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Tp6pAnpa 3

Stov mivaka eiva ypappévor ot pia eubeia ot axépatot amd To 1 péxpt kat o 2030 o€
abgovoa aepd. Exovpe To Siaiwpa g «xivpone K:

EmAyoups 8o omotovasijote apifuovs a, f mov sivar ypauuévor oe Sadoyiés Oéaeis

Ka avewabiorodye to Sevydpi (a, B) e Tov apibud (a - By

Extelobpe Ty kivnon K apketés @opég péxpt Tov va peivel oTov mrivaka povo évag
apBpds. Na eEetdoete, av eivat Suvatov va eivat o apiBpdg autog:
(o) 0 2020, (B) 0 2021,

Avon

(@) Mpdra amd dAa Tapatnpodpe Ta egig:

& omowdiimote kivion K, ot apiBpoi @+ 4 kat (a— )™ ivar 10obm6Aormor modulo 2,
SmAadn elval kar 80 Gpriot 1 elval kaw ou 8o mepirtol  Emopéves petd v
QVTIKATAOTAoN TV @,/ anb Tov apBps (a- )™ Sev petafidierar To dpto 1 To

TEPITTO Tou aBPOIGHATOS TwY apIBRGY TOU vl ypappévol oTov Tivaka. Eesh
2030-2031

1015-2031 TepurTos, émetan 6T peTh TV TeAETala Kivnom 0 povasducss

S =
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apiBpog mov Ba amopeiver Ba TpEMEL va Elvan TEPITTOHG, OMOTE N ATAVTNOT OTO EPOTNHA
() elvan apynTi.
(B) Eote 61t o1 800 TeAevadon apiBpol mov éxouv peiver efvan ot x,y. Téte  pévn

TepimTwon va Iy vat kmolog amb autots Sbvaym Tov 2020 sivar va pmy Exel AdBel
uépog wg Twpa o SraSucasia. Autd pmopel va éxet cupBel povo pe tovg aptBuovg oy
dxpn, SnAadi Tov 1 kat Tov 2030. Emewi o 1 eivar 1™, apkel va eAéy§oupe yia tov 2030.
AnAadt av x =™ kat y = 2030, T6Te TpéTEL (™ — 2030 = 2021 1ot a =1 Sev éxet
Aom, om6Te yia a > 2 maipvovpe @ = 4051, adbvaro.

e kGBe @A EpiTTwon, a6 T Sadikasia Ba éxoupe 6Tl x = (a,— k)" = m™ i

Kéamowo m wat y=(a,-b,)" =n™. Kavovtag mv TeAevtaia mpddn, otov mivaka

2020 _ 2020 2020
iy

TpOKUTITEL 0 apiBSs (M —n

B¢hovpie Thpa va S0due av pmopelva woxet: (m* ™ —n* ) = 2021,
Avm=n, 8ev wxveL Bewpolpe xwpis BAGRN 6T m > n. Téte Béhovpe va Sobpe av pmopet

vaoydel

(€3]

00 _

H uupbTepn T mou pmopel va TépeL T mr eivat 0 Ty 1, yia m=1n
ATt6 T (1) éxovpe 6T m>n, ombte m>n+1. Enopévarg m - 2 (n+ 1) -
Avantbosovtas Ty TeAevtaia BAEToUHE GTL GAES oL Suvdpes Tou 1 Exouy BeTud
Guvtedeoth, omére elvat yvnoiws abEovoa. Emopévig

R R TR
ométe Sev uTopet moTé vac 100t T pe 2021,
Snueleoon: M va SetEoupe 6Tun (1) Sev Exet Abom, HTOPOGHE Va EpYACTOVHE Kt @ EES:
T k=m™, A= 0 (1) yivetaw k' = 2" =2021=43-47 = (k- A)(k + Ak + 2) =43-47,

omoTe k + 1 = 47,0V v éxeL WoEL.
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TpépAnpa 1

Avoia, b, ¢ eivar mpaypatikoi apBpoi, Tétolol dote 800 amd aVTOVG va £xovv Staopd
HEYOAVTEPN TOV ﬁ? va amodeigete GTLvTGpxEL aképatog aptBpds x, dote
—4(a+b+c)x+12(ab + bc + ca) < 0.
Avon (1“‘:901!0;) H Siaxpivovoa g e&iowong eivat
=16(a+b +c)*—48(ab + bc + ca) = 8((u b)2 + (b —c)? + (c — a)?)).
Aol Gun amd Toug aptBpovs améXouy TOVAGXIOTOY —, J" TO TETPhywVo TG SLa@opds Tovg

Ba eivan peyadvtepo tov 1/8, dpa 4 > 1. Agov n Saxpivovoa givan Betiki, To TpLOVLRO
£xeL 8V0 Tpaypatikés piles, 0Tw p; > P, PETAED TWV OTOIWV TO TPGGNHO TOL TPLWVOHOV
elvar apvn k. EmmAfov, éxovpe:

4(@a+b+c)+VA 4(a+b+c)—VA
gy X Z)J’i( z)\/‘:‘/bl’

0mOTE PETAED TWV py, P, VTIAPXEL AKEPALOG, 0TW X, O OTIO{0G KAVEL TO SESOEVO TPLOVLRO
APVITIKO COPPWVA HE T TAPATIAVE®.
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Mp6pAnpa 1
Na pooSiopioete TV Ty Tov Tpaypatikoy aptBpol k ya TV omoia T0 TOAVMVUHO
P(x) = x® — kx + 2 éxeL pila Tov apiBpé 2. Tt cuvExela Yl TV Tt Tov k Tov Ba
Bpeite va ypdapete To moAvdvupo P(x) = x3 — kx + 2 wg ywopevo §90 moAvwvipwy pe
akepaiovg CLVTEAESTES.
() Av o Betkol mpaypatikol apBpol a,b wavomowvv ™V  efiowon
2a+b+ ﬁ = 10, va Bpebein péytotn Suvat Ty Tov a.
Avon
(A) Mava eivat 0 2 piga Tov TOAVVOPOL P(x) = x* — kx + 2, Tpémet Kat apKei.
PR)=0e2*-2k+2=0k=5.
TNa k = 5 maipvovpe:
Px)=x*-5x+2=x*—d4x—x+2
=x(x—2)(x+2)-(x-2)=(x-2)(x*+2x—1).

(B) A6 ™V avicdTNTa aptOPNTIKOV-YEWPETPLKOV PETOL TIA{PVOULE:

bttszfp Lot
e ab~ Va

< 10. ©¢tovtag Va = x, maipvoupe x* + <5ex3-5x+2<0.

Emopévwg, 2a +—= f

Xpnowomnowwvtag  to  mpdto  gpdmpa  éxovpe  (x —2)(x?+2x—1) <0.
H tedevtaia Sev woxvel yix x > 2, dpa x < 2, ondte a < 4. Mpaypaty, Ty 4 eivar n
péylom) Ty, agov ywaa = 4, maipvovpe b = 1, SnAadi, vidpxovv, a, b oL tkavoTTOLOVV
™ Sedopévn eflowon.
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Tp6pAnpa 1.
Na AWGETE 6TOUG TTPayHaTicoVs aplBpovs Ty avicwon:
(+2) (@42 x
x 2 16
Avon
TMa x#0 éxovpe:

(r+2) (x#2) | x _ (x#2) (x+2) L

5 > o =>0
x 2x 16 x 2x 16
¢ 204 4 2 2)?
L 16(x+2)' -8(x+2)' x4 on( (x+2)" —x) o
16x° 16x°

S x(d(x+2) -x) 20,120 x20, x 20 4(xr+2) ~x

< x>00 (2x+4+x)(2x+4-x) =0 x> 01 (3x+4)(x+4)=0
c>x>0r']x:—gn' x=-d

ALa@opeTIKE PTTOPOVHE Yiat x # 0 VX EPYATTOVRE WG s{hg

()r+2)‘_(x+2)zZ (x+2 (x+2 REI
X 2x lﬁ X 2x 16
4 2 > T
o x ('H‘z) —(JH%) +L 20y [)“2] L =0
X 2x° 16 x 4

c>x>0ﬁi2:t%c>x>0ﬁx:7%ﬂx:4
x 3
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Mp6pAnpa 3

Ztov mivaka ypagovpe oe pia oelpdn aplBpovg, n = 40, 6mov kabévag amd autovs
oovTatL pe 11 -1, OOTE VA LKAVOTIOLOVVTAL TAUTOXPOVE OL TTAPAKATW CUVOKEG:

(@@ To dbpowopa omowvdimote 40 Swdoxikdv aplBucdv eivar ico pe 0.
(ii) To dBporopa omowwvdnmote 42 Siadoyikmv apBpmv Sev eivat oo pe 0.

Ovopddovpe X, to péyloto Suvatéd dBpolopa Twv n apBpmy Tov mivakae. Na Bpedei n
péylom) Suvart Ty Tov Iy, Yo TIg SLd@opes TIég Tov n .

Abon

AoV to @Bpotopa Twv TpmT®Y 40 apBpdv eivar 0, TpémeL ot ool va eivar 1 kat ot dAAot
ool -1. Agov to GBpotopa Twv TpmTwY 42 Sev eivan 0, Tipértet 0 41°5 kaw 0 42°5 aptBpdg
va givat ioot, é0Tw {oot pe a € {—1, 1}. Opoiwg av m&povpe Tous 42 apiBpovs, amd Tov 2°
HéxpL Tov 430, agov To GBpolopd toug Sev eivar 0, B ipémeL 0 429 kat 0 4395 va elvat
oL Apa kat 0 430 pémeL va ivar {oog pe a.

Zuveyilovtag pe Tov i81o TpoTo, Katajyoupe 6Tt 6Aot ot aptBpoi amd Tov 41° kat petd
TpémeLva elvat (oot pe a. Emopévms av n > 60, to @Bpotopa twv 40 aplOpmy amé tov az;
HEXPL TOV gy €XEL TOUG 21 aplOpos agy = agp = -+ = Gg; = @, omoTE T 1 Kt -1 Sev
prmopel va givat {oa to mAB0g o€ auTd To GBpolopa, Gdpa To GBpolTHA TwY 40 CUTHY
aptBuiv Sev eivan 0, dromo.

Emopévws, n peyaAvtepn Suvat) ty tov n elvar 60. H péylotn Ty tov Z,
emrvyxavetar dtav €xovpe 660 to Suvatdv meplocdTEPOLG apBpols icovg pe 1.
Kottdyvtag mv mpd ™ 40-ada, apBpmv, mpémet va éxovpe tovdyiotov 20 apiBpoig
foovg pe -1. Apa ou apiBpof ioot pe 1 eivar to moAY 40. Apa, Y kGBe 1, éxoupe 6T X, <
20. Mpéypartt, to 20 givan 1) péytot Suvartr Ty Ka emtvyxdvetat dtav ot tpwtot 20
apBpoi eivan 6Aot ioot pe 1, 1) Sevtepn elkocdda apBpcv eivat 6Aot icot pe -1 kaun Tpity
£koodSa aptBpudv eivan 6Aot oot pe 1.
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TpoBAnpa 4
Tpdovpe 99 kOKAOUG 0€ pic GEPE KAl 0TO ECWTEPIKO TOVG YPAPOUHE TOVG aptBpols amd
o 1 péxptto99:

AN

(1 J(3 ) o«
A TANY,

Xpmuvxn(oups KkaBévav amd Toug KUKAo\Jg e £va amd ta §vo xpmptxm Tov ﬁmeémups T
kokkwvo (K) kat to mpdawo (TM). Aépe 6TL évag XpWHATIONOG eival «xkaddey, av €XeL TV
Womra:

Ot KdKKWVOU KUKAOL OTO TUIfIA Twv aptBudy and to 1 uéyxpt kat to 50 eivat meptoodtepot
and Tovs KOKKWoUS KUKAOUS aT0 TUIfia Twv aptbudv and to 51 péxpt kat to 99.

RN
v o(os) o
AN
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(&) Na Bpeite 600U SLapOPETUCOL XPWHATIOHO! KTOPOGY VX KATAOKEVATTOVY.
(B) Na Bpeite 6001 SLaOPETUO «KTAOH XPWOHATIGHO{ HTTOPOTY VX KATAGKEVATTODV.
(Enueiwaon: Ao ypouatiouol eiva Sapopetioi, av Erovy Suapopetind ypdua e évav
TovAduiaToV KUKAO).

Avon
(@) K& k0KAOG PTTOpEL v XPWUATIOTEL JiE 2 SLUPOPETIKG XPOATE, QVEERPTNTA QTtd TO
XPWHATIORO TwV VToADITWY KOKAWY. ETopévas chppwva pe Ty ToAAamiacias T apxr
0L BLUPOPETIKOL XPWUATIGHOL TV KTTOPODY VX KATAGKEVAOTOOY Efvart:

2:2.2...2=2"

2:2:2..-2

e
(B) Bewpoljie éva xpwpaTiopd X:123.......50 51 9899 . 0 xpwpatiop6s X elvat
A

wwadden, av x>y , £V 0 XPORATIONOS X lvat Gt Kadd av x < y.
Eotw A To o0vodo Twv «kaAdv» XpORATIORGY Kat B To oGvodo Twv 6xi kaAdv
XpwhaTOHGY. B amodelEoupe 6T ot KA aToNE(0 Tou GUVEAOL A avTioTo(ZeTan v
oToEi0 TOV CUVGA0L B Kat avTIoTpO@WS.

Tpdyratt, @v X:123.......50 Sl.........98 99 € A, téte x>y ANGoVTas T xpdha Kdde
23000 9899

apiBH0y, TPOKGTITEL 0 XpORATION6S Y i1 23.......50 51...........98 99, 0 oMol QVIiKEL 0TO
T e TS

6Gvodo B twv Gyt kaddv xpwpaTiopdy, yai:
x>y -x<-y=>49-x<49-y=50-x<49-y.
ET01 0¢ KiBE 5ToWE(D TOU GVVEAOU A QVTIoTOW(aHE vt TTOWELD TOU GLVGAOU B.

AVEioTpOQa, av X:123..50 S 98 99€ B, 1016 x< 3. ANRGLOVTUS T0 1pGHG KbE
123.....503L......98 99

apiOpod, mpoximTEl 0 gpopEnonss Y12 3.......50 51 9899, o omoiog avijkel ot
[CIER T RO €

GOV0ho A TOV KeLY LPORETIONAY, Tt
XSy=—x2-y=49-x249-y=50-x>49-y.

“Etot o¢ kl0¢ oTou£io Tov cuvékov B avriotonioapie £va oToueio 1ov cuvehov A.

Enopévo, petadh tov cuvéhov A ka B vrdpye pia apeuiovostiuaven avaistonia, onéte o

860 GVOAL ££0VY ToV iB10 aPIBO TTONEIGY, SMAGS To TAB0S TV KEAGY POHATIOHGY Eival

2 _

2 -2

2
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Tip6pinpa 3
Oewpodpe Tovg BeTikod akepaiong @, b TET010VG HOTE 0 apIOpSS
(a+b)* +4a
ab

va efvan axépaog. Na anodeizete 61 av o b eivn zepirtds, e o @ siva wéheio
TeTpiyovo.

Abon
2

e (@+b) +da
ab

Ee & € Z . H tehevtaia ypaosta og
(a+b)* +4a=xab (1)
Qu deifovpe 6 0 @ eivar meputog. (2) llpaypen, av 2|a, tote O mpimer
2|(a+b)’, e 6a mpéne xa o bva siva  Gprog,  @romo.
@ewpodpe Tope T (1) cav Sevtepofddjua eficaon og tpog b , ot popgi:
b +b2-K)a+a* +4a=0

T va éger auth axépaisg Aoeis, 1 Stakpivovst mg B mpérel Vo eivar Téhew0
a*(k-2)* ~4(a> +4a) = a(a(k - 2)* —4a—16)
Enopéveg 0 nvopevo tova, a(x —2)> —4a—16 siva téhewo tetpiyovo. Exedi
OMOG 0 @ eiva TEPITOG Eiva APGOTOL PETAED TOVG, OTOTE 0 KaBEVAG TOVS B TPémen va
£ivat TELEL0 TETPAYOVO, (P00 @ Eival TERELD TETPEYOVO.

wrpdyovo. Exovpe  6n A
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~ Hpopinua 3

Na Bpeite 0Aeg TIG TIHEG TOL BETIKOD AKEPALOV V' YIA TIG OTIO{EG LTTAPXOLY TPLASEG BETIKMY
aKéEPaLWY (a.ﬂ,y) oV eivan AVt T e&iowang

a+f+y=vapy. (E)
T Tig Tipég Tov v Tov Ba Bpeite, vampoadiopicete 6AeS Tig Abaels g eicwong (E).

Avon
Enedn n eElowon elvar ouppetpky wg mpos a, B,y B Ppovpe aocxoAnBovpe pe v
TepimTwon mov xOeL @ = f > y. Tote éxoupe:

a0

asa+f+y<3aa<vafy<3a=1<vfy<3.

ALaKp{VOUIE TIG TIEPUTTMOELS:
o v>3. Téte vBy >3, Gromo.

o v=3 Tote1<3fy<3= Py=1=f=y=1,0om0te a+2=3a = a=1.
Apa éxovpe ™ Avon (a,B,7)=(LL1).

o v=2 Tote1<2fy<3= fy=1=f=y=1, om0t a+2=2a > a=2.
Apo{ éxovpe ™ Mo (@, B.7)=(2.1.1) kat Abyw ovppetpiag Tig Aooelg

(@.f.7)=(12.1) xa (. B.7) = (1,1,2)
o v=1 Téte 1< fy<3= frefl2,3}.
Av By =1, t61e f=y=1 ko a+2=1,advam.
Av By =2, 16t f=2,7=1 k@ +3=2a S a=3.
Enopévas, (a,,7)=(3,2,1) kat Abyw ouppetplag AOoeLs iva kat ot TpLddes:
(a.B.7)=(213).(a.B.7)=(321).(a.B.7)=(312).(a.B.7)=(1.2.3).(a. B.7)=(2.3,])
Av By =3, 161 f=3, 7 =1 kat a+4=3a < a=2. (anoppintetay, ywati @ < f ).
Emopévaws oL Tipég tou BeTikov aképatov vy Ti§ omoles vmidpyouv TpLades Beticmv
axépaiwy (@, f,7) mov eivan Aooeg ™ eglowons @ + f+y =vafy elvac v=119213.
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Mp6BAnpa 4
Na BpeBovv OAa ta {edyn pn pndevik®v akepaiwv (x,y)Tov elvat TETOOL MOTE O

aképatog x* + y* va eivat kowds Staupétng Twv axepaiwy x° + y kat ¥ +x.
Avon
Emedn x% +p7 [ x(x* +p) kaw x* + 7 | y(y° +x), émetan bt

x4 |2+ 3) + (0 +x) D x4+ 20+ 2xp 1)
OpwS amd TV TEUTOTNTA Yo To GBpotopa KOBwV Taipvoupe 6Tt
) () =2t 4y @
Emopévwg cuvdudlovrag Tig (1) kat (2) éxovpe dtu:
xl eyt 2ay. (©)

AvTé onpaivel 6TL ¥ + 7 < 2:|xp | (x| = | ¥[)* <0, SnAad | x|=| y |
Emopévwg éxoupe 00 TEPUTTOOELS:
(@) Av x =y, TOTE Q6 TV EKYAOVNGT] £XOVE:

27 [ +x= 2| xt + 1 x|l x=1qx=-1,
(B) Av x =—y, TOTE amd TV EKQPDVNOT £EXOVPE

2x X' —x= 2x[x* — 1= x|l x=1Hx=-1,
Emopévwe ta {evyn mov {ntéype sivat ta

() {1, (=L -1),(L-1),(-LD}.




