3.5 Trigonometric equations

In many cases, the study of problems that refer to phenomena described by trigonometric
functions leads to the formulation of equations in which the unknown appears inside a
trigonometric number.

Example: (From Exercise B4 of the Algebra textbook, p. 83)).
The distance x(t) of a piston that moves back and forth inside a
cylinder from one end of the cylinder, measured in meters, is
given by the function x(t) = 0,1 + 0,1-nu(3t), where t denotes time
in seconds. At which time instants is this distance equal to 0,15 x(t
meters?
If we attempt to answer this question, we must solve the equation x(t) = 0,15 with respect to
t. Substituting, we obtain successively:
x(t) =0,15< 0,1+ 0,1 -nu(3t) = 0,15 < 0,1 - nu(3t) = 0,15-0,1 0,1 -nu(3t) = 0,05
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This equation is not algebraic. The unknown t appears inside a trigonometric number and
cannot be solved using the methods available to us so far. In order to find all the time
instants that satisfy the condition, we need new tools and a more systematic way of
thinking.

This is precisely what leads us to the study of the basic trigonometric equations, which is
the subject of this section.

1. The equation nux = a

We will study the equation nux = a with the help of the trigonometric circle.

We recall that, for every angle 6, the value nu6 represents the y-coordinate of the point M on
the trigonometric circle that corresponds to the angle 6.

Therefore, the equation nux = a is equivalent to the following geometric problem:

to find the points of the trigonometric circle whose y-coordinate is equal to a.

We observe that, since for every real number x it holds that -1 < nux<1,ifa<-1ora>1,
then the equation nux = a has no solution.



If a €[-1, 1], we place the number

B(0,1)

aon the sine axis and draw a
horizontal line, which intersects
the trigonometric circle at two
points M and N. Let 6 be the angle
that corresponds to point M. Then
nuo = a, and all angles of the form
2kt + 0, where k € Z, correspond
to point M. Moreover, due to the

symmetry of the figure with
respect to the y-axis, the angle

- O corresponds to point N, as
well as all angles of the form 2kt +
1t - 0, where k € Z. Therefore, the
equation can be written

successively as:

nix=aenux=nud © x=2kn+06 or x=2kn+n—0(k € Z)

1
Example 1: Solve the equation npx=5.

1
Solution: From the tables of trigonometric values, we find that npg=5. Therefore, the

equation is written as:

1 Tt T T ST
nux:E@nuxznug@x=2kﬂ+g 0rX=2k1T+1T—g=2k1T+?(kEZ)

. V2
Example 2: Solve the equation r||,|x=—7.

2
Solution: We know that HUE=§ and that opposite angles have opposite sine values. Thus,

2
r]u(—g)=—\/2—— and the equation becomes:

i i
V2 p x=2k1T+(—Z):2k1T—Zor
nux = —7<=nux=nu(—z)=> T T 5 (KEZ)
x=2k1T+T[—(—Z)=2k1T+1T+Z=2k1T+T

Example 3: Solve the equation (6nux—3)(2nux+4)=0.

Solution: We have: 6nux—3=0 or 2nux+4=0 < 6nNux=3 or 2nux=-4 & npx% or nux=-2. The
second equation is impossible, while the first one is solved as in Example 1. Therefore, the
solutions are: x=2kn+g or x=2th+5?1T (ke 7).

Example 4: Solve the equation nu(3t) =%. (Continuation of the Example from the

introduction of this section).



Solution: Now, this equation can be solved as follows:

1 T T T 5t
nu(St)=§@nu(3t)=nu€®3t=2kn+g or 3t=2kn+n—g=2kn+?
(:)t—an+1T t_2k1'[+5‘l'[ K e Z

=3 tgort=—3 tig ke

Remark: In some cases, the formulas that give the solutions of a trigonometric equation
can be unified. This happens in the equations nux=1, nux=-1 and nux=0, which we present
below:

. The equation nux =1 can be written equivalently as: npx=np§<:> X=2kT[+§ or

x=2krt+rt—g=2krt+g (ke Z). Therefore, in this case, the formula x=2kn+g (ke Z) represents

all the solutions of the equation.

T

. The equation nux=-1 can be written equivalently as: nux=nu( 2)(=> x=2kn—g or

3
X=2kT[+T[+g=2kT[+7T[ (ke Z). However, on the trigonometric circle, the two formulas
correspond to the same point. Thus, all solutions of the equation are given by either of
these formulas, for example by X=2k1'[-g (ke Z).

. The equation nux=0 can be written equivalently as: nux=nu 0 < x=2km+0=2kTt or
x=2kmt+mt-0=2km+1t= (2k+1)1t (KE Z). Thus, the first formula gives all even multiples of Tt and
the second gives all odd multiples of t. Therefore, overall we obtain all integer multiples of
1, which are expressed by the unified formula x=kmt (k€ Z), which gives all the solutions of
the equation.

2. The equation cuvx = a

We now move on to the equation cuvx = a. On the trigonometric circle, for every angle 0, the
value ocuvO represents the x-coordinate of the point M of the trigonometric circle that
corresponds to the angle 6. Therefore, following the same reasoning as before, we must
now find the points of the trigonometric circle whose x-coordinate is equal to a.

Here as well, for every real number x we have -1 < cuvx< 1. Hence, ifa<-1ora>1, the
equation ocuvx = a has no solution.



If a €[-1, 1], we place the number :
aonthe cosine axis and draw a P el :
vertical line, which intersects the :
trigonometric circle at two points
M and N. Let 6 be the angle
corresponding to point M. Then we
have cuvO = q, and point M
corresponds to all angles of the
form 2km + 6, where k€eZ.

Moreover, due to the symmetry of

the figure with respect to the
x-axis, point N corresponds to the
angle -0, as well as to all angles of
the form 2km - 6, where kEZ.
Consequently, the equation can

be written successively as:

OUVX = a & ouvX = ouvh © x = 2kn+ 0 or x =2kn—0 (k€ Z)

3
Example 1: Solve the equation ouvx=§.

. . . T 3 .
Solution: From the tables of trigonometric numbers we find that O'UVE=? , SO the equation

is written as:
V3 i T i
0UVX=7@GUVX=GUVE®X=21{R+E or X=2k1'[—g (keZ

1
Example 2: Solve the equation 0uvx=—3.

™1
Solution: We find that ouv§=5 and, since supplementary angles have opposite cosine

T 1 . 2t 1 . . .
values, we have ouv(n—§)=—3, thatis ouv—_=-. Thus, the equation is written as:

1 21 i1 2T
GUVXZ—EC}GUVXZGUV?@XZZI(T[-F? orx:2k1r—? (keZ)

Example 3: Solve the equation 2cuv?>x-50uvx-3=0.
Solution: We set y=cuvx and the equation becomes 2y>-5y-3=0. We solve the quadratic

2-2

9 1
equation: A=(-5)?-4-2-(-3)=25+24=49, so y= , from which we find y=3 or y=—5.
1
Therefore, we obtain the equations cuvx=3 or 0uvx=—5. The first equation has no solution,

2T 2T
while the second is solved as in Example 2. Hence, the solutions are: X=2kT[+? or X=2kT[—?

(ke 7).



1.

Remark: As in the equation nux = q, in certain cases the formulas that give the solutions
can be unified. This happens in the equations cuvx=1, cuvx=—1 and cuvx=0, which we
present below:

The equation cuvx=1 can be written equivalently as: cuvx=0cuv0 < x=2km+0=2krt (kE Z).
Therefore, the formula x=2kt (k€ Z) gives all the solutions of the equation.

The equation cuvx=—1 can be written equivalently as: cuvx=cuviti& x=2kmt+1 or x=2kT-Tt
(ke Z). However, on the trigonometric circle, the two formulas correspond to the same
point. Thus, all solutions of the equation are given by either of these formulas, for example
by x=2kmt+1t (k€ Z).

The equation cuvx=0 can be written equivalently as: ouvx=ouvg<=) x=2kn+g or
x=2krt—g=2krt—n+g= (2k-1 )n+g (ke Z). Thus, the first formula gives the even multiples of
increased byg and the second gives the odd multiples of mincreased by g Therefore,
altogether we obtain all integer multiples of tincreased by g, which are expressed by the

unified formula x=krt+g (ke Z), which gives all the solutions of the equation.

3. The equation spx=a

If ais any real number, we placeiton
the tangent axis, at the point E(1, a).
The ray OE intersects the
trigonometric circle at a unique point
M, to which there corresponds an

m T
_5,_

angle 0 € ( 2) such that 6 = a.

The equation can then be written as
edx =B, which has the unique

solution x = 8 in the interval (_E’ E)

And since the tangent function is

periodic with period , all solutions of A'(-1,0

the equation are of the form x=kmt+6,
where k€EZ.

(In the figure, the solutionx =1+ 0 is
also shown; this is the angle that
corresponds to the point N, the

second point at which the line OE

, B'(0,-1)

intersects the trigonometric circle.) /

=15




Therefore, the equation has solutions for every a€lR, which are found as follows:

epx=aocpx=cpd ©x=kn+0 (keZ)

Example 1: Solve the equation s¢x=\/§.
Solution: From the tables of trigonometric values, we find that s¢§=\/§. Therefore, the
equation can be written as:

T T
epx =V3 S epx =ep- @ x =kn+ =

> s (keD)

Example 2: Solve the equation epx=-1.

Solution: We find that s¢g=1 and, since opposite angles have opposite tangents, we have
e¢(—§)=—‘| . Thus, the equation is written as:
epx =—1eo epx=c¢ (—E)(:)X_kn—E (kezZ)
X = PX=ep(~7 = 4
Example 3: Solve the equation s¢(2x—g)=1 .

Solution: We find that s¢g= 1, so the equation becomes:

5 m 0T 5 T[_k 1L 2% = k m T 2% = k 7T
s(p( x—g)—s(pZ@ X—§— T[+Z<:> X = 1'[+Z+§<:> X = T[-l-E
kn 7m
@X=7+ﬁ (kEZ)

4. The equation cpx=a

Using procedures analogous to those applied to the equation edpx = a, we can show that an
equation of the form odx = a has solutions for every a€IR, given by the same general
solution formula:

cpx=a o ocpx=ocpd ©x=kn+6 (keZ)

Example: Solve the equation 0¢x=—\/§.

Solution: From the tables of trigonometric values we find that o¢g=\/§, and, since opposite

angles have opposite cotangents, it follows that cscb(—g) =-+/3. Therefore, the equation can
be written as:

oPX = —\/§@G(px=0<p(—g) @xzkn—g (kezZ)
Remark
Since the functions edx and o¢dx are not defined for all real numbers x, in more complex
trigonometric equations — such as those we will study in the next unit - we must check
whether the solutions obtained satisfy the corresponding domain restrictions:



o Every angle appearing inside an ed must be different from krt+g, where k€ Z, or

equivalently, its cuv must be different from 0.
e Every angle appearing inside a o must be different from krt, where k€ Z, or equivalently,
its nu must be different from 0.

5. Composite trigonometric equations

In the previous sections, we saw how to solve the basic trigonometric equations nux=q,
ouvx=qa, epx=a Kat cdx=a. In many cases, however, equations arise that cannot be reduced
directly to one of the above forms and require additional manipulations. We will deal with
such equations in this section.

Depending on the way we approach them, we classify them into the following categories:
1) Searching for solutions within a given interval

Il) Use of trigonometric identities

I1l) Change of trigonometric number (reduction to the first quadrant)

Next, we will see characteristic examples from each category.
) Equations with solution search in a given interval

A trigonometric equation has infinitely many solutions. However, in many cases we are
asked to find only those solutions that belong to a specific interval. In this case, after finding
the general form of the solutions, we check which of them belong to the given interval.

1
Example 1: Solve the equation nu(3t)=- 5 in the interval [0,21].
Solution: First, we find the general form of the solutions:
i1
3t =2kn——+ or

1 i i 6
MHEY = —5 & nuEt) = —nu < nuEY =nu(—g) & T T
3t= 2k1'[+1'[+€= 2kn+?
- 2k 0w or
-~ 3 18
S o 2kn s 7n (keZ)
-3 18
Next, we check which solutions belong to the interval [0, 21], that is, which satisfy the
inequality 0 < t < 21t. We substitute t from each solution formula and solve the resulting
inequalities with respect to k. From the first formula:
0<2kT[ 1T<2 0<18 2k 18 1T<182 0<12k < 36
— — — @  — - — . @ J— @
=73 Tt T =g 1g = 0 AT TS kTS 90T
< 12km < 37 1<k<37
@ —_— —_—
e VY
Since k€Z, we obtain k=1 or k=2 or k=3. Therefore, the first formula gives the solutions
2 m  1lm _4m m 23m (=2 1'[_351'[
3 18 18’ 3 18 18’ ~TT18 18

all of which belong to the interval [0,21]. Similarly, from the second formula:



2kt 7m 7 29

OST+E<2T[<=>0<121(T[+7T[<36T[<=> 71T<12kn<29n(:)—§<k 1
Since keZ, we obtain k=0 or k=1 or k=2. Thus, the second formula gives the solutions
(= 71 211 7m 191 41'[ 71'[ 31m

-—, t= =—, t=
18 3 18 18 3 18 18
which also belong to the interval [0,21].

Comment: In the previous example, as in other similar cases, two different solution
formulas arise. Therefore, we need to solve two inequalities with respect to k, one for each
formula. If the equation belonged to a case where the solution formulas could be unified,
the procedure would be simpler, since checking a single formula would be sufficient. This is
why it is useful to unify solution formulas whenever this is possible.

II) Equations using trigonometric identities

In some trigonometric equations, trigonometric numbers appear with powers or in
combinations that do not allow a direct reduction to one of the basic forms. In such cases,
we use appropriate trigonometric identities in order to simplify the equation and transform
itinto a familiar form.

Example 2: Solve the equation np’x + 56uv>x = 4.
Solution: We use the identity nu®x + cuv’x = 1, and the equation becomes:

3
Nu2x + ouv?x + 40Vv2x = 4 © 1 + 4ovv?x = 4 © 4ovv?x = 3 © ocuvix = 2 o
EE +\/§
owvx =t |7 =1t

. V3 V3 . T V3
We now solve each of the equations ouvx=7 and ouvx=—7. Since O'UVE=?, we have

3
ouv(n—g)=—§. Therefore:

V3 1 V3 5m
OUVUVX = — & OUVX = OUV— & OVVX = —— & OUVX = OuW— &
2 6 2 6
x = 2k + — (kel) x = 2k £ 27 (ke)
t = 2kt >

5
Remark: If we write x=2krt+ ?n=2krt+rt— g=(2k+‘| )It- g and similarly
51
x=2kTtt- ?—an T+ E (2k- 1)T[+g we see that in this case as well the solution formulas can

be unified in the form x=km+ g (keZ).

Example 3: Solve the equation epx - odp(2x) = 1.

1
Solution: We use the identity edpx - odx = 1, therefore s¢x=c—q)x, and the equation becomes:

1
o c0@(2x) =1 & 0p(2x) = 0px © 2x = kn + x © x = km (KeZ)



However, since edx and od(2x) are not defined for every real number x, we must check
whether the solutions we found are acceptable. ed(km) is defined, but od(2km) is not
defined for any integer k. Therefore, all the solutions must be rejected, and the equation is
impossible.

Example 4: Solve the equation nux = V3ouvx.
Solution: If cuvx=0, then from the equation we would also have nux=0, which is impossible,
since for every angle x we have nuzx + ouv?x = 1. Therefore, cuvx#0. Dividing both sides of

the equation by cuvx, we obtain:
nux
OUVX

Tt Tt
=\/§<:)s(px=\/§(:>s(px=s(p§<:>x=kn+§(kEZ)

lll) Equations with change of trigonometric number (reduction to the first quadrant)

This category includes trigonometric equations in which different trigonometric numbers
appear, such as nu together with cuv, or e together with od, of the same or of different
angles, connected by the sign + or —. In these cases, we try to transform the trigonometric
number in one side of the equation into another one, using the reduction formulas to the
first quadrant, in order to obtain a basic trigonometric equation.

Example 5: Solve the equation edpx = odp(3x).
Solution: We transform o into ¢ using the complementary angle. Thus, the equation
becomes:

g T T km
Eq)x=S(p(z—3x)(:)X=kﬂ+§—3x(:)4x=k‘r[+§<=x=r

We now must check whether edx and od(3x) are defined for angles of this form. Since
k. E_(2k+1)1t
4 8 8

+ 2 (kez
T (ke

, Xis an odd multiple of g, so it cannot be of the form 7\1‘[+g, which is an even
multiple of g. Therefore, edxis defined. Moreover, 3x is also an odd multiple of g, soitis

always different from A, which is an even multiple of g. Hence, od(3x) is also defined, and

all the solutions we found are acceptable.

Example 6: Solve the equation cuv(2x) + nux = 0.
Solution: The equation becomes cuv(2x) = —nux, that is, ocuv(2x) = nu(—x). We transform nu
into ocuv of the complementary angle. Thus, we obtain:

2x=2k1T+E+x(:>x:2k1T+Eor

TC 2 )
ouv(2x) = ouv (§+x) S T - okt (KEZ)
2x=21{11—7—)“:)3)(221{11—7<:>X:T_g

We observe that here as well the first type of solutions appears as a special case of the

2
second one (for example, for k=1 the second formula gives x=?n —g =§). Therefore, all

- . . 2kt T
solutions of the equation are given by == % (keZ).



Exercises
1. Solve the equations:

2 2 3
i) nux=7 i) ouvx=\/2—_ iii) s¢x=\/3—_ iv) odpx=1
2. Solve the equations:
3 2 3 3
i) r]ux=—£ i) ouvx=—£ iii) zad)x=—£ iv) csci>x=—£
2 2 3 3
3. Solve the equations:
i) (’I—r]ux)(2r]ux—\/§)=0 i) (2nux+\/§)(1—ouvx)=0 iii) (2ouvx+1)(ep?x—3)oPpx=0
4. Solve the equations:
. T .. T T
i) r]p(x+§)=—1 ii) 20uv(3x—z)=1 iii) e¢(z—5x)=\/§
5. Solve the equations:
i) 2np*w+npw-1=0 i) 2ouv2x+3ouvx-2=0 iii) 3ed?t=3+2v/3et
6. Find the solutions of the equation epx =1 in the interval (3, 4T).
7. Solve the equation s¢x=o¢(x+§) in the interval [0,2m).
8. Solve the equations:

. L .. T
i) r]ux+cuv(z—x)=0 ii) s¢(2x)—o¢(§+3x)=0
[Hint: Work as in Examples 5 and 6.]
9. Solve the equation edx- nux+1=nux+eodx.
[Hint: Move all terms to the left-hand side and factorize. Pay attention to the restrictions.]

10. Solve the equation -2edx=4.

ouv2x
1
1+e@2x

2. Express the final solution using an angle 6 such that e$6=3.]

[Hint: 1. Use the trigonometric identity cuv?x =

11. Solve the equations:
i) nux-ocuvx=0 ii) nux+ouvx=0
[Hint: You may work either as in Example 6 or as in Example 4.]



