AAMIANOZ I'TANNHZ > MAGHMATIKA ITPOZANATOAIZMOY < I'' AYKEIOY

MAGHMATIKOZ

1. Q¢ npam kivnon eAéyyovpe Ta medio opropod TV CUVHPTHGEDY 1) TOV
CUVOPTICLOKOV OYECEmY TG Goknons. Av e divovtol mpemel v 1o Ppodue
ukoLovbmVTag TOVE YVEOOTONE KUVOVEC:

® 01 TUPOVOUAGTES VI EIVUL SIPOPETIKOL TOV UNOEVOS
® 01 VIOPPILES TOCOTNTES VAL EIVUL HEYUAVTEPES 1) LOEC TOD UNdEVOG
® 01 TOCOTNTEG HEGH aToug Aoyapllpoug va gival Betikég

® 01 [ldoec tov exbenikav ouvaptioeny vo eival DeTikeg

: S - . . n
(sppaviCovtor modd omdvia: TOL0 EQUATOPEVOV S1GPOPE TOV KT + I kel km

100 GUVEQURTOREVLV S1AQOopa ToV KT, K e L)

2. Av pag divetan C ¢ ko Béhovpe va povpe to mAnBog tov priiov mg edicmong
f[x] =a, a €, 1018 and 1o opjua Ppickovpe to TABog TOV oNpEi®Y TOPTG

mg €, pe my opildvnia evbeio y =a yua 6Aeg Tipeg ov a e R

3. Medio opiopod ™ ovvapmane f o g . Ioyde Asg= {x €A, K g(x)e AJ.}

4. Av pag divetan o tomog g f o g kot {nripe:

® TOV TOTO NG g , TOTE KAVOLE AvTIKaTGoTact u = g (x) Kal fpickovpe Tov THRO
ms f

e tov tmo ¢ [, tote Bétovpe oty f omov x to g(x) ko efisdvonpe Tong
8o Tomoug g feog.
(Ipocoy oto nedio opropod TS GUVAPTNGIS TOL YAYVOLLE)

5. Tn povotovie pag cvvaptnong f ™ Ppickovpe kuping pe ypion Tomv
mopayoywny. Me yprion touv opiopot dovievovpe cuvvibmg oe Bewpnnikég
oKNoEL, Omov 8 yvopllovpue TOV TOMO TS CUVAPTICNS KAl EmTALOV de pOg
divetor (] dev mpoxvmtel) 6t f givol mopoyoyioyn.

Ag Egyvape OT1 1) povoTovia [ag CuvAapTNoNS AVaPEPETUL OE KATO0 S1AoTU 1)
oovoio. Av 1 [ eival yvncimg povoTovn oTo TEGIO OPIGHOD NS, TOTE NTOPOVHE
VoL YPAYOUUE OTL Elval VN oLmg HOVOTOVN auvapInaT. AQOopeETIKE, YPUPOVLE TN
wovotovia ava dwwotipota. (Mropei £6m va culnnbei kal n pebodog ¢ anaywyis ot dtono)
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6. Av o cuvépmon sivar yvoing povétovy oto nedio opopot me, tote B
eivar kan 1-1. [lpocoyn, éev ioyver To avrictpogo!
Av Bpovpe éva Cevydpt x.x, € A, pe x, # x, tétowa, oote f(x)=f(x,), t6te

f dev eivon 1-1.
(Mmopei va. cuinnBei o £deyyog tov 1-1 Kat o0& MOAVKAMSIKES CLVAPTIOELS)

7. Av wma cuvipmnon [ givar 1-1, tote opiletal  avrioTpoen ™g Kat kabe

eCiomon e popeng _f[x} =a, acR, ba &el To moAd ma pila.

8. Av e cuvipmon f eivan yvnoing povotovn oe éve S1GeTpe A Kl GE KGO0
X, € A undevileral, T0TE 61O oNpEio avto N f Ba alraley mpoonpo. To apoonuo
¢ 10 Ppilokovpe pe Tov opLopd ¢ povoToviag.

9. H avriotpogn ouvaptnon pog cuvipmong f opileton péve av aut eiva
1-1. H ' éye1 nedio opiopon To oVvoko TIudY T¢ f Kat GUVOAD TIHGY TO TEdI0
opiopon g f

Avn f eivar yvnoimg povotovn, Tote katn f ' eiven yvnoiog povotovn oto nedio
OPLoLOD TS Kt £¥EL TO 1010 £idog povoTtoviag pe v f (anddeiln pe dromo).

[Ma v edpeon e [ Ppiokovpe To oivoro Tipev ™ f , To omoio eival Kal To
nedio opapod g ka1 Advovpe v ticwon y = f(x) g mpog x. Avtd mov
TPOKVATE £ival 0 TOTOS TS [
loyvovv:

o f ( f l(_vu)] =y, 7 kale y TOL aviKEL OTO GUVOAO TIHOV TG f

e [ (f(i.]) = x, v Kabe x mov avikel ato wedio opropov e f

10. Av n f eival avTioTpEyn, TOTE:

o O ypagikéc mopactdcels Tov f ko f ' eivol GUppETPIKES ©C TPO¢ T diyotopo tov 1% ko 3
TETAPTNHOpion, onAadn tnv evbeia y =x

e Avn ypagikn napactacn g f tépuver v evbela y = x oe éva onueio A, 101e Kal 1) YPUQIKY TAPAOTAGT
me f Ba tEpver v evbein y = x o710 810 onueio A

¢ O ypagikéc mapactaoels tov f kat f ' Oa tépvovian pbvo méve oty evbeia y=x, av n f
givar yvnoiog avéovoa, Katl mov Oev woyxLeEl av 1 f dev eivan yvnoing avfovoa.
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11. Av évag apiBpds @ avikel 6to chvoro TGOV TG cuvdpmens f, tote 1 efiowon f(x)=a,
Ba €xer o tovidyiotov pile oto wedio opiopov ™mg f, dniadn vadpyer fva TovhapieTov
x, oto medio opiopod g tétolo, dote f(x))=a

12. Avto Pn..], f(x) given évag Betikog apBpog 1) +o0 | ToTE KOVTd 670 X, oL Tipég ™S f eivan Betikoi
apBpoi.
Av 1o }l{l‘]‘ f(x) givon évag apyricdg apiBpog | —w, ToTe Kovtd 6o X, 01 TIPEG g f eivan

apvirikoi apibpoi.

H rnopondve 610mra propel va gavel yprijowun otav £ovpe opra pe ardiota 1 Dlovus va
gpupposovue 10 Oed@pnpa Bolzano.

13. Av 8ékovpe va vToloyicovpe OpLE KAAGUOTIKGOV GUVAPTHGE®Y 6T0 X, € R mov 0dnyolv 6e
UTPOCHOPLTTI] HOPOT| % kat eppaviCovrar otov apiunt 1 6TOV TOPOVONUSTI) TAPUGTAGELS TNG HOPPNS
f(x)+g(x) 1 Jf(.r] +,/g(x) . 1otz morhamhacialovpe aplBuNT Kot TEPOVOHAGTY) pE TN

ovluy| MEPacTAcY) TOV TUPUTAVE TUPUACTACEOV. L& YEVIKEG YPUUUES Ol UMPOCIIOPIGTES HOPPES — kol ——
0 +

avrpetonifovral pe tov kevovae touv De L'Hospital.

14. 0wy HOg SiVETOL TO OPIO OGS TOPAGTHOTG TOV MEPLEXEL P Guvaptnon f [r] Kol pac Cnrdave
va Ppoldpe To Opo g f’(.\'] (1 10 Op10 pOg SWPOPETIKNG TAPACTOCTC TOV MEPIEYEL TV
i (r} ), tote OEtovpe wg fonnmiky svvaptnen g v nupdctacn g onoing yvopilovpe
0 610 Kot AOVOLpE (TpocEyoviag Toug meEplopiopons) wg mpog f(x). Tékog vroloyilovpe
10 {ntoduevo op1o (LEBOBOS «BéTm-Aiva»)

, . . . A . .
15. Ilpocoyi yperdletar otov vrohoyiopd opiov ™S HOpENC 0 ue a#0. I'papovpe 10 Opro om

pope lim[f(.r:l ], pe lim f(x)=a#0 kot limg (x)=0.
XX b Xy,

|
g(x)

Av g(x)>0 xovrd st lim| £ —— | =a-(4a0) ={ 470
e Av g(x KOVTG 670 X,, T0te lim| f(x =a-(+o)=
g ! = g(x) —o,a <0
Av g(x)<0 xovtd 6to x,, totE lim| f(x) : (=) —0.a>0
. 5 |- X s g X ={d-1=00)=
5 v x| g(l) +ao,a < ()

o Avn g ahddlel mpoonpo ekatépubey Tov x,, 161 vtohoyilovpe TALLPIKG OpLa.

(Evowpépov mapovoidaler 1 pehétn mpooniuov g g, 0x1 aAyefpikd, cAid pécm povoroviag)
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16. Av pag {nteitanto 6p1o pog cuvipmong f kot pag diveton avicoicomta g HopeTiS
g(x) < f(x)<h(x), tote ypnowonoodpe to KprTipro wapepPolis, apkei ta Gpa

lim g (x) ko ]imh(_t] VI DAAPYOVY Ko v gival ioa (a € Ru{iac} )

Emnigov:

® Av f(x)< g(x) kovta oto x, ket lim f (x) =+, tote Kat lim g (x)=+0

X=hI, T=hX,

e Av f(x)< g(x) xovtd oto x, ka1 lim g(x)=—o0, téte ke lim f(x)=—o0

=Ry X—iy

(Na dobei 1ditepn npocoyn ota dV0 TEAEVTRIA, POV PETOS YIa TPATN Popd
vrnpEe emionun 0dnyin va gpnoipoToovvtol yopic amddeln)

e Ta opia lim pux kol lim ouvy dev vadpyovv. Otav to CUVOVIGUE 08 KATOW TOPAGTUCT)
X =3t x—ytm

¥pNoionoloue o Kpitnplo mapeufoing, AouPdavoviac vaoyn g oyecelc: —l<nux <1,

-1<ovvx <1 km -M Sr}pISM

17. Ag Egypvape 6t yia va ypayovpe lim f(x) = f(x,) apénet va yvopilovps ént n f sivar covepig
oto onueio x;tov mediov opropov te. Eniong, av oe kamow ovvapman f 6ev pmopovpe va
Ppovue amevbeiag mv TN ™C 610 X,, ahkd yvepilovps 0TI LT Eival CUVENNC OTO X,

TOTE N T TG 1000 AL e T0 Opro MG, dnhadn f(x,)=1lim f(x)
A=y
(Na yiver avagopd ot cuvéyele molvkiadikov cuovaptmoemyv kat Péfowa oe
Oépota vroloyIGHOY TUPUPETP@V)

18. Av pog divetar 6t cuvdapmon f eival mapayeyiopn oo onueio x, Tov

nediov opropo e, Tote Ba 1yhouv:

e 1 ovviapmon [ eivan ovverrs oto x,, dpa lim f(x)= f(x,)

=

:f‘{xﬂ)

. lim—f{x}_f(x”)=f'(_rl,) Kal ]imf(&ﬁh)_f(xﬂ)

X=bxy x—X, Ty h

19. Av pag divetan 6Tt 1 ypagixn mopdotacn wag cuvapmeng f éxel mhaywa
AGOPTTOTI 6T0 +2 (Opola 610 —=0) v evbleia v = Ax + f, 101 ioybouv:

s Iim_(f[x)—(ixﬁ-ﬂ]):() (opropéc)

. limf(—_x)=;?. kot lim (f(x)—;?..r]:ﬁ

X=h4 X K=

Av pog diveton 0T  ypuiki] mapdctaon pag covapmong f £xer opiidvria

acOpURTOTY 010 490 (Gpote oto —0 ) T evbeia y = £, tote woyder lim f(x) =/
X=¥+x
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20. Mix cuvipmon f Swernpei otabepd mpbonpo oe didoua A dtav n f

glval ovverg oto A Kat f{_r} #0 ya kdbe xeA. Av emmhiov yvopilovpe kot
e ipn e f oto A, tote propolpe va fpotpe Kol To mpodoHo TS,

['a va Bpovpe To Apdenpo g cuvaptnong f o éva diaotnua A, EKTOC oo 1)
¥pnion pilag ko povotoviag (625 8.) mov eival kot ta mo cuvnbhopévo, propovpe
va gpyacBovps ko og e£Ng: deiyvovpe Tp@TH OTL Eival GUVETNG, GTI GUVEXELN
Bpiokovpe Tig pilec ™S Kol TEAOS ¥PNOIHOTOOVUE KUTAAANAL EMAEYHEVES TIUES
e kebéva amd ta Sruomiuate tov opilovy ot dadoyikég pileg me.

21. Av0éhovps va Bpodpe Tov THmo piag suvexotc suvaptTiyong f yia Ty omoia
woyvel oyéon me popens f(x)=g(x) ., ne g(x) =20 yiaxade x € A, tote:

e av f(x)#0 e kabe xe A, tote f7(x)=g(x) <:>|f(r)| =,fg(x] KoL ot 1
f dwmpei otalepo apoonpo ato A, Do eivan f(x) = g(.\'] LxelA,av f (;c) >0
M f(x)==/g(x), xeA, av f(x)<0 . Emmhéov, av yvopilovpe to mpdonpo

peg Tipns g f, tote Ppioxovpe tov thro ™.

® Qv DAWAPYEL HOVEOIKO X, €A TETO0, MOTE f (.'.'“] =0, tote ov mbavoi TomoL NG
f Bo eiva:  f(x)=4/g(x). xeA, M f(x)=-g(x)., xeA, q

m,l"fl}. A. T]f( )_ m,.rzx,, xeA

y o = 5 o

f(x)=
—m,xz X, - g{.t‘),,r <X,

(n tehevtaia tepintmon Inmifnke onig e£e1d6E1g)

22. Av Béhovpe va Aboovpe pa eiiomon mov de Avetal oAyePpIKd, TOTE apov

TAPOVLLE TOVE UMUPULTITOVE TEPLOPLTUOVCE:

e fipiokovpe pa wpopavy pife x, karn f yvnoiwg povotovn, dpa 1 pila ba eiva
HOVODIKN

¢ fpiokovpe o npogavi pila x, kaun f dev eivar yvnoiog povotovn. Toten f
Ba odrale povotovia oto x,. Ecw f ywnoing avéovea oto (@.x)) ko f
ywnoing ebivovon oto (x,,5). Onote Ou sivar x<x; < f(x)< f(x)=0 xm
x>x, < f(x)< f(x)=0. Anrady n mpogavig pia x, Ou eivar kot povedui
oL Y kabe x £ x, woyve f(\] <0

e [piokovpe dvo mpogaveig pileg x,x, (Bo pag to {nrder). XLt cuvveyewa

amodelkvioups 0T ival povadikés site pe ypnion povotoviag, site vrobitoviog
OTL £YE1 TPEIC PILEC KUl KOTUANYOVIOS OF GATOMO HETA OO JUOOYIKES EQPUPHOYES

Tov Pempnpatog Rolle.

I'' AYKEIOY
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23. Av 0éhovpe va anodeifovpe 6Tt pa eéicwon £xel pla Tovranetov pila os

éva Sraotnpa (e, ﬂ) (vrop&lakd epOTNU), TOTE:

® KAVOUUE amaAoupn] TopovoLasTaV (av £fel), To myeivovue OAd 6TO TPMOTO
Héroc, Bempovpe Ponbnukn cuvdpnon kat epopuolovpe Oedpnpa Bolzano
(mpocoyn otV tepintmon dmaping pileg e KAEIGTO d1dGTH [a,ﬁ] , 6oV Katd
mv  €papuoyr Tov Bewpriuotog SOmMGTOVOLHE OTL f(a'] . j(ﬁ) <0 xm
S10KPIVOVUE TEPITTACELS)

e [piokovpe 10 GUVOLO TIRGV TN fondnTikic cvvapTnong

® T mnyoivovpe OAo 6TO TPMTO MEAOG, PpIoKOVHE TNV OpYIKY GLVEPTNOT
(mapdyovca) mv omoic Bewpodpe oG cuvaptnon Kol egappolovps Osdpnpa
Rolle yio. avtyv.

e mo ondvio pe Oedpnpa Fermat, epocov dwumictdvetol 1 vwapln akpdTaton
LLOS Tapayouoag TNG GUVAPTIOTS TOV E£IVOL GTO TPOTO PEAOC.

Emmitov,
e v Béhovpe va deifovpe 0TL vdpyovy Vo 1) TEPIoCOTEPES Pileg KAvovue Ta

TUPUTAVE GE KOTAAANA DTOSlaoTHOTH TOGH OGES Kot ot pileg v Omapén Tov
onoiwv OErovue vo arodeiéovpe

e vrapélakd pe &.&,,...€(a, ff) ouvibog aviipetomiloval pe EQupUOYES TOV

Ozopipatoc Méong Ty oe katd@ldnia vrodotinata.

24. Av 6hovpe va amodeifovpe 61t pa eticwon £xer To modd ma pila o éva Sidompa A, TOTE:

e N f gival ywmeimg povotovn 1 1-1 oto didompa A, ondte Bo €xet to ToAD o pilo o avtd

e vmoBérovpe 6T [ Exer Vo pileg p,, p, o0 didoTua A Kt epappoloviag

10 Ocopnua Rolle oto (9, ,_02] KOTUAYOUUE GE (TOTO.

(Avahoyo av Béhovpe va deiéovpe 6L €xel To TOAD SV0 1| meplocotepes pilec. [Ipocoyn oe e1dikég
TEPMTMOGELS MOV MPOKVLATOLV pe mpoavi] Tpdmo. [Na mapdderypa n 2% fabpod moivwvopikn
cuvapmon £xel Thvto 00 T0 TOAL pileg)

25. Av B£hovpe va amodeifovpe 6Tt na eicmon £yl akpipdg ma pila oe éva SiGotua A, Tote
mpénel va Oeifovpe 0T £xel P TovAdytotov (8eg 23.) kot pa o moAv (deg 24.) pile oto A.

26. Otav yie o cuvapmon f Békovpe va anodeilovpe Tnv Omapén povadikig 0éeng akpotdrov o
gva duotnua A, tote av 1 f eivin mopoyoyiown covdpmion kat o A dev eival Khelotod
dudotnua, epyalopacte g eENg: apyikd amodeikvioups Ty mapsn povadikod x, TE£T0L0L,
wote [ '[Jq,} =0 (mbBavn Béon axkpotdrov 1 KPiGIHO aNEi). TN GUVEXELN OTOGEIKVDOVUE
om exatépobey Tov X, aiialel n povotovia.

(Avidoya epyaldpoote kol yioo ve oamodsifovpe v Umopén 00 1 Kol AEPICCOTEPMV CKPOTATMY)
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27. Otav yio e ouvaptnon f Bélovpe v arodeiovpe Ty Dmapén povadikic
Bfong enueiov kapmig o £va duwdotnua A, tote epyalopucte mg e£1C: apyika
amodeikviovps v braptn povadikod x, tétoton, dote f(x,)=0 (mbavn Béon
onueiov Kopumng). ZTn GUVELELR UTOOEIKVDOVNE 0TI ekatépmbev Tov x, alialovv
TO KOLAO

(Avadoya epyolopocte Kol yio vo amodsifovpe v vmopln dvo 1) Kol
TEPLOCOTEP®V GNUELDV KU C)

28. Av pag {nrave va Ppovpe 1o aijfog Tov plidv pag eSicweng e popens
f{.\'] =a , a el 101 gpyaldpucte wg ebng:

e [ipioxovue ™ povotovia mg f

e [pioKoupe To EMPEPOVS GUVORD TGV Yo KubBéve arnd o SlwoTiuote Tou
mEDLOV opropo TS wov 1 f SloTnpel T HovoTovia Kol

® OV TO & OVI|KEL O€ KATO10 omd Ta empEépoug auvola TIpav, ToTe 1) elicmon £xel
axpifig a pifa oto aviictolyo 1o T, EVHO av TO @ SEV OVIKEL OE KATOL0 ot
T EMPEPOVE GUVOLE TILGV, TOTE 1 eEicman dev £xel pila 6T aviicTor o SidaTnpo

(TTpocoyn kol oV TEpPIAT®OT WOV TO & &V ElviLl YWOGTOS apfnog Kul Kdvov e
digpevvnon tov manboug v piiov)

29. Av 0élovpe va Abeovps ma avismon 1 vo arodsiiovps ma avieéTyTa, TOTE:

e unopei 0 TPOGNUO VO TPOKLMTEL @uEGw amd TV ETAVOT HIOG EVKOATNS
aviomaong M emo To Se0PEVT TG AOKN oS

e Le Ti¢ ovvEasieg tov Osopruatog Bolzano. Aniadr, av 1 covdpmmon eival
cuvellc o éve SaoTnpa Kut dev £xel pileg, t01e Do Swtnpel otabepd apocnpo
OT0 OIOGTNHE oUTO (TO TPOGTHO TPOKVATEL AV YVopiLovpE 1) pTopolpEs va Bpodue

KOTow T g suvaptong)
® e ™ Porbewr g povetovias. Av 1 cuvapmon elval ywnoing povotovn Kot
unoevileto oe £va anueio, 101E 610 oNEi0 0UTO aiialel Tpoonuo.

e e ypiion tov Ozopiparog Mieng Tipge. Av 1 covapmon f eivon yw
TopadeLyL KUPTI) Kol oTo dudotnuo [a,x] wyvel 10 @.M.T. | tote vrapyel
_f(®)-f(a)
x-a
povotoviag mg f' (n f' Ba eivar yvnoimg avéovsa apod n f kupt) Ba égovpe:

(,:E((I,.l'} TETOL0, OOTE VO 1GYVEL f’(f) . Me ™ Ponbew g

a<i<xs j"(fr) < f'[.f] < f'[x) K.\

o e ) fonben tov akpot@Tov. Av 1 covaptnon f E£xel eldylomn T o m,
T0TE B 1oydet f(x} Zm yu OAEG TIS TINES TNG. Avddoya avn f £xel péyiatn Tiun
0 M, tote Ba woygder f(x) <M ya Gheg Tig Tpgg TS


http://www.ekp2001-orosimo.gr/index.php

AAMIANOZ I'TANNHZ MAGHMATIKA ITPOZANATOAIZMOY I'' AYKEIOY
MAGHMATIKOZ > < @

e

® o0 TNV KUPTOTNTA Kal pia epartopdvi. Av o guvdptnen f eival kopth| oe
gvo duaotnpe. A kot (g) eival pio epartopév T¢ o€ £va Toxoio onpeio g

M(x,],f(_r”)}, TO0TE 1 YPAQIK] NG Tapaotact Ppioketal move amxd v

eQonTopévn ™G e eaipeon to onpeio M, dndadn f (x)= f(x,)(x—x,)+ f(x,)
(1 16610 WwyHEL povo Y x = X, ). Avdhoya av pua cuvapmon f eival koikn oe
£va Euicm]j.m. A ko (g) eivanl o epartopdévn ¢ oe £va Toxoio onpeio g

( Xos f }, TOTE 1 YPUQIKN] TN¢ mTopactacn (pioketal Kot omo v
epantopévn g pe efaipeon 1o onueio M, dnhadi f(x)< f'(x ) (x—x,)+ f(x)

(1 1ot Te WEHEL poVo Yo X =X, ).

® 070 TO GUVOAD TIp®V. To oUvoio Tin@V pog deiyver akpifog ToIES Eival 01 TIHES
¢ ouvapmnong, ondte 6wg va propolpe Ppolpe Kol To Tpocnuo ¢ 1) va
omodeifovpe P avicoTn T,

AViobdTTA 0propEVoV 0hoKINPpOPATOS

Me 1 fonBewo Twv tepumivo:

e av amodeifovpe 6Tt f(x) 20, yia kibe x e[ a, B, tote Iﬂf(.r]dx =0

® av anodeilovpe OTL f{x) =0, vz kabe xe [a,ﬁ] kat 1 f dev elvar wavton

undév, 1oTe jﬂf(x)dx >0

e av omodeilovpe on  f(x)2g(x), ne xdbe xe[a.f]. W
I flx dr>j g(x)dx
® v onodelfoupE OTL fl:.rjzg(.r], vie kabe A‘E[a,ﬂ] KOL TO «=» LOYDEL OE

pepovoudva onueio, tote Jﬁf(x}dx }Iﬂg(_r]dr

30. Av pog diverar pra avicoicdTnTe TOL 1WYVEL Yo KAOE T TS HeTaPANTIC
mov mepiExel kat BElovpe va katoinfovpe o pio wotmTa 1) va fpoipe o
TUPAUETPO, TOTE!

® LETOUPEPODUE OAOVE TOUE OPOVS TS UVIBOITOTITOS OTO TPHTO HEADS
® Deopovue cvuvapmon f ko ffpiokovue pia pida mg x,, 0MOTE TV PEPVOVLE

om popen f(x)2 f(x) 1 f(x)< f(x)

® 0o TNV GYE0T auT] TpokvATel (€ opiopon) 6T [ Aupovcidlel okpoOTATO OTO X,

® QUTIOAOYODHE ETIMAEOV OTL TO X &ivon EcwTepikd Tov A, ka1 6Tt n [ eivan
nopaywyiciun oto x,, onote Bu 1oybovy oL mpodrobicelg tov Ozwprjpatog

Fermat. Apa f'(x,)=0 ané 6mov Ba pokiyet kat To {nrodpevo.

(Amo oivoro Tipawv g [ 1 and Gedpnpa Meyiome ko Elayiotne Tynjg
pmopei emiong v mpoxvyer 6t m< f(x)<M & f(x)< f(x)< f(x,), onote
[ mopovcialer akpdtota oto XX, Kot e@oppdloviag Geopnue Fermat Oa
éyovpe ot f'(x)=f'(x,)=0)
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31. H cpamropévy ypogiic maphotacng owvdpmone f 6t0  onusio
M(x,.f(x,)) & ovviereori Swdbuveng A=f'(x,) wm eficwon
yv=f(x,)=f"(x)(x-x,). Ze nepintowon nov d& yvwpilovpe to onucio enuprg
M (.rn, flx, )) , TOTE YPAPOVLE TNV TPOT YOV HEVT EEI0mON Kol amd To dE00pEVH TG

daknonc apocmafoiis va to fpotpe.

32.Avon C, ka1 C, £yovv Kowvij epanTopévi) 6T0 KOwd Tovg anpeio M(x[,, I‘.'")

kot o1 f ka g mopayoyilovior oto x,, tote wyver f(x,)=g(x,) xa f'(x,)=g"(x,)

33. Av o C, km C, éovv Kown c@uatopivi) oz dlo@opeTikd onpcia
A[a,j'{r::” Kot B{ﬁg{ﬁ}} avtiotoa Kol ol f, g Topayoyilovial 6To @ Kol
B, tw o egunropives toug  (&):v—fla)=f(a)(x-a) xm

(&):vy—g(f)=g'(B)(x-B) ota onueia avrd Ou tavtiloviar

34. Av 0ghovps va arodeifovpe 61 g cuvapmon [ Sev Exe1 Tomké 1) 0hiké
akpbrato ot éva hdompa (@, f), 1016

e deiyvovpe ot f eivon yvnoiog povotovn oto (a., f) 1

e av yvopilovpe ot f sivinl mopayoyiciun oto (a’,ﬁ}. tote vmofétoupe oL
ropouciilel akpotato oe fva onpeio x, € (a. i) ] ko oo Benpnpe Fermat éyoops

f'(x,)=0 xu1 xatakijyovpe oe aromo.

(Avdhoyo, yio va anodeiloups 0Tt o cwvipman f dev el onpeio kepmig o
£vo haotnuo (rr.ﬁ'}, 101 opkel va deifovpe o 7 elvar ywnoimg povdtovn oto
{ﬂ’,ﬂ) Navn [ elval 800 opig mapaywyloiun oto [&'.,,’5'], T0TE vmoBEToupe OTL
napovoidlen onueio Kauang o £va onueio X, € [a,ﬁ } onote Bo £xovpe

s {.1',,] =0 kot KeTah ) youue o8 ETOTO)

35. Av 0éhovpe vo amodeifovpe OTL o mapuywyicn cvvipmon f eiven
otabzp1) oe éva didotnua A, T0te apkel va anodeifovpe 6T f'{x):(} v kabe

ECMOTEPIKO orueio tov Swwothpatog A. Av emmAfov pog SiveTal Kot pia T g
[, t01E pmopodpe va Bpovpe Kal Tov THT0 TS,

(Mposoym! Av BEhovpe va amodeilovpe 611 600 cuvaptioelg f, g eival ioeg o
gEva ardotnpa A, 1otE pmopovpe va dsiovpe ot f —g eivol mapayoyicun oto

A pe mapdyoyo ion pe pndev. Emopévig amd to Qedpnua tov Zuvereidv tov
®M.T. Ba vrapyer otabepd ceR térow, @ote (f-g)(x)=c km érerta

deiyvovpe 01 c=0)

36. Av 0éhovpe va Bpodpe Tov THRO piag Tapaymyiciung cuvapmone f ya my
omoin 16yYvEL f'(x): g[,r), v kKabe xeA pe g{x) YVWOTI] GUVAPTNGT, TOTE
Ppickovpe ma apywi covipmon G mg g ,omdte Bawoyver f'(x)=G'(x),xeA .

Epappolovrag 1o Ilopiopa tov Zvveneiav tov @M. T. Bo vrapyer otabepa


http://www.ekp2001-orosimo.gr/index.php

AAMIANOZX I'TANNHZ MAGHMATIKA ITPOZANATOAIZMOY I'' AYKEIOY
MA@HMATIKOZ —— — (€

c e R tétow, dote f(x)=G(x)+c xarand ta dedopéva Bpickovpe myv otabepa
Ko dpe tov Tomo e f

Emumifov,

1) av Békovpe va fpodpe tov TOmo pog tapaywyicung covapmeng f yw v
omoia oyver f(x)=g'(x), naxabe xe A, UA,, tote 1opver f(x)=g(x)+¢
ke x e A, km f(x)=g(x)+c, yaxabe xe€ A, .

2) av Bghovpe va Bpodps Tov TimO pog nepayoyiciung covapmong [y v
omoia 1oyver f'(x)=f(x), yia xabe xeA, 1618 wyder f(x)=c-e' ywo kabe

xeA. Ano to dedopéva vrohoyilovpe v otabepa.

37. I'a tov vohoyiopd evoc opropévov ohokinphpatog

® OV LECH GTO OAOKANPWHE LVIAPYEL 1] TEPAYOYOS HICS CUVAPTN OIS, TOTE TO
olokAnpopa eival ario. [pocoy) unirog n tapdymyog eival KpoppEYT).

® oV [ECH GTO OAOKAT|POUN DTEPYEL TO YIVOUEVO D0 «EGYETMV» GUVUPTIGE®V,
TOTE HAAAOV Ypeldletal va KAVoupE 0hoK|puIcT] KaTd tapayovrec.

® oV [ECT GTO OAOKATPOLE LAGPYEL I GUVAPTION KOl 1] TUpAymYos e, TOTE
padiov ¥peldletal va KAVOLUE aVTIKATAGTU6).

® OV HEGH OTO OAOKANPOUE DAAPYEL TopAcTuc NG Hopens f [ g (.r)], 1018
paAlov yperdletal vo KAVOUUE GVTIKATA0T Ao,

Ag Eeyvape!

1) Lty aviiketdotaon ve aAAalovpe Kol T GKpo 0AOKATPWGNS

2) Otav vroroyiCovpe gufaddv yopiov ato ohokkipopo falovpe axdiuto Kol
10 amoTEAEGNY Eiven avTa BeTikog apBpoc.

L - . . . = ,
38. Otav pag {nrave va vrokoyicovpe To _[ f J{.r)cit (f" ovverng) xm dev  pmopovpe va Ppovue tov thmo g [, ToTE:

o Bétovpe ' (x)=u<>x=f(u), onéte dx=f'(u)du
o yu x=a égovpe flu)=a e f(u)=f(u)Su=u xana x=4 éovpe f(u)=< f(u)=f(u,)cu=u,

. . (LN ity . i 3
® T0 0AOKAT| PO YIVETOL _[ i J(x)d\rzf u f ’(u]du K0l OAOKAT|POVOVHE KOTE TOPAyOVTES

(Avaloyo epyalopacte kar av {ntape to ohokhpopa ™ f kat yvopilovps my aviiotpogr tg)

39. I'ia va Ppovipe Tov TUTO piag GUVAPTIOINS U6 PIE GUVAPTIGIUKY 6YEoT)
MoV £fEl PECH TO OAOKANpOUA TNg, TOTE DéTovpe TO ohokANpwpo ico pe o
otabepd ¢ (1), avnikabiotodpe To oAokAnpoue pe v otabepd ¢ otov THTO NG
cuvapmong ko avikabiwotodpe Eava oty (1) tov THmo TG GLUVAPTNGNS GTO
ohokipopa. Me autdv tov Tpdmo vaoioyilovpe v otabepd ¢ Kol 0T GuvErELn
tov Tomo ¢ f

10
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40. I'ax to Téhog 600 ¥PHCILES TPOTATEIG:
A) 'Eotw f:[a.ﬂ] — R o ovverig ouvapmon. Av wyber f(x)20 y kébe
xe[a,p] xu Iﬁf(x]dx =0, 161¢ givar f(x) =0 y1o xaBe x €[a. ]

Am6deiln
‘Eoto 6t vrdpyer X, €[a. f] tétow, dote f(x)>0 . Tote enedi n f civa
ouvexrc kat toyber f(x)20 ya kabe x e[a. B], ba sivan jjf[.r).:lr >0, dromo.
Apa, apod dev vrdpyer x, €|e, ] térowo, dote f(x,)>0 Baeivor f(x)=0 yw
kabe x e [aﬁ]
(Avaroya ke av f(x) <0 ya kaBe x € [a,B])
B) Eotw f:A—R pa ovveyig ouvapmon. Av ioyver f(x)>0 y kafe x e A

Kol J'ﬁf(x)dx =0, 6mov a,f e A, 161 Ba wyder a =

Amodeiln

L
Av a < 8, 161 B ioyven _[ f (x]dx >0, wov given dtomo
(L
Av a > B 106te Ba 1oy0et I f(x)dx <0, mov civar aromo  Apa a =

(Avihoya kot av f(x) <0 yia kaBe xeA)

Baowkic AvicoTnreg
o Inx<x—1, naxibe x>0 o ¢' 2x+], viukdbe xeR

o nux < x, yiokéBe x>0 ® jux=x,naxkdbe x <0

Xpiowpor Tomor

e H amdotaon dV0 onueiov A(_\‘J,_‘;‘]) Kat B(_rg._vl] divetar amd Ttov TUMO
(AB) =(x,~x ) +(3s -’

® ['uat TIC CUVTETUYUEVES TOV PECOD M(.\’M,J‘M) gvoc enbuypappov Tpmpatog AB,

& 2 X +x L4V,
omov A(x,y,) kat B(x,,¥,) woyer: x, ==—2 kar y,, =J'—2}'

e To epPadov tpryévov ABT, 6mov A(x,,¥,), B(x,,¥,) xon [(x,, y;) Sivetar and

TOV TOIO [ABF] = %‘dcl(E,B—F“
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