +a,).
Enedn a, =a, +(v-1)o, o tdmog S, = %(OLI +a,) yphoetoL:

&:%p%+w—nm
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ITAPAAEITMA 10
Na ppe0si to dOpowospe 7 + 10 + 13 +... + 157.

AYXH

[Tpoxertan yio to AOpoIGHA S1AS0NIKOV Op®V Utag aptduMTiKng Tpoddov pe o, =7, o, =
157 kau @ = 3. T'lo va To vtodoyicovpe, ypetalopacte To TAN00G vV TV TpocheTémv. ATd
TOV TOTTO TOVL Ve Opov o, =, + (v —1o &govpe

157=7+(v-1)3<7+(v-1)3=157
& T7+3v-3=157
< 3v=153
& v=>51
Emopévmg to {ntodpevo dfpoicpa eivor

S, :%(7“57) = 4182.

ITAPAAEIT'MA 20
Mécor 6por g apOunTIKIG TPOOdOL 52, 47, 42, ... £10vv GOpotopa ico pe 90;

AYZH

‘Eyoope o, =52, ®=47-52=-5 war S, =90.

Enedq S, = %[2% +(v-1)w], &ovpe

902%[2~52+(v—1)(—5)] =90 =§(109—5v)

< 5vP—109v+180=0
<:>v:§ 7 v=20

Enredn opmg vVEN*, cuumepaivoope 611 v = 20. Apa 20 6pot tng dobeiong apOuntikng
poddov Exovv dOpoicua ico pe 90.

IMAPAAEIT'MA 30
O 10 6pog pag optOunTikng Tpoo6dov givar o 42 kot 0 192 6pog g sivar o 87. Na
vroloyie0si To GOpoospa Tov TpdTOVY 100 dpOdV TS TPOHIOV AV TIG.

AYXH

Amo6 tov tomo o, =a, +(v-1o &ovpe 42=0a,+%» wou 87 =a, +18w.
Emopévog ot a, kot o ivat 0t AVGELS TOV GVGTARATOS
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o, +9m =42
o, +18w =287

Amd v enilvon Tov cuoTiuaTog awTow Ppickovpe 6Tt elvar o, = -3 Kot o = 5.
Enopévmg

100
2
= 50(=6+495)

Si00 = [2(=3)+99-5]

= 24450

AYKHZXEIZ A’ OMAAAX

1. No Bpeite 10 ve 6po TV aptlOunTIKOV TpoOdMV:

i) 7,10, 13, ... ii) 11, 13, 15, ... iii) 5, 2, -1, ...
iv) 2, %,3,... v) -6,-9,-12, ...
2. Na Bpeite o {ntovpevo 6po og kabepid amd TG opliunTiKég TPoodovG:
i) Tova,,mc-2,3,8, ... i) Tov o, g 11, 18, 25, ...
iii) Tov a, g4, 15,26, ... iv) Tov a,, g 17, 25, 33, ...
v) Tov o, g 1, %, g, vi) Tov o, TG %, %,2,

3. i) Av o 6% 6pog piag apuntikig Tpoddov givar 12 ko o 10 6pog eivar 16, va
Bpeite Tov 12 6po kat ) S10popd TG TPoddov.
ii) Opoiwg, av eivar o, = 14 kar o, = 42.

iii) Opoing, av ivar a,= 20 kot o, = 32.

4. i) O 5% 6pog pag aplOunTikng mpooddov givar =5 kot o 15% 6pog tng sivar —2.
No. Bpeite tov 502 6po g Tpoddov.
i) Av o¢ o apBpnticn Tpoodo eivar a, = 55 ko a,, = 145, va Bpeite Tov a .
5. i) [Toog 6pog g apBuntikfg Tpoddov pe o, =2 kar @ = 5 1odton pue 97,
ii) [Toog 6pog g apBuntikig Tpoddov pe a, = 80 kar = =3 wovtar pe —97;
6. i) Na Bpeite tov apBuntkd péco twv 10 ko —40.
ii) No Bpeite yio mowo Ty tov X 0 apfuntikds pécog tov 5x + 1 kat 11 givor o
3x - 2.

7. Av dvo apBpoi dapépovv katd 10 Kot 0 apOuntikdg Tovg pHésog givat o 25, va
Bpeite Tovg dvo awTovg ap1dovC.
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8. Na Bpeite to aBpoicua TV TpOTOV 40 0pOV TOV APIOUNTIKGOV TPOOI®V:
i)7,9,11, ... ii) 0,2, 4, ... iii) 6, 10, 14, ... iv) -7,-2,+3, ...

9. Na Bpeite to dOpotopa tov TpdTOV 80 dprV TOV APOUNTIKOV TPOOSMV:

i)2,-1,-4, ... ) L

L2
3 3

W | —

10. No vroloyicete ta abpoicpaTa:
i) 1+5+9 + ... + 197 ii) 9+12+15+ ...+ 90 iii) -7-10-13- ... -=109.

11. T[Técovg TPOTOVG OPOLG TPETEL VO TAPOLLE O KaBEUE amd TIC TOPAKAT® aplO-
UNTIKES TPOOAOLG Yo VoL Exovv Gbpotopa 180;
)4,8,12, .. ii) 5, 10, 15, ...

12. M otéyn oynqpotog tpomeliov €xetl 15 oepég kepapida. H tpdn cepd €xet 53
Kepapidlo kot kabe emdpevn oepd €xel dSvo kepapiola Aydtepa. I[16co kepapidio

&yetn 15 oepd ko Tdéc0 Kepapioa £yl GLVOMKE 1 GTEYN;

AYXKHXEIYX B'OMAAAX

1. O v 6pog pag akorovdiog eivor o, =12 —4v. Na dei&ete 611 1 axorovbio ovtm
etvar apOpntikh Tpoodog Kt var YpAyeTe TOV IPMOTO OPO TG 0, Kol TH S10popa.
™G .

2. Na Bpeite To GOporopa:
i) Tov TpdTov 200 TeprtTdV apldumdv
ii) Tov TtpdTeVv 300 BeTik®V dpTIoV
iii) AoV TV Teprrtdv apBudv peta&y 16 ko 380.

3. Na Bpeite to dOpotopo:
i) Tov TolMomlaciov tov 5 peta&y 1 kot 199
ii) Tov ToAamiaciov Tov 3 petagd 10 ko 200.

4. Na Bpeite To GOporopa:
i) Tov mpoTev 30 6pwv g axolovbiog o, =5v -4

ii) Tov TpdTeV 40 6pwv ¢ akorovbiag o, =—5v—3.

5. Na Bpeite to dBpoiopa tov axepainv amd 1 péypt 200 mov dev ivar ToAAaTAdCI0L
Tov 4 1 Tov 9.
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6.

10.

. No. copuminpaoocete 10 durlovo mivoka, - - > - S

Na Bpeite to eEldyioto TAN00G TPpOTOV Op®V TNG aptBunTiKng tpooddov 1, 3,5, 7,
... TOL amoTtovvIal, OoTe To Afpoiopd tov va Eemepvaet to 4000.

GTOV 0TOi0 T0. 0, ®, V, 0 KOl S 0vn- 120 | -10 | 12
KoLV G KGOe ypapu oy idio apiOun- 5 27 | 109
TIKN TPO0JO. 3 12 210
2 16 -8

. 'Eva poldt yromdier g axépateg dpec. [osa yrumnipota axovyoviot og £vo

24/wpo;

. 'Eva o110 éxe1 33 oepéc kabopdtov. Xty Kato-kdto cepd Bpiockovior 800

0éoeig kot otV Tave-tdve oepd Ppiokovtal 4160 6éceils. To TAnbog Twv O¢-
ce@V av&avel omd cepd o€ GEPA Katd ToV 1010 Thvto apBud Bécewv. Na Bpeite
nooeg BEaelc £xel GLVOAIKA TO 6TASL0 Kol TOGEG BEGELS el 1 Hecain OELPEL.

Meta&d tov apBuav 3 kot 80 0EAovpue va Bpodue dAiovg 10 apiBuote mov dAot

padi va etvon drtadoykoi 6pot pog apduntikng tpoddov. No Bpebovv ot apibuol
ovtol. [Térowa mpoPfiqpata Aéyovrar mpofiqporta wapepfoing 6pwv].

v—3 1

11. Na vrohoyicete T0 dOpoopa: 1+ ALY At S Y

12.

\% \% A%

"Evog aypdtng, yio va Kavel pio yedTpNnomn 610 KT TOV, GOLPOVNGE To. €E1G 1
TOV 1310KTNTN TOL Ye®TPUTOVoL: To 1o pétpo Ba kooticel 20 gupd Kot aVENVOUE-
vou Tov Babovg, Ba av&dveton ko 1 T Kabe péTpov Katd S evpm. O aypoTng
d100€tel 4700 evpd. Xe 600 PAOOC UTOPEL Vo TAEL 1] YEDTPNOT GTO KT O TOV;
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- Zmv akolovbia 3, 6, 12, 24, ... k60e 6pog TG TPOKVTTEL O TOV TPOTYOVUEVO TOV UE
moAlaTmAaGLOoNd emtl 2. AnAadn yio TV akolovBio avTh 1oyvEL:

a’erl:a’v'2 ﬁ hzz
H axoAlovbio (0,) Aéyetor yeopeTpikn mpdodog pe vMn(o 2.
- Xmv akoiovbia 27, -9, 3, -1, ... kGOe 6pOg TNC TPOKVATEL OO TOV TPOTYOVUEVO TOV
1
UE TOALOTANGLOGUO ETTH 3 AnAaodn yio v akolovBio avt 1oyvEL:

o [_lj o G 1
v+l v 3 T] a 3

Onwg kot TponyovuEveg, N akorovdia (o) Afyetar Ye@peTpki p60d0g pe Aoyo —%.
I'evikdtepa opilovpe Ot

Mo axoArovBio Aéyetol YE@UETPIKT TPO0HOG, 0V KAOE OPOG TNG TPOKLITEL AUTTO TOV
TPONYOVLLEVO TOV LE TOAOTAACIOGHO €L TOV 1010 TAVTOTE LN UNOEVIKO aptOUo.

Tov ap1Bpd avtd tov cupforilovpe pe A Kot Tov Aépe Adyo TS Tpoddov.

Zg o, YeopETPIKY Tpo0odo (o, ) vodétovpe mhvta 0Tt o, # 0, omoTe, 0pod eivan kon A # 0,
woyvet o, # 0 Yo k40g veN*. Eropévag, n akorovbia (o) eivor yeopetpikh tpoodog pe
AOYO A, av Kot HOVo av 1oy vEL:

Av og o yeopeTpiki| Tp6odo yvwpilovpe Tov mpdTo 0po TG o, Kt To A0Y0 TG A, TOTE
0 aVadPOUIKOG TNG TOTOG O, = 0, - A HOgG EMTPENEL VO, BPOVpE pe S1ad0ytKkd fripata Tov
0mO1OVONTOTE OPO TNG. MTopoduEe OpmS Vo vtoroyicovpe katevbeiav o ve 6po a pog
YEMUETPIKNG TPOOGOL MG GLVAPTNON TV 0, A Kot v @G &N

A7 TOV OPIGUO TNG YEMUETPIKNG TPOOSOL EXOVLE:

o =0,
o, = o
a, = (127\.
o = A
o =a
v v—1

HoAramhactalovtog Kotd HEAN TIG V aVTEG IoOTNTES KOl EQApULOLOVTS TNV WOOTNTA TNG
dwypapng, Bpickovpe o = o, A", Emopévag

O v 6pog g YEOHETPIKNG TPOOSOV Ue TPADTO Opo a, Kot Adyo A eivar

_ v—l1
o, =0, A
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‘Etol ). 0T yeopeTpikn mpdodo 3, -6, 12, -24, ... n omola £xera,=3 kar A= _?6 =2

0 v 6pog g etvar o, =3-(=2)"". Emopévag o 5% 6pog g eivat o,=3-(-2)*=48,0
dékatog Opog g eivar a = 3 - (=2)° = -1536 k1A

T'swpeTpixog uécog

Av mapovpe TpEIg d100YIKOVS OPOVG 0, B, Y HIOG YEOUETPIKNG TPOoddOV pe AdYOo A, TOTE

p

==\ K 1=k, EMOUEVDG — — =
o B o

oYvEL

AMG kot avTioTpOQmg, av Yo Tpelg aplfuode a, B, v # 0 wydel B2 = ay, td1e £)ovpe

B

P_Y , TOL onpaivel 6Tt ot a, B, v etvor dradoykol Opot (oG YewUETPIKNG TPoddov. O
0eTIKOC aplOOG /oy AEYETOL YEOUETPIKOS HEGOG TV 0L KoL Y.

Amodeitope Aomdv ot

Tpeig un pundevikoi aplBuoi a, B, y eivor 61080)1Koi 0ol YEMUETPIKNG TPOOIOV, 0LV
Ko povo av oydet B2 = ay.

Abpoicua v S10001KOV 0PV YEWUETPIKIS TPOOIOD
Ag Oempnoovpe T yemuetpikn npoodo 1, 3, 9, 27, ... oy omoia eivar o, =1 kot A = 3,
Ko ag Bpodue o dbpotoua S, TV 7 TpOTOV Op®V TNG.
"Eyxovpe
S, =1+3+9+27+81+243+729 )
Avtiva TpocBécovie Tovg aptBpovg owtovg e Tov cuviOn TpOTO, UITopPovLE Vo Bpovie
ouvtopoTEpPa T0 GOpoIcpd Tovg wc e&ng: [oAlamAacialovpe ta péAn e (1) pe to Adyo
A =3 ka1 £xovpe
3S,=3+9+27+81+243+729+2187 2)
Apapovpe amd to péAN ™G (2) To péAn e (1) ko €yovpe:
3S,-S,=2187-1
28, =2186
S, =1093
Epoappolovtag tov mopamdve TpOTo GE 1o OTOONTOTE YEOUETPIKT] Tpd0do, Ha amo-
deiovpe ot
To Gbpoiopa TOV TPOTOV Vv OPOV UG YEMHETPIKNG TPoddov (a) e A6yo AF1
A =1

gtvan S, =0 ——.
v A—1
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AITIOAEIEH

‘Eoto S, =a, +a A+ oA’ +. oA oA (1)
[MoAramhacidlovpe ta pén g (1) pe To Adyo A kot Eyovpe
AS, =ar+adr’ +ol +. ol o’ ()
A@apovpe amd to péAN ™G (2) To uéEAn e (1) kot €yovpe:
AS, -S, =a,A" -0,
1 (A=DS, =0, (A" 1)

Emopévemg, apod A # 1, éyovpe:
o, (KV —1)
S, =——+=.

r—1

ITAPATHPHXH

XV mepintmon mov 0 AOYog ¢ mpoddov givar A = 1, tote T0 GBpoIcH TOV
Opov g eivar S = Vv - a, apod 6Lot 01 6potL TG TPOOSOL Eivat IOl UE a,.

MMAPAAEIT'MA 1o 3
Na Bpe0si 0 vE 6pog prog yeopeTpikng tpoddov s onoing o 4% 6pog civor 2 KO 0

9Z opog TG sival —i,
128

AYZH

‘Ecto o, 0 Tph1og 6pog TG YEMHETPIKNG TpoOd0oL Kot A 0 Adyog . Tote £yovpe:

ar ! =aAt= Ea— a X == 3
4 128
. o’ 3313 1
Emopévag ocl7f = (_@j : N 5 A= 3
1

ano v omola TpokvTTEL OTL A = _5/i = L .
32 2

AvtikafioTope ™V T avth T0v A oty oA’ :% Ko £XOVE

1y 3,
a](—gj =-—1 a,=-6.
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Apa 0 Ve 6pog NG YEMUETPIKNG TPOoOSOV, CUUEMVO. LLE TOV TOTO o, = o, A", eivan

0 =03 -

ITAPAAEIT'MA 20
1

Na vroloyrotei To GOpowopa 1+ % + % +.+—

256

[Tpoxertan yio 10 OO SLUBOYIKDOV OP®V UIAG YEOHETPIKNG TPOOIOL KE o, = 1 Kot
1

==
2

v

, , A =1 , . , .
INo vo epappocovpe Tov THmo S, =a, oy TPEmELve Eépovupe to T 00G v TV Opwv.

. _y o . o 1 IRV RS R
Amo tov TOTO0 Opwg TOL V= 0pov o, = a X! Eyovpe: —=1-| —| M| = | =| = Kol

enopévagv - 1 =81 v=09. 256 2 2 2
Apa to {ntovpevo dbpotcpa etvar:
9
()1 L
g —1.\2) 512
|

) =
112t
2

2
511
512 1022 511
1 512 256
2



136 5. IPOOAOI

AYXKHXEIX A'OMAAAX

1. No Bpeite 10 ve Opo TOV YEOUETPIKAOV TPOOO®V:

i)3,6,12, ... ii) %,2,6,... iii) 9, 27, 81, ...
N | .
iv) —, —, —, ... v) 16, 8,4, ... vi) 18,6, 2, ...
4 8 16
vii) 1, 0.4, 0,16, ... viii) -2, 4, -8, ... ix) -3,9, =27, ...

2. No Bpeite 10 {nTovpevo 6po o€ KaBed amd TIG YEOUETPIKEG TPOOSOVG:

i) Tov o, NG i, %,1,... ii) Tov o, g 2, 6, 18, ...
iii) Tov a, g 729, 243, ... iv) Tova, e 1, -2,4, ...

8
v) Tov a, Tn¢ —,
) 0 NS -

IS

2
) S

3. i) Noa Bpeite tov 12 6po pag YE®UETPIKNG TPoddov, TNG omoiag 0 5= dpog eivar

% Kot 0 Adyog 2.

ii) Opoing, av 0 4= 6pog eivat 122_78 Kot 0 Aoyog %

4. i) No Bpeite 10 Ady0 pog yewpetpikng tpoddov tng omoiog o 3% dpog givar 12 kot

0 6% 6pog givar 96.
v ; os £ .8 os « .64
ii) Opoimg, av o 2= 6pog eivar 3 Kol 0 5= 6pog elvar PYE

5. Na Bpeite:

- : ; 125
i) Tov o, pog yeopetpikng mpoddov pe o, = 125 kot o, = o

i) Tov @, pog YEmUETPIKNG TPOOSOL pE O3 = V2 ka O,y = 3242.

6. Eoto 1 yeopetpikn ©pdodog 3, 6, 12, ... Na Bpeite to mAn00g tv Opov ¢ HéYpL
Kot Tov Opo oL 16ovToL pe 768.
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7. i) Na Bpeite Tov mpdTo OpO TNG YEOUETPIKNG TPoddov 4, 8, 16, ... mov vaepPaivel
70 2000.

ii) No Bpeite Tov TpdTo OpO TG YEOUETPIKNG TTpoddov 128, 64, 32, ... mwov eivor
pikpotepog tov 0,25.

1
8. 1) Na Bpeite 10 yeopeTpikd péco tov apOpmv 5 kot 20, kabdg kot Tov — Kot

A V3

ii) Na Bpeite Tov X dote ot apBpoi x — 4, x + 1, X — 19 vo amoteAodV YEOUETPIKN
TPH0J0.

9. Na Bpeite to aBpotopa v TpdTmv 10 6pOv TV YEOUETPIKOV TPOOI®V
i)1,2,4, ... ii) 3,9, 27, ... iii) - 4, 8, -16, ...

10. Na vtoloyicete o abpoicpoto:

i) 2+8+32+...+8192 i) 4+2+1+...+5% iii) 1+(-2)+4+...+256.

11. M kowvovia Boaktnpiov duthacidaletor og apBud kdbe pio dpa. Av apyucd
vrapyovv 3 Paktnpidia, moca Paktnpidia Ba vapyovv Hotepa amd 12 wpeg;

12. Mo prdAa Té@tel amd Dyog 60 pétpmv kat ovamndd og £5apog Phdavovtag Kibe
(popa 670 % TOV VYOLG TG Tponyovpevng avamnonone. Na Bpeite og 11 vyog Oo

@Bdaoel oty 41 avamndnon.
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AYKHZXEIZ B' OMAAAX

1.

8.

O ve 6pog pog axorovbiag eivor o, =2 -

. No d¢et&ete 611 1 axorovdio
3V+1
oV vt YEMUETPIKT TPOOSOG KoL VOL YPAWETE TOVG O, KOL A.

. ['lo motow T Tov v ot apbpol Jv=5, Y10v+4, Jv+2 sivan dradoykoi 6pot

YEDUETPIKNG TPOOSOVL;

. No dei&ete ot

i) To tetpdywve Tov OpOv LG YEOUETPIKNG TPoddov oynpatilovv emiong
YEOUETPIKT] TPOOSO.

ii) Av vyooovpe kKabs 6po LL0G YEOUETPIKNG TPOoddov 6TV K, TOTE TPOKVTTEL
O YEOUETPIKT] TPOOSOG.

. Na Bpeite ™ yeoperpikn mpdodo, e omoing 10 4OpoIGH TOV dVO TPOT®V

opwv ¢ gival 3+ V3 Karto G0poiopa TOV TEGGAP®V TPMOTOV OPOV TNG Elvar

43 +3).

. Na Bpeite 10 4Bpotopa TV TpOT®V dEKa OPOV TNG YEMUETPIKNG TPOOSOL, GTNV

omoia givar a, + o, = 34 Ko a, + o, = 68.

. O minBuopdc pog xopag tvar 90 exatoppvplo Kot Tepovotdlet oo ovénon

2%. Av a, gtvar 0 TAinBuopog T xmpag Hotepa omd v xpovia, va Bpeite Evav
ovadPOpIKO TOTO, KaHMG Ko To YEVIKG 6po TG akorovbiag (o).

— ITowog Ba eivar 0 TANOVGOG ™G DO Votepa omd 10 ypdvia;
[XpNoYomomoTe VTOAOYIGTH TOETNG).

. H évtaon tov pwtog perdveton kord 10%, otav owtd diépyeton and éva giltpo.

AvI etvarn évraon tov Toc, 0ol S1EA0EL Sradoy ikl uéca amd v TEToto QidTpa,

va. Bpeite évav avadpopukd tomo, kabdg Kot 1o yevikod 6po g axorovbiog (I).

— Iow Ba etvon n Evtaon tov Tog, av dtéAdet péca amd 10 tétota eiltpa Ko
apyr évraon givor I ;

[Xpnoipomomote vToloyioTh TeEMNC].

e éva 6pyavo Hovoikng o tovog C' éyel ouyvdtra 261 Hz kot n oktdfo tov
C" &yet dumAdoia cuyvotnta. Avapesa otovg C' kot C" vépyovv 11 emmiéov
V01, T®V 0moilmV 01 cLYVOTNTEG oYnuatilovv pe Tig cvyvotnteg tv C' ko C"
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10.

11.

13 310:80y1K0vS OPOVS YEMUETPIKNG TPoddov. Na voAoyiceTe:
i) T0 Ady0 ™G TPoddov,

ii) T cvyvétTa TOL TEUTTOL TOVOUL.

. To yoyeio evog poptnyov mepiéyetl 40 It vepd. Aderdlovpie 4 It vepd Ko to avtiko-

Oiotovpe pe avtimuktikd. "Yotepa adsidlovpe 4 It tov pelypotog kot to avtucodi-
GTOVUE € OVTITUKTIKO K.0.K. Av D givan n mosot 0. 700 vEPos 610 yoyeio, apod
epappocet n Sadikacio v popéc, va Ppeite:

i) 'Evav avadpopiko tomo g axorovbiog (D).

ii) Tnv mocoTNTA TOL AVTITLKTIKOV GTO WVYEIO, 0poD epapprocdei n dwadikacio 7
QopEC. [XpMoyomoote VTOAOYIOT TGEMNG].

Aéyetat 6TL 0 EPELPETNG TOV GKAKLOD TapakANOnKe amd Evav Ivod Bacihd va (n-
o€l 6ot apolPn nhele yia ) orovdaio Wéa Tov. O gpgvpétng Nnoe va Tapet
10 pOQ mov Bo palevotay g e&ng: Xto 1o TeTpaymvaKt Tov okaklov va Eale
Kdmolog évav kOkko pu{lod, 610 20 TETPAYM®VAKL 2 KOKKOVS, GTO 30 TETPAYWOVAKL
4 k6KKOVG, GTO 50 TETPAYMVAKL 8 KOKKOVG KTA.

Noa Bpeite moG01 TOVOL B jtay  TocdTTe vt Tov pL{ov, av 1 Kg puliov éyet
20000 kdKKoLC.

Ka0e mhevpd evdg 1o6mievpov Tprydvov yopiletoan oe tpia ica tpuqpata. To pe-
oaio Tunpa Kabe mhevpdg ovtikadictatol omd TG V0 TAEVPES IGOTAELPOV TPIYD-
VOU. ZTO GYNLLOL LLE LOPPT] LOTEPLOV TTOL TPOKVTTEL AV TIKAIGTOVLLE TTAAL TO HEGOIO

B K60e TAELPAG e dVO TAEVPEG IGOTAEVPOL TPLYDVOL. Mg avaAoyo TpOmO Guve-

yiloupe yro kGBe oyNpo TOV TPOKVTTEL OO T Srodikacio avT.
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i) No Bpeite évav ovadpopikd tomo
K0l TO YEVIKO OpO TNngG akoAovbiog
(S,) mov exepdler to TAMBog TV
TAELPOV KEOE GYNLOTOC.

ii) Na Bpeite évav avadpopd tHmo Kot
70 YeVIkO 6po tng akorovbioag (U )
mov ekepalel v mepipetpo ke
GYNLOTOC, OV TO OPYIKO 1GOTAELPO
Tpiywvo &yl mhevpad iom pe 1.



5.4 ANATOKIZMOZ - IXEX KATAGEXEIX

Me ) Ponfelo TV YEOUETPIKAOV TPOOSI®V PTOPOVLE VO, AVGOVLE TPOPAT LATO, OLKOVOLLL-
KNG PUOEWMC, TOL LYV TUPOVGIALOVTOL GTIS GUVOALAYEC LLE TIOTMTIKOVG OPYOVIGHOVE.

Avatoxicuog

ITPOBAHMA

Kata@étovope otnv tpdnela évo ke@drowo o evpd pe eT1jowo emtokio £€%. Me
SCVUTANPOGT] EVOS YPOVOL 0L TOKOL TPOGTIOEVTIL GTO KEPAANLO KUL TO TOGO TOV TTPO-
KOTTTEL €IVl TO VE0 KEPAANLO TTOV TOKILETOL PE TO 1010 EMTOKIO Y100 TOV ETONEVO
APOVo. Av 1] Sradikacia avTi Eravain@Oel yio v ypovia, vo. Bpedei moca yppata Oa
glompatovpne 6To TEAOG TOV Ve Ypévov.

(To mpofinua avto eivar yvwoeTo wg Tpofinua avoToKiGuoy.)

AYXH

310 téhog Tov 12 ¥pdvou to kePALato o Ha dDoel TOKO 00 o Ko podi pe tov toxo Ba
yivel

€ €
o, =a+—o=0|l+—|
100 [ IOOJ

310 16A0G TOL 2% ¥pOVOL TO KEPALA10 o, Ha dMoel TOKO ——- o, Kol Holi He TOV TOKO
, 1 100 '
B yiver

€ €
o, =0, +——o, =0, l+—].
100 ( 100)
210 T€h0g TOV 3% YpOVOL TO KEPAAMIO 0, HoCi e ToVG TOKOVG Oa yiver

o, =0, (1 + %J KTA.

. . . . ; €
KO YEVIKG 6TO TEAOG TOV ver ¥pdvov To Kedraio o yiver o, =a., (1 + mj .

Hapatnpodpe dtLTa 0, O, Oy) <.y O EIVOL S1050)IKOT OPOL HI0IG YEDUETPIKNG TPOOSOV pig

o= 1+i KoLt 7»:1+i.
100 100

Apa, COUPOVA [LE TOV TOTO TOL Ve OPOL YEMUETPIKNS TPOOSGOV, GTO TEAOG TOL V& YPOVOL

70 Ke@AAato o pali pe Toug tokovs Ba yiver o, = o I+ |1+-= .
¢ HoGt W S c ooy v 100 100

'oc—0L1+iv
% 100 )
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Av Bécovpe 100~ T, OV &lvoil 0 TOKOG TOV €VOG VP GE £VaL YPOVO, EXOVLLE TOV TVUTTO

_ A
o, =a(l+1)
7oV gival YvwoTdc g THTOG TOV OVATOKIGLOV.

MMAPAAEITMA
Kota0étovpe pe avatokiopno kepdioro 10000 evpd pe etiioro emrokio 2%. No fpe-
0gi 1L 006 B0 srompaovps VoTEpa amo 10 ypovio.

AYXH

Zopeova pe tov tomo o, = a(1+1)%, botepa and 10 xpovia Oo elompaovpe T0co

o, =10000- (1+0,02)"° =10000- (1,02)"
=10000-1,218994
=12189,94 gvp.

ITAPATHPHXH

Tn dOvapn (1,02)' v vroloyilovue pe ) Pondeio Tvakwv 1 e Evay LITOAOYL-
oTN TGEMNG.

Toes Katabicelg

ITPOBAHMA

Kota0étoope oe po tpamelo oty apy KGOe ypovov o evpd pe avoTOKIGHO Kol
emtoKo £€%. Tr 066 Ba wapovpe VoTEPA OO V YPOVILS
(To mpofinua avto sivail yvooTo wg Tpofinua TV icwv kotabicewy.)

AYXH

H 1?2 xatdfeon o avatokiotel yio v ypdvio Kot ETOUEVOE, COUPOVO LE TOV TOTTO TOV

, . v o €
avotokiopov, fa yiver a(l+1)", 6mov T= 100°

H 2? kotdbeon Oa avatokiotel yio v — 1 ypdvia kat emopévog Ba yiver a(l + 1) kT,

koM v2 katdOeon Oa tokiotel yia 1 xpdvo kot Oa yiver a(l + ). Zvvenmg Hotepa amd v
ypoOvia Bo Tapovpe T0 OGO
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T=o(l+1) +a(l+1) " +..+a(l+1)
=o(l+1)+ald+1) +...+a(l+1)"

=a(l+D)[l+(A+1)+(1+1) +...+(1+1)""]

(1+7)" -1
= a(l S
o1+ (1+t) —1
Enopévac,
T=a(l+1)- (+7 -1
T

O 010G 0VTOG VO YVOGTOG MG TOTOS TOV 6V KATAOEGEMV.

IMAPAAEIT'MA
v apyn Ka0e ypévov katabétoope oty Tpanela mosd 10000 evp® pe avaToki-
opo Ko pe emtokio 2%. Tr w066 0o mapovpe Yotepa amd 10 ypovia;

AYXH

Xoupova pe tov 1omo X = a(l+1) il

,votepa and 10 ypdvia Ba mhpovpe T0GO
(1+0,02)"" -1
0,02
(1,02)10 -1
0,02
1,218994 —1
0,02
=10000-11,168694 =111686,94 €vpo.

£ =10000-(1+0,02)-

=10000-1,02-

=10000-1,02-



144 5. IPOOAOI

AYXKHXEIX A'OMAAAX

Ta Ty emilvon TV acKRGE®Y va YpHoiuomoinlcl vToLoYIoTHS TCETNS

1. Aaveilet kdmotog 5000 gvpd Le avaTOKIGHO Kot £THGL0 emTokto 5%. [1oca ypipa-
Ta O TapeL GUVOALKA VOTEPO A0 S YPOVIOL;

2. TT6Ga ypnpaTo TPETEL VO TOKIGEL KATO10G LE AVATOKIGHO Kol ETNGL0 €MITOKL0 3%
v va épet votepa omd 10 xpdvio cuvorkd 50000 gvpd;

3. ITow &ivar to emitoxio pe 10 omoio, kKepdaroto 10000 evpd, avatokilopevo avd
ét0¢, yivetal votepa amd 5 ypovia 12762 gupo;

4. XV apyn kaOe xpdvov Kot yio 5 cuveyn ypovia katadétovpe 5000 evpd pe avo-
TOKIoUO 0vé €T0g Kot pe eToto emtokto 3%. Tt mocd o mdpovpe 6To TELOG TOL
Sov €tovg;



BA2ZIKEXZ ENNOIEX
TON 2YNAPTHZEQN

6.1 H ENNOIA THX XYNAPTHXHX

Ewsaymyn

28 TOAAG kaOnpepvad eovopeva gpeovifovral 600 peyédn, ta orolo petoaiio-
vTol €101, OGTE 1] TN TOV €vOg va kabopilel Tnv Ty Tov GAAov. H dadwkacio
pe v omoio Kabe T tov evog peyébovg avtiotoyiletal og po oKpB®G TN TOV
dAhov peyéBovug, moALéG Popég meptypapeTol amd Eva pobnuatikd Tomo, dnwg paive-
TOL GTO TOPOKATO TOPUSETYLOTOL.

1. O 16106 T o€ gvp®d mOV AModideL kePdAaio 5000 evpd o £va £TOC e ETNHOL0 EML-
t0K10 €%, dlveton KaTd Ta YV®oTd amd tov Tomo T =5000——. O tdnog avtdg

TEPLYPAPEL L0, Srodikacio, e TV omoio kGBe Tiun Tov € avrtictowyileton og pio
axpPog tun tov T. INa mapadetypa, av e =3, 101e T = 150, eved av € = 5, 1016 T
=250 KTA.

2. To diotpa S e km mov Savonke amd TodNAGTN o€ Ypovikd didotnpua 2h, pe
péon tayvnta v o€ km/h, divetan amd tov Tomo S = 2v. O THTOG AVTOC TEPTYPAPEL
pio dradtkacie, pe v omoio ke T Tov L avticToileTan G€ o aKPPOS TYN
tov S. [N mapdaderypa, ov v = 60, 10te S = 120, evd av v = 70, tote S = 140 KTA.

3. To epPadd E evog kdrkhov aktivag p divetor and tov tomo E = mp*. Opoing kot o
TOHTOG AVTOG TEPTYPAPEL Lo Sladikacia, pe TNV omoia KAbe T Tov p aviioTotyi-
Ceton o€ puo axpimg T tov E. TN mopdadetypa, av p = 1, 101¢ E = 71, evd, ov p
=2, 16te E = 41 k1.

Yrdpyovv OpmG Kol TEPITTAOGELG OOV 1) S1OOIKOGIO OVTIGTOLYIONG AVAIESH GTIC TL-

pég 600 peyebmv dev meprypdoetar 1§ £otm dev yvmpilovpe ov TepLypapeTol omd K-

moto tomo. o mapdderypo:

v O dpec e NUépag Kot ot avtictoryeg Deppokpacieg Tovg.
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v Ot pépeg tov £T0Vg Kat ot TIEG evOg EEvov vopicpotog (.. Tov dolapiov).

[Mopoatnpovpe 6T 6€ OA0L TO TOPUTAV® TOPUETYLLOTO VITAPYEL KATOL0, SL0dIKAGTaL, LLE TV
omoin kGOe atoryeio evog cuvorov A avtioTolyiletal og éva aKpImdG 6TOXEI0 KATO10V
dAhov cuvorov B. Mo tétowa dradikacio Aéyetor guvdptnon omnd to A oto B. Aniadn:

OPIZMOX

Yuvaptnon and £va ohvoro A o€ £va VoA B Aéyeton pua dtadikaoio (Kavovag)
pe v omoio. Kabe otoryeio Tov cvvolov A avtiotoryileton o€ éva akplPdg
otolyeio Tov Guvorov B.

To cvvoro A Aéyetar mEHi0 0PLGPOY 1) 6VVOA0 0pLepov g f.
Ot cuvaptioelg TaploTdvovtol cuvNOwg Le Ta pkpa ypaupota f, g, h kth. Tov Aativi-
KoL oApafnTov.
Av pe o cuvapmnon f anod to A oto B, 10 XEA avtictoryiletot 610 YEB , 1018 Yphipov-
ue:

y=f(x)

ka1 dtafalovpe «y ioov f tov x». To f(x) Aéyeton tote T TS f oto x. To ypaupo x,
OV TAPIGTAVEL OTOLI0ONTOTE GTOLYEID TOV TESIOV 0p1opoD TG f, ovoudleton aveEapTn-
™ petafinTi], EVO TO Yy, TOV TOPLGTAVEL TV TN TNG GLVEPTNONG GTO X, ovopdletal
eEaptnuévn petafinty.
To obvvolro, Tov €xetl Yo otolyeio Tov TIg TIHEG f(X) Yo OAa Ta XEA, AéyeTal 6UVOAO
TRAV ™G f ko 10 svpPorifovpe pe f(A).
H mopandve cvvdptnon copforileton og e&ng:

fA—>B

X = f(x)

‘Etol .. m ovvdptnon f, pe v omoio kéBe pn apyntikdg opBpdc avtiototyiletonl oty
teTpaymvikn Tov pila, cupPorileton og e&ng:
f:[0,+00) R
x —>x

[No kaAdTEPN KOTOVONON TOV TOPATAVEO OPIGHOV 0.G SOVE TO TOPUIETYLOTO TOV (KO-
AovBovv:

ITAPAAEIT'MA 10
"Eoto f 1 ocvvaptnon pe v omoio kaOe nuépa pog opropévig gfoopadag £vog
pivo avtietoyyileton oty vyniétepn Oeppokpacio tng.
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A

"o, ™ suvapTnomn o, To TEG0 0PIGUOY Eival TO GHVOLO
A={1,2,3,4,5,6,7},
EVM TO GLVOLO TILAOV TO GLVOLO
f(A)={9°, 11°,12°,13°, 15°} € B
Me agoppn| to mapaderypo ovtd tovifovpe o akdAovVha YOPUKTNPIGTIKE P0G GLVEL-
ptmong f: A—B.

» Kda0Oe otoyeio tov A avtictoyiletoan og £va akpPag ototyeio Tov B.

* Mepikd otoyyeio tov B pmopet va pnv amoteAovv tipéc g f (m.y. 18°).

* AVo 1] TEpLoGOTEP GTOLKELN TOV A Umopel va avTtiototyilovtal 670 1610 ototyeio Tov B
(.. ta 3 xou 7 avtiotoryiCovron 6to 13°).

ITAPAAEII'MA 20

Ozowpovpe Ta cvvora A = {a, B, v} ko B = {1, 2, 3, 4, 5}, keOag emwiong ku To.
TopoKaTe oyfqpata (Behodwaypdppata). [Topatnpovue ot

v To oynua (a) mopiotdvel cuvdptnon, aeod kKabe otoryeio Tov A avtictotyiletonl o
éva axpifmg otoryeio Tov B.

v Tooyua (B) dev mapiotdvel GuvapTnon, apov 1o aEA avtiototyiletot o 600 oToryEin
Tov B.

v To oynpa (v) dev mapiotdvel Guvaptnon, ool to YEA dev avtictoryileton og Kovéva
ototyeio tov B.

v To oynua (8) dev mapiotdver cuvaptnon. Ilpdtov 81011 10 YEA dev avtiotoryiletot
o€ kavéva atoryeio Tov B kot devtepov 6101t 10 AEA avtiotoyileton oe 600 oTotKEln
Tov B.
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A B

i
i

o o’ Iynupa p’

i
g

Zynpoy’ Zynpo

2vvrouoypapia covapTyons
Eidape mopandvm 0t1, yio vo oplotel pia cuvaptnon f, mpénet va dobovv tpio otoyeios:

* To medio opiopod g A
* To ocvbvoro B kot
* To f(x) yw kGOe XEA

Ot cvvaptoels, pe Tig omoieg Ba aoyoinBodue oto Pipiio avtod, eivar g HOpENG
S:A—B,6mov A S Rxou B S R, givar Snhadn], Onwg Aéue, mpoynatikés cuvapTioelg
UG TPOYRATIKNG RETAPANTIG.

[ToAAég popég avapepouacte Ge pio. cuvaptnon f divovtag udévov tov TOTo LE TOV
omoio ekppaletar 1o f(X). Aéue m.y. diveton «n cvvaptmon f, pe f(x) = JI—4x» 1, To
ocLVTOHa, «1 cuvaptnon f(x)= JI—4x» 1M, OKOLLOL, «T) GLVAPTNOT Y = J1—4x.

e o tétown mepintwon Oa Oewpovpe copfatikd ot

* To medio optopon A g f €lvar 10 «€VpOTEPON Ao Tl VITOGVVOAN TOL R GTO OO0 TO
f(X) €éxervomua.
* To obvolro B elvar oAoKANpo 10 chvoro R tov mpaypatikov aptdpmy.

"Etotywotn ovvéptmon f(X) =+/1—4x 10 medio opiopo? givat 1o cuvoro A = [—oo,l},
a@ov mpénet 1-4x >0, evd To cuvoro B givar 6ho to R . 4
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YHMEIQXH

[ToALEG POPEG et GUVAPTNON TEPTLYPAPETOL LLE EVOV TOTO TOL EYEL KAGOOVG, OTIMG
Y10 TOPASELY O, 1| GUVAPTNON:

f(x):{xzﬂ, av x <0

x—1, av x>0 '
[N va vroAoyicovpe Tig Tipés g f ota onpeia —1, 0 ko 1 epyaldpacte og e&ng:
v T x=—1<0, amd tov kKAGdo f(X) = x>+ 1, £yovpe:

=1 +1=1+1=2.
v T x =0, amd tov kKAado f(x) = x —1, éyovpe:

f(0)=0—1= —1.
v Télog, yiux =1 = 0, and Tov kAado f(x) =x —1, égovpe:
f(H)=1—-1=0.

YXXOAIO

AV K011, YEVIKA, YPNOLLOTOIOVLE TO YPALUA f Y10 TO GUUPOMGHO LL0G GUVAPTNONG
KOL TO YPAUUE X Y10 TO GLUUBOAMGUO TOL TuYaiov GTotKEloL TOV TEGIOV OPIGLOV
™G, ®OTOGO UTOPOVLE VO YPNCILOTOCOVIE KOt GALG YPOLLLLLOTOL.

‘Eto1, yio mopadetypa, ot
f(x)=x>—4x+7, g(t)=t"-4t+7 wxor h(s)=s"—4s+7
opifovv v 16100 GLUVAPTNHON.
Emopévmg 10 X otov tomo piag cuvaptnong Ba mailel To poro pog «dostog 0Eoncy.
Me 00t T0 GKETTIKO, 1| TAPATAVED cLVAPTNON Bo LTOPOVGE VoL £XEL TN LOPON

SC)=C r—=4( )+7,

OmoV o1 TopevOEcELg Exovv TapeL T 0Eom VO YPAULOTOG.
"Etotyuo va vmodoyicovpe to f(-2) amAd torobetovue to -2 otig 0éoeig, mov opilovv

ol apevOécels:
[(-2)=(=2)" -4(-2)+7

=4+8+7=19
Opoiwmg, &ovue f(3x)=(3x)* —4(3x) +7
=9x? -12x+7
Y7rapyet OU®G Kot ol TapomeEPO omAoToINen TOV EKPPAcCE®V LG Tov oyeTilovton

pe ovvaptoels. [ToAAEG popég avtl va AEe «n cuvapToN s = %gtz», Ba Aépe «n
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ouvapTnoN S = %gtz», dNAadn Ypapovpe s vTovo®vtag To s(t). Avti N amAonoinon

YIVETOL GLUYVOTOTO GE SIAPOPES EMLGTILEG, TOV YPNGUYLOTOLOVV T LOONUATIKY YADC-
o0 Ko To. polfnportikd epyaieio, 0mmg 1 eUOIKN, 1 yNpeio KTh. Luvnbmg oTig TEpt-
TTOCELG AVTEG VITAPYEL KATOW0 TEIpapLo, OTov To t etvor n Ty evog peyéboug, mov
VIEICEPYETOAL GTO TEIPOLLAL, Kot TO S(t) 1 ovTioToryn T Kamotov dAlov peyéboug.

E®PAPMOTI'H

Na Bpe0si to medio opropod TG GUVAPTIONG

f(x)=L2+\/x—l.

X —

AYXH

H ovvaptnmon f opileton yio exeiva povo ta X yio o 0moio 1oyveL
Xx-2#0 kor x-1>0
1M, 160dVVaLLO, Y10
X#2 wou x>1
Apa 10 TEdio optopov g f eivor To cuvoro A = [1,2)U(2, +o) (Zynua)

“« Y

x’ -2 -1 0 1 2 3 4 5

Y

Y

AYKHZXEIX A'OMAAAX

1. Na Bpeite 10 medio 0piopo0 TV TOPAKATO GCLUVAPTGEWDV:

) f(x)=—2_+5 i) f(x)= Xj_lé
x—1 X2 —

i) f(x)= ! iV)f(X)——1
X241 _|X|+X '

2. Opoimg TmV cuVapTCEDV:

i) f(x)=Vx-1++2-x i) f(x)=vx*—4

i) £(x)=+v-x>+4x -3 iv) f(x):\Fl -
.
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3. Aivetou ) cuvaptnon
x°, avx <0

2x+3, avx >0

f(X)={

Noa Bpette 11g Tnég f(—5), £(0) ko £(6).

4. Mo cuvaptnon f opiletar g eEng:

"Yréwov évav poaiko apiBuo, tpoobeoe o' awtov to 1, Tollarwlaciaoe o aOpoloua.
e 4 kot oo yvouevo mpoobece 1o teTPaywVo T00 apLhuod”.

i) Na Bpeite Tov 1010 TG f Kot 0T cuvEela Tig Tég gy X = 0, x =1, x =2 ko
x = 3. Ty napanpeire;

ii) No Bpeite Toug puo1KoHS 0p1BHOVS X Y10 TOVG 0TTO10VG 1Y VEL
f(x)=36, f(x)=49, f(x)=100 ko f(x)= 144.
5. Atvovtai ot GuvaptioElc:

x> -16
x? —4x

i) f(x)= é +5 i) gx) = won iii) h(x) =

x?+1

Na Bpeite Tig TIHEG TOV X Y10 TIG 0TOiES IGYVEL: !
i) f(x)=7 i) g(x)=2 Kol iii) h(x) = =
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Kapteolavég covretayuéveg

H mapdotoon evog onpeiov tov emmédov pe €va datetaypévo Levyog mpoyLaTiKOV
aplBpmv Bondnce oty enilvon yeoUETPIKAOV TPpoPAnudTmv pe adyePpikéc pebddovc. H
TAPACTOOT OVTY, OIS pabape o TPONYOOUEVES TAEELS, YiveTol oG e&NG:

[Mave og éva eminedo oyedialovpe dvo kdbetovg dEoveg X' Kot y'y pe Ko apyn Evo
onpeto O. And avtovg 0 0plldvTiog X'X Aéyetar GEOVOG TOV TETUNUEVAV 1] AEOVUG TOV
X, EVO 0 KOTOKOPLPOG Y'Y AEOVAS TOV TETAYREVOV 1) GEovag TOV Y.

Onwg eival yvootd, o kdbe onueio M 100 emimédov v aEOVmMV UTOPOVUE VO OVTL-
ototyicovpe éva drotetaypévo (evyog (a, B) TpoylaTiKdv oplOpdy Kot avTioTpoems, G
kaOe drotetaypévo (evyoc (o, B) TpoyUaTiK®V apldudV, HTOPOVLE VO AVTICTOLYIGOVE
éva, povodikd onpeio M tov emumédon, OTmg PAivETOL GTO Gy

yA
! R B : M(a, B)
B(-2.1) AqL1)
o 1 0 X
AG,-1)
T(-3,-2)

OroapBpoi a, B Aéyovtor ovvretaypéves Tov M. EWdwdtepa o o Aéyetan TeTumpévn Ko o
B teTaypévn tov onpueiov M. To onueio M mov &yl cuvtetaypéves o kot f cupfolrileton

pe M(a, ) 1, anid, pe (o, B).

Emedn n 10€a g ypnowonoinong {evydv yio TNV TopdoTtoct onueimv Tov enmédon
avikel 6tov Kaptésto, 1o mapomdve {evyog Tmv aEOvav To AELE KOPTEGLOVO GVGTIHO
OUVTETAYPEVOV 6TO emimedo Kot To cupPorilovpe Oxy, evd 10 eminedo 610 0MOIO
0OpIoTNKE TO GUGTNUA OVTO TO AEUE KOAPTEGLAVO EMITEDO. AV emITAEOV Ol LOVADES TV
a&Ovov £xovv 1o 1010 PKoG, To chotNia OXy AéyeTot 0pOOKAVOVIKG.
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YHMEIQXH

YT0 EMOEVD, EKTOC OV OVOLPEPETOL OLOUPOPETIKEL, OTAV AELLE KOPTEGLOVO GOGTNLLOL
GLVTETAYHEVOV, Bo EVVOODLE 0pHOKAVOVIKO KOPTEGLOVO GUGTILO GUVTETOYLEVOV.

Ac Bewpnoovpe Tdpa Eva cvote OXy cuvtetaypévov 6to eninedo. Tote:

* Ta onueio Tov d€ova x'x Kot UOVo avTd EYOVV TETOYUEVN 1O HE TO UNdEV, EVD Ta
onpeia Tov dgova y'y kot povo autd £xovv TeTUNEVN 1o pe to undév.

* Ovd&oveg xcoptCovv 10 eninedo o tsccsspa TETOPTIHOPLO, TOV EIVOL TO ECOTEPIKA TOV
YOVIDV xOy, yOx/, x'Oy Koty 'Ox Kot ovoudletal 1o, 20, 30 Kot 40, teTOpTNUOPIO,
avtiotoiymg. To TPOGMUN TOV CGLVIETAYLEV®V
TV oNUel®V TOVG PaivovTol 6T SUTAOVO Gy L. Y

* Av A(0,B) elval éva onueio tov KOPTEGLOVOD

emmédov, pe T Pondeio ¢ cvupeTpiog wg Tpog
a&ova Kot WG TPOG KEVTPO, OLOTICTMOVOLLE OTL:

& S MPOg KEVTPO, ’ “, : x<0.y>0 x> 0.y>0
v To cvppetpicd Tov wg mpog tov GEova x'x givat

10 onpeio A(a,—P), mov £xet 1010 TETUNUEVT] Ko ©

avtifetn teTaypévn (Zy. o).
v To cuppueTpikd TOL WG TPog Tov dEova y'y eivarn x<0,y<0 x>0,y<0

10 onpeio B(-a,p), mov éyxet 1010 teTOypéVT] Ko

avtifetn teTunuévn (Zy. o). y
v To GUUUETPIKO TOL MG TPOG TNV 0Py TOV

atovov etvar to onueio ['(—a,—f), mov €xet

avtifeteg ovvtetaypéves (Zy. o).

v To cuupETpIKO TOV MG TPOG TN dryoTopo TG 1Ng Ko 31g yoviog tov a&ovov gival
10 onpeio A'(B,o) mov €yel TETUMUEVT TV TETAYUEVN TOL A KO TETOYUEVT) TV
TeTpupéVN TV A (Zy. B).

A y y A

i y=Xx

P 4

o
e &
R 4
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Andoraon onucicy

‘Eoto Oxy éva chotnuo cuvietayuévov oto eninedo kat A(x,,y,) kot B(x,,y,) 800 on-
peio avtov. o dei&ovpe OTL 1| ATOGTOCT TOVG diveTal 0o TOV TOTO:

(AB) =/(x, —x,)* + (v, - y,)*-

AIIOAEIZEH

Amd 10 opBoydvio Tpiymvo KAB 100 Sumhavod 1
GYNUOTOG EXOVUE:
(AB)’ =(KA)® + (KB)> D B(x..y)
2 2
:|X2 _X1| +|Y2 _Y1|
= (Xz - Xl)z + (Y2 - )’1)2 Y, poee e K(X,,y;)
omore: AXY)
(AB)=/(x, =%’ + (v~ y,)" o x X

O mopomdve TOToG 16YVEL Kot 6TV Tepintwon mov n AB etvon tapdiAnin pe tov a&ova
XX (Zynpo y') | TapdAinin pe tov aéova y'y (Zynpa 8).

yA yA

yz """""""""""""""""" B(XzaY2)

AX,y)  Bxauy)
le y2 """""" - 52 ’ yl """""""""""""""""" 'A(X1 9y1)
O X, X, )’( O X=X, 7’(
Zyquo y Zyquo &

TNa mopdderypa, av A(3,1), B(3,5) kot I'(-1,1) givar o1 kopueég evog tprydvov ABT,
to1e Oo etvor:

(AB)=+/3=3) +(5-1)* =/4* =4
(AD) =(-1-3)° +(1-1)* =/# =4
(BD)=/(-1-3)° +(1-5)° =V/4* +4> =42
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AoV, howmév, etvar (AB) = (AT, o tpiyovo ABI givar icookelég kot eneidn emmhéov
woyvel (AB)? + (AIN)? = 32 = (BI')?, 10 tpiyovo ABI givor ko opboydvio.

EOAPMOT'H V4
"Eoto® C o k0kAog pe kévrpo v apyn O Tov M(x.y)
0Eovov ko axktive p. Na amoderytei 6T éva c
onueio M(x, y) avikel otov kvkio C, av ko p
povo av woyveL x> + y? = pi
0(0,0) X

AIIOAEIEH

Eivar mpopavég 6t éva onpeio M(X,y) aviket
otov kuKkho C, av kot povo av woyvel (OM) = p.

Opwg (OM) =+/x*> +y*, omdte xovpe:

OM)=p X’ +y =px’+y’ =p°

Emopévmg to onpeio M (X,y) aviket atov kokro C (O,p), av Kot LOVo oV 01 GUVTETOYUE-

VEG TOV 1KOVOTTOLOVV TNV e&icmaon
2 2 2
X*+y =p (M
H e&icwon (1), mov kavomoleital amod Tig cLVTETAYUEVES TV onueimv Tov kKikiov C (O,
p) Ko povo amd avtég, Aéyetal e€icmon Tov KOKAOV pg kévrpo O Kon akTiva p.
INa mopadetypa, n e&icwon tov kKOKAoL pe kévipo O kat aktiva p = 1 eivourn x> +y*> = 1.
O KOKAOG aLTOHG AEYETOL KOl LOVASLHI0g KOKAOG.

I'pogiky mopdoracy covapTycns

‘Eoto f o cuvaptnon pe medio opiopov A kat OXy €vo GOGTIO GUVIETUYIEVOV GTO
eninedo. To cuvoro TV onueinv M(X, y) yio ta onoia 1oydel y = f(x), dnAadn To GOVOro
Tov onueiov M(x, f(X)), XEA, Aéyeton ypa@ikn mapdotacn g f kot cvpforileton
ocuwvnbwg pe C ~H e€lomon, Aowmdv, y = f(X) emainbeveton amd to onpeio g C ;Ko
povo and avtd. Emopévac, ny = f(x) etvor 1 e€lomon g ypaeing napdotaons g f.
' to Adyo avtd, ™ ypagikh mapaotacn C, g f ) copBolilovpe, TOAAES opES, amhd
pe v e&icwon g, OnAadn pe y = f(x).

Eme1dn kébe xEA avtiotoryileton og Eva povo yER, dev vdpyovv onueia g YPOQIKngG
Topactacng g f pe v 1o TeTuMpéV. Avtd onuaivel 0Tt Kabe Kotakdpven gvbeia
EXEL LLE TN YPOPIKT TOPAGTOCT) TG f TO TOAD €va Koo onpeio (Zy. a'). 'Etot, o xbxhog
dev amotelel Ypapikn Tapdotacn cvvaptnong (Zy. B).
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yl\

¥ 4

Zynuo o Zynua B’

Ortav dlvetonr 1 Ypopikn TOPAGTAGT H10G GL- VA
vaptnong f PUmopovLe, emiong, va oxed1GOVLE y=7(x)
KOLL TN YPOQIKT TopdoToct TG cuvaptnong —f,
TOIPVOVTOG TN GLUUETPIKT TNG YPAPIKNG TOPA- M(X’f x)
oTaong ™G f ®g mpog Tov d&ova X'X Kot ToVTOo

4

SOTL M YPOQIKY TOPACTOOT TNG —f amoTeleitan e)
ano ta onpeto M'(x, —f(x)) mov gtvon cuppetpi-
K6 tov onueiov M(X, f(X)) TG YpOQIKNG Topd-
otoong ™G f g Tpog Tov aéova X'X.

M'(x,~ (x))
y=-/x)

E®PAPMOTI'H

Y10 SumAavO oyfpa divovtol oL YPaPIKEg o~ A
PUCTACELS OV0 GUVOPTICEMY f KOl g, TOV Ei- Y
val opropéveg o€ 610 10 R. y =f(x)
i) Na Bpeite Tig Tipég ¢ f 6To onpeio:
3,-2,-1,0, 1 ka2 e

ii) Na Avoete i e€iodoeis: 0 é/
£ =0, £(x) =2 e f(x) = g(x) od g(x>©

iii) Na Avoete Tig avic®oelc:

F(x) >0 ko f(x) > g(x).

R 4
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AYXH

i) Eivau

f(=3)=2,f(-2)=0, f(-D=-1, f(0)=-1, /(1) =0 kar f(2)=2.

ii) Ot pileg g e&lomong f(x) = 0 eivor Ol TETUNUEVES TOV KOWMV CTUEIDV TG YPAPIKNG
naphotoons g f kot tov afova x'x, dMAadn ot apBpol x = -2 kar x,=1.

O pilec e e&iomong f(x) = 2 eivol o1 TETUNUEVEG TOV ONUEIDV TNG YPOPIKNG
mapdotaons g f mov £xovv tetayuévn 2, Sniadt ot apibpol x = -3 kot x,= 2.
Ot pileg g e&lcmong f(x) = g(x) elvat o1 TETUNUEVES TOV KOOV CTIUEIOV TOV
YPOPIKOV TAPACTAGEDY TOV cvvapThcenVy f Kot g, SnAadh ot apibuol x = -1,
x,= 0 kot x,= 2.

iii) O1 Woeig g avicwong f(x) > 0 eival ot TeTuNUEVES TOV GNUEI®Y TNG YPOPIKNAG
napdotacng g f mov Ppiokovror Tdvm omd tov déova x'x, dNAadn OAa To XE (-0,
-2)U(1, +o0).

O1 Woeig g avicmong f(x) > g(x) elvar ot TETUNUEVEG TOV CNUEIDOV TNG YPAPIKNG
napdotacng g f mov Bpiokoviol TAvm omd TN YPOeIK TapdoTaoT TG g, ONANdT|
OAa TaL XE (-0, —1)U(0,2).

AYXKHXEIX A'OMAAAX

1. No onueimoete 6€ éva KOPTEGLOVO ETIMESO TOL OTUELD:
A(_laz)a B(394)7 0(030)9 F(330)9 A(O,—S) Ko E(_za_ 3)

2."Eva onpeio M(x,y) kwveitan péco 6to opHoydvio
ABTA tov dimhavod oyfuotoc. [Towol meplopiopol y

wydovy Yo Ta X, V; 4 ¥
3. Na Bpeite 10 ovppetpikd tov onpeiov A(-1,3), M(x,)
i) g mpog tov dEova X'x
ii) ¢ mpog tov dova y'y A B
ol 1 X
iii) g mpog ™ Syrotépo S Ywviag XOy

iv) o¢ mpog v apyn O tov aEovmv.

4. No Bpeite 116 0MOGTAGELS TOV OMUEi®V:
i) O(0,0) kot A(4,-2)
ii) A(-1,1) xou B(3.,4)
iii) A(-3,-1) xou B(1,-1)
iv) A(1,-1) ko1 B(1,4).
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5. No amodeiéete Ot
i) To onpeio A(1,2), B(4,-2) ko1 I['(=3,5) elvar kopu@Eg 100GKELOVS TPLYDVOV.
ii) Ta onueio A(1,-1), B(-1,1) kot I'(4,2) givat kopueég opboymviov tprydvov.

6. No 6yed14.6€TE TO TOAIY®OVO e KOPLPEG TO, GNUETDL:
A(zss)s B(S’l)a F(z’_3)’ A(_lvl)
KoL TN GLVEXELD VO amodei&ete 6Tt ovtd givan popPog.
7. Ze kofepud amod Tig TOPUKATO TEPMTMOGELG Vo Ppeite tnv Tiun Tov K yia tnv omoia
10 onpeio M avnKel 6T Ypagikn TopAcGTaCT THG GLVAPTNONG.
D f)=x+tk ~ M(2,6)
i) g(x)=kx%, M(-2,8)
iii) h(x)=kvx+1, M(3,8).
8. Y& kofepud amod TIg TOPUKATO TEPMTMOGELS, VO PPEITE TIG GUVIETOYLEVEG TMV

KOW®V OTUEIV TNG YPOPIKTG TAPAGTUCNG TNG CLUVAPTIONG LLE TOVG AEoVeC.

i) f(x)=x—-4 i) g(x)=(x-2)(x-3)
iii) h(x)=(x—1)’ iv) q(x)=x>+x+1

V) o(x)=xvx -1 vi) y(x)=xvx’—4.

9. Atvetan n cuvaptnon f(x) = x> —1. Na Bpeite:
i) Ta onueio Toung g C ; We Tovg akovec.
ii) Tic teTpunpévec tov onpeiov g C / TOV Bpiokovton Tave and tov dEova X'X .

10. Aivovtar ot cuvoptioelc f(x)=x" —5x + 4 xon g(x) = 2x — 6. Na Ppeite:
i) Ta kowvd onueia tov C , Kot Cg.
ii) Tig teTpmpéveg tov onueiov mg C, mov Ppickovror kate ano my C,.
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2vvredeotijg o1evbvvang evlsiog

‘Eotom Oxy éva 60oTNHO GUVTETAYHEVOV GTO €MINEdO Kol € pio evBeio TOV TEUVEL TOV
a&ova X'x 610 onpeio A.

YAL y1l
€ \B
B €
Q)]
/\ >
10 > O A X
A (0] X

Tn yovia ® mwov dwaypdeel n nuievdeio Ax, dtav oTpapel yopm and to A Kotd T Oetiry
popdV néypt va méoel Tave oty gvbeia g, T Aéue povia mov cyxnuatidel § & pue Tov
aéova x'x. Av 1 gvbeia € elvon mapdAAnin Tpog tov aEova X'X 1| GLUTITTEL pE ovTdV, TOTE
Aéue 0t M evbeia € oymuatiCel pe tov dova X'x yovia o = 0°. Xe kdbe nepintmon yia
™ yovia o oydet

0° < <180°.

Q¢ ovvredeotn) d1EVBVVONG 1| G Khion pog evbeiog € opilovpe TV ePAmTOUEVN TNG
yoviag ® mov oynuatilel n € pe tov aova x'x. O cuvtedeotng dievbuvong piag evbeiog
& ovpBolriCetar cuviBwg pe A1 amhd pe A. Eivar @avepd 611 0 cuviedeotr|g 61evbBuvong
g evbeiog € eivon Betikog, av n yovia o givar o&eia, apynTikdg, ov 1 Yovio o givot
apPieio kot unoév, av n yovio  sivor undév. Ty nepintmon mov 1 yovia o sivol ion
pe 90°, dnAadn otav 1 evbeia € etvor kaBetn otov dEova x'x, dev opilovpe cuvieleot
dtevbuvong yuo v €.

M Q¢ Betikn Popa TEPIGTPOPNG EVVOOVLE TN QOPA KOTH TNV 0moia TPENEL va. TepLoTpapel o nudéovog Ox ya va
cupmécet pe Tov npdéova Oy, apov TPoNyoupHEVMS dtarypayet yovio 90°.
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I'pogpixy mapdoracn tys cvvaptyons f(x) = ax + f
Ac Bswpnoovpe ™ cvvapton f (x) = 0,5x + 1. Onwg TpoxTikd SOmIoTOCUUE GTO
IMopvéeio, 1 ypoagkn mapdotacn g f eivar vbeio ypouun pe eéicwon y = 0,5x+1 (Zynuo).

yl

y=0,5x+1

B(0,1)

()]
A(2,0) 0(0,0)

bl 4

H evbeio avt):
v Tépver tov d€ova x'x ato onpeio A(-2,0), apov yuo y = 0 Bpickovpe X = -2, kot Tov
a&ova y'y oto onueio B(0,1), apov yio x = 0 Bpiokovpe y = 1 ko
v 'Eyelxhion:
X:S(pm=@=l:0,5.
(0A) 2

[opatnpovpe, dnhadn, 6tin khion A g evleiag y = 0,5x+1 givor ion pe To Guvtereot
TOV X.
Ievikd, 60mmg O amodeiovpe ot B’ Avkeiov, 1 ypapikn mapdotaoT TG GLUVAPTNONG
f(x)=ox + B elvan pio evBeia, pe e&lowon y = ax + B, n onola tépvet Tov dova TV y
oto onpeio B(0,B) ko £xel khion A = o . Eivar pavepod ot

e ava>0,1t6te 0°<w<90°

e avoa<0,10te 90° <w < 180°

e ava=0,tote w=0°.

Yy mepintmon mov givar o = 0, 1 cuvdptnon maipvel ) popen f(x) = P ko Aéyeton
ota0epn cvvapTno, S10TL N TN TG givar 1 1S Yo kiBe XER.
Ag Beopnoovpe Tpa 600 Toyaio onpeia A(x,,y,) kot B(x,,y,) g gvbeiag y = ax + f.

B(x,y,)

A(x,.y,) K(x,y,)

e
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Tote Ba 1oyveL:

y,=ox, +B ka y,=0x,+f,
omoTe Bo Exovpe:

¥, =y, = (ax, +B) —(ax, +B) = a(x, —x,).
Emopévemg Ba givar:

a=22"Y%

X =%
INo moapadetypa, n evbeio mov diépyetarl amd ta onpeio A(-1,3) kot B(3,6) €xel kAhion
6-3
o=
3—(-1)

epw = 0,75, ondte Oa givan » = 36,87°.

=0,75. Enopévag, n evbela avt) oynuotilet pe tov dova x'x yovia o pe

H ovvaptyon f(x) = ax
Av B =0, to6te n f maipvel ™ popen f(X) = ax, OTOTE 1] YPOPIKN TG TOPACTACT Eivol 1
evbeia y = ox kot mepvael amd v apyn tov afovov. Edikotepa:

v Twa=1 éovue mv evbeia y = x . [0 ) yovia o, yA
mov oynuotileln evbeia avtr e Tov Aova X'X, 1oYvEL
epw = o = 1, nhadn © = 45°. Enopévmg 1 gvbeio y =
x gtvar 1 Sryotdpog Tov yovidy xOy kat x'Oy’ tov

>y

aovav. X D

v T o =-1 éovpe v gvbeio y = -x. ['a ) yovio o,
mov oynpotilel n evbeia vt pe Tov dova X'X, 1oYvEL
epw = o = -1, dMhadn © = 135°.

Emopévmg n evbeio y = —x glvar 1 diyotdpog tov
YOVIDY yf)x’ kot y'Ox Tov a&6vev.

2yetikég Oécels ovo evbermv
Ag Oswpficovue 6vo evleieg & kar &, ue eflowoelg y=o,x+B, kot y=o,x+f,
avTIoTOlY®G Kot aG vroBécovpe 0Tl o1 gubeieg avtég oynuotilovv pe tov dova x'x
Yovieg ®, Kol 0, aVTIGTOIYWG.

¢ Avo, =0, T0TE QW = £QO,, OTOTE ®,= O, Kol Gpa ot gvheieg € kau €, elvan TopdAAnieg
N ovumintovv. EWdwdtepa:
v Av o, =0a, kot B, #B,, 10T 0t evbeiec eivan TapdAinles (Zy. o), evd
v Ava, = a, ko B, =B, tote o1 gvbeieg tavtiCovrar.
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* Av o, # a,, T0TE €O, # £Q0,, OMOTE ®, F O, Kot dpa ot gvdeieg € Kot &, TéEuvovTaL

& B

y4 y4
€1
&
B, (L5
[ O ) R 10, O >
T ' g '
Zynuo o Zyfpo B’
2OUQ®Vo HE TO TOPATAVED GUUTEPE- VA

opoTeL

e Ot evbeieg g popengy = ox + 1, pe
0€ER, 6mwg eivon yo Topdderypo ot

evbelegy=x+l,y=—x+1,y=2x+
1 kT, diépyovton OAeg and to 1510 .
omnueio, To onueio 1 Tov Géova y'y. X
Ievicd, o1 evbeieg g popeng y =
ox + B, 6mov B otabepd kot o peTo-
BAnTo Siépyovtan OAeg amd To orpeio
B Tov Géova y'y.
* Ot gubeiec g popeng y = 2x + B, y4
BER, 6mw¢ eivar yioo mopdderypo ot
evbelec: y = 2x, y = 2x—1, y = 2x+3
KTA., €lvon TopdAIAeg peta&d tovg,
apov £yovv OAeg KAion o = 2.
Ievikad, ot gvbeieg ™G popeng y = ax
+ B, 6mov o otafepd Kou B peTafAnto,
gtvon OAeg mapaAAnieg peta&d Tovg,. /

R 4
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H ovvaptnon fi(x) =1x |
SOUQ®VOL LE TOV OPIGHO TNG OTOAVTNG TIUNG EXOVLLE:

X, avx<0
X, ovx>0

f<x>=|x|={

Enopévog n ypoaewn mapdotacn g cuvaptnong 1

f(x)= |X| amotekeital omod TG 6v0 Nevdeieg:
vV y=-x, uex <0 kot

y=-x,x<0 y=x,x>0_
x’ (e X

vV y =X, e x > 0 mov Sy 0TopovV TS Ywvieg x'f)y Ko
xOy oavtiotoiymc.

E®PAPMOTI'H

X710 OumAavVe oyfpa SIveETOL 1| YPUPIKY] TTO- V4
paocTac puog cuvaptnong f mov sival opr-
opévn o€ 6o to R.

i) Na Bpeite v eéicmon g £v0ziag mov L y=1(x)
oépyetan amd to onpueia A kol B kol oty B
ovvéyelo va ociete 6TL M gvlsio avti \
épyeTar Kon amé to onpeio I. o 1

ii) Na Avoete ypagikd Tnv avicmon
fx)>—05x+1.

AYEH

i) Hevbeio AB éyet eElowon g popengy =
ox + B ko emeldn di€pyetal amd o onpeiol
A(2,0) ko B(0,1) Ba woyvet:

0=0-2+B ku 1=0-0+p,
omote Oa Exove:
a=—05kup=1.

>y

Apa n e&iowon g AB givou:

y=—05-x+1.
o va deiéovpe tOpo 6TL TO onueio I
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avikel oty evbeio AB, apkei va dei&ovpe 6Tt to {e0y0g (-2,2) TV CUVTIETAYUEVOV
Tov gmaAnfevel v e€icmon avtng, dnAad apxel va dei&ovpe ot 2 = —0,5 -
(—2) + 1, mov woyvet.

ii) O1oeig g avicwong f(x) > —0,5 - x +1 elvar o1 TeTunpéves TV onpeiov g
YPOQIKNG Tapdotaong TG f mov Ppiockovrol mdve omd v evbeia pe e&icmon
y=-—0,5-x+ 1, inladn mavo and v gvbeio AB. Emopévmg, n avicowon oot
aAnBevel yro x€(-2,0)U(2, o).

AYXKHXEIX A'OMAAAX

1. Na Bpeite ™ yovia wov oynuariler pe tov aova x'x 1 evbeio:
i) y=x+2 i) y=3x-1
jiil) y=—x+1 iv) y =—/3x +2.

2. Na Bpeite v KMon g evbeiog mov diépyetot amd T onpeio
i) A(1,2) ko1 B(2,3) ii) A(1,2) ko1 B(2,1)
iii) A(2,1) ko B(-1,1) iv) A(1,3) kot B(2,1).

3. Na Bpeite v e&icwon g evbeiag n omoia:
i) Eyet khion o = -1 ko tépvet tov déova y'y oto onpeio B(0,2).
ii) Zynpoatilel pe tov d&ova XX yovio @ = 45° kot tépvel tov aova y'y 610
onueio B(0,1).

iii) Efvor mopdAinin pe v evbela y = 2x — 3 wou diépyeton amd 10 onpeio
A(1,1).
4. No Bpeite v e&iowon g evbeiog mov diEpyeTon amd To GNUEioL:
i) A(1,2) ko B(2,3) ii) A(1,2) ko1 B(2,1)
iii) A(2,1) kou B(-1,1) iv) A(1,3) kou B(2,1).
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5. Na amodei&ete 0T M e€lowon tng evbeiag mov maploTdvel T oxéon petad g Oep-
pokpaoiog C og fadpovg Celsius kon g Oeppoxpaciog F oe Babpodc Fahrenheit
glvar

5
C=—(F-32).
5 ( )
I'vopiloupe 611 10 vepd maydvel e 0°C 1 32°F kon Bpdlel o 100°C 1y 212°F.
Yrdpyet Oeppokpacio wov va ekppaletot kot 6Tig SV KAILOKES e ToV 1610 aptOpo;
6. No TopacTNGETE YPAPIKA TN GLVAPTNON:
-x+2, avx<0

f(x)=12, av0<x<1

x+1, avl<x

7. 210 dumhovd oynpa STvovTol 1 YPOQIKY TOpAcTOoT] oG cuvaptnong f mov eivat
oplopévn og 6A0 10 R kot gvbeio y = X.

Na Moete ypoptkd: YA
i) Tg e€lomoeis: =
f(x)=1«xom f(x)=x. y=/(x)
ii) Tig avicwoeg: 5 | §

fx)<1lxo f(x)>x.

8. i) Z10 1610 CVOTNUA CUVIETOYUEVOV VO, YOPAEETE TIG YPOPIKES TOPUCTACELS TOV
GUVOPTICEDV
JS(x)=|x| kau g(x) =1
Kot e tn Pondeta ovtdv vo AGETE TIC OVICDOELS:
|x|£1 Ko |x|>1.

ii) No emPefordoete aAyePpid T1G OTOVIGELG OOG GTO TPONYOVLEVO EPADOTNLLOL.
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AYXKHXEIX B'OMAAAX

1. H molvyovikn ypopup ABIAE 100 Topakdto oynuotog eivoln ypaeikn Topactoc
pog cuvdptnong f mov etvan opiopévn oto drdotnpa [-6,5].

Xy

i) Na Bpeite v Tipun g ocvuvaptnong f o ke aképato XE[-6,5].
ii) No Wcete T1g e€16006€1G:

JX)=0, f(x)=—1 ko f(x)=1

iii) Na Bpeite v e&iowon g gubeiog BA kot ot cuvéyela va AGETE YPaPIKa
™V avicmon
f(x)<0,5-x.

2. Mo potev axtiva Kiveitat katd pikog g evbeiog y = 1 — X kot avarxidTol 6Tov
akova x'x. Na ypayete tnv eEicmon g gvubeiog katd pnKog ¢ omolag Kiveiton m
OVOKAMLUEVT OKTIVOL.

3. Ze o de&apevn vdpyovv 600 Aitpa Beviivng. ‘Eva Butiopdpo mov mepiéyet 2000
AMrtpa Peviivng apyilel va yepiler T de€apevn. Av ) mapoyn Tov Putioeopov eivat
100 Mtpa To Aemto kon M de€apevn ywpder OAn ) Peviivn Tov Putiopdpov:

i) Na Bpeite 11 cuvaptioels mTov ekepdlovv, GLUVAPTHGEL TOV YPOHVOV t, TNV TOGO-
mra g Beviivng:
a) 670 Putoeopo kol  PB) otn defapevn.

ii) No mapactioete ypoaeikd Tig Topamdved GLUVAPTAGELS Kol va Bpeite T povikn
OTLYUN Kot TV omoio To BuTio@opo Kot 1 deEapeviy Exouv TV 1810 TOGOTNTO
Beviivnc.

4. 10 duthovo oyfua to onueio M dwaypdpetl to svboypoap- A
po tunpe AB omd 1o A mpog 1o B. Zoppoiilovpe pe x 10
pnKog g drdpopns AM tov onpeiov M kot pe f(x) to
eupado tov tprydvov MT'A. Na Bpeite to nedio opr- 4 E=f(x)
GLOoV Kol ToV TOTO TG cvvdptnong E = f(X) kot ot ov-
VEYELDL VAL TNV TOPOGTICETE YPOUPIKEL.

r
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5. Avo xepia K| kar K, dyovg 20cm 1o kabéva, apyicav va kaiyovrar v idu xpo-
VIKT GTIYHN] KO TO TPATO KEPT KANKE G€ 3 MPES, VA TO deVTEPO KANKE GE 4 DPEG.
To dym tov keprov K, ko K, cuvaptiicet tov ypdvov t, kotd 1o xpovikd sidotnua
mov kabEva amd avtd korydtav, mopiotdvovtot pe o vbuypappa TunpaTe kKo

k, Tov mapakdro oyfuatoc.

*h (og cm)
20

o 3 4t(oe (bpsg’)

i) Na Bpeite t1g ovvaptioeig h = h (t) ko h = h,(t) mov ekppdlovv, cuvaptoet
TOV XPOVOL t, T VYN TV KepLdY K| kot K, avtictoiyog.
i) No Bpeite note 10 kepi K, iye durhdoio Hyog amd 1o kepi K.
iii) No Avoete 1o 1510 TpdPANLa Kol 6T YEVIKT TEPITTMGN OV TO APYLKO VYOS T®V

KePL®V NTav 160 pe v. Ti mapatnpeite;
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Kataxdpopn pstatomon kaumving
) Ag Bcwpricovpe ) cuvaptnon f(x) =|x|+1. Enedn

—x+1, av x<0
x+1, av x>0

f(x)= {
N YPOPIKY| TAPAGTACT TNG GLVAPTN-
ong f(x) = |x| +1, O amoteleiton amd
TIg Npuevbeieg
v y=—x+1, uex <0 o
v y=x+1, uex>0,
7oV £yovv apyn To onueio 1 tov G&o-
va y'y kot gtvor mapdAAnAes pe Tig ot-

1otopovg TV Yovidv x'Oy kat xOy

Y

. , . , . X O 1 X
amd TG omoiec, OmwG gival yvwoTo,

OmOTEAEITAL 1) YPOPIKY TOPAGTOON
ms o(x) =x| (Zxipa).
Emopévemg, av petatomicovpe tn ypoeiky] Topdctacn e ¢(X) :|x| Kotokopueo) Kot
TPOG T0 TAV® Kot 1 povdda, t0te vt o CUUTESEL e TN YPAPIKY TOPAGTOCT TNG
F(x)=|x|+1. Avtd, GAwoTE, HTAV OVAUEVOLEVO, 0QOD 1GYVEL:

f(x)=@(x)+1, 710 k60 XER,

7ov onpaivetl 6Tt Yo kdbe XER to f(X) eivar katd 1 povada peyaldvtepo tov ¢(X).

T'evika:

H ypoopwr| napdotaon e cuvapmnong f, He:

f(x)=0(x)+c, 6mov ¢ > 0,
TPOKVTTEL OO L0 KATOKOPLOY UETATOMION TNG YPOPIKNG TOPEOTAONG TNG ¢
K0T ¢ LOVAOEG TTPOS TA AV (ZyM Lol o).

MAnLadn mopdiinio pe tov dova y'y.
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B) Ac Bswpricove T cuvaptnon f(X) = |x| —1. Emedn

(%) -x-1, av x<0
X)= ,
x—1, av x>0
N YPOPIKY| TOPAGTAON yA
me f(x) =[x/~ 1, y=Ix|

0o amotedeiton amd Tic Npevdeieg

v y=-x-1pex <0 kot
vV y=x-1,puex>0, 1 1

oL £xovv apyn to onueio —1 tov W4
a&ova y'y ko givot ToapaAAnAES Le | k /
y=1x|=

TIc dyotépone Tov yoviov x'Oy

A 4

kon xOy amd Tic omoieg amote-
AglTo M YPOPIK TOPAGTOCGN NG

o(x) =[x| (Zxnpa).
Enouévog, av petatomicovpe

Ypagikn mapdotocn g ¢(x) = x|
KOTAKOPLOO KOL TPOG TO KAT® KT 1 povada, Tote ot Oo. GUUTESEL PE TN YPAPIKN
napdotoon g f(X) = |x| —1. Avtd, GAA®GTE, TAV OVAUEVOLUEVO, OPOV LOYVEL:

fx) =) -1, 1o kabe XER,
7oL onpaivetl 6Tt Yo kdbe XER 1o f(X) eivan katd 1 povada pikpdtepo tov (X).

Tevikad:

H ypagpn| mapdotacn g cuvaptnong f, Le:

S(x)=9(x)—c, émov ¢ >0,
TPOKVTTEL OO L0 KATOKOPLOY UETATOMION TNG YPOPIKNG TOPEOTAONG TNG ¢
KOTE ¢ LOVASEG TTPOS TA KAT® (Zynuo ).
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Op1lovTia peTaTomion KOumTving
a) Ag Bemprcovpe ) cuvaptnon f(X)= |x - 1|. Emeon

-x+1, av x<l1

x—1, av x>1"~

f(X)={

N YPOQIKN Tapdotaon Mg f(x) = |X —1|, Oo amotereitan omd TIc NpevOeieg

vV y==x+1Lpex <1 ko y
Vy=x-1, pex>1,
mov €yovv apyr To onueio 1 tov d&ova y=Ixl
X'X Ko €lvor mopaAAnAes pe Tig d1y0To- 1 L, /=Ix-1]
povug tov yoviov X'Oy kot xOy and Tig
OTO1EC AMOTELEITAL 1] YPAPIKN TOPAGTO-

onmg ¢(x)=|x| (Zyue).

Emopévemg, av petatomicovpe ™ ypo-

QKN wapdotaon g O(X) = |x| op1lo-

vt ko pog ta de&1d katd 1 povada, tote avth Oo GLUTESEL LE TN YPOUPIKH TapEoT-
on g f(x)= |x - 1|. Avtd, GAA®GCTE, NTAV OVOLEVOUEVO, OPOD 1oYVEL

F(xX)=0p(x—1), yokdbe xER,

TOL oNUOiveL 6T M TN ™S f(X) = |x - 1| ot 0éom x etvon o pe v TP g O(x) = |X|
ot Béon x—1.

@ Anhadn mopdAinio pe Tov GEova X'X .
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Tevika:

H ypaopikn| mapdctacn tg ocvuvaptnong f pe:
f(x)=0¢(x—c), 6mov ¢ > 0,

TPOKVTTEL ATO L1, 0pOVTLOL LETOTOTION TNG YPOPIKNG TAPACTUONG TG P KOTH €
Lovades TPog To dEELA (Zynpa v').

pdypotr emedn f(x)=@(x —c), N 1N mg f ot Béom x eivan do pe v T e
¢ ot Béon X — ¢, Tov Bpioketar ¢ povadeg apiotepoTepa TG 00N X. Apa, 1 YPOPIK)
napdotaocn ¢ f Oa Ppicketar ¢ povadeg 0e&loTepa TG YPUPIKNG TUPACTOONG TG ¢
(Euoy").

Y

B) Ac Bswpricovpe tn cuvaptnon f(x) = |x + l|. Emedn

-x-1, av x<-1

f(X)={

x+1, oav x>-1
N YPOQIKN Tapdotaon s f(X) = |x+1|, o amoteleiton omd Tic npevdeieg
v y=—x-1pe x<-1 kot

vV y=x+1, pe x>-1,

oL €YoLV apyn to onueio —1 Tov
a&ova X'X Ko lvor TopAAANAES L
g Sigotopovg Tov yovidv x'Oy
ko xOy and Tig omoieg omote-

AglTon M YPOQIKY TOPAGTACT TG
e(x) =[x| xfipa).

Enopévemg, av petatomicovpe
YPOUQPIKT|] TOPACTACT) TNG O(X) = |x| opildvtia Kot Tpog ta aptotepd Kotd 1 povada, Tote
avtf Qo copméost pe T ypagikn mapdotoon g f(X) = |x +1|. Av10, GAooTE, NTOV
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OVOLLLEVOLLEVO, OOV LGYVEL
f(x)=0(x+1), yuo k60e XxER,

OV GNUOIVEL OTL T TN TG f(X) = [x+1| o1 Béom X eivon 1010 pe TV T e o(X) = |x|
ot Béon x + 1.
levié:

H ypaopin| mapdotacn g cuvaptnong f, Le:
f(x)=0(x+c), 6mov ¢ > 0,

TPOKVTTEL OO 10 OPLLOVTIO LETATOTIGT TNG YPUPIKTG TAPAGTOONG TNG P KOTA C
LLOVAOEG TTPOGS TO OPLETEPE (MLt J").

[pdypate emedn f(x)=@(x+c), n T s f ot Béon x etvon S pe v TN g @
ot Béon x + ¢, mov PBpicketar ¢ povadeg deEidtepa ™G BEong X. Apa, 1 YPOPIKY| TTo-
pactoacn g f Oa BpiokeTtol ¢ LovAdES aploTEPOTEP TNG YPOUPIKNG TOPASTACNC TNG P
(ZxMuo. 8.

SR 4

O X x-.i-c
Zynpo

E®PAPMOTI'H

No wopoaotadei ypopikd n cuvaptnon f(x) = [x+3|+2.

AYZH

ApyiKd yopaccovUE TNVY = |x + 3|, OV OT®G €idape TPOKOTTEL OO (o oplOvTio LLe-
totomon Mg y = |x| Koté 3 LOVASEG TPOG TOL OPLOTEPL. TN GUVEYELD XOUPAGGOVLE TNV

y= |x + 3| + 2, OV OT®G EIdOLE TPOKVTTEL OO L0 KATOKOPLON LETATOTION TNG YPAPL-
KNG TOpAcTOoNG TG Y = |x + 3| KoTd 2 LOVAdES TPOG TOL TAV®.
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Enopévaog, n ypapikn mopdotacn g f(X) = |X + 3| + 2 TPOKLITEL OO dVO OLUOOYIKEG
LLETOTOTIGELS TNG CLVAPTNONG Y = |x|, pog optlovTiag katd 3 LoVAdES TPOG TO OPIETEPH
KO L0G KOTOKOPUPNG KOTA 2 LOVADEG TTPOG Ta TAVE® (Zynpat).

y4

HMEIQXH

Me avéAoyo TpOTo, SOLAEVOVE Y10 VO, TOPOGTCOVUE YPOPIKA TIG GUVOPTNOELS
™G HOPPNG:

f(x)=o(xtc)td, pec,d>0
Ankadn, a&lomotodpe 160 TV optlovTie. 0G0 KOl TNV KATOKOPLOT LETATOTION
KOUTOANG.
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AYKHZXEIX A'OMAAAX

1. 210 1610 GVOTNLO GUVTETAYHEVOV VO TOPAGTHGETE YPUPIKA TIG GUVOPTNOELS:
o(x)=|x|, f(x)=|x[+2 ku g(x)=|x|-2.

2. Opoimg ylo TIg GLVOPTNGELS:
o(x) =[x, h(x)=|x+2| ka q(x)=|x-2|.

3. Opoimg yia T GLVAPTNGELS:
o(x)=x|, F(x)=[x+2|+1 ka G(x)=|x-2|-1.

4. 10 TOpOoKAT® OYNHO SIVETOL 1 YPAPIKN TOPAGTOOY] MG GLUVAPTNONG @ TOL

amoTeLElTOL OO T SLYOTOUO TG OEVTEPNG YOVIONG TOV AEOVOV KoL 0O TO MUIKD-

KAL0 TOV GVIKEL 6TO 10 TETOPTNUOPLO Kot £YEL SIAUETPO TOL 0pilovv T oMuEia
0(0,0) kot A(2,0).

yl
Co

270 1010 GVGTNIO GUVTETAYUEVOV VO TOPOOTIOETE YPUPIKA TIG GUVOPTHOELS:
i) f(x)=0(x)+2 xor g(x)=¢(x) -2

ii) h(x) =p(x+3) kot q(x) =@(x—3)

iii) F(x)=p(x+3)+2 kot G(x)=¢(x —-3)—2.

5. Atveton 1 ouvapon @(x) =2x° —1. Na Bpeite Tov TOT0 ™G GLVAPTNONG f TNG
omolag M YPAPIKN TOPAGTAGT TPOKVTTEL A0 OV0 SLOdOYIKES LETOTOMIGELS TNG
YPOPIKNG TOPACTOCNG TNG O:

i) katd 2 povadeg mpog o de€ld Ko Kotd 1 Hovada mpog T Tave.

ii) Kotd 3 povadeg mpog ta 0e€1d Kot Katd 2 PLOVAOEG TPOG TO KATM.
iii) katd 2 povadeg mpog ta aproTePd Kot Kotd 1 povadoe mpog to Tave.
iv) Kotd 3 povadeg mpog ta aploTepd Kot Kotd 2 LOVASES TPOG TO, KATO.
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Movotovia ocvvaptiong

210 TOPOKAT® oYU divetal n ypapikn tapdotacn g cuvaptnong T = f(t) mov exepd-
Cer ) Beppoxpacio T evog TOTOV GLVOPTNGEL TOV YPOVOL t KAUTH TO YPOVIKO S1AGTN O
amo tao pecdvuyta o nuépag (t = 0) péypt ta pecdvoyta g endpevns pépag (t = 24).

A T(OC)

11

T=7(®)

0 4 16 24 t(h)

a) [opotmpodpe 611 6t0 ddotnua [4,16] n ypagikn wapdctact g Oeppokpaciog
OVEPYETOL.

17(0)
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AVTO onpoivel 6Tt 610 S1AGTNHE CVTO, LLE TV TAPOS0 TOL XPOVOV, 1| Beprokpacio av&d-
VETAL, ONANOT Y10 OTOLONTOTE ty,t;, € [4,16] pe t, <t, woyvst

St <f(t)
I'o 1o Adyo avtd Aépe 6tL 1 suvaptnon T = f(t) sivar yvnoimg abéovca 6to ot
[4,16].
[evika:

OPIZMOX

Mo cuvaptnon f Aéyetal yvnoimg avéovea o Evo dtdotnpa A Tov mediov opt-
OHoD NG, OTAV Y10 OMOLAONTOTE X, X, EA g X < X, 16)VEL:

Sx)<f(x)

[No va dnAdoovpe 6t cuvaptnon fetvor yvnoing adéovsa 6to S1ioTtnra A Ypaeovpe
fIA.
INo mapdderypa, n cvvéptmon f(x) = 2x — 3 glvan yynoing avéovoa oto R. [Ipdypoatt
€010 X,X, €R, pe x, <x,.Tote £povpe:
X, <X, = 2x, <2x,

=2x,-3<2x,-3

=/(x) <f(x,)
Tevucd:
H ovvéptnon f(x) = ax + B, pe a > 0 givor yvnoiog avéovoa oto R.

B) Zto 610 oyNua, TOPUTNPOVUE ETTAEOV OTL 6TO ddotnuo [16,24] N ypopikn wopd-
otoomn g Oeprokpaciog KaTépyeTo.

A TCC)

=7 (®

VAC)) A

0 4 6t t 24 t(h)
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Av16 onpaivel 6Tt 6To SAGTNUA AVTO, LE TNV TAPOOO TOL ¥POVOUL, 1| BeproKpacio LELD-
vetatl, oniadn yu omowadnmote t,,t, €[16,24] pe t; <t, oydeu

() >f(t)
INo to Adyo avtd Aéue 6tTL 1 ouvdptnon T = f(t) etvon yvnoing pbivovca oto ddotnua
[16,24].

TI'evika:

OPIZMOX

Mia cuvaptnon f Aéyetal yvneimg @Oivovsa ce £va d1dotnio A Tov TEdiov
OPLGHOV NG, OTOV Y10 OTOWINTOTE X, X, EA pe X < X, 1oyl

VACHESACS)

[N va dnhdcovpe 6T 1 cvvaptnon fetvor yynoing bivovcsa 6to didotnua A ypdeovue
fIA.
INo mapdderypa, n cvovépton f(x)=-2x + 5 givar yvnoing pivovcsa oto R. [Tpdypott
€010 X1,X; € R, pe x <Xx,. Tote ovpe:
X< X,=-2x,> — 2X,

= -2x,+5>-2x,+5

= f(x)>f(x)
Tevika:
H ocvuvéptnon f(x) = ax + B, pe a < 0 givar yvnoiong pOivovea oto R.
Mia Guvaptnon ov givan gite yvnoimg avéovoa gite yvnoing pbivovoa oe Eva didotua A
Aéyetar yvnoimg povétovn oto A.
Eldyoto kou uéyioro covaptnong
Ac Bewpfioovple Kot TEAL TN YPOEIKH TapdoTaot TS cuvaptnong T = f(t).

11

| T(C)

T=£()

S,

0 4 16 24 t(h)
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[Moapatnpovpue o6tL:
a) Tn ypoviky otiypn t, =4 m Bepuokpacio Tov TOTOL TAPVEL THY EAIYLOTN TN TNG,
mov givarn f(4) =3 Pabuoi Kekoiov. Anhadn woyvet:
f)> f(4)=3, 110 k6O tE[0,24]

"o to AOyo avtd Aépe 6tL n cuvaptnon T = f(t) mapovoidlet oto t = 4 gldyioT0, TO
f(4)=3.Tevika:

OPIZMOX

Mo cuvdptnon f, pe medio opiopod €va cuvoro A, Aéue 0Tl TOPoLGLALEL GTO
X, €A (oMko) ehdyroTo OTOV:

S X)) =2f(x), yiakabe x € A

To xo € A Aéyetar O€om ghayicTov, evad 10 f (X)) OMKO LAYLETO ) OTADG EAGYLETO TNG
ouvaptnong f kot to cupPoiilovpe pe min f(x).

INa mapadetypo, og Oemprcovpe t cuvapmon f(x) = 3x*+1. Eneidn

x* >0, 71 k40e xeR,
Oa eivor

3x* >0, yio ké0e xeR,
omote o Eyovpe

3x* +12>1, Y1 k60 xeR.
Enopévog:
f(x)=1£(0), yu k0e xeR.
Apa, n f mapovoialel erdyioto oto x = 0, to f(0)=1.

B) Tn xpovikn otrypn t,=16 n Beppokpacio Tov TOTOL TAiPVEL TN UEYIGTN TN THG, TOV
etvaun T(16) = 11 Pabpoi Kerosiov. Anhaodn woyvet:

f(t) < f(16) =11, yio k6O t [0,24].

[N To Aoyo avtd Aépe 6tTL M cvvapton T = f(t) mapovoidletl oto t = 16 péyioto, 10
f(16) =11. I'evikd:

OPIZMOX

Mo cuvdptnon f, pe medio opiopod €va cuvoro A, Aéue 0Tt TOPoLGLalEl GTO
X, € A (ohikd) péyreTo o6tav

SX) <f(x), v kabe x € A



6.5 MONOTONIA - AKPOTATA - ZYMMETPIELZ ZYNAPTHXHX 179

To x,EA Aéyeton O¢om peyioTov, evod to f(X,) 0MKO péyeTo N amhog péyteTo g f Ko
T0 ovpPoiilovue pe max f(x) .

o mapadetypa, ag Osopricovpe ) cuvaptnon f(x)=-3x"* +1. Enedy
x* >0, 710 k40e xER,
O eivon
-3x* <0, yo0 k60e xeR,
omote Bo Exovpe
-3x* +1<1, yia kd0e xeR.
Enopévag:
f(x) <£(0), yio k60 xeR

Apa, 1 f mapovciéler péyioto oto x= 0, 0 f(0)=1.

To (oMKd) péyioTo Kot 1o (0AKO) EAGYIGTO HLOG GUVAPTNOTNG AEYOVTOL OMKA aKPOTUTO.
OQUTAG.

>XOAIO

Mo cuvaptnon evOE ETOL VoL £XEL KOl LEYIGTO Kot EAGYIOTO (Zy. o) | LOVO EAA-
yoto (Zy. B N uovo péytoto (Zy. v') N va unv éxel o0Te PEYIGTO 0VTE EAAYIOTO
(Zyx. 8.

" A
y y
y=/ (%) y=/ (%)
1
1
O 5 )
1 0] 1 X
ynpo o’ Zynpo B’
y A YA
1 \y=f () y=/ (%)
(0) 1 ; (0] 1 ;

Iynuoy’ Zynua 8’
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Apria covaptyon

) Xto dirhavo oyNpa diveton n ypagn topdotaon C, yA
pog cvvdptnong f mov €xel medio opiopov OA0 TO
R. TTapatnpovpe 6tin C » €yel aEova GLUUETPiaG TOV
agova y'y, apob to cuppeTpikd kabe onueiov e C,
®¢ Tpog Tov aéova y'y avikel ot C e

Eme1dn, opwc, 10 cuppetpikd Tov tuyoiov onpeiov

M(x,y) g C ; G TPOG TOV a&ova y'y givar to onpeio
M'(-x,y) ko gnedn] Ta onpeio M(x,y) kor M'(=x,y) avikovv otn C » Oa oydery =
f(X) a1y = f(-x), omote Oa Exovple:

f=x) =)

H ovvapton f pe v mapamdve d1dmra Aéyeton apria. I'evikd:

(0)402%(0)>

Mo cuvaptnon f, pe medio opiopov éva cvvoro A, Ba Aéyeton dpTia, OTav Yo
KGOe XEA 1oyVEL:
—x €A xot f(—x) = f(x)

H ypooewn| mapdotaon piog dptiag cuvdptnong éxetl aéova ovppetpiog tov dEova y'y.
o mopadetypo, 1 ovvapmon f(x)=2x*—x* +1 sivon dptia cuvéptnon, agov £xel
nedio opiopov 6A0 10 R ko yia kébe x € R oyvet:

f(x) = 2(x)*— (x)* + 1=2x* - x>+ 1= f(X)

YOVETMS, M YPAPIKN NG Tapdotaon Exel aZovo cuppetpiog Tov aéova y'y.

IleprrThy ovvapTyon

B) Zto dumhavo oyfuo diveton M YPOPIK TOPAGTOCT
C, mog cvvapmong f mov £xel medio opiopod 6Lo
o R.
Hapotnpodpe 611 n C, €xet KEVIpo GuppeTpiag ™V
apyn TV a&EOvev, apol To CLUUETPIKO KAOs onpei-

ov g C ; G TPOG TV apyn Tov aEOVOV OVIKEL TN

C,.
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Emnedn], Olmc, T0 GUHUETPIKO TOL TUYaiov onpeiov M(x,y) Tng C ; (OG TPOG TNV apyn ToV
a&ovov givat o onpeio M'(-x, —y) kot enedn ta onpeio M(x,y) Kor M'(=x, —y) avijKkovv
ot C,, b oybery = f(x) ko -y = f(-x), ondte Oo Egovpe:

J(=x) = =f(x).

H ovvaptnon f pe v mopomdve 1totnto Adyeton teprrth. ['evikd:

OPIZMOX

Mo cuvaptnon f, e medio optopov Eva cuvoro A, Bo Aéyetal meprrTn, OTOV Yol
KG0e x € A woyvet:
—x € A xat f(—x) = - f(X)

H ypoown mapdotaon pog aeprrtig cuvaptong EXEl KEVTPO GUUPETPLOG TV opyn
TV aEOVOV.

o mapadetypa, 1 cuvapmon f(x) = 2x’ — X sival TepITT cvVapTNON, S1OTL EYEl TEedio
optopov 610 1o R Kot yio kdbe x € R 1oydet:

S () =2(%) = (%) = 2+ x = f(x)

YOVETMS, M YPAPIKN TNG TOPAOTACT EYEL KEVTPO GUUUETPIOG TNV apy| TOV 0EOVEV.

SHMEIQXH

O 6pog "apTia" TPoEKLYE aPYIKA 0T TO YEYOVOS OTL 01 GLVOPTNHOEIGY = X%, y = X*,
y = X® KTA., TOL EoVV GpTIo eKBETN, ExovV GEOVA cvppETpiog Tov GEova y'y, eivar
OMAadN APTIEG GUVOPTNOELS, EVA 0 OPOG "TEPITTN TPOEPYETAL ATTO TO YEYOVOS OTL
Ol GUVOPTNAGEIGY = X , ¥ = X°, Y = X° KTA., TTOV £X0VV ePLTTO EKOETN, £XOVV KEVTPO
GUUUETPIOG TNV apyn TOV aEOVOV, Elvar SNAST TEPITTEG GVVAPTNOELS.

E®PAPMOT'H

270 TOPUKATO® oo divovTal OPLopREva TUNNOTA TG YPOUPIKIS TAPEGTAoNS HLOg
apTiog cuvaptnong f mov £xel medio opiopov To gt [-6,6].

Na yopoyfovv kol To VTOLOUTH TURATA TI|S YPUPIKNS TOPAGTAGS TG CVVAPTI)-
ong f ko pe ™ pondera avtig:
o) Na Bpe0dovv to dwootipata oto omoia | cvvaptnon f:
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i) eivan yvnoiog avéovoa
ii) eivan yvnoiog @Bivovoa
iii) eivan otabep).
P) No Ppefei n péyrotn ko n erdyotn Ty ¢ f, kabag emiong ov Béoeig TV
OKPOTATOV QVTAV.

yll

AYXH

Emedn n ovvépmmon f eivar dptia,  ypoeikn g mapdotaoct Oa £xel aEova cupple-
Tpiog Tov déova y'y. Emopévac, av mapovpe to GOUUETPIKG MG TPOG ToV AZova Y'Yy TV
d00évtv TUNUATOV TNG YPAPIKNG TapdoTaong TGS f, Oa &xovpe 0AOKANPN TN YPOPIKN
napdotacn g f, Tov givar n tolvywvikn ypouun A'BT'OIBA (Zynua).

y1l
A’ A
4
B r r B
6 _5 50 > 56 x

ATO TV TOpaTEVE YPUPIKN TOPAGTACT TPOKVTTEL OTL:
o) H cuvapmon f:
i) elvar yvnolog avéovoa oe kKabéva amd ta dootipoto [0,2] kot [5,6].
ii) elvar yvnoing pdivovoa ot kabéva amnd ta dStuotipote [-2,0] ko [-6,-5],
t0. omoia etva cuppeTpikd g mpog 10 O tov dtaotnudtmy [0,2] kot [5,6]
avTIoTOlYMG oTa ool M f etvol yvnoimg av&ovoa.
iii) elvar otabepn oe kabéva and ta dwothpata [-5,-2] kot [2,5] o omoia ivor
GUUUETPIKE HETOED TOVG MG TPOG TO O.
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B) H péyrom tyun g f elvar ion pe 4 kou mtapovoidletor étav 10 X mhpeL Tig THéG —6
Ko 6. AnAadn oyveL:

max f(x) = f(=6) = f(6) = 4

H ehdyiotn tyun g f eivar ion pe 0 ko mapovsialetor 6tov to X mapet v Tyun 0.
Anrodn woyvet:

min f(x) = f(0) = 0.

AYKHZXEIX A'OMAAAX

1. Na Bpeite ta dtuotnpate 6T 0moio KaOEUId omd TIC TopaKAT® CUVOPTHGELS Elvat:

a) yvnoing avcovca Ko B) yvnoing pbivovaoa.
y4 y4 y4
= y =) y=h(x)
R 0) o R
ON 1 X 2 X -1 1 X
_0) )

2. No mpocdlopicete 1o OMKA 0KPOTOTO TOV GUVOPTNCEMV TNG TPONYOVLEVNG
Goknong, KOG Kol TI 0£6E1G TV AKPOTATOV OVTMV.

3. No dei&ete 01U

i) H cuvépmon f(x)= x> —6x +10 napovctdlet ehdyioto yio x = 3.

ii) H ouvapmon g(x) =

X 7 ) _
21l nopovctalel péyloto yo X = 1.

4. No Bpeite moteg omd TIC TOPAKAT® GUVOPTHCELS EIVOL APTIES KoL TO1EG ETvart
MEPLTTEC:

i) /; (x) =3x" + 5x* i) f, (x)=3[x|+1 iii) f, (x) =[x +1]
iv) £, () =x* = 3x’ v =5 Vi), () =
1+x X~ +1
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5. Opoimg yio T1g GLVOPTNCELS:
1

i)fl(X)=m i) £, (x)=vx-2 iii) £, (x) =[x =1 =x +1]
X+ —
iv) f4(X):Xz+X1 V)fs(X)Z\/M vi) £, (x)=V1-x".

6. Na Bpeite moteg amd T TOPAKAT® YPOLUES EIVOL YPAPIKES TAPACTAGELS GPTLOG
KOl TTOLEG TEPLTTNG GLVAPTIOMG.

yA YA YA
y=f(x) y=g(x) /\ J y=h(x)

YA A A

y=g(x) y=h(
vO \/ X 0 X 0) X

8. No cuumAnpdoETE TIG TAPAKAT® YPOUUEG DOTE VO TOPLGTAVOLY YPAPIKES TAPOL-
OTACELS

a) Aptiag cuvapnong kot P) Ieprrg cuvdptmone.

YA y ya

C C
q 2 /
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EPQTHZEIY KATANOHXHZX 6ov KEGPAAAIOY

) X& koOgma oo TIC TOPUKATO TEPITTAOOELS VU KUKADGETE TO VPO A, OV
0 wyvpopdg sivar aindng kor o ypdppa W, av o woyvpropdg gival yeoonge.
1. Yndpyel cuvapmnon g omoiog 1 Ypopikn mopioTooT SEPYETOL

ano ta onueio A(1,2) ko B(1,3). A Y
2.Otevbeiecy =a>x - 2 kany = — x + 1 téuvovrat. A VY
3. Av pia cuvdpnon fetvan yvnoimg avgovoa, tote n —f givor yvnoiog

@Bivovaso. A Y
4. Mia yvnoing povotovn cuvaptnon &yt o oAy pio pico. A Y
5. Ynapyetl yvnoiog Lovotovn Guvaptnon Tov StEPYETOL

aro ta onueio A(1,2), B(2,1) kot I'(3,3). A Y
6. Av o cuvaptnon f eivarl yvnoiog eBivovsa kot Exet pia

tov apfuo 1, tote Ba woyvet f(0) <0 . A Y
7. Av pia cuvaptnon f etvar yvnoimg LovoTovn Kot 1 YPOQpIKT) TG

napdotacn diépyetal omd To onpeio A(1,2) ko B(2,5), toten f

etvar yvnoimg avgovoa. A Y
8. Av 1 péyrot tipn pog cvvaptnong f etvat ion pe 1, t0te N

egiomon f(x) =2 etvon addvaT. A Y
9. H cuvaptnon f:[-1,2] > R pe f(x) = 3x2 givon aptio. A Y

10. Av o cuvdptnon givan aptio 1 TeprtTy kot £xet pilo Tov apduo p,

to1e O Eyel pila kot Tov apOud —p. A Y
11. Av pia cvvaptnon f etvon dptia, Tote N f dev givar yvnoimg

pHovaotovn. A Y
12. Av pia cuvéptnon f eivan dptio, TOTE N —f ivon mepirr). A Y

II) No emAéEeTe T 0OOTY OTAVTI O Y10 TNV TOPOKATO cvvdpTnon f.
H ovvéptnon f, ™g omoiag M YpaQiK TopacToct TPOKLATEL omd 6HO
B0y IKEG LETATOTIOELS TNG YPUPIKNG TAPAGTOOTG TNG sLuVApPTNoNS O(X) = 3x4,
pog optlovriag katd 1 Hovade mpog To. oploTePE Kol HoG KOTOKOPLONG KaTd 2
LOVASEG TTPOG TOL TAV®, EYEL TOTTO:

A) f(x)=3(x-1*+2 B) f(x)=3(x-1)"-2
I f(x)=3(x+D)*"+2 A) f(x)=3(x+1)* 2.
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IXTOPIKO ZHMEIQMA

H 18¢a ¢ ypnoyomoinong dratetaypévav Cevymv yio To. onpeio VoG EMTESOL KOl TNG
TEPLYPAPNG KAUTOA®V PE e§l0MTELS, aviKel oTov Rene Descartes (1596-1650) kot 6tov
Pierre de Fermat (1601-1665).

O Descartes (Kaptéoiog) yevwnOnke ot La Haye (onuepwvi Ntepiar) tng Touraine Kot
néOave ot Ztokyoiun. Xe nhikia 10 xpovov eyyphonke oto Baciiikd KoAréylo g La
Fleche, 6mov didackav Incoviteg. And eketvn 1 otiypn apyilet kot 1o evolopEPOV Tov
v to. pofnpoticd. Xt {on tov vnpée PIAOG0POog, GAAAL Evo. eydAo LEPOG TOL YPOVOL
ToV 10 d1€0eTE Yo ToL PO UOTIKA.

To amoteréopoto Kot ot péBodoi tov, mov dnpocicvce to 1637 oto PiPiio tov Le
Geometrie, dNpOVPYNGOV Vo VEO KAADO TV HOONUOTIKGOV TOV apydTEPO OVOUACTNKE
Avorotucn Feopetpio.

O Kaptéoiog d1eide ) dvvaun g Aryefpag yio T AVoT YEMUETPIKGOV TPofAnpdtov
KOL 1] GKEYN TOV OVTUWTPOCAHOTEVE Lo PLOKY| AmOKAIoN amd TN HEYPL TOTE EMKPATOVGO
amoyn yio ™ [eopetpia. O 6pog «Kapteoiovég cuVIETAYUEVES) 0QEILETAL GTO OVOUY
TOV.

O Fermat, mov é{noe otv Toulouse g votiog aAliog, av Kot NToV VOUKOG 6T0 £mdy-
verua, VIpEE Evag amd TOVG LEYUADTEPOLG LOONUATIKODS TOL 170V aidva.

Thig 10éeg Tov Y10 cuvteTayuéveg otn ['empetpia, Tomonoince oTic apyEs Tov 1629 kat Tig
KUKAOQOpMOE L aAANAOYpapia, 0ALL dev dnpociedTnKay Tptv amd 10 1679. O Fermat
GUVESEGE TO OVOLLYL TOV LIE TOV IGYLPICUO:

«l10 kO v > 2 givou advvaro va ppodue Ostikods axépoiovg a, f, y mov va 1ikavomo1ody
m oyéon oF = [+ 'y

OV &lval YVooTog ¢ T0 «teAevtaio Bedpnua tov Fermaty. Tov woyvpiopnd tov avtdv
éypaye o Fermat oto nepifdpio evog Pipriov tov tpocshitovrag Kot Ta eENg:

«Exw Ppet o mpoyuotixa Qovpdoie amodeiln my owoio 1o wepifmpio avto var Tolo
OTEVO Y10, VO YWPETELY.

O woyvpiopdg avtdg Tov Fermat amodeiytnke oAndng to 1994 and tov Ayyho pobnpotikd
A. Wiles, apob vanpée yio 350 xpovia £va amd o StoonpoTEPO GAVTO TPOPANLOTO TNG
Ocopiog AplOudv.



MEAETH BAZIKQN
2YNAPTHZEQN

Ewcaywyn

Zro KeEPAAL0 00 TO B0, S0VLE TAC, L TN PoNOELD TV TANPOPOPLDY TOL ATOKTN G-
He LEXPL TP, LTOPOVLLE VO XOPEEOVLE e OGO TO SLVOTOV PEYaADTEPN aKpiPeta
N YPOPIKT) TOPAGTACT) TOV GUVAPTIGEMV

f(X)=ax’,  f(x)=0x, f3(x) :% Ko fi(x) =ox*+ Bx +y.

H mopeia v omoio. akolovBolpe Aéyeton pehétn covaptTnong kot TeptAapPavet ta

axO6AovOa Brpotos:

1. Bpiokovpe 10 medio opiopov g GLVEAPTNONG.

2. [Tpocdiopilovpe T0 SIOCTLOTO LOVOTOVIOG KOt TO. OMKE aKpOTOTO TNG GUVAPTI-
ong.

3. Mehetovpe 1 "ovumeptpopd” NG CLVAPTNONG OTO. AKPA TV JSUCTNUATOV TOL
mediov optopov g ("oplokég TIHES" KTA.).

4. YVvTA000VUE EVOV TIVOKA TILOV TNS CLVAPTNONG Ko, e T Bonfeto avtol Kot Tmv
TPONYOVLEVOV GUUTEPOUCUATOV, YOPACCOVUE TN YPUPIKN TNG TAPACTAON.

2XOAIO

Onwg eivarl yvootd, av o cuvaptnon f pe medlo opiopov £va cOvoro A givar
aptia, TOTE N YPOPIKN TG TopAcTacn &xel afovo cvppetpiog tov d&ova y'y,
eV o gival mepirn, EYEL KEVTIPO GUUUETPIOG TV apyn TV a&ovav. Etopévag,
Yo TN UEAETT] LLOG TETOLOG GLVAPTNONG OPKEL VO TEPLOPIOTOVUE OTA XEA, LE
X > 0 kot va YopAEOVUE TN YPAPIKN TNG TAPACTACY] 6TO GUVOAO 0VTO. XTN
oLVEXELDL B0l TAPOVLLE TO GUUUETPIKO TNG KOUTOANG TOV YOPAEQUE (O TPOG TOV
d&ova y'y av 1 cuvapTNoNn Elval APTIo KOl G TPOG TNV apy T®V aSOVOV ov 1
ouvaptnon etvon meprrth kot Bo fydAovpe To oyeTIKd cupmepdopota. I avtd,
oLVNO®S, TPV TPOYMPNGOLLE 6To PHaTO 2 £0C 4, EAEYXOVLE OO TNV apyn OV
1 oLVAPTNON Elval APTIOL 1) TEPLTTN.

o
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H ovvaption g(x) = x?
Ag Bewpnoovpe T cvvaptnon g(x) = x% [apatnpovpe 6TL 1 GVVAPTHON 0VTN £XEL TESIO
optopov 6Ao to R Kot givan aptio, 610TL yio kabe XER oyvet:

g(—x)=(—x)* =x* =g(x)
Emopévmg,  ypopikn mapdotacn g g Exel dEova cvppetpiog tov d&ova y'y. Apa, GOp-

QOVA e OGO AVUPEPULLE TTPOTYOLUEVAGS, 0pYLKA O LEAETGOVE Kot Bo TOPACTGOVLLE

YPaPIKA TV g 6to dtdotnpa [0, +o0).

"Exovpe Aowmdv:

*  Movoertovia: Eoto toyoia x;,x, €[0,+0) pe x,< x,. Tote 0o eivon x* < x*,, omdte
Oa éxovpe g(x,) < g(x,). Apon cuvaptnon g(x) = x* etvar yynoing avéovoa 1o [0,
+00).

o Axpotara: o kdbe x €[0,+90) woydet:

gx)=x*20=g(0).

Apan cuvaptnon g mapovctdlet oto X, = 0 erdyioTo, o g(0) = 0.

o Yovumepipopd tng g ya "ueydlec” Tiuéc Tov x: Ag OepnoovpEe TOV TOPOKATM
Tivake TIHAV NG g Yo "ToA) peydAec" Tiég Tov X:

X 10" 10" 10" 10" | 10™ — 400
g =x*| 10" 10" 10" | 10™ | 10™ —+©
[Mopoatnpovpe 611, KaBOS TO X AEAVETAL ATEPIOPIOTO, 1

N omwg Aépe "teiver oto +oo", 10 x* avéhvetal Kot
ovTd OmEPLOPIOTO KoL UAAIGTO YPIYOPOTEPO KOl
apo "teivel 6To +0". AvTtd onuoaivel 0Tl 1 YPOUQPIKN
TOPAGTACT) TG € TPOEKTEIVETAL OMEPLOPIGTO TPOG TAL
‘ . , y= . x>0
Tave, KOG TO X ATOHAKPVVETOL TPOG TO +00. X =
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Aoppdvovtag vToyn To TOPUTAVE Kol TOipVoVTag VOV TIVOKO TILOV TNG g Yol U op-
VNTIKEG TIHES TOV X, UITOPOVLE VO YOPAEOVLE TN YPAPIKN TNG TAPACTOOT] GTO SLAGTILLOL
[0, +o0).

AV TOpO TAPOVLE TO GUUUETPIKO TNG TAPOUTAV®D y A
KOUTOANG g TTpog tov dEova y'y, tote O Exov-
LE TN Ypaeikh Topdotaon g g(x) = x* og Oho

o R, and v omoia cuumepaivovpe OTL:
2 y=x
H ovvéptmon g(x)=x":

2 4

* Etvan yvnoiog ¢Bivovsa oto (—0,0] kot yvnoi- 0 1
¢ av&ovoa 6to [0, +o).

* [Tapovsialel erdyioto yio x = 0, o g(0) = 0.

* 'Exet ypogiki| TopaoTocn mov TPOoEKTEIVETAL AMEPLOPIOTO TPOS TO TAV®, KAONDS TO X
Telvel gite 6TO —00, £iTE 0TO +00.

H ovvdptnyon h(x) = —x?

A Bempricove TdOPO TN GLVAPTNOT Ay
h(x) = —x".
Hopatmpovpe 6t yro kibe XER 1oy0e

h(x) =-g(x) g(x)=|x2

Apa, 6nog pdbape oty §4.2, n ypo-
oy mapdotaon e h(x) =-x? givar
GUUUETPIKN TNG YPOPIKNG TOPACTACTG 0o
™mg g(x) = x2 ¢ TPog ToV dova X'X.

Xy

Enopévag n ouvapmon h(x)=—x2: h(x)=

* Eivar ywmoing avéovoa oto (—0,0]

Kot yvnoiong ebivovsa oto [0, +o).

* [Tapovoualel péyioto yuo x = 0,
70 h(0) = 0.

* 'Exel ypagikn mopdotocn Tov TPOEKTEIVETAL OTEPIOPIOTA TPOS TO KAT®, KOOMG TO X
TEivEL €iTE 6TO —00 gite 6TO +o0.

H cvvdprnon f(x) = ax?

Awoxpivoope 300 TEPMTOGELS:

*Av a > 0, tote gpyalOHOcTE OTMG EPYOCTKOAUE Yo, T GLVAPTNON g(X)= x* Ko
KataAyovpe ota 0 cvpmepdopata. To cvpmepdopata avtd cvvoyilovtol ctov
TOPOKAT® TIVOKOL:
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X —© 0 o0
o0 s
S (X)=o0x?
a>0
0
min

310 oo TOL AKOAOVOEL divovTal Ol YPAPIKEG TAPAGTAGELG TG GLUVAPTNONG [ (X) =
ax’yiea=0,5a=1xouo=2.

—
5 4

0]

o Av a <0, 10te gpyalOHOoTE OMMG EPYOOTNKALE Yio TN ovvaptnon h(x) = —x* ko
KotaAyovpe ota oo cvpmepdopata. To cvpmepdopate avtd cuvoyilovtol otov
TOPOKATO TivaKo:

f(x) =ax?

a<0

—0
—0

310 oYL, TOL 0KOAOVOEL divovTol 01 YPaPIKES TOPUCTAGELS TN cvvaptnong f(X) = ax?
yoo=-0,5a=-1,0a=-2.

yA
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H ypogikn napdotacn g cvvaptong f(x) = ax?, pe a # 0, givor pa kopmdAn mov
Aéyetan mapaforn] pe KOPLON TNV apyn TV 0EOVOV Kot G&ova cvppeTpiag Tov dEova
yy.

2T TOPATOVE YT LOTO TOPATPOVLE OTL:

v Ortav 10 a givan BeTiko, 10TE M TOpaforn givor "avoikt)" mTpog T TAV®, EVAO OTOV TO
a gival apvnTikd, Tote N TopaPfoin etvor "ovolkTn" TPog ToL KATE.

v KabBmgn |o| peyoarovet, n mopoaforn yivetor 6Xo kot o "kAetot]", dniadn "minciélel”
Tov G&ova y'y.

E®PAPMOTI'H

No peretnOsi ko va Tapactadei ypogukd 1 cuvaptnon h(x) = ax°.

AYXH

H ovvaptnon h(x) = ax?, pe o # 0, givar mepiren, SoTL:
h(-x) = (—x)* = —x* = —h(x)

Emopévemg, aprel va ) HEAETGOVLE KoL VL
TNV TOPUGTHGOVUE YPUPIKA GTO SIAGTNUO
[0, +o0) ko otn cvvéxew va Pydlovpe Ta
OYETIKG cvumepdopata yuo 6o to R.
Av €pYOGTOVE LE TPOTO OVAAOYO LE EKEIVO
LLE TOV OTO10 EPYOUCTNKOUE Y10 T UEAETN TNG
owvaptnong f(x) = ox?, cvumepaivovpe Ot
H cuvdpmon h(x)=ox’, pea#0:
e Ava>0,

v Eivor yvnoiog avovca oto R.

v 'Eyxgl ypapikn mopdotacn mov SiépyeTot

oo TNV opyN TOV 0EOVOV Kot EKTEIVETOL
OmEPLOPIOTO TPOS TAL AV, OTOV TO X
1eivel 6TO +00 Kol OmEPLOPLOTO TTPOG TOL
KOT® OTOV TO X TEIVEL GTO —00.
* Ava <0,
v Eival yynoimg ebivovoa oto R.

v 'Exel ypopikn mopdotacn mov SEpyxetot amd Ty apyn TV aEdvmv Kot eKTetveTot
OTEPLOPIGTO TPOG TO, KAT®, OTAV TO X TEIVEL GTO 00 KoLl ATEPLOPLOTO TPOG TOL TAV®D
OTOV TO X TEIVEL GTO —0.
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AYKHXEIX A’ OMAAAX

1. No Bpeite v e&icwon g mapafoing y
TOV SUTAOVOD GYNIOTOG.
A(1,2)

o X
2. 210 1010 GUGTNLLO CLUVIETAYUEVOV VO TOPUGTNGETE YPOPIKA TIG CUVOPTHGELS:
i) p(x) = 0,5x2, f(x)=0,5x%+ 2 kar g(x) = 0,5x>— 3
ii) y(x) = —0,5x% h(x) = —0,5x>—2 ko1 q(x) = —0,5x> + 3.
3. Opoimg T cVVaPTNCELS:
i) p(x) =0,5x%, f(x) =0,5(x — 2)* ka1 g(x) = 0,5(x + 2)?
ii) y(x) = —0,5x% h(x) = —0,5(x — 2)* ka1 q(x) = —0,5(x + 2)%

4. i) 210 1310 GVGTNO CUVTETAYHEVOV VO YOPAEETE TIC YPOUPIKES TUPOCTACELS TOV
GLVAPTICEDMV

fx)=x* ku gx)=1
Kot pe T Pondeto avtdv vo AVGETE TIC OVIGADCELS:
x2<1 xon x*>1.

ii) No emBepfardoete alyefpikd To TpoNyovLEVO GUUTEPAGLOTAL.
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AYKHZXEIZ B' OMAAAX

1. Na yopd&ete ™ Ypapikn TopdcoTocn TG CLVAPTIONG:
f(x) =x | X |
2. No yapdéete T YpOopIKn TopAcTUCT) TNG GUVAPTNONG:

—x, x<0

x2, x>0

f(X)={

Kot pe T Pondeto avtic va fydAete To GUUTEPAGLOTO TO. GYETIKA LLE TN LOVOTOViO!
KoL To aKpOTATO TNG GVVAPTNONG f.

3. 210 dumhavd oyfuo divovton ot Ypouptkég
TOPOCTACELS TOV GLUVOPTICEWDV:

f(x) = x, g(x) =x’,

h(x) =x* kot @(x)= Jx

670 oot [0, +o), Tig omoieg yapdape
pe tn Pondea H/Y.

1

xY

i) No dwatdéete amd ) pkpotepn ot
HEYOADTEPT] TIG TIEG X, X2, X3 Kat Jx tov ocuvaptioewv f, g, h kot ¢:
o)y 0<x<1 wou B)ywrx>1.

ii) No emPefoidoete alyefpikd to cGuUTEPAGLOTA GTO OTO10 KATUANEQTE
TPOTYOLUEVOG.

A
4. Z1o dimhovo oynpa to tpiyovo O AB eivat icomhevpo. Na Bpebei n tetunpévn tov
onueiov A. Y1
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H ovvaptnon g(x) = )%

Acg Bewpnoovpe T cvvdptnon g(x)zl. [Mopatmpovpe 4tL 1 cLVAPTNON OVTH £)EL
X

1edio opiopod 610 t0 R* = (-00,0)U(0, +o0) kou givor tepirtn, 5101t yio kébe XER™ 1oyvet:

g(x)= 1= g(x)
—X

Emopévmg,  ypapikn g Topdotacn £xel KEVIPO GUUUETPIOG TV apyn TV aédvav. TV
avTtd apyd Bo ™ peletnoovpe ko Bo TV mapacTHoovpEe YPAPKd oto dtdotnua (0,
+00).

"Exovpe Aourov:
., , , .1 1 ,
* Movorovia: 'Ecto toyoio X,,X, €(0,+0) pe x, <x,. Tote Oa 1oyver — > —, ondte
X, X
1 2

1
Ba éxovpe g(x,) > g(x,). Apanovvapmon g(x)=— eivaryvnoiong edivovsa oto (0, +o).
X

e llpéonuo twv tiuayv wnc g: I'o kb xE(0,+0) 1oyvel g(x) = 1 >0.
X
Enopévamg, oto didotnua (0, +oo) 1 ypapikn tapdotoacn g g 0o Ppicketal moveo ond

0V dEova TV X.

» Xourepipopd e g yia "uikpéc" Tuéc Tov x: Ag BempoovUE TOV TOPUKATO TIVOKO!
TILOV NG g Y1 "TOAD HKPEC" TIUEG TOV X:

X 10" | 10”7 | 10" | 10™ | 10™ | .. —0

e@=x| 10° | 10° | 10° | 10™ | 10™ o

[Mapoatnpovpe 0TI, KOOMG TO X UEIDVETOL OIEPIOPLOTA KOL TOAPVEL TIUEG OGOINTOTE
Kovtd oto 0 1), dnwg Aépe, "reiver oo 0", 10 5 avEAveTOL AMEPLOPIOTOL KO TEIVEL
670 +oo. Avtd onpaivel 0t kabog o X "mAnolalel" o 0 amd ta 6e&1d, M YpoPIKn
TapAoTOoT TNG g Tetvel va cupméael pe Tov nuaéovo Oy. I't” avtd o dEovag y'y Aéyeton

KOTAKOPLP] GCVUTTMOT TNG YPOUPIKNG TOPAGTACTG TNG € TPOG TO. TAVE®.
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* Yvumeprpopd tng g yo "peydirec" Tipéc Tov X: Ag BepcovUE TOV TAPOKAT® Ti-

VOKO TILOV TNG g Yol "TOAD peyddes” TiéG Tou X:

X 1010 1020 1050 10100

10]000

1
gx)=x | 10" 107 107" 10

1071000

TTopoatnpovpe 61t kKaODS T X ALEAVETOL OTEPLOPLOTO KO TEIVEL 6TO +00, TO N HELDVETOL

ameploplota kal reiver ato 0. Avtd onuaivel 0Tt kabdg To X "amopokpvveTol” TPog

10 100, 1 YPOPIKN TOpdoTacn TG g Telvel va cvumécet pe tov nudova Ox. IV avtd

0 aéovag X'x Aéyeton opLiovTIO AGVUTTOTN TNG YPAPIKNG TAPACTAONS TG & TPOG TO.

de&id.

AopBavovtag vToyn To TOPUTAVE Kol ToipVoVTag EVoV Tivoo,

TILAOV TNG g Y10 OETIKEG TIHES TOV X, LTOPOVLLE VO XOPAEOVLLE TN

YPOQIKT TG TapdoTaon 610 dtdotnua (0, +o0).

Av T®po TAPOVHE TO GUUUETPIKO TNG TOPATAVED
KOUTOANG G TPOG TNV apyn TV a&dvav, Tote Ba

£ovuE TN YPOPIKN Topdotaon g g(x) = 1 o€
X

6\o to R’, a6 v onoia cupmepaivovpe OtL:

. 1
H ocvvaptmon g(x)=—:
X
* Eitvor yvnoing pbivovca og kabéva and ta
Saotporta (—0,0) ka (0, +0).

* "Eyet ypagkn mopdotaocn n omoio:

y=—x

v amoteleital omd dVo KAAdoLS, Evav 6To 10 Kot évav 6Tto 30 TETOPTNUOPIO,

v EYXELKEVTIPO CLUUETPIOG TNV apyn TOV 0EOV®V,

v &yel doveg ocvppetpiog Tig evbeleg y = X Koy = — X, OV S1(0TOHOVV TIG YWOVIES TMV

aEOvVoV Kot TEAOG
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v &ye1 opllOVTIO CVLUTTOTN TOV AEOVE XX KOl KOTAKOPLPT] OGVUTTOTN TOV AE0VA Y'y.

H ovvaptyon h(x) = —i

1
Ag Bempncovpe Tdpa T cvvaptnon h(x) =——.
[Mopatmpovpe 6t yuo kébe x € R 1oydet X

h(x) =—g(x).

Enopévag, n ypapikn nopdotacn g h(x) = 1
X
glval CGUUUETPIKY] TNG YPOPIKNG TOPAGTOCNG

™m¢ g(x):i ®¢ mpo¢ tov GEova X'X, OmOTE 1

cuvvéptnon h(x) = 1 :
X

* Eivol yvnoing avéovoa o€ kabéva amd to dtuotiparta (—0,0) kot (0, +oo).

* 'Exet ypagikn mopdotacm n omoio:
v amoteleital amd dVo KAAd0LS, Evav 6To 20 Kot Evav 6To 40 TeTapTNUOP1O,
v EXELKEVTPO cuppeTpiog TV apyn Tov advmv,

v €yl aEoveg ovppetpiog Tic evbeleg y = X Kot y = —X, TOV Sty0TOHOVV TIG YOVIES TOV
a&OVoV Kot TEAOG

v &yel oplovTio, aoLUTTMTN TOV GEoVa X'X KOl KATAKOPLPY ACOUTTOTN TOV AEoVa
1
yy.

H ovvaptnon f(x) =%
Awoxpivoope 300 TEPMTOGELS:

1
* Av a > 0, tote epyaldpooTeE OTMG EPYACTAKOLE Yo TN GuvApTNon g(X)=— Kol
KOTOAYOULE OTA {0100 CUUTEPAGLOTOL. o x
210 oy o divovtatl ot Ypapikég Topactacelg g f(X)=—yw a = 0,5, a =1 kot
X

o=2.
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yA

o=0,5

\ £

A

o

Tyuo o 2o B

, , , , , 1
*Av a < 0, t61e epyolOHOCTE OTMG EPYACTNKOLE Yo TN cvvaptnon h(x)=—-— Ko
X

KOTOATYOULLE OTa {3100 GLUTEPAGLOTA.

210 oynua B’ divovtar ot ypagiég mapactioels g f(X) = ¢ yoa=-0,5,a=-1
X

Kot o = —2.

H ypaogwn mopdotoacn g cvvaptnong f(x):g, pe a # 0, Aéyetal 1606KEM|G
X

vaepPoI LE KEVTPO TNV apyn TOV aEOVOV Kol GEVUTTMOTES TOVG GEOVES XX KoL Y'y.

E®PAPMOTI'H

Yto owrhavo oynua To onueio M kiveitan oto 1o teTOp-
TNUOPLO TOV GUGTIUOTOS GUVIETUYREVOV, £TCL OGTE TO
enpadov tov opBoydviov OAMB va mapapéver otabdepod
Kot i60 peg 27.0. Na amodsrytel 6T To onueio M swaypdaest
TOV £vav KAAO0 pog 1600KELOVG VTTEPPOAT|C.

AYXH

Av pe x ovufoMcovpe T0 UNKOG Kol UE Y TO TAGTOG TOV
opBoywviov, enedn to guPadov tov eivor ico pe 2Ty, Ba
wyveEL Xy = 2 ka1 X, y > 0, onote Oa £xovpe:
y= z, pe x>0
X
Apa 1o onueio M Ba daypdpet Tov KAAd0 TG vITEPPOANG

2
y=— mov PBpickeral 6to 10 TETAPTNUOPLO.
X

(3%
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AYXKHXEIX A'OMAAAX

1. Na Bpeite v e€lcwon g vepPoing y y=f(x)
TOV SUTAOVOD GYNIOTOG.
A(2,1)
X

2. 310 {510 GLOTNLOL GUVIETAYUEVOV VO TOPUGTNGETE YPOPIK TIG GUVOPTIGELS:
: 1 1 1
) o(x)=—, f)=—+2  xaw  g(x)=--3
X X X

ii)\p(x)=—i, h(x)=—£—2 Kol q(x):—§+3.

3. Opoimg T cVVAPTNCELS:

1
i) <P(X)=§, f(X)=E Ko g(x)zﬁ

ii) \V(X)Z—;, h(x)=—E Kol q(X)z_x_H'

4. 1) 210 1010 GVOTNUO GUVIETOYUEVOV VO YOPAUEETE TIG YPOPIKEG TAPAUCTACELS TOV
GLUVAPTIGEDV f(X)=§ kot g(x)=1 kot pe 1 Ponbela avtdv va Adoete
YPOPIKE TIC OVIGMGELS:

—<1 ko 1 >1
X X

ii) No emPefordoete Kot aAyeBpKd To TOpOTAVE GUUTEPAGLOTA.
1
5. Opoing ywo T1¢ cvvaptioelg f(x)=— kot g(x) = x? Kol TIG 0VICHOELS:
X

1 1
—<x? ko —>x>
X X

6. O1 kaOetec mhevpég AB kot AT evog opboydviov Tpydvov AI%F petafarrovron
€101, ®OTE T0 eUPadOV TOov Vo Tapopével otafepd Kol 160 HE 2 TETPOYOVIKES
povades. Na exkppdoete 1o piKkog y ™g Al cuvaptioet tov pikovg X ™ AB kot
GT1] GLVEYELDL VO, TOPAGTICETE YPOUPLKE T GLVAPTNOT OVTN.
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Qo PELETHGOLUE OPYIKA TN cuvApTNoN g(X)= 2x% +12x +20 mov eivar 181y mepi-
mtoon mg f(x)=ox” +Bx+y pe a#0.
[t perém g ovvaptnong g petaoynuotilovpe tov TOmo ™G ©¢ eENG:

g(x) =2x>+ 12x + 20 = 2(x*+ 6x + 10)
=2[x*+2-x-3+3% -3 +10]
=2[(x+3)* +1]

=2(x+3)*+2
"Etot éyovpe
g(x)=2(x+3)* +2

Emopévemg, yio va TopacTGOVHE YPOPIKE TNV g, XOPAGGOVLE TPAOTO TV Y = 2(X +
3)? mov TPoKVHTTTEL 0O i 0pllOVTIO. HETATOTION TNG Y = 2X? KOTA 3 HOVASES TPOG TO.
aploTePE, Kol 6T GLVEXELD YOPACCOLLE TV Y = 2 (X + 3) + 2 ov mpokhmtel oo puo
KOTOKOPLON HETATOTION TNG YPOPIKNG Tapdotaons TG y = 2(X + 3)? katd 2 povadeg
TPOG TO. TAV.

Apa, M YPOQIKN TOPAGTOCT TNG y4

g(x) = 2(x + 3)*+ 2 mpokvntEl OO

) ; ) y=2(x+3)+2
00  O1000YIKEG LETATOTIOES NG

TapaPorng y = 2x2, pag oplovtiag
Kotd 3 HoVAdEG TPOG TO aPloTEP
Kol oG  KOTOKOPLONG Katd 2
povadeg mpog to mAve. Eival
oniodn  pio mopofoAn  avOlKTh
TPOG TO. AV HE KOPLPT TO onueio
K(-3,2) xou déova coppetpiog v
evbeia x = -3.

Oa pehetnoovpe Tdpa T cvvaptnon f(x) = ax> + Bx + v, pe a # 0. Onwg eidape otnv
§3.2 (Lop@éc TpLwvLpoL), N f(X) Taipvel T pHopen:
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2
B ) A
X)=ao| X+—| ——
ro=alxid ]
Emopévmg 1 ypoaeikn g mopdotaot) TpokVITEL amd dV0 d100YIKES LETUTOTIGELS TNG
wapaPorng y = ox?, pioag optlOvTIog Kot Lo KOTAKOPLENG, £T01 MOTE 1) KOPLQH THG VoL

. , B A . , ,
ovumécel e 1o onuelo K| ——,—— [, Zuvenng eivor kot avtn po topafoin, wov
2000 4a
, , (B A ) , B
éxelt kopoen o onueio K , Kot GEove. coppeTpiog v evbeio x = .
20 4o 2a
B Aly
-B -A
KGE D)

2 7

2
S Yy=oxX

Apa, 1 owvapmon f(x)=ox> +Px+7y:

e Ava>0,
v’ Eivor yvnoing ¢ivovsa 6to Stdotpa (—oo,—zﬁ} Kot yvnolog adéovsa 6To
o
dtotnua [—£,+ooj.
20

A

™

v Tlapovoidlel EAGyIoTo Y10 X = —ﬁ, 0 f (—ﬁJ =
2o 2a

To cvumepdopate avtd cuvoyilovTol 6TOV TUPUKATE® TIVOKA.

X —® b +oo

20
+o0
)= ax+Px-ty \ /
o>0 A
4o
min

o0
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*Ava<0,novvapmon f(x)=ax’+Px+7:

v Eival yvnoiog avéovoa oto dtdotnpa (—oo,—zﬁ} , yvnoiog edivovsa cto

B o
dlaoTnpo [——,+ooj
o 8 A
v Tlapovoialel péytoto o X =———, 10 f _£ =
2a 20, 4o,
To cvumepdopate avtd cuvoyilovtol 6ToV TivoKa.
| 20 e
—A
4a
f(x)= ax’+px+y max
a<0
—00 —0

TéXog M ypagikn wapdotacn TG f ivar pia wapafoir] tov tépvel Tov aova y'y 610

onpeio I'(0,v), 5161 f(0) =17, evd y1o. To oMUElR TOUNG TNG LLE TOV AEOVA XX TOPOTNPOVULE
ot

* AvA> 0, o Tprdvopo ax® + Bx + y £xet dvo pileg X, kot X, Kol ELOUEVOG 1 TopaBoin
y = ax’ + Bx + y téuver tov déova x'x og dHo onueio, ta A(x,,0) kar B(x,,0) (Zy. o).

* Av A = 0, 10 TprdVLpO €xel dumdn pila v —2£. XV mepintoon ovtn AEUE OTL M
o
Topofoin epanteTol Tov GEova X'X 6To oNuEio A[—Zﬁ,oj yx. B)-
o
* Av A <0, to TprdVLpo dev Exel mpaypatikég piles. Emopévaog n mapafoin dev €xet
Kowd onueia pe tov aova x'x (Zyx. 7).

H ypagwn topdotaon g f e&optdton omd 10 TpOoNHO TOV o Kot A Kot QOivETOL KOTd
TEPIMTMOT OTA TOPAKAT® GYNUOTO:
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Ay Ay Ay
o>0 o>0 a>0
A>0 A=0 A<O
O x\_/x X Ol _gna X O X
Zyfuo o’ Zyfuo B’ Zyfuo y’
Ay A y \y
/\ —B2a
o] /X X X 0 X ) X
o<0 o<0 o<0
A>0 A=0 A<0
Zyfuo o’ Zyfuo B Zyfuoy’

To cvunepdopato g §3.2 yio 10 TPOGN O TOV TPLOVHOL TPOKVTTOVY GUEGO KOL [LE TN
Bonfela TV TOPATAVEO YPAPIKOV TAPACTACEDV.

E®PAPMOT'H

No peretn0ei kon va. Tapactadel Ypa@ka 1 covaptnon
f(x)=x%—-4x+3.

AYXH

I'a ) ovvdpnon f(x)= x? —4x +3 sivo

a=1>0, —=2 xuu —=f|— |[=f(2)=-1.
20 4o / 200 /@
Emopévag éyovyle tov mivako petofordv:

X —o0 2 oo

~o0

+o0
J(x)=x’—4x+3 /
-1

min
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Ay

y=x?
y=x2—4x+3
3
X=2
of N\ | /3 X
"Keo1)

Aniodn n ovvaptnon f,

v Eivar yvnoing gdivovco oto (—0,2] kot yvnoimg avéovoa 6to [2, +0),
v Tlopovoialet yio x = 2 gldyioto, 10 f(2) =-1.

Emumhéov, n ypapikn mapdotoaon g f eival pio mopafoin n oroio:

v "Exet 6€ova coppetpiog v gvbeio x = 2 kot

v Téuvertov GEova x'x oto onpeia pe teTpnpéveg 1 ko 3 avtiotoiymg, mov givot ot piCeg
TOV TPUDVOLOV x2 —4x +3, ko1 tov a&ova y'y 610 onpeio pe tetaypévn 3.

AYXKHXEIX A'OMAAAX

1. i) Na ypayete t cuvéptnon f(x)=2x> —4x +5 om popey f(X)=o(x — PP+q
Kot 6T GLVEYELD Vo, Bpeite pe oo oplOvVTIo, KOl TOL0 KOTOKOPLOT LETUTOTION
1N YPAQIKH TaPEoTac TG GLVAPTONG g(x) =2x> 00 GUUTEGEL LIE TN YPOPIKT
ToapAcTACT TG f.

ii) Na kévete to id10 kot yio ) cvvaptnon f(x) = —2x*+ 8x — 9, Bewpdviog g g
myv g(x)= -2x2,

2. No Bpeite T pHéEYI0TN 1 EAGYLOTT TN TOV GUVOPTICEDV:
a) f(x)=2x%>—6x+3 ko p) g(x)=-3x>—5x+2.
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3. No HEAETHOETE KOl VO TOPACTNGETE YPUPIKA TIG GLUVOPTNOELG
o) £(x)=2x" +4x+1 ko P) g(x)=-2x>+8x—-9.

4. 310 TOPOKATO CYNUOTO OVOVTOL Ol YPOPIKES TOPUCTAGELS ENTE TPLOVOU®YV,
dMAadn cvvapmioeov g Hoperg y=ox’+Px+7. No copmnpdoste Tig
OTNAEG TOL Tivaka OV OKOAOLOEL e TO TPOCNUO TOV GLVIEAESTMOV KOl TNG
SoKpivousag TV avTicToy®V TPLOVOL®OV.

yl
13
S4 2
Tpudvopo i 12 13 f4 fs fs 17
o +
B 0
14 +
A —

AYXKHZXEIX B'OMAAAX

1. Afveton n mopaPory y = x* + (k +1)x + k. Na kafopicete Ti¢ Tipég tov k, yia 11
omoieg M Topafoin:
i) Epdnteton tov aéova x'x.
ii) ‘Exet tov y'y d&ova coppetpioc.
iii) 'Exel yio kopoon éva onueio pe tetaypévn —4. Iow etvon n teTunuévn g
KOPLPNG;
pLONG vA
2. X10 dSumhavd oynuo dtveton 1) Ypopikn TopdcTacT) vOg y=f ()
Tprovipov P(x)=ax? +Px +7y. Na Bpsite:

i) To mpdonpo tov 0.

0 5\ X
ii) To mpdonpo g drakpivovcag A Kot
iii) Tovg cuvteEreoTEG TOV TPLOVOLOL, OV diveTon OTL B = 6.
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3. O1 dwoTdoELS X,y €vog opboymviov petadArovial, £T61 OCTE 1) TEPIUETPOG TOV VA
mapopével otabepn kot ion pe 20 L.

i) No ekppdoete 10 y GUVOPTAGEL TOV X KOl GT1 GLVEXELD Vo Ppeite Tov Tomo E =
f(x) mov diver 1o epPadov E tov opboymviov cuvapticel Tov X.

ii) No amodei&ete 0Tt 10 guPadov peyiotonoteiton yio X = 5 Kot va Bpeite ) péytom
TIUT TOV.

4.'Eva onuelo M xveitol maveo oto gv00ypapo
Tuiuo AB = 6cm. Mg mievpég tao MA kou MB T
Kotaokevdlovpe 160mAevpo. Tpiywva. o moa
0¢on tov M 10 dOpotcpa TV ePPadav TV dvo A M B
TPLYOVOV glvar EAGYLOTO;

5."Evag ktnvotpogog £xet ocvppa 200m kon BEre
vo TEpLppaéel 600 cuveXOUEVOLS 0pHoYDOVIOS
VIaifpPloOVg YOPOLG HE OlOOTAGELS X KOl Y, OT™G
eatvetor oto mhavo oynuo. o moleg Tég

—

TOV X Kol y T0 gupaddv kol tov 600 yOpwv {
UEYIGTOTOETAL; “—i—>€<—x—>

EPQTHXEIYX KATANOHXHX

I) X& kaBepid 06 TIC TOPUKATM TEPUTTMOGELS VO, KUKADGETE TO YPARN A, OV 0
16 VPLopdg ivar aindng kot To ypappa W, av o woyvpiopog eivar yevdng.
1. Av 1 mapafori y = ax?, a# 0 Siépyeton and to onueio A(1,2),
t61e BpiokeTon oto 30 Ko 40 TETAPTNUOPIO. A b4
2. Av 10 Tprdvupo f(x) =ax’ +Bx +7v, a # 0 &yt pileg Tovg aptdpode
x; =—1 ko x, =3, 101€ €YE1 GOV cvppeTplog TV evbeio x = 1. A v
3. I'a omotovednmote o, PER" N mwapaforn y = ox>

Ko 1 vEEPPOAT| y = = €x0ovV éva Kot HovadKO Koo onpelo. A v
X

4. HvmepPoin y = L Kou M evbelo y =—X TEUVOVTOL A b4
X
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I1. No 6upmAnp@eETE TO KEVA 6TIC TO.POKAT® 0V0 TEPIMTAOGELS UE T COUPOLA TNG
160TNTOG 1] TNG AVIGOTITOC.
1. Av 1o tpudvopo f(x) = 2x* +Bx + v €xet pileg Tovg apBpovg x, =—1 kot x, =3,
t61E O 1oy Vel
f(=5)...0, f(1)...0, f(5)...0, y...0, B... -4
2. Av 10 Tprovopo f(x)=—x>+PBx+y &g pilec Tovg aptBpove X, = =3 K X, =
1, Ba wyvet:

£(=5)...0, f(=2)...0, f(5)...0, y...0, B...-2.

IIL Aivetar To Tprdvopo f(x)=ox’ +Bx+y, a # 0. Na emiélere ™) ometi
amavTIN o1 6€ KaOgpLd 0o TIC TUPUKATO TEPIMTOGELS:

1. Av a = 2 kot to Tpidvopo f €xel kopoen to onueio K (1, -3), tote
A) f(x)=2(x-1)%+3 B) f(x)=2(x-1)>-3
I) f(x)=2(x+1)*+3 A) f(X)=2(x+1)*-3.

2. Av f(1)<0, f(3) >0 «or f(5) <0, tote
A)A=0xara>0 B)A>0kauwa>0 TI)A>0xoa<O.

3. Av 10 Tpudvupo £xet kopven To onpeio K(1,2) xoar o> 0 , to1e:

A)A>0 B)A=0 N A<0 A)y<0.

4. Av 10 Tpdvupo £xel Kopven to onpeio K(1,0), tote

A)B=0 B)A<0 I)A>0 A)A=0.

IV. Ot mapaxdro koaumoreg C,, C,, C, xor C, givar ot ypaQikég TapACTAGE TV
cuvopTAcEDY f (X)=x> —4x+7y,, f, (x)=2x> —8x+7,, f3(X)= —x% —4x+17,
Ko fa(Xx)=-2x2—8x + V4, Oyl OH®G pe TV 1010 6EPE. No avTioToryicete Kabepd
oo TIC TOPOTAVED GUVOPTHCELS HE TN YPUPIKT] TNG TOPACTAON).

y)<x YA
C Cy
2
(N 2 ) 2]
—2 10\'/ X -2\ 0 X
2
C, C;

filfo |fs | fo
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AXKHXEIX I'TA EITANAAHYH

1. i) No amodei&ete v TawTOTTO

1
o+ 4y’ —of—py—ya=_[(@-B)’+B-1’+(y-a) |
ii) No amodei&ete 011 Yo 6Aovg Tovg 0, B, Y ER 1oy0et
o+ f7+y > af + By + ya
[1o1e 10yveL 100 TO]

2. Aépe 6Tt o Tp1ada Oetikdv axepaiov (B, v, o) sivor mvbaydpera tprada dtov
B? +y* = a?, hadn 6tav o1 B, v, o eivar mhevpég opboywviov Tprydvov.

i) Av (B, v, o) iva pio mobayopeto tpuada Ko K ivarn évog 0etikds axépaiog, vo.
amodeifete 6Tt Ko M Tpréda (kP, Ky, ko) ivar exiong Tubayopeta TpLada.

ii) Av P ko v Bgtucol axépotot pe pL > v, va deiéete 6TL N TpLdda I
(u2 -V 2y, uz +v? ) etvort ToBaryopeta TPLAdM. XTI GUVE-
XE10L VO, CUUTANPAOGETE TOV TIVOKAL [E TIG TuOoyOpEIes TPIdES  2py
TOL OVTIGTOLYOVV OTIG TYES TV L KoL V TTOV divovTal oTig Suo
TPMOTEG OTNAEC:

TRy 2uv U4 V2

Al wlwo|x
— W NI == <

oa+p :
) . Tt onpaiver n avicdéra avty yuoo éva

3. A) No amodeifete 011 aff < (
opBoyadvio e dwotdoetg o Kot P ; I1ote 1oydel n iodmTa;
B) Mg ) Bondeia ¢ mapamdve avicdtntag (1 Kot pe dALo Tpomo), vo anodeitete
ot
i) Am6 6ha Tt opBoydvia pe otabepn mepipetpo P 10 tetplycdvo €xel 1o
peyodvtepo epPado.
ii) Ao 6ha ta opHoydvia pe otabepd epPado E 1o tetpdymvo Exer v eldyiom
TEPIUETPO.
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4. Aivetar m e€lowon 3(x+1)—ax =4, aeR.
i) No Moete v e&icmon yio Tig dtdpopeg Tiuég tov a € R.
ii) ' moteg Tyég Tov a € R 1 e&icwon £yel Aon peyaivtepn tov 1;
5. Alvetonn g€icoon A2 (x — 1) +3h =x+2, LeR.
i) No amodei&ete 0t1 1 e&iowon ot YpaeeTot 16000VapLL:
A-DA+Dx=A-1)(A-2).
ii) No Aoete v e&iocwon yia Tig dtbpopeg Tiég tov A € R.

iii) Na Bpeite 11¢ T1ipiég tov A R yia T1g omoieg 1 e&icwon €xet pila tov apBud %

6. Ao ™ @uoikn yvopilovpe 6TL GTNY KATOKOPLOT BOAT EVOG COUATOG LE OPYIKN
a0 TOL V), TO VYOG h 0V GdpATOS GUVAPTIGEL TOL YPOVOL t TNG Kivnong Tov

diveton omd Tov tomo h(t) = vyt — Egtz, OTOL g 1) EMTAYLVOT TNG PapvTNTOC.

A. Av v, =60m/sec ka1 g =10m/sec” :
i) Na Bpeite mote 10 copa 0o pbdacel o€ Vyyog h =180 pétpa.
ii) Na Bpeite wote 10 odpa Oo Ppebei og Vyog h =100 pétpa.
IMow efvon 1 epunveio TV TPOTYOVLEVOV OTAVINCEDV;

: ; g 1 g
B. X yevu mepintoon 6mov h(t) =v,t— > gt?, ue Tol v, Ko g otabepd, va
Bpette ™ VO KN TOL TPENEL VAL LGYVEL, DOTE TO GAOLLO VO POACEL GE ded0LLEVO

vyog h,.

7. Z10 1610 GUOTNO GUVTETAYUEVOV VO TOPAGTHGETE YPOUPIKA TIG GUVOPTNOELS

F(x)=|x|-2 xar g(x)=2-x]
KOl GTT) GUVEXELD VO, VTOAOYIGETE TO EUPaOGV TOV YmPiov OV TEPIKAEiETOL OTd TG

YPOPIKEG TOPUCTAGELG TMV GUVOPTHGE®V f Kol g.

8. A) 210 1510 GVOTNUA GUVTIETOYUEVOV VO YOPAEETE TIG YPUPIKES TOPOTTACELS TMV
GULVOPTHCEMV

f(x)= |x —1| Kot g(x) = |x = 3|
Ko pe T Pondeta avtdv va Ppeite tig MoELg TG avicmong
|x—1| <|x—3|.

B) Xt ovvéyewn va emPefardoete alyefpikd To TponyoOUEVO GUUTEPAGLLOTA.
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9.A) Xe éva KOPTEGLOVO EMIMEDO VO GYEOIGOETE TIG YPOPIKEG TOPAUCTACELS TMV
GLVAPTNCEMV:
700 =x], g(x)=[x|=3 xa h(x)=[x|-3)-

B) Mg ) Bonfeto TV Topamdve Ypagik®v TopUcTAGEMY VO TPOGIIOPIGETE TO
TAN00C TV AVGEMY TOL GLGTIUATOG

y=||x|—3|
y=o

yioL TIG S1apopeg TYéEG Tov o € R.

10. X¢ éva eminedo oyedidlovpie Eva kaptestavd cHGTNHE cVVTETAYUEVDVY OXY.
q 7 2 7 9 2 7 2
i) No deifete 6Tim eflowon y” —x” =0 mapioTavel Tig d10TOHOVE J, Kol 8, TV
YOVIOV TOV aEOVOV TIG 0TO1ES Kol VO GYESIICETE.
ii) [Tow etvon  amdoToon evog onpeiov M(X, y) tov emmédov and to onueio K
(0, 0) Tov G&ova x'x; Na deiéete 6T 1 &lomon
x-—a)+y’=1, aeR
TaploTaveL 670 eninedo kikAo C pe kévrpo K kot axtiva 1.
2xedldote ToV KOKAO Y10, Lo, TIUT TOV O
iii) Me ) Ponbeia TV TOpaTAVE YPUPIKOV TOPAGTAGEMY VO TPOGIOPICETE TO
00 TV ADGEDV TOV GLGTNUATOG

v —x2=0
(x—a) +y*=1
v TIG S1apopeg TYEG Tov a € R.

11. Zto durhavd oxnuo to C, ko C, eivon
nuvko pe kévrpa K kot A kot axtiveg
R, = 6cm kot R, = 3cm avristoiywg, evod
0 M eivar éva onueio g doKEVIPOL
KA ka1 n MA givan kdBet otnv KA. Na
Bpette 10 pnkog x Tov Tppatog AM, av

yvopilovpe 6tL 0 onueio I eivor péco
Tov MA.

12. Ocopolpe Evav dEova X'X Kot Toipvovpe Tve 6" avtdv To otadepd onpeio
A(—1), B(1) ko éva petafintd onueio M(x). @étovpe

f(x)=(MA) +(MB) xor g(x)=|(MA)—(MB)|.
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i) No amodeitete 0tL:
Sx)=|x+1|+[x -1 xor g(x)= ||x +1]-|x - 1||
ii) No mopaotioete ypaeikd Tig GUVOPTNoELS f Kot g.
iii) No Bpeite pe ) fondela tov Topamdve YpopikdVv TopacTAGEDY TV EAAYLIOTN

Kot TN Yot T (EQOGOV VITAPYOVV) TOV GLUVOPTHGEWV f Kol g, KafdS Kot
T1G 0€oe1c 6TIC OTOlEg mMapovsidlovTat.
13. 10 TopOKATO GYNUATO OTVOVTOL O YPOPIKES TOPUCTACELS TMV GUVOPTICEMV:
2
2 4x 4x

X)= & h(x)=
g()XZ+ ()x4+1

J(x)=

b
x> +1

A A A
Y Z y=g([x) J

y=/() 0 2 [N=h

B/

101 X =0 1

i) AT TICYpOpIKEG TOPASTAGELS VO PPEiTe Tl OMKA AKPOTATO TV GLVOPTICEDV
1, g, h, koBng kot T1g BE6E1C TOV OKPOTATOV AVTMV.
ii) No emPepfardoete adyefpikd to TpoNyoOLEVO GUUTEPAGLOTA.

14. A) Aivetar m cuvaptnon f(X) = Jx.

i) Na Bpeite to medio opiopov g cvuvaptnong f.

ii) No amodeitete 011 av to onueio M(a, ) avikel otn YpaQikn mTopdotoom
¢ f, 10 onueio M'(B, o) avikel 6T YpaQiKn TapdoTaoy] TG CLVAPTNONG
g(x)=x%.

iii) 210 1510 cvomua a&Ovav Vo GYeSIACETE TPMOTA TN YPOPIKT TOPACTACT) TNG
GLVAPTNOTG g KOl OTT) GUVEXELD, LE TN BONOELD TOV TTPONYOVLEVOD EPMTALOTOG,
Vo GXESIACETE TN YPOPIKN TTopdotaot G cuvaptnong f. Ioto givon o €idog
NG HOVOTOVIOG KOl TO10 TO GKPOTATO TNG GUVAPTNONG [

B) Na d¢ei&ete 6tim cvvaptnon h(x) = \/m glvo ApTio KoL 6T GLVEYELD VAL XOPdL-

EETE TN YPOQIKT TNG TAPACTOOT).

I') Xt0 mopaxdto oynpo divetol n ypaeikn tapdotoon g f(Xx) = Jx.
yA

oy
B I’ :
A

OlAD B® I3 My N D) %
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15.

16.

17.

Av A", B, T, ..., M, N’ elvan Ta onpeia g ypoapikng mopdotacns g f pe
A
tetpunuéveg 1, 2, 3,..., v, v+ 1 avtiotoiywg, va anodeifete 6t1 ta tpiyowva BA'B,
A A

I'B'T’, ... NM'N' givar 1c06KeM.

Mia yépupa £xet £va mapafoitcd T6E0 Tov 0Toiov TO TAGTOG
gtvar 8m ko vyog etvan 5,6m. Kdtm and m yépupa 0Ehe
Vo TEPAGEL YEMPYIKO UNYGVNILOL TOV OTO10V 1) KOPOTGO EXEL
TAATOG 6m Kol VYos 2m. Mmopel To unydvn o vo tepdoet;

Aivetat éva tetpdymvo ABTA pe mievpd 20cm kot to pécov O g AA . "Eva kv td
onueto M Eexvd amd 10 A Ko, darypdovTag TV TOALYOVIKY Ypouuy ABTA,
KOTOAYEL 6TO A.

r B I M x B T B
AM X
B M

A 0 A A 0 A A 0 A

Av pe X oupoAicovpe To UNKOG TG S10dPONG OV £Kave TO Kivntd M kon pe f(X)
70 eUPAdOV TOL GKIOUGUEVOL Y®PIov,

i) No Bpeite 10 medio opiopo Kot Tov TOTO TG GLVEAPTNONG f-
ii) No mopaoctioete ypapikd v f.

iii) No Bpeite v tipun tov x yio v omoia woyvet £ (x) = 120 cm?.

210 duthavod oynua To ABIA glvar tetpdryvo TAevpdg 2 L. A 2 r
ka1 to M givan éva onpeio g daywviov Al pe (AP) = x.
YvuPoriCovpe pe £( X) to euPfadov tov tprydvov MAB kot 5
pe g (x) to epPadov tov tpameliov MIAL. XM

i) No amodei&ete 611
fx)=x, 0<x<2 kot g(x)=-0,5x*+2, 0<x<2.

Ax P B

ii) Na Bpeite Tig TYég Tov X yia T1g omoieg ta 500 epufadd eivar ica.

iii) No mopaotioeTe ypopikd 6To 1610 GOOTN A GUVTETAYHEVOV TIG GUVAPTNGELS f
Kot g Ko va peite, pe m fondeia Tov YpapiK®V TopUcTAGEWDY, LE TPOGEYYIoN
TNV TN TOL X Y v omoia o dVo gpPadd etvor ica.
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18. Zt0 duthavo oynua to Tpiywvo OAB givail opboydvio, B
0 M givan tuyaio onpeio g OA kot MN//OB. Av N
(OA) =4, (OB) = 3 xou (OM) = x, kot E(x) eivon to
euPaddv tov tprydvov BMN, 3
i) No amodei&ete 0Tt J
(MN) = 3(44_ X) kot E(x)= —%xz + %x. OxXM 4 A

19.

20.

21.

22,

ii) Na Bpeite m 6¢om tov M yia v omoia to epfadov E(x) peyiotomoteitat. [Towo
glvar n péyrotn T tov E(x).

Xe éva Kopteowovd eminedo Oswpovpe oo onueia yA

A(0,4) ka1 B(2,2), kabmg ko to onpeio M(x,0) mov

Kveltol Katd pnkog tov d&ova x'X.

i) Na Bpeite Tig cuvietaypévee Tov onpeiov I' oto B(2,2)
omoio téuver n gvbeiot AB Tov déova x'X. .

ii) No ekppdoete to eufadov tov tprydvov M AB M(x,0) |O
GUVOPTNGEL TNG TETUNUEVNG X TOL onpeiov M Kot

A(0,4)

=
2 4

VO TOPOUGTIGETE YPAPIKE TI GLVAPTNOY| QVTH.

e éva tufpo AB = 10km piog Aeo@dpov TEQTEL GUVEXDS Y1OVL Kol TO VYOG TOV
yoviov avéavetor lem v opa. Otav apyilel n ylovoTTmor £vo EKYLOVIOTIKO
unyavnuoe apyilet amd 1o dxpo A va kabapilet To y1OVL KIVOOUEVO KOTE KOG TOV
dpopov pe toyvtnra 10km/h. MoAg ptdcetl 6to B yupilel kon kabapilel to dpdpo
avTioTpdPmG amd To B mpog 1o A kon cuveyilel pe Tov 1610 tpdmo.

i) Na oyedidoete éva SIOypOLLILOL Y100 TO VYOG TOV XLOVIOD 6T0 A, TopaPAETOVTOG

7O YPOVO GTPOPNG oTa A kot B.
ii) No kdvete to id10 Y10 To VYog ToL Y1oviod 610 pHéco M tov AB.

‘Eocto o derypatikog yopoc Q = {0, 1, 2, 3, ..., 100}. Aivovtor kot ot mOavoTnTeg

P(k) = L, k=1, 2, ..., 100. Na vroroyicete tnv mbavomta P(0).
2K

‘Eotm Q évag derypatikdg ymdpog e memepacpévo tandog otoryeiov kot A, B vro-

cvvora tov Q. Yrobétovpe 61t P(A') < 0,28 ko P(B’) < 0,71. Na anodei&ete 611
i) PLANB)>1,01-P(A UB) xatii) AnB=J.
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10 KEODAAAIO

§1.1
A’ Ouadas
1-5. No ypnoyomomoete devopodia-
YPOLLLOTOL.
6. i) Aovufipacta
ii) Agv givan acvppifacta
iii) Aev etvon acvpfipacta
iv) Aovupipaocta.
7.{o00, 00K, oK, OKK, Koo, KoK, KKO,
KKK}
B’ Ouadoag
1. Q={oa, afa, app, Pao, af, BP}.
2. No Bpeite T0 detypotikd ydpo Kot To
evogyoueva e tn Pondela wivaka dt-
TG €16050V.

§1.2
A" Ouadas
1 12
1.1) — ii) —.
113 )13
2. —.
4
3.i) 13 i) 2 iiii) el
40 7 40 40
2
"30°
3
5.i) —
) 11
6. i) 50% ii) 30%.
11
30
2

o 8
i) —.
) 11

E.
9.0,4.
10. 3,
4

11. P(AUB)<P(A)+P(B) <
P(A)+P(B)-P(AnB)<P(A)+P(B)
KTA.

12. 65%.
13. @) 14% B) 12%.
14. 10%.

B’ Ouadag
1. i) x+A—p
i) l-x—A+p
iii) © + A — 2.
2.55%.
3.2, 2
77
4. Av P(A)=x,10te P(A")=1-x KT\
5. No AdPete vmoyn 61t ANBC A xon
P(AUB)<I.
6. No AaPete vmoym ott P(A")=1-P(A)
ka1t P(AUB) <.

20 KEQAAAIO

§2.1

A’ Ouaddag

1.ii) 1.

2. 1.

3. 1) 4.000 ii) 9.999 iii) 3
4. ii) 4.

5.ii) 1.

7.7-2"

B’ Ouddag

1.i) o-1
a+2

i) a+l’

2.9) (a—1)" ii) 1.
3.1) x2y2
i) =~
X—y

4. 1.
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§2.2 4.i) %<1<E.
o
A’ Ouddac p

1. i) [Tapte ™ drapopd
ii) [Tapte ) dapopd.
2. ABpoiG oL TETPAYDV®V.

3.i)2,-1ii) 1, -2.
4.1) 9, 8 ko 10.

ii) -0,9 ka1 -0,7.

ii) ) Ko 46

54 53

iv) 48,34 ko 50,32.
5.1) 10,2 ka1 16,2

i) 6,38 ko 15,68.
6. ATaA01pY| TOPOVOUAGTOV.
7.5-x<0.

B’ Ouaodag

1. i) AToho1pn TOPOVOLOGTMV
ii) amololpn TapovouasTOV.

2. [Tapte ™ dropopd.

3. Extéheon mpdéewv.

4. i) [ToMomlaoidote pe to 2
ii) toAomiacidote pe to 2.

§2.3
A" Ouadag
1. )n-3
i) 4—n
iii) 1
iv) 0.
2. 1.
3.i)-1ii) 1.
4. 1.
5.2907-2.
6. i) d(2,37,D) < 0,005
ii) 2,365 ko 2,375.

B’ Oudoag

1. XpnoYomomoTe TPIy®VIKT avVIGOTNTO.

3.i)) x=y=0
i)x=0ny=+0.

ii) Apket va deryBel 1— C Py
o}

5. 1) 9,5 éwg 10,5
ii) 15,2 éwg 16,8
iii) 3,87 éwg 4,2m.

§2.4
A" Ouadag
1. )10
ii) 2
iii; L
10
2. V4-n
i) 20

i) [x 1

iv) H
5

10. i) —10+12\/§

i) 47 ++/5)
jii) 13+2+/42.

B’ Ouaoag
2. ii) Xpnowonomote 10 epdTna (i).

25
3.1 —
)6

i) (o +1) .
o
30 KEOAAAIO
§3.1
A' Ouaddag
1. i)5
i) -1
iii) -7

iv) L
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2. i) Advvarn ii) tavtoTTO.
3. i)Av A #1, 1618 X =1,
av A =1, Tovtdtnra.
ii) Av A #2, 1018 X :%,

av A =2, adovarn.

iii) Av L =0 wou A #1, tote x:l,
av A =0, adbvarn,
av A =1, tavtoTnTa.

iv) Av A #0 ko A #1, 101€ x:?

av A =0, tavtdémro,
av A =1, addvam.
4.1) x=2,5 ii) x:%s.

5.2.750 o 1.250.

6.1) t= Y0 ji) R, = 2R
o R,-R

7.1) 4 wou -1 ii) 2 ko —1.

8.1) 0 kou 1ii) -1 xou 0.

9.1) 2 ka1 ii) 1 kou 2.

10.1) 2, 1 ko -1 ii) 2 xon 1.
11. i) -1 ii) advvarn.
12. i) advvar
i) xeR pe x#0 kot x =2
iii) advva
iv) xeR pex #1 ko x = —1.
13.(-1,0, 1), (1, 2, 3) xou (-3, -2, -1).
14. i) 4 xon -1 ii) 3 xon > iii) 1
iv) advvon. 3
15.1) -1 xon 1 ii) advvorn.
16. i) -5 ko —% ii) 1 xou 3.
B’ Ouadoag
2. a#B, a=0, p=0.

3.50 ml.
4. 3 Aemtd.

, a
5.Av a#0, t01¢ X:_E’ av a=0,

161 X €R pex #0.
6.x=0.

7. -2 o 2.

8. 2 ko E
2

§3.2

"Oudoag

. 1) 5ii) 3iii) 1.

. 1) =5 i) -3 iii) - 1.

. 1) 8 ko =8 ii) 3 ko -3 iii) 2 ko -2.
. 1) 0 ko 2 ii) 0 xon -1 iii) 0.

.3,3 k9.

. i) 3 ii) —% iii) 1 ko 4.

§3.3

A’ Oudoag

1. i) % won 1 ii) 3 iii) adovarn.

T I SN ST N

2.1) 1,3 ko —1,3 ii) 0 xon 2 iii) advvorn.
3.i) A=4(h -1 ii) A=(a—PB)°.
4.1 ko -1.
5. A=—4(a.—P)’.
6.i) x> =5x+6=0
ii) 2x° -3x+1=0
iii) x> —10x +1=0.

7.1) 5 ko1 -3
. 9++/41 9-/41
ii) > Kot 5,

8.1) V5 xat /3 ii) I ko —/2.
9. —(a+B) ko (B—a).
10. 24 xon 10.
11. i) 3, -3, 4 xou —4 ii) 5 ko -5
iii) 6, -6, 2, kot —2.

12. 0 xon 2.
13.1, 3_2\/5 Ko 3+2\/§.

14. 1) 2 xon -3 ii) - 1.
15.1) 2 ko -2

1 1
i) —— kot — iii) advvatn.
) 5 2 ) n
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B” Opdoag 3. i) 1iii) x>1.
3.-Txa 1. 4. i) 4ii) 1 <x < 7.
4. ®¢tovpEe OTOL X TO —,

p

2
5. 1) o o —- i) B o O
a B

i) A=4N+32 i) -2 kan 4, A=-1.
.3, 4o S.

1.

. 12 opeg, 24 dpec.

10. a =9, pilec eivar ov: 3, -3, 1 ko 1.

N-JN-"RES - N

40 KEQAAAIO
§4.1
A’ Ouadodag
1.i) x< —% ii) advvar iii) x eR.
2.i) 1<x<3.
3.0y
4.0, 1 xou 2.
5. i) xe(-3,3)
ii) x €[-3,5]
iii) x €(-3,2).
6. i) x €(—0,-3]UJ[3,+x)
ii) x € (—0,-3) U (5,40)
iii) x € (—00,-3]U[2,+x).
7. i) x >3 ii) XS%.
8. i) xe(-1,3) ii) xeR.
9. x e[-2,8].
10. |x +2|<5.

11. [5,10].

B’ Oudoag

1. i) XEI:I,%} ii) xe[%,Z}.

2. i) x e[-4,-2]U[2,4]
i) x e[1,3]U[7,9].

§4.2
A’ Ouadas
1) (x=D)(x—2) ii) 2x+1)(x-2).
2. ) XL gy 2623 gy 2x -3
2x +1 x -7 x—1

3. i) x*=2x-15>0, yuw
X € (—0,-3) U (5,+x)
i) 4x —4x +1=(2x - 1)’
iii) x> —4x+3>0 yia xeR.
4. i) —x?+4x-3>0 v x € (1,3)
ii) ~9x” +6x ~1=~(3x - 1)’
jii) —x* +2x-2<0 v x eR.
5.1) x €[0,4] ii) x e[-4,1].
6. 1) x € (—0,~1) U (2,+0)

s 5
i) x e (—l,zj.

L) xeR, x#2 ii) x=3.
. i) Advvorn ii) x eR.

. xe(1,3).

10. x e (—4,-1) U (3,4).

11. x € (1,2) U (3,5).

o @0

B’ Ouddag
L i) (a—P)(o+2p), (a+2P)(a—3P)
. 0—f
ii)
o—
2. 2x —a)(x+P).
x+B
Xx—2a
4.i)4 ii) A<0 M A >4 iii) 0<A <4

5.0<7»<i
9

o #3B ko o= —2p.

>

3. , X#0 Kol X #2d.
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6.i) A=—8L"—24%, L<-3 4 A1>0
ii) A <-3. 4. xe(—l,Oju(O,l).
7. To M Bpioketal avapeso ota onueio 3
oV Tpryotopovv v Al
8.ii) A >0 pe o, p opdonpovg, 6. 1<t<4.
A <0 pea, f etepoonOLG.

5.1,59<x<4,41.

50 KEOANAIO
31-30 . §5.1
} Haode A Ouddag
: 1. )3,5,7,9,11ii)2, 4,8, 16,32
X |0 -1 % 2 e iii) 2, 6, 12,20,30iv) 0, 1,2, 3, 4
v) 1, -0,1, 0,01, -0,001, 0,0001
Px)] + 0 - 0 + 0 - Vi)iigﬁﬁ
2. 274 8 16" 32
X | - -2 1 2 +o0 vii)4,3,2,1,0
P - + - -
) 0 0 0 viii) —2, 1, —2, 0, _Q
2 2 2
3. -3,1) U (3,+x).
XeED e 02112
4. x €[-3,0]U[3,+0). 25
i, -+ 1 11
5. x & (=0,-2] U {1} U[L,+w). T3 3 TS
6. Xe(—oo,—gJu(l,?a). xi) 11, -1, 11, -1,1
2 2.0)2, =, 2, —, 2
7.1) X € (~0,~1) U (2,+%0) L2 2
| ii) 0, 1, 2, 5, 26 iii) 3, 4, 6, 10, 18.
i) xe[—aﬁj. 3.i)a,=6xma, =1+a,
8. x e (-2,-1]U(L,2]. ) o, =2 kot o, =20,
iii) o, =1 xot a,,, =20, +1
B’ Ouaddoag iv) o, =8 kot o, =5+a,
. .s _1. v—1
Li)xe(l,zj 4.i) o, =2v-1ii) a,6 =35
2 §5.2
ii) xe(—w,—Z]u(—é,m} A'Opddag
3 1. i) a,=3v+4
2. x e (-0,-3]uU(1,4]. i) o, =2v+9

3.0) xef 1.2 |ur2.5] e
3 ) 1 3

| iv) a, =EV+E

i) xe(—oo,—Z)U(E,l}U[lm). V) o, =3v-3.
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2. i) o, =68 ii) o, =144 §53
i) o, =323 A" Opddag
iv) o, =289 V) ay, =% 1) o, =3-2"" i) o, =237

vi) a,, =35
) 47 iii) aV:3V+l iV) av:%
3. i) o,=7 o=1ii) o,=2, 0=4 22
i) o, =14, 0 = 3. v) OLV=2V75 vi) av::),"_‘3

vii) o, =(0,4)"" viii) o, =(-2)"
ix) o, =(-3)".

i) oy, =8,5 i) o, =121.

. i) O 20 6pog ii) o 6° 6pog.

i) -151ii) x =16.

. 1) 20 xon 30.

. 1) 1840 ii) 1560 iii) 3360 iv) 3620.
. 1) =9320 ii) 2080.

10. i) 4950 ii) 1386 iii) —2030.

11. i) 9 6povg ii) 8 dpovg.

2. i) o, =64 ii) a, =1458

iii) o, :% iv) o, =—512

3 5
V) (19:[5) .

o I N D A

12.1i) 53,585. 3.0) o :% ii) a, =1.
B’ Ouddag 4.i) A =2 ii) h=2.
1. [apte ™ dwpopd o, — o, o =8, 3
w=-4. 5.1) o, =109 iy o, = 16V2.
2. i) 40000 ii) 90300 iii) 36036. o 8192
3. i) 3900 ii) 6615. 6.9 6por.
4. 1) 2205 ii) -4220. 7.1) O 100g 6pog ii) O 110oc 6pog.
5.8 = (1+2+...4200) — (4+8 + ... + 200) 8.1) 10,1 ii) x =3.
—(9+18+.+198)+ (36 +72 +..+ 9. 1) 1023 ii) 8572 iii) 1364,
180) = 13263 . e
6. Amartovvron Tovddyiotov 20 TpdTol 10.§) 10922 1i) =38 iii) 171.
, 11. 12288.
opot.
7. Inypoppd: 10, 780 12. =0,74m.
2n ypopun: 4, 1539 B’ Ouadoag
31 ypoppn: 1, 34 1. [Tapte o AdYO M,
4n ypapun: -38, -368 2. v=14. a,

8. 78 10 12/mpo ko dpa 156 10 24/mpo
9. 81840, 2480.
10. 10, 17, 24, 31, 38, 45, 52, 59, 66, 73.

3. i) Zymuartiovv yeopetpikn mpdodo pe
lo 6po @] karAdyo A’

ii) Zynpotifouv yeopetpikn Tpdodo e

ny +1
Ty 1o 6po o KatAdyo LK.
12. 40m Badoc. 4. 0, =3, L=3

0o, =—(3+2v3), L=—/3.
5.1023.
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6.a,=102-a,
=109,8 gxatoppdvpia.
7.1,,=0,9-1,=0,351.

8.1) A =42, ii) 261-¥2°.

9.i) D, =0,9D ii) =20,87lt.
10. 9,223-10" tovor. 1
11.0) S, =3-4""ii) U, =3-G) :
§5.4
A" Ouadoag
. 6381,4 evpo.

. 37.204,87 gvpo.

. 5%.
. 27342,05 gupo.

W N -

60 KEOAAAIO
§6.1
A’ Ouadag
1. i) R-{1} ii) R—-{0,4}
iii) R iv) (0,+o0).
2. 1) [1,2] ii) (—o0,—2]U[2,+00)
iii) [L,3] iv) [0,1) U (1,+0).
3.-125, 3, 15.
4.1) f(x)=(x+2)’, xeN
ii) 4, 5, 8, 10.
5. i) x =3 ii) advvaro
iii) x =2 Nx=-2.
§6.2
A" Ouadag
2. 2<x<5 kot l<y<6.
3. i) (-1,-3) ii) (1,3)
iii) (3,-1) iv) (1,-3).
4. i) 2J5 ii) 5 iii) 4 iv) 5.
5. i) AB=AI
i) (B')* =(AB)” +(AI')".
6. (AB)=(BI')=(T'A)=(AA) =5.

7. 1) 2ii) —1 iii) 4.
8. i) (4,0), (0,—4)
i) (2,0), (3,0), (0,6)
iii) (1,0), (0,1) iv) (0,1)
v) (1,0) vi) (-2,0), (2,0).
9. i) (0,-1), (-1,0), (1,0)
i) x<-11 x>1.
10. i) (2,-2), (5,4) ii) 2<x <5.

§6.3
A’ Oudoag
1. i) 45 ii) 60° iii) 135" iv) 120"
2. i) 1ii) -1 iii) 0 iv) -2.
3. i) y=—x+21ii) y=x+1
iii) y=2x-1.
4. i) y=x+11i) y=—x+3
iif) y=11iv) y=-2x+35.
5. —40°C.
6. Amoteleitan amd v nuevbeia
y=-X+2, x <0, 0 e000Yypappo
Tuqpo y=2, 0<x <1 xou v
nuevdeio y=x+1, x>1.
7. 1) -1, 1 xo-2,0,1
i) x e(—o0,1)—{-1},
x €[~2,0]U[l, +0).
8.i) xe[-11], x €(—o0,—-1)U(l,+x).
B’ Oudoag
1) f(-6)=1, f(-5)=, f(-4H=0,
=3)==2, FD =1 /(=D =0,
F(0)=1, /(D=1 f(2)=1, /(3)=0,
f(&)=-1,f(5)=-2
i) f/(x)=0:-4,-1,3
f(x)=-1:-2,4
f(x)=1:x€[0,2]U{-6}
iii) y=0,5-x, x€[2,5]U {-2}.

2. y=x-1,x2>1.
3. i) B(t)=2000-100t, 0<t <20,
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A(t)=600+100t, 0 <t <20,
ii) t=7 min.
4. f(x)=—x+8,0<x <4,
5.1) hl(t)z—?t+20, 0<t<3,
h,(t)=-5t+20, 0<t <4,
ii) 2,4h iii) 2,4h.
§6.4
A" Ouadag
5. i) 2(x-2)
jii) 2(x +2)

ii) 2(x-3)*-3
iv) 2(x+3)* -3.

§6.5

A" Ouadag

1 fT (0,11, fT[L+o0), gl (~o0,01,
gl [0,2], gI[2,+00), h](=e0,—1],
h1[-1,0], hI[0,1], hI[l,+o0).

2. f(1)=-1 ol grdyioTO,
N g dev €yl OMKA 0KpOTATO,

h(-1)=-2, h(1) =-2 ohkd griyioTo.

3. i) Apkel f(x)2/(3)
i) Apkei g(x) < g(1).
4. i) Aptw ii) dptia iii) tirota
iv) mepitn v) timota vi) mepirn.
5. i) Aptw ii) tinota iii) mepir
iv) meprt v) dptia vi) dptio.
6. i) [Teprrtn ii) aptia iii) timoto.
7. 1) Aptwa ii) meprr iii) timota.
70 KEOAAAIO
§7.1
A" Ouadag
1. y=2x".
4. x’<le-1<x<, X’ >1lox<-1
nx>1.
B’ Ouadoag
2. f1(=,0], fI[0,+), f(0)=0,

g\dyioTo.

3.0 a) X <x><x<x

B) X >x2>x>/x.
4. 3.

§7.2
A" Ouadag

2 1 ,
lLy=="4 —<lox<01 xx1,
X X

l>1<:>0<x<1.
X

1 1
5. —<x2<x<0n x21, —>x*<
X X

= 0<x<l

6. y=—.
X

§7.3

A’ Ouaddag
Li)y=2-(x-1"+3
i) y=-2-(x-2)"-1.

3 3
2.0) f| = |=—=eldyoTO
f(zj 5 ek

5) 49
—— | =— péyoro.
B)g( 6) [ heror

B’ Ouddag

1. 1) 1ii) -1 iii) -3, 5.

2.i) <0 ii) A>0 iii)) a=-1, y=-5.
3.0) f(x)=—x"+10x ii) f(5)=25.

3

4. 1) E=7(x2—6x+18)
ii) MA = MB.
5. 30, 40.
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AXKHZXEIX I'TA EITANAAHYH

2. ii)
3 4 5
8 6 10

5 12 13
21 20 29
16 30 34
15 8 17

4.ii) 2<a<3.

S5.ii) A=3 1 A=1.

6.A)i) t=6ii) t, =2, t,=10.

7. E=81..

8. x<2.

9. B) Av a <0, addvaro, av o =0, dbo Aoelg,
av 0<a<3 téooepig Ao, av o =3
TPELS AGELG, OV o >3 dV0 ADCELG.

10. iii) Av o = i\/E dvo Woelg, av

0<a<+2 l —2<a<0, T600EPIG
Moelg, av o =+1 tpeig Avoeig, ov
a<—/2 1 a>+2 advvaro.

11. x =1.

12.iii) f: eldyoto 2, g: eldyioto 0, péyioto 2.

15. Now.

5x,0<x <20
16.1) f(x)=710x-100,20<x <40
5x+100,40<x <60
iii) x =22.

17.ii) x =+/5-1.

18.ii) x=2, E=1,5t.1

19. i) 4,0 ii) E(x)=|x—4|.

21. No AaPete vedym 61t

P(0)+P(1)+...+P(100)=1.
22. i) P(A")=1-P(A) kA
ii) Na ypnowonomoete ™ pébodo g
€1C OTOTOV OTTAY®YNG.
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